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ABSTRACT

As chemicalprocessesendto becomemoretightly integrated,the control structuredesign
becomesnoreimportantanda moredifficult task. Most (if notall) availablecontroltheories
anddesigmrmethodsassumehatthecontrolstructurds givenprior to thedesign.Thatis, they

donotexplicitly addresshestructuraldecisionsnvolvedin thecontrolstructuredesign.This

hasresultedn agapbetweercontroltheoryandchemicalprocessontrolapplications.The
mainobjectiveof thisthesigs to provide new theoryandtoolsin orderto reducehisgap.The

approachakenhasbeento derive andapplytoolswhich addresshe inherentcontrollability

of theplant. It isimportantthattheseoolsareindependentf thecontrollerin orderto reflect
the performancdimitations of the plant. In this thesis,existing controllability measuregare
usedandnew controllability measureareintroducedo:

e Obtaininsightsinto thedirectionalityof zelosandpoles The Popw-Belevitch-Hautus
eigervectortestsfor statecontrollability andobsenability have beenrestatedn terms
of the pole directions. Theserestatementmalke the conceptsstatecontrollability and
obsenability moreusefulin thetaskof controlstructuredesign.

e Quantifyperformancdimitationsimposedoy instability and non-minimunphasebe-
havior (polesand zeiwos in the right half plane)in the plant. Thesequantifications
aregivenascontrollerindependenkower boundson the H,-norm of variousclosed-
loop transferfunctions.Analytical H,-optimalcontrollerswhich prove thatthelower
boundsaretight (in mary cases)aregiven.

e Quantifythe minimuminput usage neededo stabilizea plant with oneunstablemode
in thepresencef measuemennoiseor disturbancesandto findthe bestinput—output
pairing to stabilizea plant with oneunstablemode The quantificationsof the input
usagearemadebothin termsof the H,-norm(enegy) andthe # ..-norm. Theresults
show thatthebestinputandthebestoutputfor stabilizationof anunstablenodeusinga
Siso controllerareindependendf thenorm,andthatthetwo normsarecloselyrelated
in this particularproblem.

¢ Quantifythe effectof disturbancesmeasuementoiseandrefeencechangesin par-
tially controlled systemsPartial controlis introduced,ts relationto indirectandcas-
cadecontrol, and implicationson control structuredesignon the regulatory control
layer, areconsidered.

e Quantifythe effect of input and outputuncertaintyon the performanceat the output
of the plant. New resultsthatlink the relative gainarrayandthe conditionnumberto
control performancemeasuredn termsof the outputsensitvity function with input
andoutputuncertaintyaregiven.

e Throughoutthe thesis,several realistic casestudiesdemonstratinghe topics consid-
ered,aregiven.
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Notation and nomenclature

Thereis no standarchotationto cover all thetopicsin this thesis.Attemptshave beenmade
to usethe mostfamiliar notationfrom theliterature. The mostimportantnomenclatureised
in thisthesisis summarizedn thefollowing lists:

e Main notation,containsall symbolsexcept: Greekletters,symbolsusedto denotezero
andpoledirectionsandvectors,andall-passfactorization®©f RHP zerosandpoles.
Greekletters.

Indicesandsubscripts.

Vectorsanddirectionsof zerosandpolesin multivariablesystems.
All-passfactorization®f RHP zerosandpoles.

Norms.

Abbreviations.

Thesdists arenot complete andadditionalnotationis introducedn thetext. For furtherde-
tails seealsoSectionsl.4and2.2. Note, in thetext it is oftenomittedto shov thedependence
on the comple variables for rationaltransferfunctionsandtransferfunctionmatrices.The
hat (%) is usedto denoteunscaledransferfunctionmodels,i.e. G, G4, andunscaledsignals,
i.e.q, 4, d, 7 and?. It is alsousedin somefew casedo denoteestimatedariables.

Main notation

X — symbolusedto denotesizesof matrices.
x — element-by-elememultiplication(Hadamardr Schurproduct).
~ — comple conjugate.
(-) —time derivative, i.e. & = 9.
()T —transposed.
(\)® — comple conjugateransposed,e. the hermitian.
Z(-,-) —anglebetweertwo vectors.
A —n x n state-spacmatrix in the state-spaceealizationof G.
B —n x m inputmatrixin the state-spaceealizationof G.
C —1 x n outputmatrixin the state-spaceealizationof G.
C —field of complex numbers.
C,, C; —open,closedright half plane.
D —1 x m matrixwith thedirecteffectfrom u to y in the state-spaceealizationof
G.
Dy, Do — diagonalscalingmatrices.
D, — diagonalscalingmatrix for disturbances.
D, — diagonalscalingmatrix for controlerror
D,, — diagonalscalingmatrix for measuremermioise.
D, — diagonalscalingmatrix for references.
D,, — diagonalscalingmatrix for inputs.



E{-} — expectatioroperator
E;, Eo — input, outputuncertainties.
G(s) —1 x m rational transferfunction matrix describingthe plant (process). We

sometimesvrite
s | A| B
G(s) = [ oD }

to meanthatthe transferfunction G(s) hasa state-spaceealizationgiven by
thequadruplg A, B, C, D).
G4(s) =1 x nq rationaltransferfunction matrix describingthe disturbanceplant (pro-
cess).
G (s) — denotegheelementn row ¢ andcolumnj in G.
Gp, G, —geometrianultiplicity of agivenpole,zero.
I, (I,,) — identity matrix (sizen x n).
I —field of integers.
Im(-) —imaginarypartof complex numbers.
J — matrixin Jordanform.
J — performanc®bjectivein linearquadraticdGaussiarcontrolof all outputsusing
all inputs.
J(i,j) — performanceobjectie in linear quadraticGaussiarcontrol of outputi using
inputj.
Juqr(j) — performancebijective usedin linearquadratiaegulator usinginput j.
K - statefeedbaclgainmatrixin linearquadratigdGaussiarcontrol.

K (s) —controller K is usedto denoteboththe onedegree-of-freedonfieedbackcon-
troller andthetwo degrees-of-freedomontrollet
K, (s) — feedforwardpartfrom thereferencei thetwo degrees-of-freedoroontroller
K,(s) — feedbackpartfrom measuremenis thetwo degrees-of-freedomontroller
K1.qc(s) — linearquadratiocGaussiarcontrollercontrollingall outputsusingall inputs.
K — constanfeedbaclgainfrom measuremerdf the outputsto the states.
K ; — constanfeedbaclgainfrom measuremertf output: to the states.
K; — constanstatefeedbaclgainto input ;.
K ;(s) — Siso controllerlinking outputi to input j.
L(s) — looptransferfunction L. £ GK, whereK is thefeedbackcontroller
L;(s) —inputlooptransferfunction L; & KG, whereK is thefeedbackcontroller
My, Mr —matricescontainingtheleft, right generalizedrectorsfrom the Jordanform.
N(s) —noisemodel, mostoften usedto scalethe measurememoiserelative to the
maximumallowedcontrolerrorin theoutputs.
N, N, —multiplicity of agivenpole,zero.
N,, N, — selectionrmatricedfor inputs,outputs.
P(s) —rationaltransferfunctionmatrix usedin thecontrollersproving tightnesof the
lowerboundgseeChaptergt and5b).
P; — partialdisturbancegain.



Xi

— partialgainfor measurementoise.
P, — partialreferencegain.
— partialgainfrom secondarputputsy, to primaryoutputsys; .
Q@ — positive semidefinitg(@ > 0) weightingmatrixin thelinearquadratiaegula-
tor problem.
Q(s) — rationaltransferfunctionmatrix usedn thecontrollergproving tightnesof the
lowerboundgseeChaptergt and5b).
R — field of realnumbers.
R(s) — referencanodel, mostoften usedto scalethe referenceselative to the maxi-
mumallowedcontrolerrorin the outputs.
Re(+) — realpartof complex numbers.
S — diagonalscalingmatrix in Jordanform. Note thatthe mainuseof S is sensi-
tivity.
S(s) — sensitvity,i.e. S = (I + L)—1
Sr(s) —inputsensitvity, i.e. S; = (I + L)~}
SLqa(s) — sensitvity whenthefeedbackcontrolleris KLQc;, ie.S 2 (I+ GKrqce) .
Sii(s) — sensmnty in outputi, i.e. S; = (I + G4 K;i) ™t
(

S.(s) =S, = (I + K(sI — A)~'B)~!, whereK is theconstanstatefeedbackgain.
T - S|m|Iar|ty transformationNote thatthe mainuseof T' is complementargen-
sitivity.

T —time horizonin linearquadraticdGaussiarcontrol. Notethatthe mainuseof T
is complementargensitvity.
T (s) — complementargensitvity,ie. T = L(I+ L)' =1-S.
Tr(s) — inputcomplementargensitvity, i.e. Ty = Ly(I + L;)~* = I — S;.
U — matrix containingthe outputsingulardirections.
Uy — constantmatrix usedin the controllersproving tightnessof the lower bounds
(seeChapterst and5).
U, — matrix containingthe outputsingulardirectionscorrespondingo nonzercsin-
gularvalues(economysizedsingularvaluedecomposition).
V' — matrix containingthe eigervectors.
V' — matrix containingtheinput singulardirections.
Vb — constanimatrix usedin the controllersproving tightnessof the lower bounds
(seeChapterst and5).
V,. — matrix containingthe input singulardirectionscorrespondingo nonzerasin-
gularvalues(economysizedsingularvaluedecomposition).
V(s) —“weight” usedin thelowerbounds.
W — power spectraldensitymatrix of the disturbancew, in linear quadraticGaus-
siancontrol. Note, W (s) is alsousedto denotethe “weight” in the lower
bounds.

W (s) — “weight” usedin thelowerbounds.



Xii

Wi (s) — diagonakationaltransferfunctionmatrix with boundsontheinputuncertainty
in thedifferentchannels.
Wp(s) — performanceveighton the sensitvity.
Wy (s) — performanceveighton thecomplementargensitvity.
W, (s) — performanceveightontheinputusagek s.
X — solutionto thealgebraiRiccatiequationn thelinearquadratiaegulatorprob-
lem.
X1, Xr —matricescontainingtheleft, right eigervectors.
Y — solutionto thealgebraiRiccatiequationn thelinearquadratieestimatoprob-
lem.
cos(-) — cosine.
d — disturbances.
det(-) — determinant.
e —controlerrore £ y — r.
ei, ej — unitvectorof lengthl, m with zerosin all positionsexceptpositionz, j, which
containsl. Notethate; is alsousedto denotethe controlerrorin output.
1 — usedto denotea particularoutput.
1 —index.
j —thecomplex numbery/—1.
j — usedto denotea particularinput.
j —index.
k — usedto denotea particulardisturbance.
[ — numberof outputs.
£, £, —numberof linearly independeneigervectorscorrespondingo a given pole,
zero.
m — numberof inputs.
max(-) — maximum.
min(-) —minimum.
n — denotedbothmeasurementoisein the outputsy scaledrelative to the control
error, andthe numberof states.
n —normalizedneasurememtoise.
ng —Numberof disturbances.
p — pole.
r —normalrankof G(s). Notethatr is alsousedto denotereferences.
r — referenceso outputsy, scaledrelative to the controlerrore.
7 —normalizedreferences.
r, —rankof G(z).
rk(-) —rank.
s —complex number
s(s) — sensitvity, scalarcase.
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sin(-) — sine.
sup(-) — supremumleastupperbound.
t —time.

t(s) — complementargensitvity, scalarcase.
tr(-) —trace,i.e. thesumof thediagonalelements.
u — Inputs,u; is alsousedto denotethe:’th outputsingulardirection.
u; — usedto denotethes’th outputsingulardirection.
v(s) — scalar‘weight” usedin thelower bounds,
v; — usedto denotethe s’ th input singulardirection.
vg — right eigervectorof the A matrixin the state-spacdescriptioncorresponding
to theeigervalue .
w — randommeasurementoiseusedn linearquadraticdGaussiarcontrolproblem.

wyg, — left eigervectorof the A matrix in the state-spacedescription,corresponding
to theeigervalue .
wy, (s) — scalamperformanceaveighton theinputusagek S.
wune (8) — Scalaruncertaintyweight.
x — States.
7 — estimatedstates.
xo — initial stateattimet = ¢y, i.e. o = x(to).

y — outputs.
Ym — Measuredutputs,.e. y,, = y + n, scaledrelative to thecontrolerrore.
z — Zero.

Greekletters

A — diagonalmatrix containingthe eigervalues.
A —relative gainarrayA(G) = G x G T.
Y) — matrix containingthe singularvalueson the diagonal.
Y., — matrix containingthenonzerosingularvaluesonthediagonalleconomysized
singularvaluedecomposition).
B, — relative (open-loop/closed-looglisturbancegain for input j anddisturbance
k.
~ —free variableusedin the corvex optimizationwhen searchingfor the H -
optimal controllerusing v-iteration (state-spacenethods). It is equalto the
‘H-normor theinverseof the H.-normof theclosed-loogransferfunction.

v(+) = conditionnumbery(G) £ %
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v*(-) — minimizedconditionnumbeyy*(G) £ Dm%l v(DoGDry).
1,0

v%(+) — inputminimizedconditionnumber; (G) £ r%in v(GDry).

)
)
75 (+) — outputminimizedconditionnumbey v}, (G) = min (Do G).
o
A —eigeralue.

Ai; — relative (open-loop/closed-loomainbetweerinput j andoutput:.
02(%, j) — performancelegradationdueto Siso controlquantifiedin termsof H-norm.
0o (%, j) — performancelegradatiordueto Siso controlquantifiedin termsof H .,-norm.
o (-) — largestsingularvalue.
) —smallessingularvalue.
) —4'th singularvalue.
— frequeng.
wp, wps — bandwidthof primary, secondaryouter inner)loop.

J
(-
a(-
(-

g;

Indices and subscripts

i —outputi (y;): controlerrore; measurememoisen,;, measure@utputy,, ;.
i —polei (p;).

J —inputj (u;).

J —zeroj (z;).

k — disturbancé: (dy).

Vectorsand dir ectionsof zerosand polesin multivariable systems

Notethatbold font is usedto denotethe vectors(zeroandpolevectors)whereaghe normal
fontis usedto denotedirections(zeroandpoledirections).
U, — matrix containingtheinputpolevectors.
U, — matrix containingtheinput poledirections.
U,, — matrix containingtheinput vectorswith infinite gain.
U, — matrix containingthe inputdirectionswith infinite gain.
X,; — matrix containingthe stateinput pole vectors.
X i — matrix containingthe stateinput pole directions.
X, — matrix containingthe stateoutputpolevectors.
Xpo — Matrix containingthe stateoutputpoledirections.
X ,; — matrix containingthe stateinput zerovectors.
X ,; — matrix containingthe stateinput zerodirections.
X, — matrix containingthe stateoutputzerovectors.
X ,, — matrix containingthe stateoutputzerodirections.
Y, — matrix containingthe outputpolevectors.
Y,, — matrix containingthe outputpoledirections.
Y., — matrix containingthe outputvectorswith infinite gain.
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Y, — matrix containingthe outputdirectionswith infinite gain.
u, — inputpolevector
up — inputpoledirection,i.e. u, = u,/ || uy||,.
Uy — iNputvectorwith infinite gain.
Uso — INputdirectionwith infinite gain.
u, — inputzerovector
u, —inputzerodirection,i.e. u, = ./ || u.||,.
x,; — Stateinput polevector
xp; — Stateinputpoledirection,i.e. x,; = xpi/ || Zpi |-
x,, — Stateoutputpolevector
Tpo — Stateoutputpoledirection,i.e. zp, = Tpo/ || Zpo||o-
x,; — Stateinputzerovector
x,; — stateinputzerodirection,i.e. z,; = x.;/ || Z.i/|5-
x,, — stateoutputzerovector
z,, — Stateoutputzerodirection,i.e. z,, = .o/ || Z;0||5-
Y, — outputpolevector
yp — outputpoledirection,i.e. y, = yp/ || yp |,
Yoo — OUtputvectorwith infinite gain.
Yoo — OUtputdirectionwith infinite gain.
y, — outputzerovector
y, — outputzerodirection,i.e. y, = v,/ || y. 5

All-passfactorizations of RHP zerosand poles

In thenotationgivenhere thefactorizationareviewedasoperatorsvhich returnandtake as
anargumenta rationaltransferfunction matrix:
(-)m —minimumphaseepresentationf Siso transferfunctions.
(1)ms — Minimumphasestablerepresentatioof Siso transferfunctions.
(1)mi — iInputminimum phaserepresentationf Mimo transferfunctionmatrices.
(-)mo — Outputminimumphaseepresentationf MiMo transferfunctionmatrices.
(-)s — stablerepresentatioof Siso transferfunctions.
(+)s: — inputstablerepresentationf MimMo transferfunctionmatrices.
()so — Outputstablerepresentationf MimMo transferfunctionmatrices.
(zd —meany(-)zz) ! wherexz € {m, mi, mo, s, si, so}.
Vazyy —MeaNy(+)zz)yy Whereyy, zx € {m, mi, mo, s, si, so}.
(Vzawy — MeaNg (1) zz)yy) ~* Whereyy, zz € {m, mi, mo, s, si, so}.

Bp(-gi — all-pasdilter definedby the Siso factorizationof RHP-poles.
B,i(-) — all-pasdilter definedby theinputfactorizationof RHP-poles.
By () — all-pasdilter definedby the outputfactorizationof RHP-poles
B, (-) — all-pasdilter definedby the Siso factorizationof RHP-zeros.
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B,;(-) — all-pasdilter definedby theinputfactorizationof RHP-zeros.
B..(-) — all-pasdilter definedby the outputfactorizationof RHP-zeros.
B.L(-) — meanyB,.(-)) " wherezx € {m, mi, mo, s, si, so}
Thefollowing all-pasdilters arespecial:
B(s) — generahbll-pasdilter (seeAppendixA).
B, (s) — simplifiednotationfor B,(G(s)).
B, (s) — simplifiednotationfor B, (G(s)).

Norms

|1l — Systems# ..-normof stablerationaltransferfunctionmatrix M (s), i.e

1M (s)|, £ sup 5(M(jw))
Signal:peakvaluein time,i.e.
le(®)lloo 2 max (max lei(r)])

|| 1|, — Systems?,-normof a strictly properstablerationaltransferfunction matrix
M(s),i.e.

1M ()1, £ \/ o [ G M) de

Signal:integral squareerror ISE (signalenegy), i.e.

0, 2 \// 3 letr) Pt

Vector:Euclideamorm,i.e.

lall, =, /> lail?

7
— (matrices)inducedinfinity norm— maximumrow sum(sumof elementmag-

nitudes),.e.
[A]l;oe = max > laij]
J

l; —inducedmaxnorm,i.e.

lle(®)lloo
g, = A 1Al

whereg(t) is the systemimpulseresponse.
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Abbreviations

1-DoF — onedegree-of-freedom.
2-DOF — two deggrees-of-freedom.
ARE — algebraidRiccatiequation.
BRGA — blockrelative gainarray
CLDG - closedoop disturbanceain.
DoF — degree(s)-of-freedom.
IMC — internalmodelcontrol.
ISE — integral squareerror.
LQE - linearquadraticestimator
LQG — linearquadraticGaussian.
LQR - linearquadratiaegulator
MiMO — multiple input multiple outputor multivariable.
PBH — Popw-Belevitch-Hautus.
PDG — partialdisturbancegain.
PID — proportionalintegral derivative.
PRGA — performanceelative gainarray
RDG - relatve disturbanceyain.
RGA —relatve gainarray
RHP — right half plane,may denoteboththe openandthe closedright half plane.
RPDG- relative partialdisturbanceain.
SIso — singleinputsingleoutput.
SSE- sumof squarecerrors.
SVD - singularvaluedecomposition.






Chapter 1

Intr oduction

Thetitle of this thesisis “Studieson controllability analysisand control structuredesign”.
At this point it seemsappropriateto definethe termscontmollability and control structue
(SkogestachndPostlethvaite, 1996):

Controllability (input-output) is the ability to achieve acceptablecontrol performance;
that is, to keepthe outputs(y) within specifiedboundsor displacementérom their
refeeences(r), in spiteof unknownbut boundedvariations,sud as disturbancegd)
andplantchanges,usingavailableinputs(u) andavailablemeasuementgy,, or d,,).

A plantis controllableif andonly if thereexistsa controller interconnectinghe measure-
mentsand the manipulatedvariables,that yields acceptablgerformancdor all expected
plantvariations.The contmllability of a plantis independenof the controller, andis a prop-

erty of theplant. It followsthatthecontrollability only canbeaffectedby changingheplant,

i.e. designchanges.

Control structur e (control strategy) design refers to all structural decisionsincludedin
thedesignof a control system.

For furtherdetailson controlstructuredesignseeSectionl.3.

1.1 Motivation

Increasinglemandso efficientoperatiorandutilization of enegy andraw materialsn chem-
ical processesesultin moreintegratedprocessesUnreactedaw materialsareregycledand
hot processstreamsare heatexchangedagainstcold processstreams.The increasingnte-
grationhasa pronounceceffect on the dynamics.controlandoperationof chemicalprocess
plants.Theimpactsonthe controlstructuredesignarethatbetterknowledgeandunderstand-
ing of the complex dynamicand steady-statéehaior of theseprocessesre necessaryn
orderto designcontrol systemswvhich resultin efficientandreliableoperation.In addition,
thereis a needto usemoresophisticateaontrollerdesignprocedureso operatehe process
closerto the optimaloperatingpointin spiteof disturbanceandernvironmentalchanges.
Indeed, the moderncontrol theory has provided more sophisticateccontroller design



2 CHAPTER1. INTRODUCTION

methods,.e. with the introductionof: optimal control theoryin the 1960%, # .-optimal
controlandmodelpredictive controlin the 1980%. However, most(if notall) availablecon-
trol theoriesanddesignmethodsassumehata control structureis given prior to the design.
Thatis, they do not considerthe structuraldecisiongnvolvedin the control structuredesign
in anexplicit manner They thereforefail to answersomeof the following basicquestions
which a control engineeregularly meetsin practice:which variablesshouldbe controlled,
which variablesshouldbe measuredwhich inputs shouldbe manipulatedandwhich links
shouldbe madebetweerthem?

Controlstructuredesignwas(amongothers)consideredby Foss(1973)in his paperentit-
led“Critique of chemicalprocessontroltheory”. Fossconcludedy challenginghecontrol
theoreticiando closethe gapbetweercontroltheoryandapplications.Later Morari, Arkun
and Stephanopoulogl980) presentedan overvien of control structuredesign,hierarchical
controlandmultilevel optimizationin the seriesof papersentitled“Studiesin the synthesis
of controlstructuredor chemicalprocesses”Skogestacand Postlethvaite (1996) notethat
thegapstill remainsto someextenttoday

Themainobjectiveof thisthesisis to try to closesomeof the gapbetweercontroltheory
and applications. The approachtaken in this thesisis to develop and apply tools which
addresshe controllability of the plant. It is importantthatthesetoolsareindependentf the
controllerin orderto reflectthe performancdimitations of the plant. In this thesis,existing
controllability measuresire usedandnew controllability measuresreintroduced with the
objectveto:

e Obtaininsightsinto the directionalityof zerosandpoles,andstatecontrollability and
obsenability of poles(Chapter2).

¢ Quantifyperformancdimitationsimposedby instabilitiesandright half planezerosin
theplant(Chapters3-5).

e Quantifythe minimuminput usageneededo stabilizean unstableplantwith oneun-
stablemode,andto find the best(in termsof minimuminput usage)nput andoutput
to stabilizea plantwith oneunstablemodeusinga Siso controller(Chapter6).

¢ Quantifythe effect of disturbancesneasurememnoiseandreferencechangesn par
tially controlledsystemgChapter7).

e Addressthe input/outputselectionfor partial control,andin particularlook at the se-
lectionof secondaryneasuremenis indirectandcascadeontrol (Chapter$-9).

¢ Quantifytheeffectof inputandoutputuncertaintyon the performancetthe outputof
theplant(Chapterl0).

1.2 Relationsto previouswork

The book by SkogestacandPostlethvaite (1996)givesa goodoverview of the mainissues
which form the basisfor this thesis. Actually, someof the maintopicsof this thesiswere

initiated during the time of writing the book,andsomeof the earlierresultsfrom this thesis
alsomadeits way into the book. Although, Skogestacand Postlethvaite (1996)give a quite

throughouteview of previouswork, someof it is repeatederefor completeness.
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ZieglerandNichols(1943)definedcontmollability as“the ability of theprocesgo achieve
and maintainthe desied equilibriumvalue”. However, in the 19605 “controllability” be-
camesynorymouswith “state controllability” introducedby Kalman, andthe termis still
usedin this mannerin systemtheory Statecontrollability is the ability to bring a system
from a giveninitial stateto an arbitraryfinal statewithin finite time. As notedby Skoges-
tad and Postlethvaite, statecontrollability doesnot addresghe quality of the responsée-
tweenand after thesetwo states,andthe requiredinputs may be excessve. Later Morari
(1983) introducedthe term dynamicresilienceto addresshe input-outputcontrollability
of the plant, andto avoid ary confusionwith statecontrollability. In a seriesof articles
Morari and coworkers have studied: the effect of RHP zeroson dynamicresilience(Holt
and Morari, 1985b;Morari, Zafiriou and Holt, 1987), the effect of deadtime on dynamic
resilience(Holt and Morari, 1985a),the effect of modeluncertaintyon dynamicresilience
(Skogestadand Morari, 1987). In the work (Morari, 1983),he madeuseof the conceptof
“perfectcontrol”. A dravbackwith thename*dynamicresilience’is thatit doesnotreflectits
relationto control. This thesisfollows SkogestadandPostlethvaite (1996),andusetheterm
“input-outputcontrollability” or simply “controllability” whenit is clearthatthe text does
notreferto statecontrollability. New controllability measuresvhich canbe usedto quantify
the control performanceboth at the input and at the outputof the plantandto addresghe
structuralissuesn control structuredesign,areintroduced.In addition,pole directionsare
introducedandtheir relationsto statecontrollability andobsenrability, aregiven.

Bode(1945),in his bookon network analysisandfeedbackamplifiers,wasprobablythe
firstto studyapriori constraint®ntheachiezableperformancef Siso-systemsHis analysis
focusedon gain-phaseelationshipsn the frequeng domainwhich resultedin mary useful
interpretationgpplicableto feedbackcontrol. Horowitz (1963)summarizesndgeneralizes
Bodes work to control systems. The well-knovn Bode sensitivityintegral (Bode, 1945)
statesthat for stable Siso-systemswith pole-zeroexcessof two or larger, the integral of
the logarithmic magnitudeof the sensitvity function over all frequenciesmustequalzero.
Thisimpliesthata peakin |S| largerthan1 is unavoidable. Later Bodes criterion hasbeen
extendedo plantswith RHP zerosandpolesby FreudenbeyandLooze(1985;1988).

With the introductionof moderncontrol in the beginning of the 19605, the polesin
multivariablesystemsgainedmuch focus, which resultedin several useful resultson state
controllability, obserability andmodalcontrol. Althoughthe polescanbe movedwith state
feedbackit becameprettyclearthattheopen-loozeroscannotbemovedby state-feedback.
About the sametime, optimal controltheoryin termsof Linear QuadraticGaussiaLQG)
control, reachedmaturity From thesestudiesit becameclearthat the open-looptransfer
function from the inputsto the statescontainsno zeros. This may have had a misleading
role in multivariablefeedbackdesign,which resultedin thatvery little attentionwasgiven
to multivariablezerosduringthe 19605 and 70’s. In the 1970%s multivariablezerosstarted
to gainfocus. Rosenbrock1966;1970) definedzerosin multivariablesystemsusingthe
Smith-McMillan form. For multivariablesystem&wakernaakandSivan(1972,pages306—
307)statethat perfecttrackingwith statefeedbackcanbeachievedif andonly if therational
transferfunctionmatrix from theinputsto the outputshasno RHP-zeros.

Theimportantwork by Zames(1981),introducedthe #.,-norminto the control litera-
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ture,andin particularit focuseson the engineeringmplicationsof the ‘H,-norm. Thatis,
thework emphasizethe useof the #.-normfrom ananalysigpoint of view. Zamesg1981)
deriveda lower boundon the weightedsensitvity functionwhich is basedon the interpola-
tion constrainton the sensitvity functionvalid for RHP-zerosin G. Later mostof the work
on H,-control theory have focusedon finding the H . -optimal controller minimizing the
‘H--norm of generalklosed-loogransferfunctions. This includes(amongothers)the early
work of Doyle (1984)andthework by Doyle, Glover, KhargonekarandFrancis(1989),the
lattercontainghe state-spacsolutionto the H .-problem.

Boyd andDesoer(1985), Freudenbey andLooze (1988),Boyd andBarratt(1991)and
Chen(1993;1995)have studiedthe limitationsimposedoy RHP zerosandpolesin termsof
sensitivityintegral formulasfor multivariablesystems.A breakthrougtwas madeby Boyd
andDesoemho obtainednequalityversionsof thesensitvity andPoissorintegralformulas.
The work by Chendiffers from the work by Boyd and Desoerin that Chenseeksequality
versionsof the sensitvity andPoissonntegral formulas. Basedon the resultsby Boyd and
Desoer Freudenbeay and Looze, and Boyd and Barratt generalizethe integral constraints
on the sensitvity (like Bode’s sensitvity integral) to multivariablesystems. In this thesis
controllerindependentower boundson the H ,-norm of closed-looptransferfunctionsare
derived,usingalgebraicatherthanintegral constraints Theseboundsarebasedn interpo-
lation constraintsmposedby RHP zerosandpolesandthe approachtakenis similar to the
approachusedby Zameg1981)in thederivationof thelowerboundontheweightedsensity-
ity functionwhentheplanthasa RHP-zero. A furtherobjectieis to prove that(andin which
cases)he lower boundsaretight, i.e. to find analyticalcontrollerswhich achieve anH .-
normof the closed-looptransferfunction equalto the lower bounds.The approachakento
derive thesecontrollers,is similar to the earlyinterpolationtheoreticmethodqDoyle, 1984)
andit is alsorelatedto the polynomialapproactof Kwakernaak(1986;1993).

Thelatterpartof this thesisdealswith controlstructureselectiorandintroducescontrol-
lability measureso addresghe structuralissuesin control structuredesign. In Chapter6
the pole vectorsare usedto find the bestinput andthe bestoutputto stabilizea plant with
oneunstablemodewith minimum input usage.Relatedwork on this topic arethe theories
within optimalandthe modalcontrol. In addition,thiswork is alsorelatedto thework in the
earlierchapterssincewhenquantifyingthe minimuminput usagen termsof the H ,-norm
theresultsdervedin Chapterst and5, areused. Partial controlis alsousedto addresghe
controlstructuredesign.Relatedwork on partialcontrolincludes:ManousiouthakisSarzage
andArkun (1986), Skogestacand Wolff (1992),andHaggblom(1994). For further details
seeChapters7-9.

1.3 Control structuredesign

Oneimportanttaskin the designof a control systemis the specificatiorof the controlstruc-
ture. SkogestachndPostlethvaite (1996)summarizehe stepsin control structuredesignto
be:
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1) The selectionof controlledoutputs(a setof variableswhich areto be controlledto
achieve a setof specificobjectives).
2) Theselectionof manipulationandmeasurementsetsof variablesvhich canbe ma-
nipulatedandmeasuredor controlpurposes).
3) The selectionof a control configuation (a structureinterconnectingneasurements,
referencegcommandsandmanipulatedsariables).
4) The selectionof a contmoller type (controllaw specificationg.g. PID-controller de-
coupler LQG, etc.).
Onemayeasilyrecognizehatthedesignof a controlstructures morecomplex thanthetask
of synthesizinga controllerfor givensetsof measuremen@ndactuatorsWith alargenum-
ber of candidatameasurementand/ormanipulationsthe numberof possiblecombinations
of inputsandoutputshave acombinatoriaronth, soanapproacltonsistingof performinga
controllability analysisand/orcontrollerdesignfor eachpossiblecombinatiorbecomegime
consuming.Thework in this thesison control structuredesignmainly considersstepsl), 2)
and3) andintroducescontrollability measureso addresshe input/outputselectionproblem
(seeChapter$-9).

1.4 Scaling

Properscalingof the variablesis importantin orderto apply the resultsin this thesis. In
addition, proper scaling makes the model analysisand the controller design(selectionof
weights)mucheasier Consideringhe scalingof variablesearlyin the controlsystemdesign
forcesthe control engineerto make a judgementabout: the requiredperformanceof the
systemthe maximumallowed changen the inputs(input constraints)andthe influenceof
externalsignalslik e disturbanceandmeasurementoise.

The variablesinvolved are: outputsy, inputsu, disturbancesl, measurememoisen,
measureautputsy,, = y + n andreferences. Let theunscaledinearmodelof the process
be

g=Gu+Gud;, é=G—7  Gm=9+n (1.1)
wherethe hat (%) is usedto show thatthe variablesarein their original unscaledunits. As
a basicrule, the variablesare scaledby dividing ead variable by its maximumexpected
or allowed change (variation). Let @ max, dk,max, Ti.maxs Timax andeé; max denotethe
maximumallowed changein input i, disturbancely,, reference’;, measuremenoises;
andcontrolerroré; in outputy;. Notethatthevariablesy;, é;, 7;, Um ; andn; arein thesame
units,sothe samescalingfactorshouldbe appliedto each.We scalethe outputy; relatve to
the maximumallowedcontrolerroré; ... By introducingthe scalingmatrix for the control
error D, = diag{é; max }, we obtain

y=D'9, e=D;'¢, r=D;'% wyn=D 'Y, and n=D;'a (1.2
We alsointroducethe scalingmatricesfor inputs D,, = diag{; max}, disturbanced, =
diag{dk,max}, referenced, = diag{#; max} andmeasuremenioiseD,, = diag{7; max}-
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We obtain
i = Dyu, d = Dyd, r=D,r and n=D,n (2.3)

Introducingthe scaledvariablesnto (1.1) gives

y=D;'GD,u+ D;'GyDyd; e=y—D;'D,7 ym=y+D;'D,ii (1.4)
N—— N—— N—— N——
G Gy R N

whereR = diag {” mex & N = diag { ni, ‘““} andwe notethatr = R7 andn = Nn. By

€i,ma zmax

mtroducmgthescalectransferfunctlonsm themodel(1.4),we obtainthe scaledmodel
y = Gu+ G4d; e=y—r=y— R Ym =y +n=y+ Nn (1.5)

Hereeachinputu;, controlerrore;, disturbancely, reference’; andmeasurementoisen;
shouldbe lessthanonein magnitude.The diagonalelementsf R aretypically greateror
equaltoone,i.e. R;; = Zﬁ > 1, andrepresenthelargestexpectedchangen thereference
for output; relative to the allowedcontrolerrorin outputi. Thediagonalelementof N are
typically lessor equalto one,i.e. N;; = Aimax < 1 gnd representhe largestexpected
changein measurememoisefor outputs reiatlve to the allowed control error in output:
(inverseof signalto noiseratio). The block diagramrepresentinghe scaledmodelis given

.

Ym n N 7

Figurel.1: Modelin termsof scaledvariables

in Figurel1.1,for which following controlobjectveis relevant:

¢ In termsof scaledvariableswe have that |d(t)| < 1, Vt, Vk, |ni(t)] < 1, Vt, Vi
and|7;(t)| < 1, Vt, Vi, andthe control objectie is to manipulateu with |u;(¢)| <
1, Vt, Vj suchthat|e;(¢)| = |y;(t) —r;(t)| < 1, Vt, Vi.
REMARK 1. A numberof theinterpretationsisedn thisthesisdependn correctscaling.For example,
for Mimo-systemsnecannotcorrectlymalke useof the sensitvity functionS = (I + GK)™' unless
thecontrolerrorsareof comparablenagnitude.
REMARK 2. With the above scalings the worst-casédehaior of a systemis analyzedby considering
disturbancedy,, reference#; andmeasurememoisen; of magnitudel.
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REMARK 3. Thecontrolerroris
e=y—r=Gu+ Gqd— RF (1.6)

andwe seethata normalizedreferencechanger canbe viewedasa specialcaseof a disturbancevith
G4 = —R, whereR usuallyis a constantliagonalmatrix.

REMARK 4. The scalingof eachoutputrelative to the control error is usedwhenanalyzinga given
plant. However, if theissueis to selectthe bestoutputto stabilizean unstablemode,seeChapters,
thenone shouldscaleeachoutputrelative to the best(minimum) achievable control error, which at
steady-statés similarto the expectedvariationin the measurementoise.

REMARK 5. If the expectedor allowedvariationof a variableabout0 (its nominalvalue)is not sym-
metric, thenthe largestvariationshouldbe usedfor di, max andn; max, andthe smallestvariationfor
ﬁ/j,ma.x andéi,max-

A furtherbrief discussiorof scalingis givenin eachof thechaptersandin someof theresults
specialscalingsarerequired.

1.5 Thesisoverview

Theresultsin thisthesiscanbe dividedinto thefollowing two maintopics(parts):

1) Limitationsimposedby RHP zerosandpoleson performancen (multivariable)feed-
backsystemsThisfirst partinvolvesChapters8—5. Chapte2 andAppendixA provide
thenecessaryechnicalbackgroundor thesechapters.

2) Controlstructureselectionwhich involvesChapterss—9. Chapter2 providesthe nec-
essarytechnicalbackgroundor Chaptel6.

Chapterl0 is to somedegreedisconnectedrom the restof the thesis,however, the effect
of input uncertaintyis similar to the effect of RHP-zeroson performancan multivariable
systemsThemainchaptersarewritten asself containepaperssoit is notnecessaryo read
the backgroundmaterialbeforereadingthe main chapters.Somemoreinformationon each
of thechapterdollows:

Chapter 2 containsa review of zeros,polesandtheir directionsin multivariablesystems.
In particular it shovs how to computethe zero and pole directionsin multivariablesys-
temsin termsof eigervalue computations.The secondpart of the chapterdealswith state-
controllability andobsenability in termsof poledirections.

Partsof thischaptemwerepresenteat: AIChE annuaimeeting,10-15NovemberChicago,
USA, 1996.Theresultsoncomputinghepoledirectionsan termsof eigervaluecomputations
arealsoincludedin (SkogestachndPostlethvaite,1996).

Chapter 3 canbe viewed asan introductionto the effect of RHP zerosand polesin mul-
tivariablesystems.The resultsquantify the fundamentalimitationsimposedby RHP zeros
andpolesin termsof lower boundson the peaksn theweightedsensitvity andcomplemen-
tary sensitvity functions.Thiswork wascarriedoutin collaborationwith SigurdSkogestad,
duringavisit to University of California,Berkeley, in the springof 1995.
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This paperis acceptedor publicationin Journalof Proces€ontrol. It wasfirst presented
at: UKACC, Control’'96,2-5 SeptemberExeter UK, 1996,andtheresultsarealsoincluded
in (SkogestacandPostlethvaite,1996).

Chapter 4 is the secondchapterwhich dealswith the effect of RHP zerosandpoles,how-
ever, this chapteronly considersSiso-systems. The resultsin this chaptergeneralizethe
resultsof Chapter3 to alsoconsiderotherclosed-loogransferfunctionsthansensitvity and
complementargensitvity. This meanghatlower boundson the # .-norm of two general
classe®f closed-loogransferfunctionswhentheplanthasRHpP-zerosand/orRHP-poles,are
given.FurthermoreanalyticalH,-optimalcontrollersvhichshaw thatthelowerboundsare
tight in alarge numberof casesaregiven. Instabilitiesin the plantrequireactive useof the
plantinputs. An applicationof the lower boundswhich getsmuchfocus,is to quantifythe
inputmagnitudesequiredfor disturbanceandmeasurememtoiserejectionin unstableSiso
systems.

Parts of this papertogetherwith the MiMmo generalizationn Chapterb, werefirst pre-
sentedat: EuropearControlConferenceECC97,1-4 July, BrusselsBelgium,1997.

Chapter 5 is the third chapterstudyingthe effect of RHP zerosandpolesin multivariable
systemslt generalizesheresultsof Chapterd to MiMO-systems.Thatis, it provideslower
boundsonthe# .-normof generaklosed-loogransferfunctions.lt is provedthatthelower
boundsaretight by giving analytical controllers,which achieve the lower boundsin alarge
numberof casesPreviously derived lower boundson weightedsensitvity andcomplemen-
tary sensitvity (Chapter3) aregeneralizedo the casewith matrix valuedweights. Further
more,newv boundswhich quantify the minimum input usageneededor stabilizationin the
presencef measurememoiseanddisturbancesarederived. A separatdooundapplicable
to two degrees-of-freedonsontrol, is alsoderived. Controllerswhich prove thatthis bound
is tight whenthe planthasoneRHP-zeros,arealsogiven.

Theauthomotesthatthis chapteiis theoreticabndthenotationis complicated However,
the boundscan easily be computedusing MATLAB. The controllersminimizing the H .-
norm of a particularclosed-looptransferfunction, canin mary casesbe found by using
MATLAB with state-spaceomputationsln particular this is the casewhenminimizing the
Ho-normof the input usage(i.e. minimizing || K2S5(s)||..). sincethe feedbackcontroller
K> minimizing the H,-normof K>S is semi-propeandcanberepresentedn state-space
form. The mainreasonfor writing the Siso paper(Chapterd) is to shav the implications
of thelower boundsandto simplify the notationsothatthe engineeringisefulnes®ecomes
morevisible. Thesemplicationsandthe usefulnes®sf thelowerboundscarryoverto MimMo
systemzonsideredn Chapters. The authorthereforeadvicesthe readerto readChapter4
beforereadingChapter5 andto look atthe examplegivenin Sectionb.7.

Furthermorethetheoremsvhichgivethelowerboundsandthecontrollersnvhichachiere
theselower bounds,aresimilar. All thesetheoremsare statedandall the proofsaregiven,
mainly for completenessSo,thereademayatleastskip readingsomeof the proofs.

Parts of this paperwerefirst presentedat: EuropeanControl ConferenceECC97,1-4
July, BrusselsBelgium,1997.
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Chapter 6 considerscontrol structuredesignusingthe informationgivenin the pole vec-
tors. It is shavn how the input and output pole vectorsare relatedto the minimum input
usageneededo stabilizea plantwith oneunstablenmodeusinga Siso controller Theinput
usagedueto measurementoiseis quantifiedbothin termsof the Hy-norm (input enegy)
andthe?# .-norm. Thebestchoiceof oneinputandoneoutputfor Siso stabilizingcontrolis
thesamdor bothnormsandcorrespondso theelementsn thepolevectorswith largestmag-
nitude. Stablebut slov modeswvhich needto be shiftedfurtherinto the Left Half Plane(L HP)
using feedbackcontrol, are also considered.Moving stableslow modesare accomplished
with modal control, andthe resultsare interpretedin termsof Linear QuadraticGaussian
(LQG) control.

With this chapterthe focus (in the thesis)moves from control theory over to control
structuredesign(althoughcontroltheoryis still presentn thelaterchapters)Thecasestudy
concerninghe Tennesse&astmarproblem,shavs thatthe resultsgivenin this chaptercan
easilybe applied(provided thatonehasa modelof the plant) to obtaina stabilizingcontrol
structurefor arelatvely complec plantusinglimited physicalprocesknowledge.The main
adwantageof selectingthe inputsandoutputsaccordingto the resultsin this chapteyis that
theapproachakencanbejustifiedfrom a controltheoreticapoint of view.

Thereademayskip readingsomeof the materialon modalcontrolgivenin AppendixA
in this chaptersincethis materialis nottoo important(thereasorfor includingthisis thatit
canbeusefulfor laterwork).

Parts of this paperwere first presentecat: AIChE annualmeeting,10-15 November
Chicago,USA, 1996.

Chapter 7 givesanintroductionto control structuredesign,andin particularit addresses
theissueof selectingneasuremen@ndmanipulationgor partialcontrol. Partial controlata
givenlevel involvescontrolling a subsebf the outputswith anassociate@dontrol objectve.
Therelative gainarray(RGA) andsingularvaluedecompositiofSVD) areusefulmeasures
for selectingnputsandoutputs.

This paperwas first presentecat: 13th IFAC World Congress30 June- 5 July, San
FranciscolJSA, 1996.

Chapter 8. Integratedchemicalprocesslantsarein practicecontrolledusinga hierarchyof
controlloops.Thebasisis to implementinnercontrolloops,resultingin apartially controlled
system. Theideais thatthe primary outputs,with theseinner controlloops closedshould
be lesssensitve to disturbances.In addition, it is desirablethat the control error in the
primary outputsshouldnot be sensitie to control errorsin the inner control loops. Two
simpletoolsfor efficiently analyzingsuchproblemsarepresentedh this chapter Theseools
areapplicableto input/outputselectiorfor indirectandcascad&ontrol.

Partsof this paperwerefirst presentect: UKACC, Control'96, 2-5 SeptemberExeter
UK, 1996.However, the contentis completelyrewritten.

Chapter 9 considerdandirect control of productcompositionsoy controlling the tempera-
ture at two selectedstagesn a binary distillation column. The two approacheslerivedin
ChapterB, areappliedin orderto find the beststageto measurghe temperaturesThe most
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obvious(direct) approachs to minimize the combinedeffect of (temperaturejneasurement
noiseanddisturbancegchangesn feedrate andfeed composition)on the productcompo-
sitions. The secondindirect) approachs to maximizethe gainin the weakdirectionof the
selectedsubsystento be controlled.

This casestudywasfirst presentect: UKACC, Control'96,2-5 SeptembelExeter UK,
1996.

Chapter 10. Therelative gainarray(RGA) andconditionnumberarecommonlyusedtools
in controllability analysis.New resultsthatlink thesemeasure$o controlperformancemea-
suredin termsof the outputsensitvity functionwith inputandoutputuncertaintyaregiven
in this chapter

This paperwasfirst presentedt ESCAPE-626-29May, RhodesGreece1996.

Chapter 11. Conclusionsaandsuggestion$or futurework aregivenin this chapter

Appendix A. Analytical state-spaceealizationdor factorization®f zerosandpolesin mul-
tivariablesystemsnto Blasdke productsaregivenin this appendix.Someusefulproperties
of thesefactorizationsarealsoconsideredThesefactorizationsareusedin Chapters8-5.

Appendix B considerghe left andtheright eigervalueproblemsandthe left andthe right
Jordanform. Theseareusedto computethe pole directionsandthe directionswith infinite
gainsin Chapter2.
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Chapter 2

Dir ectionsof zerosand polesin
multi variable systems

2.1 Intr oduction

With theintroductionof moderncontrolin thebeginningof the1960%, thepolesin multivari-
ablesystemgjainedmuchfocus,whichresultedn severalusefulresultson statecontrollabil-
ity, obsenability andmodalcontrol. The mainfocusof thework in modalcontrolis to find
astatefeedbaclgainmatrix which resultin somedesiredprespecifieatlosed-loogoles.Al-
thoughthe polescanbe movedwith statefeedbackit becamepretty clearthatthe open-loop
zeroscannotbemovedby state-feedbackr hatis, the closed-loogransferfunctionfrom the
referenceso the outputscontainghe open-loopzeros.Aboutthe sametime, optimal control
theoryin termsof Linear QuadraticGaussiar{LQG) controlreachednaturity andwassuc-
cessfullyappliedto aerospaceapplicationssuchasrocket maneuering with minimumfuel
consumptionlt is well known thatthe Separatiorm heoremsplitsthe LQG probleminto the
deterministid_inearQuadratidRegulator(LQR) problemandthestochastid.inearQuadratic
Estimation(LQE) problem.Theconstanstatefeedbacksolutionto the LQR problemandthe
factthatthe rationaltransferfunction matrix from the inputsto the statescontainsno zeros,
may have had a misleadingrole in multivariablesystemtheory with resultthat very little
attentionwasgivento multivariablezeinsduringthe 1960%5.

In the 1970 multivariablezerosstartedto gainfocus. Rosenbrock1966;1970)intro-
ducedthefollowing definitionsof zerosandpolesin multivariablesystemsisingthe Smith-
McMillan form: “The zerosof G aretherootsof the non-zeronumeratopolynomialsin the
Smith-McMillanform of G” and“The polesof G aretherootsof thedenominatopolynomi-
alsin the Smith-McMillanform of G”. Thesedefinitionsof zerosandpolesin multivariable
system@&recommonlyusedandthey arealsoadoptedamongmary others)y Kailath (1980)
andmorerecentlyby Zhou, Doyle andGlover (1996). However, in this paperwe will make
useof thefollowing definitionsof zerosandpoles.

DEFINITION (ZEROS, MacFarlaneandKarcanias1976).z; € Cisazewo of G(s) if therank
of G(z;) is lessthanthenormalrankof G(s).
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DEFINITION (POLES, Bode,1945). Thepolesp; € C of a rational transferfunctionmatrix
G(s) are the pointsin the complex plane whee one or more elementof G(s) becomes
infinite.

We will returnto thesedefinitionslater, but for now notethatthey generalize®Rosenbrocls
definitionsto alsoincludenon-rationakystemse.g. systemwith time-delays.
Thereareseveral otherdefinitionsof zerosin multivariablesystemsthe mostimportant
oneis dueto DesoerandSchulman1974)which definethe zerosfrom coprimepolynomial
matrix factorizatiorof G.
A secondstepon theway towardsthedefinitionandcomputatiorof zerosandtheir direc-
tions, is to recognizeghatcomputingthe zerosis numericallyequvalentto solve thegeneral-

ized eigervalueproblemon theform zAz = Bz whereA = | I» 8] andB = é :g].

Thisfactwasfirst pointedout by Kaufman(1973)for Singlelnput SingleOutput(SIiSo) sys-
tems.Kaufmanalsopresentinalgorithmto computehezeros.Thisalgorithmis extendedo

multivariablesystemsn (Patel,1976). Today areliablenumericalcomputationaschemedor

solvinggeneralizeeigervalueproblemsexist in termsof the QZ-algorithm.MacFarlaneand
Karcaniag1976)pointoutthatthezeroscomputedrom generalizeeigervalueproblemcor-

respondgo thetransmissiorzerosif the state-spaceealizationis minimal. Having realized
thatthezeroscanbecomputedrom generalizeeigervalueproblem thedirectionalityof the
zerofollows asthegeneralizeeigervectorsandtheimplicationsof zerosin termsof thewell

known transmissiotblockingpropertiedollows (see MacFarlaneandKarcanias1976).0One
could aguethatthe definitionsandthe computationf zerosandtheir directionsin multi-

variablesystemhasbeenestablishedor sometime now. However, the sameis not true for

thepoledirections

It is easyto recognizethe “symmetric” definitionsof zerosandpolesof G, i.e. thezeros
of G arethe polesof G~ andthe polesof G arethe zerosof G—1. Indeedtherearesome
authorsvhodefinethepoledirectionsin termsof thezerodirectionsof G—! (see Zhouetal.,
1996;Chen,1993;Chen,1995). In this paperwe shav how to computethe pole directions
andpolevectosin termsof standarceigervalueproblemstherebyavoiding the inversionof
G. Surprisingly thecomputatiorof poledirectionsin termsof standarceigervalueproblems
seemdo be new, or at leastit hasnot beenclearly stated. More importantly mary of the
previousresultson controllability andobsenability canberestatedn a naturalway in terms
of the pole vectors. Our conclusionis thattheserestatementalso providesmoreinsightto
controllabilityandobsenability, andthatthe poledirectionsaretoolswhich cansuccessfully
be appliedto the taskof control structureselection. Theserestatementarealsoequivalent
with modalcontrollability andobserability.

The intentionwith this paperis thereforeto give anintroductionto multivariablezeros
andpoles,with particularemphasiz@n the directionalityandcomputations.

Finally, we make someremarkson the useof thetermsvectoranddirectionin this paper
We usethetermdirectionin connectiorwith zerosor poleswe generallymeana normalized
basisvectorfor the zeroor pole spaces Whenwe usethe termvectorin connectiorwith
zerosor poleswe alsomeanbasisvectorsfor the zerosor pole spaceshowever, the vectoris

1we shallseethatthe zeroandpoledirectionscanin certainspecialcasese of zerolength.



2.2 BASICSFROM LINEAR CONTROL THEORY 15

notforcedto beof unit length.In particularwe find the pole vectorsto beimportanttoolsin
thetaskof input/outputselection(see,Chapter6), whereaghe zeroandpole directionsplay
importantroleswhenstudyingthe effect of RHP zerosandpoleson closed-looperformance
(seeChapters3 to 5). We thereforechooseto distinguishbetweenzero/poledirectionsand
zero/polevectors.

2.2 Basicsfrom linear control theory

The mostcommonway to describea continuoudineartime-invariantdynamicalsystemss
the state-spacdescription

T = Az + Bu (2.1)
y=Cx+ Du (2.2)
In (2.1)—(2.2),u arethe externalinputsz arethe statesandy arethe outputs. A, B, C and
D arerealmatricesof dimensions: x n, n x m, I x n andl x m wheren is the numberof
statesyn is thenumberof inputsand! is the numberof outputs. The time domainsolution

to (2.1)—(2.2)for agiveninitial statex, = z(to) anda giventrajectoryof the externalinput
u(t) is

t
z(t) = eAtxo—i—/ eA=7) Bu(r)dr (2.3)
to

y(t) = Cz(t)+ Du(t) (2.4)

By insertingz(t) from (2.3)into (2.4) we obtain

¢
y(t) = Cezo+ [ Ce~7) Bu(r)dr + Dul(t) (2.5)
to

Applying the Laplacetransformto (2.1)—(2.2)with initial statez, yields

(sI — A)x(s) = Bu(s)+ zo (2.6)
y(s) = Cz(s)+ Du(s) (2.7)

By insertingz(s) from (2.6) into (2.7) we gettherationaltransferfunction descriptionof a
LTI dynamicalsystem

y(s) = C(sI — A)~'Bu(s) + Du(s) + C(sI — A) ™z
= C(sI — A Yo + Bu(s)} + Du(s) (2.8)

With zeroinitial statewe obtain

G(s)=C(sI —A)™'B+D (2.9)
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wheretherationaltransferfunctionmatrix G (of sizel x m) givenby (2.9) canbeevaluated
asafunctionof thecomple variables. Theinput/outputbehaior of thesystenmsystemG in
thefrequeng domainis thendescribedy

y(s) = G(s)u(s) (2.10)

Theshort-handhotations

G {%’%} and (A, B, C, D) (2.11)

arefrequentlyusedto describea linear state-spacenodelof a continuossystemG givenby
(2.1)-(2.2).

Givenasystem with state-spaceealization( 4, B, C, D) whereA canbediagonalized
(A hasn linearly eigervectors). ThenG(s) canbe written in the following partial fraction
expansion
1

S — Pk

n
G(s) =) _Cu wiB+ D (2.12)
k=1
In (2.12)wy, andwvy, areleft andright eigervectorscorrespondingo the pole p, wherewy,
andwvy, arescaledsuchthatw/Zv;, = 1. Thereareseveralwaysto prove this result,oneway
is givenin (DouglasandAthans,1995).
REMARK 1. Cuyg is avectorof dimensionl x 1, DouglasandAthans(1995)notethat Cvy, indicates
how muchthe k’th modeis obseredin the outputs.
REMARK 2. wi B is a vectorof dimensionl x m, and Douglasand Athans (1995) note similarly
thatwi! B indicateshow muchthe k’th modeis exited by the inputs. One problemwith this view on
controllability andobsenrability, is thatwe arefreeto scalew, andvy, arbitrarily, sothelengthof the
vectorwi B canbemadeaslargeasonewantsby multiplying w;, with anon-zeraconstant. However,
thenthelengthof thevectorCv;, becomesorrespondinglgmall,sincew;’ v, = 1 is required.
The following resultis statedin several books(seefor example;Zhou et al., 1996), it
concernghedynamicresponselueto certaintype of inputsignals.

LEMMA 2.1. LetG(s) bea strictly or semi-poperrational transferfunctionmatrix of size
Ixm,andlet(A, B, C, D) beaminimalstate-spaceealizationof G. Considethedynamic
responset the outputof G’ dueto theinitial statez(¢y) = x, andthefollowinginput

| upe™t  t > to,
u(t) _{ 0 P <t (2.13)

wheeuy € C™ andsg € C — {\;(4)}. Then
y(t) = eAt{asO — (8ol — A)_IBU()} + G(so)uoesot (2.14)

andfor the specialinitial statexy = (soI — A)~!Buyg, the only visible modeat the output
y(t) is s, resultingin
y(t) = G(s0)uge™"* (2.15)
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2.3 Zerosand zero dir ectionsin multi variable systems

Zerosof a systemmay arisewhencompetingnternaleffectsaresuchthatthe outputis zero
evenwhenthe inputs (andthe states)are not themselesidentically zero. For SingleInput
Single Output(Siso) systemsthe zerosarethe solutionss = z to G(s) = 0, andthusit
couldbe amguedthatthey arevaluesof s atwhich G(s) loosesrank (from rank 1 to rank0).
Fromthe Smith-McMillanform G(s) = L(s)M (s)R(s) (seeKailath,1980),thezeros = z
is arootin oneof thenumeratopolynomialse; (s), thenM (andtherebyalsoG) loosesank
dueto thezeros = z. This decreaseén rankfor the complex numbers = z is the basisfor
the definition of zerosgiven by Desoerand Schulman(1974),who considera left coprime
polynomialmatrix factorizationof G(s), G(s) = D; '(s)N;(s) anddefinesthe zerosasthe
complex numbersz wheretherankof NV;(z) is lessthanthe normalrankof N;(s). Thisis
similar to the definition of zerosusedin this paper givenin the introductionandrepeated
here.

DEFINITION 2.1 (ZEROS, MacFarlaneandKarcanias1976). z; € C is a zewo of G(s) if
therank of G(z;) is lessthanthe normalrankof G(s). Thezeo polynomialis definedas
z(s) = Hﬁvzzl(s — z;) whee N, is thenumberof finite zeosof G(s).

The normalrank of G(s) is definedasthe rank of G(s) atall s excepta finite numberof
singularities(which arethe zeros). This definition of zerosis basedon the transferfunction
matrix, correspondingo a minimal state-spaceealization.Thesezerosaresometimegalled
“transmissiornzeros” (seeMacFarlaneand Karcanias,1976), but we shall simply call them
“zeros”.

If G(s) hasazerofor s = z, thenthereexist non-zerovectorslabeledthe input zero
directionu, andtheoutputzerodirectiony,, suchthatufu, = 1, yfy, = 1 and

G(z)u, =0, G(s)u, #0 Vs #z (2.16)
vlG(2) =0, ylG(s)#0 Vs#2 (2.17)

Kaufman(1973)wasfirstto pointoutthatzerosof SIso systemsganbecomputedisingthe
generalizeetigervalueproblem.For a plantG with a givenminimal state-spaceealization,
theinputandoutputzerodirectionscanbe supplementedith the stateinputandoutputzero
vectorsthroughtheuseof generalizeeigervalues.For asystem, thezerosz of thesystem,
theinput zerodirectionsu, andthe stateinputzerovectorsz,; canall becomputedrom the
generalizeceigervalueproblem

A—zI B||zu| |0
e ] =[] e19
In this setupwe normalizethelengthof u,, i.e. ulu, = 1. Thisimply thatthelengthof z.;

is differentfrom one. Note thatif z is not aneigevalueof the A matrix then (21 — A)~!
exists,andfrom thefirst equationin (2.18)we have that

z,; = (zI — A)"'Bu, (2.19)
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Thisis exactly theinitial stateatt = ¢, which makesthe differentmodesof the systemG to
disappeain (2.14)sothatthe systemresponsas (2.15). By insertingz,; from (2.19)into
theseconcdequationn (2.18)we obtain

0=Cxz;+ Du, ={C(zI —A)"'B+D}lu, < G(2)u,=0 (2.20)

G(z)

Sinceu, isin theright nullspaceof G(z), eq.(2.20),theresponselueto

ot >t
’U,(t) :{ uze = Lo,

0 t <ty

andtheinitial statex, = x,;, is identicallyequalto zerofor ¢ > 0.
Similarly, onecancomputethe zerosz, the outputzerodirectiony, andthe stateoutput
zerovectorsz,, € C" throughthegeneralizeaigervalueproblem

[wzo Yz

H H][A;ZI g}:[o 0] 2.21)

Whereagainthe length of 3, is normalized,so that ¥y, = 1. By combiningthe two
equationsn (2.21),onecaneasilyobtain

0=z2B+yiD=y2{C(2I-A)'B+D} < y2G(z)=0 (2.22)

G(z)

andit followsthaty, is in theleft nullspaceof G(z).
REMARK 1. By takingthetransposef (2.21)oneobtains

AT — 21 CT Too 0
e o] 5] = ez
Fromthis we seethattheinput directionsof thetransposedystemG” is equalto the conjugateof the

outputdirectionsof G. In MATLAB thegeneralizeaigervalueproblem(2.21)canthereforebe solved
viathetransposegroblem.

REMARK 2. Let(A, B, C, D) beaminimalrealizationof G(s), computingthe zerosfrom theeigen-
valueproblemg2.18)and(2.21)yieldsthe“transmissiorzeros”(MacFarlaneandKarcanias1976).
Whencomputingthe input andoutputdirectionswe have normalizedu, andy,. Thus,the
lengthof theinputandoutputstatevectorsaregenerallydifferentfrom one.Note,we usethe
term*“vectors”to indicatethatthesestatevectorsarenotnormalized.Insteadof normalizing
theinputandoutputdirectionswe couldhave normalizedhe statevectorsto obtaintheinput
andoutputzerovectors,u, andy,, sinceary eigervectormultiplied by a non-zeroconstant
is still aneigervector

A zerowith numericalvalue z may appeamorethanonce. We definethe multiplicity?
(N) of azeroz asthenumberof timesthezeroappearsn aminimal state-spaceealization

2Themultiplicity of azerodefinedhereis similarto thedefinitionof algebraic multiplicity definedn (MacFarlane
andKarcanias1976)andis equalto thenumberof zeroswith numericalvaluez computedrom the Smith-McMillan
form.
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of G. Thisimpliesthatthegainof G(z) canbezeroin morethanonedirectionattheinput
andthe output. Let G (with minimal state-spaceealization)have normalrank » and let

G(z) have rankr,, thenwe definethe geometricmultiplicity® of the zero z asthe integer
G, = r — r,. We definethe input and outputzero spacesas the additionalleft and right
nullspace®f G(z) dueto s = z. It followsthatwe needg, linearly independentlirections
to describethe input and outputzerospaces.A third importantpropertyconnectedo the
zeroz, with multiplicity A, is the numberof linearly independeneigervectors(£,) in the
eigervalueproblems(2.18)and(2.21). For a systemG with minimal state-spaceealization
we havel, < G, < N,. Zeroswhere/, = N, aresaidto have a simplestructue, while

zeroswhere/, < N, aresaidto have a non-simplestructure. Systemsvhereall the zeros
have a simplestructurearesaidto have a simplezeio structue. Systemavherethe zerosare
distincthasa simplezerostructure.Fromthe eigervaluecomputationg2.18)and(2.21)we

computel, linearlyindependenterodirections.In this paperwe considerzeroswith simple
structure For afurthertreatmenof zeroswith non-simplestructurereferto MacFarlaneand
Karcaniag(1976). The transmissiorblocking propertiescan be extendedfor systemswith

non-simplezerostructure seeMacFarlaneandKarcaniag1976).To dothis, they expandthe
generalizecetigervalueprobleminto generalizedordanchainsin asimilar mannerasfor the
Jordarform. In Section2.7.1,we usetheJordarform of thestate-spacmatrix A in asimilar
mannetto find all directionswith infinite gains.However, the additionaldirectionsobtained
usingtheJordarform arenotof suchfundamentaimportanceasthedirectionsobtainedrom

eigervectors.

2.3.1 Zerodirectionsfrom singular value decompositionof G(z)

The zerodirectionscanalsobe calculatedrom the singularvalue decompositiorof G(z).
Let G have normalrankr, then

,

H H H H H

G(z) =UX,V,” = E WO 0] = u101v7 + Ua09V5 + -+ - + UpOp0,
=1

Whenthesystemhasnormalrankr andgeometrianultiplicity G, , thelastmin(l, m) —r+g,
singularvaluesarezero. Thetaskis to sortout which of thelastm — r» + G, columnsin V,
and! — r + G, columnsin U, thatspantheleft andright nullspaceslueto thezeros = z. If
G is squareandhasfull normalrank,thenthereareonly G, zerosingularvalues,andtheg,
zerodirectionsfollows easily

2.4 Polesand poledirectionsin multi variable systems

Rosenbrock1970),MacFarlaneandKarcaniag1976),CallierandDesoer(1982)andZhou
etal. (1996)all definethe polesasthe rootsof the denominatopolynomialsin the Smith-
McMillan form. Bode(1945)stateghatthepolesare thesingularpointsat which thetransfer
functionfails to beanalytic The partialfractionexpansion(2.12),wherethe A matrixin the

3This definitionof multiplicity is identicalto the definitiongivenby MacFarlaneandKarcaniag1976).
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state-spaceealizationhasn linearly independeneigervectors,shavs that G canbe written

asasumof n first orderrank onesystems For Siso systemsthetermsCuv;, andwi’ B are

scalars.Whenwe considerthe partial fraction expansionof G(s) for the complex numbers
pr, We seethat the singularitiesoccursin the denominatarand the function G(s) is not

analyticat s = pi. Thevalueof G(s) ass approacheg; becomesnfinite. In this work

we thereforereplace“fails to be analytic” with “is infinite”, which certainly implies that

the transferfunctionis not analytic Multivariablesystemgepresentedy rationaltransfer
functionmatricesalsofail to be analyticin the poles,in the senseghatoneor moreelements
becomesnfinite for thecomple valuess = p.

DEFINITION 2.2 (POLES, Bode,1945). Thepolesp; € C of a rational transferfunction

matrix G (s) arethepointsin thecomple planewhete oneor more element®f G(s) becomes
infinite. Thepole polynomialis definedas ¢(s) £ HzN;l(s — p;) whee N, is thenumberof

polesof G(s).

Thisdefinitionof polescorrespondso therootsin thedenominatopolynomialsn the Smith-
McMillan form. For a rationaltransferfunction matrix G with a minimal state-spaceeal-
ization (A, B, C, D) the polesare the eigervaluesof the A matrix, i.e. therootsin the
characteristiequationg(s) = det(sI — A), for a proof referto (Callier and Desoeyr 1982,
pages’5-78).

Sinceoneor moreelementdecomesnfinite for s = p (or ass approachep), it appears
thatthegainin certainlinearcombination®f theinputsandtheoutputshecomenfinite. This
canalsobeseerfrom thepartialfractionexpansion(2.12)of G(s) wherethegainin theinput
direction B¥ w;, andthe outputdirectionCv;, becomenfinite.

For a systemon state-spacéorm with a polelocatedat s = p, we define(compute)the
inputandoutputpolevectos as

u, = BYx,;; Yp = Cpo (2.24)

wherez,;, z,, € C* arenormalizedeigervectorscorrespondingo thetwo eigervalueprob-
lems
tBA=pzl and Az,, =pz (2.25)
D D po po )

In the eigervaluecomputationg2.25)thelengthof z,; andz,, arenormalizedwe therefore
usethe termsinput and outputpole statedirectionsfor thesevectors. This impliesthatthe
lengthof theinput andoutputpole vectorsaregenerallydifferentfrom one,i.e. ||u,||, # 1
and||yp|l, # 1. Theorem2.2in Section2.6 statesthatthe modep is uncontrollabldf and
only if u, = 0 andunobserableif andonlyif y, = 0. A minimalstate-spaceealizationwill
notcontainuncontrollableand/orunobserablemodes.Thecorrespondingoledirectionsare
obtainedoy normalizingthe polevectors(if oneor moremodesareuncontrollableve setthe
correspondingnputpoledirectionsequalto zero,andif oneor moremodesareunobserable
we setthe correspondingutputpoledirectionsto zero):

_f w/ il il £0
tr _{ 0 i fupll, =0 (2.26)
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" { Yo/ llwplly 1 llwpll, # 0 (2.27)

0 if lypll, =0

A pole p may appeamorethanonce. We definethe multiplicity (V) of the polep asthe
numberof timesthe pole p appearsn the minimal state-spaceealizationof G. Whenthe
multiplicity of thepolep is largerthanone,morethanonedirectionattheinputandtheoutput
may getinfinite gain. For a systemG with a minimal statespacerealization,we definethe
input andoutputpole spacesasthe spacesn C™ andC' which getsinfinite gainfor s = p.
We definethe geometricmultiplicity (G,) of thepolep asthenumberof linearlyindependent
vectorsn C™ andC' requiredto describeéheinputandoutputpolespacesA third parameter
connectedo the polep is the numberof linearly independengigervectors(4,) in the state-
spacematrix A correspondingdo the polep. It followsthats, < G, < N,. If £, = N,
thenthe poleis saidto have a simplestructure, while poleswheret,, < N, aresaidto have
anon-simplestructure.Systemswvhereall the poleshave a simplestructurearesaidto have
asimplepolestructue. Systemswvhereall the polesaredistincthasa simplepolestructure.
It follows thatwe computel,, linearly independentlirectionswith infinite gainusing(2.26)
and(2.27). In Section2.7 we treatthe casewherethe state-spacenatrix A is defectve (the
state-spacmatrix A doesnotcontainn linearly independengigervectors)andwe shov how
to computetheremainingg,, — £, directionswith infinite gain.

2.4.1 Partial fraction expansionof G(s) in terms of the pole vectors

Systemwith simple pole structure(systemswvherethe state-spacenatrix A hasn linearly
independenegigervectors)canbe expressedaisa sumof n rankonesystemsn termsof the
inputandoutputpolevectorsandthe correspondingtatedirections

(xg,kmpo,k)_l

§— Pk

(ﬂvg,kxpo,k)_l

ull + D (2.28)
S — Pk

Ty B+D =) yp
k=1

G(S) = Z Cxpo,k

k=1

wherez,; ,, andz,, ; arethenormalized(i.e. ||zp; k||, = 1 and||zp, k||, = 1) left andthe
righteigervectors,y,, istheoutputpolevectorandu,, istheinputpolevectorcorresponding
to themodepy.

Proofof (2.28) Both vy, in (2.12)andx ., areright eigervectorsof the A matrix correspondingo the
eigervaluepy,. Similarly, wy, in (2.12)andz,; » areleft eigervectorsof the A matrix correspondingo
the eigervaluep,. Assumethatuvy, is normalizedj.e. vy, = xpo,k, thenthelengthof wy, is generally
not equalto one andwe have thatwy, = cx,ix for someconstantc € C. Sincewy vy = 1 is
requiredin (2.12) andthe eigervectorsz,; » andz,. r arenormalized,we getthe additionalfactor
¢ = (2 xTpor) "IN (2.28)comparedo (2.12). o

2.4.2 Relation betweenthe pole-directionsof G and GT

The stateinput andoutputpole directionsz,; andz,, of G correspondingo thepolep are
givenby
zh(A—pl)=0 and (A—pl)zy, =0
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Similarly, for thetransposedystem

AT CT
o [ 55

the stateinput andoutputpole directionsz;,; andz;,, correspondindo the polep aregiven
by
o (A" —pI)=0 and (A" —pl)z,, =0
whichimplies
(A—pDz,, =0 and z T(A-pl)=0
The relationsbetweenpole directions(u,, yp, Tpi, Zpo), for G andthe pole directions(u,),
Yn, T ) for GT become:

Tpi = Tpo € Tpi = Tp, (2.29)
:L'po - xpi = mpo - .’E DI (230)
U, = Bpri — BTz / — ?7,, S up = g;) (2.31)

Yp = pro - (CT)H ;oz = ’a'IIJ Al Yp = a;&

(2.32)

2.4.3 Poledirectionsfrom singular value decompositionof G(p)

Let G(s) have normalrankr. Fromthesingularvaluedecompositiorof G(p) we have
G(p) = Up%, VH z:uzaz = w1010 + ugoovt 4 -+ upovf

The directionswith largestgain areassociateavith o4, theinputdirectionup is v; andthe
outputdirectiony,, is u;. However, sinceG(p)u, = oo andyG(p) = oo we cannot
evaluateG(p). Instead,we canconsiderG(p + €) whene — 0, but this is more difficult
numerically

For a squaresystem,GG, with minimal state-spaceealization(A, B, C, D) whereD is
nonsingulartheinverseis givenby (Zhouetal., 1996,p. 67)

A-BD7'C | -BD™!
D'Cc | D77

G ' (2.33)

The outputpoledirectionis thengivenby G~ (p)y, = 0, similarly theinput pole direction
is given by ufG—l(p) = 0. The pole directionscanthereforebe found asthe the zero
directionsof G~1(p), G~ (p) = USVH, with y, asthe zerodirectionin V andu, asthe
zerodirectionin U. However, to calculatethe pole directionsfrom SVD of G(p) or G~ (p)
hasratherpoornumericalproperties So,thecomputatiorof poledirectionsfrom SVD is not
recommended.
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2.4.4 Relationsbetweenzero and pole dir ectionsfor G and G

To find arelationshipoetweerpoledirectionsfor G (outputpoledirectiony, andoutputstate
vectorz,,) andzerodirectionsfor G~! (input zerodirectionu, andinput zerostatevector
x,;), assumehat( is squarewith anon-singulaD matrix. Theinputzerodirectionsof G—!
aregiventhroughtheuseof (2.33).

A-BD'C—pI —BD '] [z;] [0
rio | m] ] e
From(2.34)we have
(A—phz,; — BD Y (Cxy; +u,) =0 (2.35)
DY(Cyi +u,) = 0 (2.36)
Clearly,
Tzi = —Tpo/ [|CTpolly = —Tpo and Uz = Yp (2.37)

is asolutionto (2.34).
Next, assumehatG—! existswith D squareandnon-singularlt is theeasyto prove that
thezerosof G canbe computedrom the polesof G~1. For thezerosz we have (2.18)

[A— zI B] [a:z,] _ [O]
C D| | u, 0
Fromthebottomequationwe obtain
u, = —D7'Cx,; (2.38)
Inserting(2.38)in theupperequationn (2.18)gives
(A= BD7'C — zI)z,; = 0 (2.39)

Thematrix A — BD~'(C is the state-matrixn G—! givenin (2.33). So, the zerosof G can
be computedrom the eigervalueproblem(2.39)when D is non-singular

2.5 Uniguenessof input/output zero and pole dir ections

It follows thatzeroandpoledirectionsgenerallyarenon-uniquej.e. ary zero/poledirection
multiplied by acomplex numbemwith magnitudeoneandary phasds alsoa zero/poledirec-
tion. However, the directionalityof the input andoutputpole directionsareindependenof
the state-spaceealization,seeRemark3 on page28. The sameappliesfor inputandoutput
zerodirections sincethey canbe calculatedasthe poledirectionsof G 1.

If the dimensionsof the zero/polespacesare greaterthanone,i.e. the geometricmul-
tiplicity is greaterthanone,ary normalizedinear combinationof a setof input andoutput
directionscorrespondindo a zero/poleare zero/poledirections. However, we notethatthe
orderof the zero/poléas generallydifferentin the differentdirections.
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The input/outputzero and pole directionsare dependenbn the input/outputscaling,
which is reasonable.In general,we preferto scalethe inputs so that maximumallowed
changdor eachinputstaysbetweent1 andtheoutputssothatthe maximumallowedcontrol
errorcorrespond$o +1. However, somespecialapplicationanay requiredifferentscalings
to beapplied.

2.6 Controllability and obsewability from pole dir ections

The criteriafor statecontrollability and obsenability discussedn this sectionwere intro-
ducedindependentlyy severalpeople . amongthem: Popw (1973),Belevitch (1968),Hau-
tus (1969),Rosenbrock1970). The testswerefirst given by Gilbert (1963)for the special
casewhenthe state-spacenatrix A is diagonalizableDueto the generalizatiomprovided by
Popo andBelevitch andthefactthatHautuswasthefirst to notetheirwide applicability; it is
commonto referto thesetestsfor statecontrollability andobserability asPopaos-Belevitch-
Hautus(PBH) tests(Kailath, 1980).

THEOREM 2.1 (PBH EIGENVECTOR TESTS). Givena LTI-systen(G with state-spaceeal-
ization(A, B, C, D), thenthefollowingis true:

1) Thepair (A, B) is contollableif andonlyif for all polesp

BY2,=0 = z,,=0 whee z}A=pazl (2.40)

2) Thepair (C, A) is observablef andonlyif for all polesp
Cxpo=0 = zp,=0 whee Azx,, = pxpo, (2.41)

REMARK 1. Condition(2.40)saysthatthepair (A, B) is controllableif andonly if noleft eigervector
of the A matrixis completelyin theleft nullspaceof the B matrix. Thatis, noleft eigervectorof the A
matrix is orthogonato all the columnsof the B matrix.

REMARK 2. Condition(2.41)saysthatthepair(C, A) is obsenableif andonly if noright eigervector
of the A matrixis completelyin theright nullspaceof the C' matrix. Thatis, noright eigervectorof the
A matrixis orthogonalto all therows of the C matrix.

REMARK 3. If thecondition(2.40)is not fulfilled for somemodep, thenit is commonto saythatthe
modep is notcontrollable(uncontrollable)andif the condition(2.41)is notfulfilled for somemodep,
thenit is commonto saythatthe modep is not obserable (unobserable). For a definition of modal
controllability andobsenrability referto (Zhouetal., 1996).

Next, we will statePBH eigervectortestsin termsof poledirections.This applicationof the
poledirectionsturnsoutto beuseful.

THEOREM 2.2 (PBH EIGENVECTOR TESTS IN TERMS OF POLE DIRECTIONS). Givena
LTi-systenG with state-spaceealization(A, B, C, D), thenthefollowingis true:
1) Thepair (A, B) is contollable if and only if all input pole vectos (directions)are
differentfromzen, i.e.

wy 0 (up #0), Vp (2.42)
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2) Thepair (C, A) is observablef and only if all outputpole vectos (directions)are
differentfromzeo, i.e.

Yp #0 (yp a O)a Vp (2.43)

Proof of Theoem2.2 The statemen{A =- B) is equivalentto (not B = not A), so thefirst part of
Theorem?2.1canberestatedas: “The pair (A, B) is controllableif andonly if for all p

Tpi 0 = Bpri #0 where mgA = pri.”

Whenwe introducethepolevectoru, = B z,,; weimplicitly assumehatz,; # 0 andthatit satisfies

zi A = px]l, sotheseassumptionslo notneedo bestated Thefirst partof Theoren2.2thenfollows.

Thesecondartis derivedin ananalogougnanner |

FromTheorem2.2,the modep is uncontrollablef andonly if «, = 0 andunobserableif
andonly if y, = 0. Theorem2.2is just a restatementdf PBH eigervectortests. However,
it is mucheasierto understanéindremembesincethe eigervalue problemsarehidden.So,
our conclusions thatit is ausefulrestatement.

The pole vectorscontaina lot of informationaboutthe structure.Considerselectingthe
transferfunctionelementG;; correspondingo output; andandinput ;. We cando thisin
termsof multiplying G with eI ontheleft ande; ontheright, where

e; isavectorof lengthl/ with zerosin all positionsexceptposition: which containsl.
e; isavectorof lengthm with zerosin all positionsexceptposition; which containsl.
We obtain
A ‘ Bej
elC ‘ el De;

Gij(s) = €] G(s)ej = (2.44)

Theinput (a,) andtheoutput(y,) polevectorsof G;; correspondingo the polep become

@, = (Bej)oay = e?Bpri = e?up = Up j (2.45)
U = el Cpo=€lYp=Yp; (2.46)

whereu, ; denoteghe j'th elemenbf inputpolevectoru, andy, ; denoteshe:’th element
of outputpolevectory, of G correspondingo the modep. By usingTheorem2.2 we may
conclude:

COROLLARY 2.1. For a plantG with pole p, input pole vectoru, (input poledirectionu,,)
andoutputpolevectory, (outputpoledirectiony,), thefollowingis true:

1) Themodep is uncontollablein inputyj if andonlyif thej'th elemendf w, (u,) is zeo
upj =0 (up; =0)
2) Themodep is unobservablén output: if andonly if the:’th elemenbdf y, (y,) is zeo

Yp,i = 0 (yp,i = 0)

Proofof Corollary 2.1 Replacehe B matrixwith Be; andC with e] C andapplyTheorem2.2. O
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2.6.1 Decouplingzerosand uncontrollable/unobsewrable modes

Thereis alink betweerpolesanda classof zerosdefinedby Rosenbrock1970;1973;1974).
Rosenbrock1970)defined input andoutputdecouplingzerosasfollows

Inputdecouplingzerosz;: tk [z — A B] < n

Outputdecouplingzerosz,:  rk {Z"I_;A] <mn

Theinput decouplingzerosconcernthe situationwheresomefree modalmotion of the sys-
tem stateis uncoupledfrom the input. Similarly, the outputdecouplingzerosconcernthe
situationwheresomefree modalmotionof the systemstateis uncoupledrom theoutputs.It
follows thatthe only potentialcandidatevaluesfor input or outputdecouplingzerosarethe
eigervaluesof the state-spacenatrix A, sincethesearethe pointswheres/ — A becomes
singular In additionfor inputdecouplingzerostheleft nullspacez; I — A mustoverlapwith
theleft nullspaceof B. For outputdecouplingzerosit follows similarly that z, mustbe an
eigevalueof the A matrix andthe nullspaceof z,I — A mustoverlapwith the nullspaceof
C. Notethattheseconditionsareexactly the conditionsunderwhichthe modep (equalto z;
or z,) is uncontrollableor unobserable. The similaritiesbecomeeven moreobviousin the
PBH ranktests(Kailath, 1980).

THEOREM 2.3 (PBH RANK TESTS). Givena LTI-systemG with state-spaceealization
(A, B, C, D), thenthefollowingis true:

1) Thepair (A, B) is contollableif andonly if
tk [sI-A B]=n Vs (2.47)

2) Thepair (C, A) is observablef andonly if

rk [SI__CA] =n Vs (2.48)

REMARK 1. Conditionl) and(2.47)saysthat(A, B) is controllableif andonly if thereareno input
decouplingzeros.
REMARK 2. Condition2) and(2.48)saysthat(C, A) is obsenableif andonly if thereareno output
decouplingzeros.

Theconclusionsre:

e Inputdecouplingzeiosare uncontollable poles.
e Outputdecouplingzeiosare unobservablg@oles.

4Obtainedby settingT(s) = sT— A, U(s) = B,V (s) = —C andW (s) = D in Rosenbrocle systenmatrix.
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2.7 Repeatedpoles

2.7.1 All directionswith infinite gains

In Section2.4we definedthepoledirectionsfrom theleft andright eigervectors andshoved
thatthe gainsin thesedirectionsbecomeinfinite for s = p. For systemswith simplepole
structurethesedirectionsare sufficient to describethe input and output pole spaces.The
pole spacedave dimensiong, < N, andin the generalcasewe only have £, < G,, pole
directions.This suggestshatmorethan/,, directionswith infinite gainsexist. The question
is then:

e Wheredo theadditionalG, — ¢, directionscomefrom, andwhichrole do they play?

It turnsout thatwhena systemG haspolesp with multiplicity N,,, geometricmultiplicity
g, and{, < G, linearlyindependengigervectors thenthe state-spaceatrix A is defectve
andcannot be diagonalized We areableto computethe additionalG,, — £,, directionswith
infinite gainsby usingthe Jordanform. The additional‘pseudo”statevectorsobtainedrom
the Jordanform arelinearly independentf the eigervectors. Beforeusingthe Jordanform
to computeall directionswith infinite gains,somewarningremarksareappropriate:

e Thenotationbecomesnessy mainly becausave needto combinetwo Jordanforms,
theleft andtheright Jordarform.

e Aswe have seenmary usefulinterpretationg€anbe madein termsof the polevectors
anddirections.However, thesamds nottruefor thegeneralizediectorsobtainedrom
the Jordanform, so one may concludethat thesedirectionsare not of fundamental
importanceasis the casewith the poledirections.

Themostusefulresultobtainedoy consideringall directionswith infinite gainsis thatwe can
prove thatthe input andoutputpole directionscorresponds$o the directionswith maximum
order of thepole.

SectionB.2in AppendixB definesandshavs how theleft andtheright Jordarformscan

be combinednto
MEAMRS™ = STHMEAMER = J (2.49)

whereMpr and M, arethenon-singulasimilarity transformationsvhich gives
Mz 'AMpg = J, MEAM;® =

andthe columnsin My and M}, which areeigervectorsarescaledsuchthattheir normsare
equalto one.FurthermoreS hasthestructuregivenin (B.15)and

My = MzgHS

Note,boththeleft andtheright Jordanform hasthe onesin the J matrix above the diagonal
asdefinedin SectionB.2, AppendixB. Thisis thenormaldefinitionof theright Jordarform.
For the left Jordanform one could argue that the onesshouldbe belowv the main diagonal

5The orderof a polein theinput andoutputdirectionsu andy is definedasthe orderof the polein the scalar
functiony® G(s)u.
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in J. However, thenit is not possibleto combinetheleft andtheright Jordanform into the
equation(2.49). Definingthe left Jordanform with the onesabove the main diagonalin J
impliesthatthe orderingof the vectorsin the matrix My, correspondingo Jordanblock .J,
is oppositeof the normal ordering. This meansthat the last vectorin My, , (where My, ,
containghevectorscorrespondingo Jordarblock J, ascolumns)is the eigervectorandthe
othervectorsarethe generalizedrectors.For furtherdetailsseeSectionB.2 in AppendixB.

LEMMA 2.2 (POLE DIRECTIONS AND DIRECTIONS WITH INFINITE GAINS). LetG(s) be
a rational transferfunctionmatrix, with minimal state-spaceealization(A, B, C, D). Let
p bea poleof G(s) with multiplicity \V,, and geometricmultiplicity G,,. Thenthere exist \V,,
input and outputdirections,u, ; and y., ;, Which approadesinfinity as s approadesp.
Thesdlirectionsare givenby

Uoso,j = BTmy j/ [|BTmyp ;| Yoo,j = Cmr i/ [|Cmr,;ll, (2.50)

wheemy ; andmg ; correspondso the columnsin M;, and Mg associatedvith the pole
p. G, of thesedirectionsare linearly independenandthe/, directionscorrespondingo the
eigervectos are thepoledirections.

REMARK 1. If A hasn linearlyindependengigervectors,eachJordarnblockis of sizel x 1, M, =
X1, Mr = Xg,J = A, thematrix A is diagonalizablendall directionsarepoledirections.
REMARK 2. If A hasdistincteigervalues,then A hasn linearly independeneigervectorsand A can
bediagonalized.
REMARK 3. Thedirectionalityof thepolevectors poledirectionsandthevectorswith infinite gainsare
independenof the state-spaceealization.To prove this defineanew statevectorwith the non-singular
similarity transformatioril”’

z=Tzx

Thenew state-spaceealizationbecomes

3=TAT '2+TBu; y=CT 'z+ Du
—— ~—~ ——
A’ B’ c’
Fromthethe constructiorof the Jordanform we have MglAMR = J. InsertingA = T~ A'T gives
MR'T'A'TMg = J
——
MI

R

andwehave My, = M " =T #Mz" =T~ My or
i ! —H
mp; =Tmgri; mp;, =T "mp;
Thenew outputvectorwith infinite gainbecomes
Yoo = C'my,; = CT_ITmR,i =CmRg,i = Yoo

andthenew inputvectorwith infinite gainbecomes

! 1H 1 HmpHm—H H
’u,OOZB mL’iZB T"T mL,izB mr,; = Uso



2.7 REPEAED POLES 29

REMARK 4. Thelengthof thepolevectorsandthevectorswith infinite gainsdependnthestate-space
realization. This follows sincemultiplying the C' matrix with a non-zeroconstantc and multiplying
the B matrix with 1/k yieldsthe samerationaltransferfunction, but the inputandoutputvectorswith
infinite gainsof themodifiedsystemG’ with state-spaceealization( A, %B, kC, D) become

’U,(IX, = lBHmL,i =

T 1uoc,, and y., = kCmpr,i = kYo

k
EXAMPLE 2.1 SYSTEMS IN SERIES AND PARALLEL. This exampleillustratethedifferencein struc-
tureinvolvedwhensystemhasa repeategole p with two linearly independengigervectors,andonly
oneeigervector We considetthefollowing two structures:

Systemsn parallel. Systemsn series.
ur | _1 Y1 u1
T 1 |2 + 1 Y1
U2 s—p2 + s—p1 |x1
u2 1 Y2
| s—p2 [T2 Y2
1 0 1 1
G(s) = |:S—p1 ] G(s) = [s—m (s—p1)(s—p2) ]
0 = 0 1
b2 s—p2
pr 0 ‘ 10 pr 1]1 0
s 0 p2(0 1 s 0 p210 1
G =100 0 G = 17070 0
0 1 ‘0 0 0 1 ‘ 0 0

Whenp; = 1 andp, = 2 we getpoledirections:

oo [1 0]  _Jto U_%oy_lg
P~ lo 1]” 7o 1 P2 1] P o 2
Whenp; = 1 andp, = 1.1 we getpoledirections:
10 10 0.0995 0 1 0.995
Us [0 1]’ P [0 1] U [—0.995 1]’ P [0 0.0995]

Whenp; = p = 1 andps = p = 1 we getpoledirections:
10 10 0 0 11
I E e P | B | B P

For the systemsn parallel,the A matrix in the state-spaceescriptionhastwo linearly independent
eigervectorsfor all valuesof p; andpz. So,for thecasewhenp; = p2 = p thegeometrianultiplicity
of the polep for the systemin parallelis two.
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For the systemsn seriesthe A matrix hastwo linearly independeneigervectorswheneer p; #
p2. Forthespecialcasep; = p2 = p the A matrix only hasonelinearly independengigervector In
thiscaseG is

11

G(S) = |:S_P (S—IP)Z :|
s—p

It is interestingto seehow elementg; 2 (s) in G(s) dominatesover the diagonalelementsvhenp, =
p2 = pand|s — p| < 1 for thesystemsn series.Thereasoris of coursethatelementy;» hasa poleof
ordertwo andthereforeapproachesfinity muchfasterthanthe diagonalelementsass approachesg.
Themainpoint hereis thatthisis reflectedn the eigervaluecomputatiorandthereforealsoin the pole
directions.It is alsointerestingto notethatelementyg;» representthe only possiblepairingwhich can
stabilizethe plant G(s) with one Siso controlloop, andthatthe pole directionsidentify this control
loopin this case However, the poledirectionsfail to identify all directionswith infinite gain(they only
identify thellinear combinationof inputsandoutputswherethe pole appearsn the ordertwo). To get

all directionswith infinite gainsfor s = p we needto usethe Jordanform. We thengetthedirections

1 0 10
Uoo_[o 1} and Yoo_[o 1]

2.7.2 Controllability and obsewability of repeatedpoles

Thefollowing resultfollows easilyfrom the PBH ranktest.

COROLLARY 2.2 (CONTROLLABILITY AND OBSERVABILITY OF REPEATED MODES). Given
aLTi-systenG with state-spaceealization(A, B, C, D), arepeategolep, multiplicity V,,
and/, linearly independengigervectos. Thenthefollowingis true:

1) Thepolep is contwllable if andonly if
tk [pI — A Bl=n

2) Thepolep is contollableonlyif B containst,, or mote linearly independentolumns.
3) If B haslessthan/,, linearly independentolumnshenthepolep andthepair (A, B)
is uncontollable.

4) Thepolep is observablef andonly if

rk {pI_—CA} =n

5) Thepolep is observablenlyif C' containst, or mote linearly independentows.

6) If C haslessthan/, linearly independentowsthenthe polep andthepair (C, A) is
unobservable

Proof. Theproofis givenin SectionA.

Someusefulinsightson controllability and obsenability of repeategolescanbe obtained
by looking at pole/zeracancellationsvhenreducingthe sizeof G.
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PROBLEM 2.1 POLE/ZERO CANCELLATIONS WHEN REDUCING SIZE TO LESS THAN £,.
ConsidettheplantG of sizel x m with state-spaceealization(A, B, C, D), arepeategole
p, multiplicity N, and4,, > 1 linearly independeneigenvectos. e wantto predictwhen
pole/zeo cancellationsoccursothat whena polewhich appeasin a minimalrealizationof
G doesnot appearin a minimal realizationof a selectedsubsystends, g of G, whee the
integer multiples andy describeghe inputsand the outputsof G which are preservedn
G, 5.

To illustratethe useof theinteger multiplesy andg let us considerthe2 x 2 subsystenof
G, consistingof theinputs1 and3 andtheoutputs2 and4. Wegets = (1,3) andy = (2,4).

We needto introducesomemorenotation:

- Letn, andng denotethe numberof elementsn theintegermultiplesy andg.

- Definethematrix Ng of sizem x ng wherecolumns in N correspond$o element;
in 3, andis equalto the unit vectore; of sizel, with zerosin all positionsexceptfor
positionj which containsl andwherej is thevalueof thei’th elementin .

- Definethe matrix N,, of sizel x n., wherecolumns in N,, correspondso element;
in -y, andis equalto the unit vectore; of sizel, with zerosin all positionsexceptfor
positionj which containsl andwherej is thevalueof thei’th elementn .

With theuseof N, andNg we get

s [ A| B
Gy p(s) 2 NTGNg = {—’75] (2.51)
e K g Cy | Dyp

whereBg = BNy, C,, = NI'C andD, 3 = N] DNg.

To illustratethe useof Ng, IV, and(2.51)lety = (2,4), # = (1, 3) andlet thesizeof G be
4 x 3 then

10 b~
Nﬂz 0 0], N,YZ 0 0
01 01

and

01 0 O 921 922 923
G s=[ ]
7,5( ) 0 0 0 1 931 932 933

941 g42 943 |

With the notationintroducedwe have thefollowing result.

911 912 913 | 1
0
0

= =]

_ [921 923]
g41 943

LEMMA 2.3 (POLE/ZERO CANCELLATIONS WHEN REDUCING SIZE TO LESS THAN £,,).

Letthesysten@ of sizel x m with minimalstate-spaceealization(A, B, C, D), haveapole
p with multiplicity A, and,, linearly independeneigervectos (¢, < m and{, < ). Con-
sidera subsystend., g of G, definedby (2.51),whee min(ng, n,y) < £,, i.e. G, g contains
lessinputsor lessoutputsthan/,. Thenat least/,, — min(ng, n,) pole/zeo cancellations
occurin G g.
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U1 ) 1 1 . Y1
—— COsSQa -sin " 5= » cosB -sinfB | —
U3 ) 1 T2 | . Y2
——» sina cOs« " 5=pa » sin8 cosf3 —

Figure2.1: Systemsn parallelwith inputandoutputrotations

Proof. Theproofis givenin SectionA.

Note, additionalpole/zerocancellationsccurif the selectedsubsystent., g containsless
than\, — £, + min(ng, n,) ats = p. If for exkampleaminimalrealizationof G, s contains
no polesat s = p, we get.\,, pole/zerocancellations By studyingthe pole directionsit is
possibleto predictthe numberof theseadditionalpole/zerocancellationsn G, 3.

The implicationsfor control andinput/outputselectionis summarizedn the following
theorem.

THEOREM 2.4. Considera systen(G with state-spaceealization(A, B, C, D), arepeated
polep, multiplicity A, and¥,, linearly independengigenvectos. In orderto affectthepolep
in all £, directionsoneneedto control at least/,, outputsusing/,, inputs.

Proof. Theproofis givenin SectionA.

EXAMPLE 2.2 IDENTICAL SYSTEMS IN PARALLEL. Considerthesystemshovnin Figure2.1,with
p1=p2 =p=1wehave

p 0 cosa —sina
s 0 p sina cosa
Gls) = cos@ —sinB | 0 0
sin3 cosf 0 0

The state-spacmatrix A hastwo linearly independenteft andright eigervectorsfor thepolep = 1

1 0

Inputandoutputpoledirectionsare

cosa sina cosf —sinf
= Y =
Us [ —sina  cosa ] and P [ sin3 cosf ]

Thetwo inputandoutputpoledirectionsareorthogonal Thetransferfunction G(s) is givenby

cos(a+p)(s—p) __sin(a+8)(s—p) cos(a+f) __sin(a+48)
G(s) = (s—p)? (s—p)? Cs—p s—p
sin(@+8)(s—p)  cos(a-+A)(s—p) sin(a+f)  cos(a+B)

(s—p)?2 (s—p)?2 s—p s—p
We have two linearly independengigervectorscorrespondingo p = 1. Lemma2.3thenpredictsthat
one pole/zerocancellationoccurswithin ary subsystenof G, so that no elementscontainthe term
(s — 1) in thedenominatarin orderto controlthe polep we needto usebothinputsandbothoutputs
to affectthepolep in bothdirections.
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2.7.3 Limitations on the useof poledirections

We have alreadyseeronelimitation in theuseof poledirectionsto selectinputsandoutputs.
This limitation is demonstrateéh Example2.2 wherethe systemG(s) hasa repeatedole
p, multiplicity two, andtwo linearly independengigervectors.As statedn Example2.2this
systemcannot be stabilizedby controllingoneoutputandusingoneinput. Thisis the case
despitethe fact that both input pole directionshasa componenin oneof the inputsfor all

a # k- 90°, k € N andboth outputpole directionshasa componenin oneof the outputs
forall 8 # k - 90°, k € N. Thisproblemis causedy onepole/zerocancellatiorin eachof

theelementsn G. However, the situationcanbeidentifiedby the factthatthe systemhasa
repeategbole p, multiplicity two, andtwo linearly independengigervectors.

EXAMPLE 2.3 ALMOST IDENTICAL SYSTEMS IN PARALLEL. In thisexamplewe considemagaintwo
systemsn parallelbut in this casewe have p1 # p2 sonopole/zerccancellatioroccursfor valuesof o
andg betweer)® and90°. Thus,in theorythe plantcanbe stabilizedusingoneinput andoneoutput.
However, in practicethis maybeimpossiblewith a stablecontroller dueto thepresencef a RHP-zero
in G;; (s) whichis closeto thetwo RHP-poles(seeChapter3). We have

p1 0 cosa —sina
0 P2 sina cosa
G(s) =
(s) cosf3 —sinf 0 0
sin3 cosf 0 0

Theleft andright eigervectorscorrespondingo thepolesp; andp, are

1 0

Inputandoutputpoledirectionscorrespondingo themodes{p., p»} are

oS a sina} [cosﬁ —sinﬂ]
. Yp:

Up = . .
P [—sma cosa |’ sin3 cospf

Thetransferfunction G(s) is givenby

( nl)l((S) )« "1)2((5) )

—_ S—p S—p sS—p S—p

G(s) = [ n21(s) noo(s) ]
(s—p1)(s—p2) (s—p1)(s—p2)

where

nui(s) = (s —p2)cos(a)cos(B) — (s — p1)sin(a) sin(B)
cos(a + (3)s — p2 cos(a) cos(B) + p1 sin(a) sin(B)
nia(s) = —(s—p2)sin(a)cos(8) — (s — p1) cos(a) sin(B)
—sin(a + 8)s + p2 sin(a) cos(B) + p1 cos(a) sin(3)
n21(s) = (s —p2)cos(a)sin(B) + (s — p1) sin(a) cos(B)
sin(a + 3)s — p2 cos(a) sin(B) — p1 sin(a) cos(B)
naa(s) = —(s—p2)sin(a)sin(B) + (s — p1) cos(a) cos(B)
= cos(a+ B)s + pasin(a) sin(B) — p1 cos(a) cos(B)
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Zerosin theindividual transferfunctionelementsre
1172/171 cos(a) cos(3) — sin(a) sin(8)

=P cos(a + )

- p2/p1 sin(a) cos(B) + cos(a) sin(3)
2= sin(a + 3)

o p2/p1 cos(a) sin(B) + sin(a) cos(B)
n=n sin(a + 3)

e = p cos(a) cos(B) — p2/p1 sin(a) sin(3)
2o cos(a + )

Whenp; = ps = p all elementof G(s) hasa RHP-zerofor s = p andwe have pole/zerccancellation.
Setp; = 1 andconsider
p2 € {1.1, 1.01, 1, 0.99, 0.9}

Thezerosof thetransferfunctionelementsor a = 30° andg € {30°, 50°} aregivenin Table2.1. We

Table2.1: Zerosof thetransferfunctionelements.

a B D2 Z11 212 Z21 222
1.1 1.15 1.05 1.05 0.95
1.01 1.015 1.005 1.005 0.995
30° | 30° 1 1 1 1 1
0.99 0.985 0.995 0.995 1.005
0.9 0.85 0.95 0.95 1.05
1.1 1.321 1.032 1.067 0.779
1.01 1.032 1.003 1.007 0.978
30° | 50° 1 1 1 1 1
0.99 0.968 0.997 0.993 1.022
0.9 0.679 0.967 0.933 1.221

obsenre thatall elementdiasRHP-zeros. Table2.2 summarizeshe pole directions,andthe controlla-
bility/obsenability resultsfor the casewith systemsn parallel. Exceptfor «, 3 = 0° anda, 8 = 90°,
thereis no warninggivenin this tableaboutthe fact that stabilizationusingoneinput andone output
may bedifficult dueto the presencef nearbyRHP-zeros.

This exampledemonstratesnelimitation on the useof pole directionsfor input/outputse-
lection. Thereasorfor thisis thatthe informationaboutthe zerosis not takeninto account.
Theexamplecanalsobeviewedasa counterexampleon the usefulnessf the controllability
andobsenability measureslefinedin Tarokh(1992),which alsofails to signalthe problems
with Siso “controllability” for «, 8 differentfrom 0° and90°.

2.8 Discussion

We have definedandshavn how to computethe zerosandpoledirectionsin termsof eigen-
valueproblems Many of theusefulresultson statecontrollability andobsenability canthen
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Table2.2: Controllability, obsenability andpoledirections.

Obsenability Controllability
ﬁ Yp yla y2b (e} Up ’l.Llc qu
0° [(1) _01] No No || 0° [(1) (1)] No No
o Vv3/2 1/2 o V3/2 1/2
30 [_1/2 \/5/2] Yes Yes|| 30 [_1/2 \/5/2] Yes Yes
0 V2/2 —V2/2 0 V2/2 V2/2
45 [\/5/2 \/5/2] Yes Yes||45 [—\/5/2 \/5/2] Yes Yes
0 1/2  —/3/2 o 1/2  /3/2
60 [\/5/2 1/2 ] Yes Yes|| 60 [_\/5/2 1/2 Yes Yes
90° [(1) (1’] No  No||90° [(1) ‘1)] No No
80bsenablewith y1 only. CControllablewith »1 only.
bObsenablewith y» only. dControllablewith us only.

be statedin termsof the pole directions.Theserestatementarepretty obvious, but they are
still useful. Fromthe pole directionswe cangive definiteconclusionsaboutstatecontrolla-
bility andobsenrability in thedifferentinputsandoutputsfor distinctpoles.

For repeatednodes theremay exist morethan/,, linearly independentirectionswith
infinite gainfor s = p. It is shavn thattheinputandoutputpole directions(u,, andy,) cor-
respondingo themodep arethedirectionswhich maximizesthe orderof the scalartransfer
function ny(s)up. Furthermoretheresultson statecontrollability andobserability (PBH
eigervectortest) arestill in termsof the eigervectorsof the A matrix andnot in termsof
the “pseudo” statevectorsobtainedfrom the Jordanform. This is the reasonwhy we de-
fine (hame)the directionswith infinite gainscorrespondingo the eigervectorsasthe pole
directions.

The closerelationshipbetweeninput/outputdecouplingzeros(definedby Rosenbrock,
1970)anduncontrollable/unobseablemodesin LTI multivariablesystemsshaows thatthe
term “input and outputdecouplingzeros”is poorly chosensinceuncontrollableand unob-
senable hasnothingto do with what is usually ment by “decoupling”. Whenthereis a
uncontrollablanodethereis alsoan“input decouplingzero”which cancetheuncontrollable
modesothatboththe pole andthe zerodisappeaim a minimal realization. The situationis
similar with unobserablemodesand“outputdecouplingzeros”.

This could take us to the conclusionthat uncontrollable/unobseable modesand in-
put/outputdecouplingzerosdo not play ary role in control structuredesignand control-
lability analysis. In mary caseshis is true, andit suffice to make surethat the modelis
a minimal realization. However, as notedby Rosenbrocl{also notedby Kalman, 1966)
andstatedin Corollary 2.1, thereis information aboutthe physicalstructurein uncontrol-
lable/unobserablemodes.To shav whatwe mean consideralarge linearmodelof achem-
ical processplant. As controlengineersve have gotthe job of designinga controlstructure
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for the plant. Thatis, we aregoingto selectoutputsto be controlled,inputsto be usedfor
controland male the desiredlinks betweerthe selectecbutputsandinputs. Let usassume
thatthe overall linear modelis a minimal realizationof the whole plant. Whenwe consider
selectingsomeinputsandoutputsto controlsomesmallpartof the plantit appearshata lot
of modesarenot obsenableandcontrollablein the “smaller” modelwe areworking with at
themoment.This structurainformationis availablein the poledirectionsbut notin statecon-
trollability andobsenrability in termsof someranktest. For example,considerthe presence
of anunstablemodewhichwe wantto stabilize.An importantquestions:

e Doesthis unstablemodeappearin the part of the plantwe are lookingat?

Theanswerto this andsimilar questiondies in theoreticakools developedin systemtheory
overseveraldecadesDespitethis, it doesnotseemnto berecanized Let usgive ananswerto
thequestion.Look into the outputpole directionfor the unstablenode,if the poledirection
hassignificantcomponentsn one or more of the outputsassociatedvith the part of the
plant underconsiderationthenthe answerto the questionabove is: Yes. However, if the
poledirectionhaszeroelementsn the outputsconsideredwe canconcludethatthe modeis
unobserablein thepartof themodelwe areworking with. In asimilarway we cananswelif

it is possibleo affect (stabilize)theunstablenodeby usingsomecandidatenputsby looking
into input poledirection. Thisandsimilarideasareexpressedn Chapter6.

To conclude we cansignificantlyimprove usefulnes®f conceptdik e statecontrollabil-
ity and obsenability by introducingtools like the pole directionsand pole vectors,rather
thanapplyingthe rank tests. Unfortunately the latter is the commonway of viewing state
controllability andobserability.
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Appendix A Proofsof the results

A.1 Proofof LemmaZ2.1

Insertingu(s) = uo—— into (2.8) gives

s—so

y(s) = C(sI — A)"'wo + C(sI — A)""Buo + Dug

S — So S — So

using

(sI — A)" (s —s0) =1 — (s — A)" (sl — A)

)

(sT — A)™t = (soI — A)™t — (s — A)7 (s — 50)(s0I — A)~!
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yields
1
S — So

+ {C(sol — A)"'B + D}uo

y(s) = C(sI—A) 'zg — C(sI —A)~ (s — s0)(sol — A)~ ' Bug

S — So

= CO(sI — A) Yo — (sol — A)""Bug} + G(s0)uo

S — So

whichyieldstheresponsgivenin (2.14),andfor theinitial statexo = (soI — A) ™' Buo we get

y(s) = G(so0)

Uo

S — So

A.2 Lemma 2.2: Poledirectionsand dir ectionswith infinite gains
From(B.19),A = M; " S" JM", thenwe have
(sI—A) = (sT—M;"S"IMz")y=(M;"S"Mp's — M7 S"TMzh)
= M;7SH(sT — J)My! (2.52)
andG(s) canbewritten

G(s) = C(sI—A)"'B+D=CMg(sI-J)'S™"MB+D
= Yo(sI-N)"'sPUuZ +D (2.53)

asanalternatie we could extractthe scalingson the othersideof (s — .J)~*

G(s) = CMrS™ H(sI — ) 'M{B+D =Y, S ¥ sI-1)'UZ +D (2.54)
Consider(sI — J)™ ' fors =p

(SI — J1)_1
(sI—J) ' =
(sI —Jp)t

wherev is thenumberof Jordarblocks. For the Jordarblocksinvolving p we get

Y(s—p) —1/(s=p)* - (=1)72/(s=p)~1  (=1)"1/(s —p)®
0 Y@s=p) - (1)"73/(s=p)*2 (=1)"2/(s—p)"~!
(sl —J))~' = : : : :
0 0 1/(s —p) ~1/(s —p)?
0 0 .- 0 1/(s — p)

(2.55)
wherev is the sizeof Jordanblock £. Wheninsertings = p we seethatthe uppertriangularpart of
(sI; — Jy)~* becomeso. We partition Mz and M, into blockssothatthe columnsin Mg and M,
correspondingo Jordarblocknumber¢, arecollectedn Mg , andMy . Then(2.53)canberewritten

(sl — Jl)_1§1 MI{I,I
G(s)=C[Mgr1 -+ Mpgy] B+ D
(sly — Ju) '8, ] LME,
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Assumethatblock numberoneis the only blockinvolving p, insertings = p in G(s) gives

oo - T 5 Mﬁl
G(s=p)=C[Mr1 -+ Mgy] . | B+D

O-Tvs, ] LM[,

whereT} is usedto signalan uppertriangularmatrix compatiblein sizewith J;, oo is usedto signal
infinite gainandO is usedto signalfinite gain. Thedirectionsassociatedvith infinite gainattheoutput
arethosecontainedn Mg, 1, orif Jordarblock? is involved,thedirectionsarecontainedn Mg ,. The
outputvectorsbecome

Y., =CMg,, V{whoseJordarblockinvolvesp.
andtheinputvectorsbhecome
U, = B" M, V¢whoselordarblockinvolvesp.

Fromthe constructiorof the Jordanformsit follows thatthe columnsof My, and Mg arelinearinde-
pendentj.e. n linearlyindependendlirectionsin the state-spacel he Jordanchainsfor theleft andthe
right Jordarform are

mp i 1(A—pl)=mp,; and (A—pl)mr;=mg,i1

wheretheleft Jordanchainendswith theleft eigervectorandtheright Jordarnchainstartswith theright
eigervector Thisimpliesthatthefirst columnin Mg . is theright eigervectorfor Jordarblock .J, and
thatthe lastcolumnin M7y, . is the left eigervectorfor Jordanblock J,. From (2.55)we seethatthe
inputandoutputpolevectorswith largestorderfor Jordarblock ¢, J;, correspondso B M, 4e, and
C Mg e1, i.e. theinputandoutputpoledirections. O

A.3 Corollary 2.2: Controllability and obsewability of repeatedmodes

If the pole p has/, linearly independeneigervectors,thenpl — A hasrankn — £,. A necessary
conditionfor the pole p to be controllableis that the matrix B hasat least?,, linearly independent
columns.A sufficientconditionfor controllability of themodep is thattherearen linearly independent
columnsin thematrix [pI — A B]. Sufficientconditionfor the modep beinguncontrollables that
B haslessthan/,, linearly independentolumns.The proof of obserability is similar. O

A.4 Lemma 2.3: Pole/zen cancellationswhenreducingsize...
Thesubsystents., 3 of G, with state-spaceealization

6102 |-Gt o]

C‘r D%ﬂ
canbewritten asarationaltransferfunctionmatrix

Goo5(s) = Cy(sI = A) "By + D, = S2A0L = f‘g(f)ﬂ + Dy5 8(5)

(2.56)
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whereg(s) £ det(sI — A). Sinceg(p) = 0, it is sufficientto shov thatthe systemdescribedy

A | Bs ] (2.57)

/ s
G»y,ﬂ(s) - [ C’y 0

atleasthas?, — min(ng, n,) zerosfor s = p andthatthesezeroscancewith thecorrespondingoles,
i.e. the polesareeitheruncontrollablepnobserableor bothat the sametime. Thezerosz of G, 4(s)
arethevaluesof s wherethe matrix

[sI—A Bg

. . zZI—A Bg| _
c, 0 ] issingulari.e. det [ ] =0

c, 0

The zerosandthe directionality of the input/outputzerodirectionsareindependentf the state-space
realizationso let us definea new statevectorz = Mglm where Mg is the matrix which brings A to
Jordarform,i.e. Mz ' AMg = J. Consider

H(s) & [M;l 0 ] [(sI—A) Bg] [MR 0 ]_ [sI—J M,;lBﬁ] (2.58)

0 In, cr 0]l 0 Lyl |loyMr 0

Wheninsertings = pin (2.58),£, columnsand?, rowsin pI — J becomezqualto zerosinceJ hast,
Jordarblockswith p onthemaindiagonal sotherankof pI — Jisn — ¢,. The matricesM,;lBg and
C Mg containsng linearly independentolumnsandn,, linearly independentows. An upperbound
ontherankof H (p) whenmin(ng, ny) < £, is

n — ¢y + 2min(ng, ny) < n + min(ng, n,) = Normalrankof H(s)

which leavesuswith azeroatleastof multiplicity £, — min(ng, n,).
We needto shav thatthemodep is uncontrollableunobserableor bothatthe sametime.
1. ng < ¥, then

rk [pI— A Bg] < n = themodep isuncontrollable.
2. ny </{p, then

e [pI—A

c ]< n = themodep isunobserable.
Yy

3. ng < ¥, andn, < ¢, thenthemodep is bothuncontrollableandunobserable. O

A.5 Proofof Theorem2.4

From Corollary 2.2, in ary subsystenG,, g of G with sizelessthan?, x ¢, thereareoneor more
modesfor s = p which areuncontrollable unobserable or both uncontrollableand unobserableat
thesametime. O
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3.1 Intr oduction

It is well known that the presenceof RHP (“unstable”) zerosand polesposefundamental
limitations on the achievablecontrol performanceThis wasquantifiedfor SIso-systemdy
Bode(1945)morethan50 yearsago,andmostcontrolengineerdiave anintuitive feeling of
the limitations for scalarsystems.RosenbrocK1966;1970) pointedout that multivariable
RHP-zerosposesimilar limitations. Neverthelessthe quantificationof the effect of RHP
zerosandpoleson closed-looperformancdénasbeenmuchmoredifficult for Mimo thanfor
SISO systemslmportantreasonsre:
1) Thedefinitionof phasds difficult to generalizé¢o MimMoO-systems.
2) Thedirectionalityof zerosandpolesin multivariablesystemdasnotbeenwell under
stood.
Thegoalof this papers thereforeto addresshe following questions:
1) How is closed-looperformancenfluencedoy thelocationof the RHP zerosandpoles
in MIMO-systems?
2) How is closed-loogerformancenfluencedoy the directionalityof the RHP zerosand
polesin MIMO-systems?
3) How is closed-loopgperformancenfluencedoy the combinedeffect of RHP zerosand
polesandtheirdirections?
We will mainly quantify the fundamentalimitations imposedby RHP zerosand polesin
termsof lower boundsonthe peakyH .-norm)in the closed-loogransferfunctionssS (sen-
sitivity) andT' (complementargensitvity).

3.1.1 Why considerpeaksin S and T'?

Figure3.1: Onedegree-of-freedonfieedbackcontrol configuration

Figure 3.1 showns a one degree-of-freedon{1-DoF) feedbackcontrol configuration. The
closed-loopsystemis drivenby thereferencecommands:, disturbanced andmeasurement
noisen. Theoutputsto be controlledarey, andu arethe manipulatedsariables We assume
that the performanceas measuredit the outputof the plant G in termsof the error signal
e £ y — r. For theclosed-loopsystemwe have thefollowing importantrelationships:

y(s) = T(s)r(s)+ S(s)d(s) — T(s)n(s) (3.1)
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e(s) = —=S(s)r(s)+ S(s)d(s) —T(s)n(s) (3.2)
u(s) = K(s)S(s) (r(s) —n(s) —d(s)) (3.3)
wheresensitvity andcomplementargensitvity functionsaredefinedby
S(s) 2 (I+L(s)™* (3.4)
T(s) 2 L(s) (I + L(s)) ™" = L(s)S(s) = I — S(s) (3.5)

andL £ GK isthelooptransferfunction. Therelationship£3.1)—(3.3)mply severalclosed-
loop objectives,in additionto the requirementhat K shouldstabilizeG (e.g. Doyle and
Stein,1981):
1) For disturbanceejectionmake a(S) small.
2) For noiseattenuatiormale a(7") small.
3) Forrefeencetrackingmake s (T) ~ o(T) =~ 1.
4) For contrl enegy reductionmalke 5 (K S) small.
If theunstructuredincertaintyin theplantmodelG is representetly anadditive perturbation,
i.e.G, = G + A, thenafurtherclosed-loopbjectveis
5) For robuststabilityin the presencef anadditive perturbatiormake 6 (K S) small.
Alternatiely, if the uncertaintyis modeledby a multiplicative outputperturbatiorsuchthat
Gp = (I + A)G, thenwe have:
6) For robuststability in the presencef a multiplicative outputperturbatiormake & (T')
small.
TheconditionS + T = I holdsfor Mimo-systemsandit thenfollows thatwe cannothave
both S andT smallsimultaneouslyandthata (.S) is largeif andonly if 7(T') is large.
Typical plots of the maximumsingularvaluesa (S (jw)) anda (T (jw)) are shavn in
Figure3.2. For thosefrequenciesvherea (S(jw)) > 2, we have morethan100% control

T T T — T T T — T

15(8) /oo

[any
o

Magnitude

10_ . e . N | . N |
10 10 10" 10

Frequeng
Figure3.2: Typical plotsof 5 (S(jw)) anda (T (jw))

errorandfor thosefrequenciesvheres (T'(jw)) > 2, we have morethan100% amplification
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of the noise. The peaks||S(s)||, and||T(s)|., thereforetell us a greatdeal aboutthe
performancef thefeedbaclsystenfor theworstcaseadirectionandtheworstcaserequeng.
Although, S andT’ dependnthecontrollerk, thelowerboundson ||S(s) ||, and||T'(s)]|| .,
derivedin this paper areindependendf K. If thelower boundsarelarge (typically larger
than4) thenthe plant G is fundamentallydifficult to control,i.e. the “controllability”! of
the plantG is poor. In this paperwe look at the combinedeffect of RHP zerosandpoles,
andwe shaw thatthelowerboundson || S(s) ||, and||T'(s)||., canbecomejuitelargewhen
the plantcontainsboth RHP zerosandpoles. Finally, it shouldbe notedthattherearealso
otherfundamentalimitations on performancehanthoseimposedby RHP zerosandpoles.
In Chapterl0 we look at the effect of uncertaintyin particularat input uncertainty on the
peakin thesensitvity function.

3.1.2 Notation and outline

Notation. We considedineartime invariantdynamicalsystemson state-spacéorm

= Ax + Bu (3.6)
y=Cz+ Du (3.7)

In (3.6)—(3.7)u arethe externalinputs,z arethe statesandy arethe outputs. A, B, C and
D arerealmatricesof dimensions: x n, n x m, I x n andl x m wheren is the numberof
statesyn is thenumberof inputsand! is the numberof outputs.The short-handotations

G {%’%} and (A, B, C, D) (3.8)

arefrequentlyusedto describea linearstate-spaceodelof the continuossystemG givenby
(3.6)—(3.7).Therationaltransferfunctionmatrix G(s) (of sizel x m) definedby (3.8),can
be evaluatedasa functionof thecomplec variables

G(s)=C(sl —A)™'B+D (3.9)

We oftenomit to showv the dependencen the comple variables for transferfunctions.We
considethefeedbaclcontrolconfiguratiorshavnin Figure3.1with theclosed-loogransfer
functionsgivenin (3.1)—(3.3) wherethe sensitvity andthe complementargensitvity func-
tions (S andT') aredefinedby (3.4) and(3.5). With the term “peak of a rationaltransfer
functionmatrix” we meanits H.-norm,definedas(seealsoFigure3.2)

| M(s) ]l = sup & (M (jw) (3.10)

RHP zerosz andpolesp arein this paperdefinedto bein the closedRHP, denotedC,, i.e.
z € C, impliesRe z > 0,andp € C, impliesRe p > 0. However, for someof theresultsin
this paperthelocationsof someRHP-zerosor RHP-polesarerestrictedto bewithin theopen
RHP, denotedC, , i.e. z € C, impliesRe z > 0, andp € C, impliesRep > 0.

ITheterm*“controllability” is hereusedin a wider sensghanthe meaningof state-controllabilityseeSkogestad
andPostlethvaite (1996,Definition 5.1 pagel60andthediscussioron pagel23).



3.2 PREVIOUSWORK 45

Outline. Theoutlineof the paperis asfollows. Firstwe give a literatureoverview, andthen
we discusszerosand polesof multivariablesystemsand their directions. We then derive

constraintson the sensitvity andthe complementargensitvity functionsimposedby RHP

zerosandpoles.Next, we considerthe lower boundson the peakin the weightedsensitvity

andcomplementargensitvity functions.At theendwe give two examplesandaconclusion.
All proofsaregivenin SectionA.

3.2 Previouswork

Bode(1945),in hisbookon network analysisandfeedbackamplifiers,wasprobablythefirst
to studya priori constraintson the achievable performanceof Siso-systems.His analysis
focusedon gain-phaseelationshipsn the frequeng domainwhich resultedin mary useful
interpretationgpplicableto feedbackcontrol. Horowitz (1963)summarizesndgeneralizes
Bodes work to control systems. The well-knovn Bode sensitivityintegral (Bode, 1945)
stateghatfor stableSiso-systemswith pole-zeroexcessof two or larger, theintegral of the
logarithmicmagnitudeof the sensitvity functionoverall frequenciesnustequalzero

/Oo In |S(jw)| dw = 0 (3.11)
0

Thisimpliesthata peakin |S| largerthan1 is unavoidable. Later Bodes criterion hasbeen
extendedo plantswith RHP zerosandpolesby FreudenbayandLooze(1985;1988).From
theseresultsit is clearthatevenlargerpeaksareexpectedvhenthe plantcontainsRHP-zeros
and/orRHP-poles.

A relatedresultfrom optimalcontroltheoryis the Kalmaninequality(Kalman,1964)

o(Sz(jw)) <1, Vw (3.12)

whereS, £ (I + K(sI — A)~'B)~! and K is the optimal statefeedbackgain matrix.
The Kalmaninequalityis valid for both stableand unstableMimo-systemsunderoptimal
statefeedbaclkcontrolwith diagonalweighton the manipulatedrariablesn the performance
objective (Skogestachnd Postlethvaite, 1996, pages357—358).This inequalityis neitherin
conflictwith theBodes sensitvity integralnorwith theextendedversionvalid for RHP-zeros.
Thereasorfor this is thatoptimalcontrolwith statefeedbackyieldsa loop transferfunction
with a pole-zeroexcessof one,soBodes sensitvity integral doesnot apply Secondlythere
areno zeroswhenall the statesaremeasuredothe extendedBode’s sensitvity integral can
notbeapplied.

Thecombinatiorof nozeroswhenall thestatesaremeasure@ndtheresultsfrom optimal
controltheory(i.e. the Kalmaninequality),may have hada misleadingrole in multivariable
feedbackdesign,which resultedin thatvery little attentionwasgivento multivariablezeros
duringthe 19605 and70’s. As oneexample,in their book AndersonandMoore (1971)do
not mentionthe effect of zeroson closed-loopperformancdor multivariablesystemat all.
However, somequantificationof the effect of RHP-zeroshasbeenmadeduringthe 19705.
For Mimo-systemKwakernaakandSivan (1972,pages306—307 statethat perfecttracking
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with statefeedbackcanbe achievedif andonly if the rationaltransferfunction matrix from
theinputsto the outputshasno RHP-zeros.

Zamesandcoworkers(Zames 1981;ZamesandFrancis,1983;Zamesand Bensoussan,
1983;FrancisandZames,1984;0’YoungandFrancis,1985)consideminimizing the # .. -
normof thesensitvity matrix multiplied by suitableweightingmatrices.In (Zames,1981)it
is shavn how feedbaclcanreducetheweightedsensitvity andin particularhow theweighted
sensitvity canbe madearbitrarily smallwheneer the planthasno RHP-zeros. In (Zames
and Bensoussanl983) an alternatve approachis developedwhich is not dependenbn a
priori parameterizatiorut specializedo diagonalfeedbackZameg(1981)derivesalower
boundon the weightedsensitvity function (seeTheorem3.1 below), which is basedon the
interpolationconstrainton the sensitvity function valid for RHP-zerosin G. The results
in this paperare basedon this anda similar interpolationconstrainton the complementary
sensitvity functionvalid for RHP-polesin G. We thenfollow muchof the sameapproactas
Zamedo derive thelower bounds.

Boyd andDesoer(1985), Freudenbeay andLooze (1988),Boyd andBarratt(1991)and
Chen(1995)have studiedthe limitationsimposedoy RHP zerosandpolesin termsof sensi-
tivity integral formulasfor Mimo-systems. A breakthrouglwasmadeby Boyd andDesoer
who obtainedinequalityversionsof the sensitvity andPoissonintegral formulas,basedon
the recognitionthat the logarithmof the largestsingularvalue of an analytictransferfunc-
tion matrix is a subharmonidunction. The work by Chendiffers from the work by Boyd
andDesoerin that Chenseeksequality versionsof the sensitvity and Poissonintegral for-
mulas. Basedon the resultsby Boyd and Desoef Freudenbey and Looze, and Boyd and
Barrattgeneralizehe integral constraintoon the sensitvity (like Bodes sensitvity integral)
to Mimo-systems Althoughtheseintegral relationshipsareinterestingjt seemdifficult to
derive ary concreteboundson achievable performancdrom them. However, for the case
whenG hasoneRHP-zeroz with outputdirectiony, andoneRHP-pole p with outputdirec-
tion y,, thefollowing boundis givenby Boyd andDesoer(1985):

Z+Dp
IS > ZE0 05 Z(p0) (313)

The following similar but improved boundfor the samecase(one RHP-zeroandone RHP-
pole),is givenin (Chen,1993;Chen,1995):

Q) /7 |2 z+p>
[1S(s)lloe > e sin® Z(yp, yz) + e p? L(Yp, Yz) (3.14)
where
e // “”“Z V21og 7 (S (z + jy))dedy (3.15)
T+ Jy —

andQ(z) > 0 (seethetext foIIowing proof of Corollary 5.1 0on pagel712in Chen,1995).
NotethatthefactorQ(z) cannotbeevaluatedvithoutknowledgeaboutthecontrollerK, and
evenwhen K is known it is hardto evaluateQ(z). In ary case,it appeardgrom theresults
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in Chapter5 thatQ(z) = 0 for theoptimalcontrollerminimizing || S(s)|| .- Usingalgebraic
ratherthan integral constraintswe derive in this papera tight boundwhich is similar to
(3.14)with Q(z) = 0. However, the boundspresentedhereextend(3.14)to the casewhere
the plant G hasmore than one RHP-pole (Theorem3.3). Furthermorewe derive similar
resultsin termsof the weightedcomplementangensitvity ||wrT'(s)||., for the casewhere
theplantG hasoneor moreRHP-polesandarny numberof RHP-zeros(Theorem3.4).

3.3 Zerosand polesof multi variable systems

3.3.1 Zeros

Rosenbrock1970), Kailath (1980)and Zhou et al. (1996)all definethe zerosasthe roots
of the non-zeronumeratorpolynomialsin the Smith-McMillan form. A slightly different
approachwhichyield the samesetof zeros,is taken by DesoerandSchulman(1974). They
considera left coprimepolynomialmatrix factorizationof G(s), G(s) = D; *(s)N;(s) and
definethe zerosasthe complex numbersz wherethe rank of V;(z) is lessthanthe normal
rankof N;(s). Thisis similar to the definitionwe use,which is takenfrom MacFarlaneand
Karcaniag1976):

DEFINITION 3.1 (ZEROS). z; € Cis a zewo of G(s) if therankof G(z;) is lessthanthe
normalrankof G(s).

The normalrank of G(s) is definedasthe rank of G(s) atall s excepta finite numberof
singularities(which are the zeros). This definition of zerosis basedon the transferfunc-
tion matrix, correspondingo a minimal realizationof a system.Thesezerosaresometimes
called“transmissiorzeros”(MacFarlaneandKarcanias1976),but we shallsimply call them
“zeros”.

DEFINITION 3.2 (ZERO DIRECTIONS). If G(s) hasazewo for s = z € C thenthere exist
non-zeo vectos labeledthe outputzeo directiony, € C' andtheinputzeio directionu, €
C™, suc thatyfyz =1, ufuz =1and

G(z)u, = 0; yEG(2) =0 (3.16)

Thedefinitionsof inputandoutputzerodirectionscanfurtherbe extendedwith thestateinput
andoutputzerovectorsthroughthe useof generalizecigervalues.For a systemG(s), the
zerosz of thesystemtheinputzerodirectionsu, andthe stateinput zerovectorsz,; € C*
canall becomputedrom the generalizecigervalueproblem

e p] ] = 1) 617

In this setupwe normalizethe lengthof u,, i.e. ufu, = 1. Thisimpliesthatthe lengthof
x,; is differentfrom oné.

2That||z;|,, is generallydifferentfrom 1 is the primaryreasorfor denotingz,; vectorandnotadirection.
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Similarly, onecancomputethe zerosz, the outputzerodirectionsy, andthe stateoutput
zerovectorsz,, € C" throughthegeneralizeaigervalueproblem

e [A—z] B

CAR01 R B U (318)
with the lengthof y, is normalized,sothaty®y, = 1. Let (4, B, C, D) be a minimal
realizationof G(s), computingthe zerosfrom the eigervalue problems(3.17) and (3.18)
yieldsthe“transmissiorzeros”(MacFarlaneandKarcanias,1976).

3.3.2 Poles

Rosenbrock1970),MacFarlaneandKarcaniag1976),CallierandDesoer(1982)andZhou
etal. (1996)all definethe polesasthe rootsof the denominatopolynomialsin the Smith-
McMillan form of G(s). For alineartime invariantsystemwith minimal state-spacele-
scription(3.6)—(3.7) theserootscorrespondo the eigervaluesof the A matrix (Callier and
Desoer1982,pages’5—-78).Thus,thepolesaretherootsof the characteristiequation

n

¢(s) =det(sI — A) = [[(s —pi) =0 (3.19)

=1

Bode(1945)stateghatthe polesarethesingularpointsat which thetransferfunctionfails to
beanalytic. The singularitiesappeain the denominatosowhenthe systemG is evaluated
ats = p, G(p) isinfinite in somedirectionsat theinput andthe output. This is the basisfor
thefollowing definitionof input andoutputpoledirections.

DEFINITION 3.3 (POLE DIRECTIONS). Lets = p € C beadistinctpoleof G(s), thenthere
exist uniqueinputand outputdirectionsu, € C™ andy, € C' sud that

G(p)up = o0; ny(p) =00 (3.20)

More preciselyG (p)u, = y, - co andy} G (p) = u) - co.

Thefollowing resultshaovs how to computethe poledirectionsfor a systemwith state-space
realization.

LEMMA 3.1 (PoLE DIRECTIONS). For a system(G with a minimal state-spaceealization
(A, B, C, D), the pole directionsassociatedvith the distinctpolep € C canbe computed
from

Up = Bpri/ ||Bpri||2 ; Yp = Cpo/ ||Cpoll, (3.21)

whee z,; € C* andz,, € C" are the eigervectos correspondingo the two eigervalue
problems
H H
Ty A = TyDp; Axpo = PTpo

3strictly speakingthetransferfunctionG(s) cannotbeevaluatedat s = p, sinceG(s) is notanalyticats = p.
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3.3.3 Constraintson S and T

To have internalstability, we cannotallow right half planepole-zerocancellationdbetween
theplantandthe controller This maybeformulatedas“interpolationconstraints’on closed-
loop transferfunctions,suchasS and7'. For Mimo-systemgheseinterpolationconstraints
have directions.

CONSTRAINT 3.1 (RHP-ZERO). If G(s) hasa RHP-ze0 at s = z with outputzero direction
Y., thenfor internal stability of the feedbak systemthe following interpolationconstaints
mustapply

ylT(z) =0;  yHS(2) =yF (3.22)

In words,(3.22)saysthatT musthave a RHP-zeroin the samedirectionasG andthatS(z)
hasaneigervalueof 1 with correspondindeft eigervectory,,.

CONSTRAINT 3.2 (RHP-POLE). If G(s) hasa RHP-poleat s = p with outputdirectionys,,
thenfor internal stability of thefeedbak systemthefollowinginterpolationconstaintsmust
apply

SP)yp=0;  T(p)yp=yp (3.23)

Similar constraintapplyto theinput sensitvity S; andtheinput complementargensitvity
Ty, but thesearein termsof input zeroandpoledirectionsu, andu,,.

3.3.4 All-passfactorizations of RHP zerosand poles

A transferfunction matrix B(s) is all-passif B(—s)TB(s) = I, which implies that all
singularvaluesof B(jw) areequalto one.

A plantG(s) with RHP-polesp; € C; andRHP-zerosz; € C, canbefactorizedatthe
outputasfollows?

G(s) = B3 1 (G(s)) Gso(s); G(5) = B,o(G(5)) Gmo(s) (3.24)

whereG,,, is minimum phase G, is stable,and B,,(G) and B,,(G) arestableall-pass
rationaltransferfunction matrices. B,,(G) containsthe RHP-polesof G asRHP-zerosand
B.,(G) containsthe RHP-zerosof G. B,,(G) is obtainedby factorizingat the outputone
RHP-pole atatime, startingwith G(s) = B, '(G) Gy, (s) where

- 2Re(p1) . .g

Bpll(G) =1+ qyplypl
andg,, = y,, istheoutputpoledirectionfor p;. This proceduranaybe continuedo factor
outp, from Gy, (s) whereg,, is the outputpoledirectionof G, (which neednot coincide

4Note that the notationon the all-passfactorizationsof RHP-zerosand polesusedin this paperare reversed
comparedo the notationusedin (GreenandLimebeer 1995; Skogestadand Postlethwvaite, 1996;Havre and Sko-
gestad1996). Thereasorfor this changeof notationis to getconsistentith whattheliteraturegenerallydefinesas
anall-pasdilter.
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with y,,, the pole directionof G), andsoon. A similar proceduremay be usedfor the
RHP-zeros.We get(AppendixA):

1 Ny
2Re ~ AH — 2Re( )A ~H
) B} ° I I I+ : 3.25
zl_JIV 3+pz szpz) D = — ypzypz) ( )
N 1
= 2Re o _ 2Re
=1[u = zjyf.); B (@)= 1] U+ G ) (3.26)
s+ z ’ s — z;
j=1 j=N_

If N, = 0wedefineB,,(G) = I andif N, = 0 defineB,,(G) = I. For furtherdetails
regardingthestate-spaceealization®f thefactorizationgndpropertie®f theall-pasdilters,
seeAppendixA. The outputfactorizationof RHP-zerosis alsogivenin (Zhouetal., 1996,
p.145)andin (Chen,1993;Chen,1995). It canbe tracedbackto Wall, Doyle andHarvey
(1980).We notethatsimilar factorization®©f RHP-zerosandpolesapplyatthe plantinput.
Alternative all-passfactorizationsarein use,e.g. the innerouterfactorizationusedin
(Morari and Zafiriou, 1989) which is the sameas (3.26) exceptfor the multiplication of a
constanunitarymatrix. Reasongor usingthefactorizationg3.25)and(3.26)are:
1) Thefactorizationof RHP-zerosgivenhereis analyticandin termsof the zerosandthe
zerodirectionswhereagheinnerouterfactorizationn (Morari andZafiriou, 1989)is
givenin termsof thesolutionto analgebraidRiccatiequation.

2) To factorizeRHP-polesusingthe innerouterfactorization,one needsto assumehat
G ! exist.

3.4 Lower boundson ||wpS(s)||, and ||lwrT(s)||

3.4.1 Limitations imposedby RHP-zeros

The following resultis originally from Zames(1981),andit is basedon the interpolation
constraintsmposedby RHP-zerosin G.

THEOREM 3.1 (RHP-ZERO AND |lwpS(s)|,,). SupposeheplantG(s) hasa RHP-zeo
at s = z. Letwp(s) bea scalarstabletransferfunction. Thenfor closed-loopstability the
weightedsensitivityfunctionmustsatisfy

lwpS(s)lle = [wp(2)] (3.27)

Condition (3.27) shavs that thereare inherentperformancdimitations imposedby RHP-
zeros.It involvesthe maximumsingularvalue,|wpS(s)||, = sup,, d(wp(S(jw))), which
is the “worst” direction, and the RHP-zero may thereforenot be a limitation in the other
directions.

3.4.2 Limitations imposedby RHP-poles

Thefollowing “symmetric” resultis basedn theinterpolationconstraintsmposedoy RHP-
polesin G. It extendsthe Siso resultgivenin (Doyle, Francisand Tannenbauml 992).
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THEOREM 3.2 (RHP-POLE AND |wrT'(s)||,,). Supposehe plantG(s) hasa RHP-pole
ats = p. Letwr(s) bea scalarstabletransferfunction. Thenfor closed-loopstability the
weightedcomplementargensitivityfunctionmustsatisfy

lwrT(s)lloe = |wr(p)| (3.28)

3.4.3 RHP-zeroscombinedwith RHP-poles

By consideringheeffectof oneRHP-zeroandoneRHP-pole separatelywe derivedin (3.27)
and(3.28)theconditions

|wpS(s) |l = c1|wp(2)] (3.29)
|wrT(s)]lo > c2|wr(p)] (3.30)

with ¢; = ¢ = 1. Theseconditionsmay be optimisticin thatthe lower boundmay be too
small,andindeedwe shav below thatc; > 1 andey > 1 for the casewhenwe have botha
RHP-zeroanda RHP-pole with somealignmentin the samedirection.

THEOREM 3.3 (MIMO SENSITIVITY PEAK). Supposehe plant G(s) has N, > 1 RHP-
zewos z; with outputdirectionsy,, and NV, > 0 RHP-polesp; € C, with outputdirections
yp, - Lettheperformanceaveightw p bea scalarstableminimumphasetransferfunction.De-
finetheall-passtransferfunctionmatrixin (3.25). Thenfor closed-loogstability theweighted
sensitivityfunctionmustsatisfy

>1 (3.31)

lwpS($)llee 2 max cyj - |wp(z;)| Whee c1; = 192 By (G) |y, ll5 >
THEOREM 3.4 (MIMO COMPLEMENTARY SENSITIVITY PEAK). Supposeheplant G(s)

hasN, > 0 RHP-zeos z; € C, with outputdirectionsy,; and N, > 1 RHP-polesp; with

outputdirectionsy,,. Letthe performanceweightwr be a scalar stableminimumphase
transferfunction.Definetheall-passtransferfunctionmatrixin (3.26). Thenfor closed-loop
stability the weightedcomplementargensitivityfunctionmustsatisfy

lwrT(s)lloo > max ez - [wr(ps)| Whee cp; = 1B (G) |s—p i ll, > 1 (3.32)

Note thatc; ; andcy ; areindependendf the feedbackcontroller K andonly dependon
the locationof RHP-zeros,polesandtheir directions. As we shall seein the examples the
valuesof ¢ ; andcy ; canbemuchlargerthanonewhentheplanthasbotha RHP-zeroanda
RHP-polelocatedcloseto eachotherandwith somealignmentin their directions.

One RHP-zero and oneRHP-pole.

COROLLARY 3.1 (ONE RHP-ZERO AND ONE RHP-POLE). GiventhesystenG(s) with one
RHP-pole and one RHP-ze. In this casethe constants:; andcs in (3.31)and (3.32) are
givenbytheequation

c=cL=cy = \/sinz((b) + :z tz:z cos?(¢) > 1 (3.33)
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whee ¢ = cos™ ([y )

Fromthe condition(3.33) we clearly geta large valueof ¢ = ¢; = ¢ if the zeroandthe
pole arealignedin the samedirection¢ = 0, andif the zerois locatedcloseto the pole.
Corversely if the zeroandthe pole are alignedorthogonallyto eachother then¢ = 90°
andc = ¢; = ¢ = 1, andthereis no additionalpenaltyfor having botha RHP-zeroanda
RHP-pole.

Siso-systems. Theorems3.3and3.4 become:

COROLLARY 3.2 (SISO SENSITIVITY PEAK). LettheplantG(s) be a Siso-systemwith
N, > 1 RHP-zeos z; and N, > 0 RHP-polesp; € C,. Letthe performanceweightwp
be a stableminimumphasetransferfunction. Thenfor closed-loopstability the weighted
sensitivityfunctionmustsatisfy

|ZJ + i

|ZJ Dil

|lwpS(s)|l > max ¢y, lwp(z;)| whee ¢ ;= >1 (3.34)

COROLLARY 3.3 (SIso COMPLEMENTARY SENSITIVITY PEAK). Letthe plant G(s) be
a Siso-systemwith N, > 0 RHP-zeos z; € C; and N, > 1 RHP-polesp;. Letthe
performancewneightwr bea stableminimumphasetransferfunction. Thenfor closed-loop
stability the weightedcomplementargensitivityfunctionmustsatisfy

‘ Zj + pil
|ZJ z

|lwrT(s)||,, > max ca;|wr(p;)| whee c¢y; = > 1 (3.35)
pi

Equationg3.34)and(3.35)follow easilyfrom Theorems3.3and3.4 by settingthezeroand
poledirectionsequalto 1 andassuminghatall RHP-polesareobsenableandall RHP-zeros
are“transmissiorzeros”.

Peaksin S and T'. FromTheoren3.3we getby selectingwp(s) = 1

1S(s)llo > _ max ¢ (3.36)

" RHP-zeros z;
andfrom TheorenB.4we getby selectingwr(s) = 1

> . ]
1T = _ max e (3.37)

Thus,apeakfor (S (jw)) anda (T (jw)) largerthanl is unavoidableif theplanthasbotha
RHP-zeroanda RHP-pole (unlessheir relatve angleg is 90°).
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Figure3.3: Balancingarodin uprightposition

3.5 Examples

EXAMPLE 3.1 BALANCING A RoD. This exampleis takenfrom Doyle et al. (1992),andconsiders
the problemof balancingarodin the palmof one’s hand(onedimension).The objectiveis to keepthe
rod upright,by smallhandmovementshasedn observingherod eitheratits far end(outputy; , case
A) or theendin one’s hand(outputy-, caseB), seeFigure3.3. A linearizedmodelof the systemis
givenby

& = Az + Bu + Bqd; y=Cxz

where

0 1 0 0 0 0 10 1 0
A=|0 0 —gm/M O , B= /M , Bg= UM and ¢=11 0 0 o

0 0 0 1 0 0 00 1 0

-1 M+

00 (M+m)zz 0 7 Ml

Thetransferfunctionfrom u to y; (caseA) is
Ga(s) = —9

s2 (Mls? — (M +m)g)

andfrom u to y, (caseB) is
Is>—g

G (s) = s2 (Mls? — (M 4+ m)g)

where

[ [m] is thelengthof therod,

m [Kg] is themassof therod,

M [kg] is themassof the handand

g [~ 10 m/s’] is theacceleratiomueto gravity.

In both casesthe planthasthreeunstablepoles:two attheorigin andoneatp = \/%. A short
rod with a large massgivesa large value of p, (the poleis far from the imaginaryaxisin the RHP),
andthis in turn meansthat the systemis moredifficult to stabilize. For example,with M = m and
I = 1[m] wegetp = 4.5 [rad/s], andwe desirea bandwidthof about9 [rad/s], correspondingo
aresponsdime of about0.1 [s]. In generalto stabilizean unstableplantwith the polep > 0 and
to getgoodperformancewe desirea closed-loophandwidthof approximately2p (e.g.Skogestadand
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Postlethvaite, 1996, eq. (5.46) pagel85). If oneis measuringy; (looking at the far end of the rod,
caseA), thenachiering this bandwidthis the main requirement.However, if onetriesto balancethe
rod by looking at one’s hand(y2, caseB) thereis alsoa RHP-zeroatz = /. If the massof the
rod is small (m /M is small),thenp is closeto z andstabilizationis in practiceimpossiblewith ary
controller However, evenwith a large mass stabilizationis very difficult because > » whereasve
would normally preferto have the RHp-zerofar from the origin andthe RHP-pole closeto the origin
(z > p). So,althoughin theory therod canbe stabilizedby looking at one’s hand(caseB), it seems

doubtfulthatthisis possiblefor a human.To quantifytheseproblemsuse(3.34)or (3.35),we get

_letpl _[L4sl [ em
e=rl Tl M

Cc1 =

Let g/l = 9.8 [s?] andconsidera light weightrod with m /M = 0.1, for which we expectstabi-
lization to bedifficult. We obtainc; = ¢ = 42, andwe musthave

15B(s)lloo 242 and || TB(s)l,, = 42

so poor control performancads inevitable if we try to balancethe rod by looking at our hand (y-).
To illustrate the difficulties with stabilizationof caseB comparedo caseA, we designH ..-optimal
controllersfor thetwo casesy solving

wpS(s)

min = 78/M +wh
K wy, K S(s) P

(3.38)
S

]H with w, =107%;
whereM = 1 andwg = 1. Theweightwp for the weightedsensitvity meansthat we require
|1S(s)],, lessthanone,andrequiretight controlup to a frequeny of wi = 1 [rad/s]. Also notice
the smallweight on the controlusagew, = 10~%, which in practicemeansthatwe are minimizing
lwpS(s)||,- Table3.1summarizeshe resultsfrom the H..-designs.In Figure 3.4 the sensitvity

Table3.1: Resultsfor Example3.1.

| CaseA CaseB |
D 328  3.28
z - 3.13
C1 = C2 1 42

1S ()] o 2.55 63.41
Hoo-designs| ||T'(s)|| o 3.16 64.35
using(3.38) | StableK? | Yes No

v(S/KS) | 261  64.02

functionsfor bothcasesareplottedtogethemwith theinverseof the performanceveightw . Noticethe
large peakvaluein |S|, of 63.41 in caseB. An unstablecontrolleris neededo stabilizethe plantin
caseB, whichhasa RHP-zeroatz = 1/g/l = 3.13. In Figure3.5we alsoconsidertheresponséo a
unit impulsein d of size0.01, which corresponds$o a small pushin thetop endof therod. Fromthe
impulseresponseave seethatcontroller K 5 fails to keeptherod in uprightpositionwhenalsotaking
into accountconstraintgthe minimumandmaximumvaluesof theangleys in caseB areys = —450°
andys = 180°). Evenwhenignoring the constrainton the angleys, the movementsarevery large;
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Figure3.5: Responséo impulseof size0.01 in d

within 0.03 [sec]we needto move pretty near8 [m] forward andthenduring the next 0.12 [sec]we
needto move backwardsaboutl2 [m] (endingat —4 [m]). However, by looking atthetop end(caseA),
we seefrom the simulationgthatit is possibleto balancetherodin uprightposition.

By increasingheweightw,, athighfrequencieswe have verifiedthatwe canobtainsmallerhand
movementsy», but at the costof moreoscillatoryresponseandlarger peaksin S for both cases.By
settingtheweightw,, = %10‘4 andwp = 1, we have managedo getthe peakin S down to
42.26 which shavs thatthe lower bound42 is pretty close(remembethattherearetwo polesat the
originin this case sothelowerbound|| S(s) ||, doesnotreally apply. To avoid the polesat origin, we

movedthemslightly into the RHP, i.e. ats = 10™*).

Thedifferencebetweerthetwo casesmeasuring; (thetopend,caseA) andmeasuringys (posi-
tion of thehand,caseB), highlightstheimportanceof sensotocationon the achiesablecontrolperfor
mance.
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EXAMPLE 3.2 RHP ZERO AND POLE WITH ALIGNMENT. We considetthefollowing plant

1 . _
0 _ s—z
G(s) = [S6p : ] [c9sa sma] [0.ls+1 s?_z ]; 2=2 p=3

sina  cos« 0 TR
N >4

s+p

U
which hasa RHP-zeroat 2 = 2 anda RHP-poleatp = 3. For a = 0° therotationmatrixU, = I, and
the plantconsistf two decoupledsubsystems

S$—Zz 0
Goo (s) = [(0~1s+6)(s—p) oin ]
(0.1s4+1)(s+p)
The subsysteny;; hasbotha RHP-zeroanda RHP-pole, andclosed-loopperformancds expectedto
be poor On the otherhand,thereare no particularcontrol problemsrelatedto subsysteny,,. With
a=90°U, = [‘1) —01],Whichgives

0 _ s+z
Gooo (8) = [ . (0.15-61)(5—;7) ]
(0.1s+1)(s+p)

We have againtwo decoupledsubsystemdyut thistime in the off-diagonalelementsThe maindiffer-
enceis thatthereis no interactionbetweenthe RHP-zeroandthe RHP-polein this case,sowe expect
this plantto beeasietto control. For othervaluesof « we do nothave decoupledsubsystemsandthere
will besomeinteractiorbetweerthe RHpP-zeroandthe RHP-pole. Sincethepoleis locatedatthe output
of the plant, its outputdirectionis fixed,andwe findy, = [1 0] for all valuesof o. Ontheother
hand the zerodirectionchangesrom[1  0]” fora = 0°to[0 1]" for @ = 90°. Thus,theangle
betweerthepoleandzerodirection,¢, will alsovarybetweer)® and90° asa variesfrom 0° to 90°, as
seenfrom Table3.2,wherewe alsogive ¢; andc, for four rotationanglesa = 0°,30°,60° and90°.
Thetablealsoshavs thevaluesof || S(s) ||, and||T(s)||,, usingH.-optimalcontrollersminimizing

Table3.2: Resultsfor Example.

| o | o0° 30° 60° 90° |
1 0.33 0.11 0
Yz 0 —0.94 ~0.99 1
¢ = cos™ ! |yHy,| 0° 70.9° 83.4° 90°
c=c1=cy 5.0 1.89 1.15 1.0
Hoom | IS(8)]l | 7-00 2.60 1.59 1.98
designs| ||T(s)||,, | 7-40 2.76 1.60 1.31
using | StableK? | No No Yes Yes
(3.39) | v(S/KS) | 9.55 3.53 2.01 1.59
wpS , L _s/M 4wk
mm [quS} H with w, =1; wp = (78 ) (3.39)

whereM = 2 andwp = 0.5. Theweightwp for the weightedsensitvity meansthat we require
I1S(s)|l, lessthan2, andrequiretight control up to a frequeny of aboutwys = 0.5 [rad/s]. The
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Figure3.6: Sensitvity andcomplementargensitvity functionsfor four anglesa

minimum #.-norm for the stacled S/K S problem(3.39),is given by the valueof ~ in Table3.2.
Plotsof the sensitvity S andthe complementangensitvity 7' aregivenin Figure3.6. Theresponses
to the stepchangen thereference: = [1 —1]T areshown in Figure 3.7. Severalthingsareworth
noting:
1) We seefrom the simulationfor ¢ = 0° in Figure3.7 thattheresponsdor y; is very poor. This
is asexpectedbecaus®f theclosenessf the RHP zeroandpole(z = 2, p = 3).
2) Theboundc; on ||S(s)||, in (3.36)is tight in this case. This canbe shavn numericallyby
selectingw, = 0.01, wp = 0.01 andM; = 1 (w,, andwp aresmallsothemainobjectveis to
minimizethe peakof S). We find thatthe H .. -designdor thefour anglesyield

| o ] 0°  30° 60°  90° |
15(s)ll, | 5.04 1.905 1.155 1.005
c1 50 189 115 1.0

3) Theangle¢ betweerthezeroandthe poledirectionsjs quitedifferentfrom therotationanglea
atintermediatevaluesbetweer)® and90°. Thereasorfor thisis theinfluenceof the RHP-pole
in outputl, whichyieldsa stronggainin this directionandthustendsto pushthe zerodirection
towardoutput2.

4) Fora = 0° wehavec; = c2 = 550||S(s)||,, > 5 and||T(s)|, > 5, soit is clearly
impossibleto get|| S(s)|| ., lessthan2, asrequiredby the performanceveightwp.

5) The H-optimal controlleris unstablefor o = 0° and30°. Thisis not surprisingbecausdor
a = 0°, the plantis two Siso-systemswhereg;; needsan unstablecontrollerto stabilizeit,
sincep > z.

3.6 Conclusion

We have presentedower boundson the peakin weightedsensitvity and complementary
sensitvity functionsfor systemswith RHP zerosand poles. Peaksin the sensitvity and
complementargensitvity functionsareunavoidableif the planthasbotha RHP-zeroanda
RHP-polewith somealignment.Thesdowerboundsonthesensitvity functionsdemonstrate
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Figure3.7: Mimo-plantwith anglep betweerthe RHP-zeroandthe RHP-poledirections.Responséo
stepin referencewith H . -controllerfor four differentvaluesof ¢. Solidline: y;; Dashedine: y2

the fundamentalimitations imposedby open-loopcharacteristicas RHP zerosand poles.
Theintentionswith thederivationof theseowerboundsare:

e To derive measuresvhich quantify the effect of open-loopRHP zerosand poleson
closed-loopperformance Thesemeasuresreindependenof the feedbackcontroller
andthe controlconfigurationandthey thereforereflectthe controllability of the plant.

e To getbetterunderstandingf thedirectionalityof RHP zerosandpoles.

We alsoexpectthatthe derived boundswill be usefulwhenselectingperformanceveights
for controllerdesignandanalysis.
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Appendix A Proofsof the results

Proof of Lemma3.1 For s = p we have, G(p) = C(pI — A)"'B + D. Sincep is an eigevalue
of A andz,, is the eigervectorcorrespondindo thepolep, (pI — A)xp, = 0. Thereforez,, is the
outputstatedirectionwith infinite gainfor (pI — A)~*. Thenormalizedoutputpoledirectionbecomes
yp = Cpo/ ||Cxpol|, aslongas||D|| is finite. Theinput poledirectionwu, follows similarly asthe
conjugateof the outputdirectionof thetransposedystemG” . O

Proof of (3.22) The outputdirectionis givenby y G(z) = 0. For internalstability the controller
cannotcancelthe RHpP-zeroandit follows that L. = GK hasa RHP-zeroin the samedirection,i.e.
yZ? L(z) = 0. Then,we havethatS = (I 4+ L)™' is stableandthushasno RHP-poleat s = z. It then
followsfrom T = LS thaty T(z) = 0 andy (I — S(2)) =0 & yZ =y?5(2). i

Proof of (3.23) Thesquarematrix L(s) = GK(s) hasa RHP-poleats = p, andif we assumehat
L(s) hasno RHP-zeroat s = p, then L™*(p) exists, andthe output pole directiony, is given by
L™ *(p)y, = 0. SinceT is stable,it hasno RHP-poleats = p, soT(p) is finite. It thenfollows from
S =TL™" thatS(p)y, = T(p) L™ (p)y, = 0 andthatT (p)y, = (I — S(p))y» = Y- o

Proof of Theoem3.1 Introducethescalarfunction

f(s) =y wp(s)S(s)y:

whichis analyticin the RHP. We thenhave

[wpS($)ll 2 1f(8)lloe = [£(2)] = [wr (2)] (3.40)

The first inequality follows sincethe singularvalue measureshe maximumgain of a matrix andis
independenof direction,soa(A) > ||Awl|, and&(A) > [|wA]|, for ary vectorw with ||w]||, = 1.
The secondnequalityfollows from the maximummodulustheorem. The final equalityfollows since
wp(s) is ascalarandfrom theinterpolationconstraint’ S(z) = y wegety? S(2)y. =y y. = 1.
O
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Proof of Theoem3.2 Introducethescalarfunction

£(s) =y wr(s)T(s)yp

whichis analyticin the RHP sincewT'(s) is stable.We thenhave

lwrT(s)lloe 2 [1£(8)lloo 2 £ (0)] = [wr(p)] (3.41)

Thefirstinequalityfollows sincethesingularvaluemeasurethemaximumgainof amatrixindependent
of directionand||y, ||, = 1. Thesecondnequalityfollows from the maximummodulustheorem.The
final equalityfollows sincewr (s) is ascalarandfrom theinterpolationconstraint’(p)y, = y, we get

Yo T(p)yp = yp' yp = 1. O

Proof of Theoem 3.3 We considerone RHP-zero z with outputdirectiony, atatime (the subscript
j is omitted). Factorizethe N, RHP-polesp; in G(s) = B,,'(G) Gso(s), WwhereB,, (G) is given
by (3.25). It follows that G, (s) is stable,3,,(G) hasall singularvaluesand absolutevalue of all
eigervaluesequalto onefor s = jw anda(B,, (G(s))) > 1 wheneerRe(s) > 0, seeLemmaA.1in
AppendixA. Theloop transferfunctioncanthenbewritten

L(s) = GK(s) = Byl GaoK (5) 2 By (G) L (s)

then

S =TL" =TLy, (8)Bpo(G(5)) 2 SmBpo(G(s))
Introducethe scalarfunction f(s) = yX wp(s) S (s)y whichis analytic(stable)in RHP. We wantto
choosey sothat| f(s)| obtainsmaximum

J(s) = max |f(s)] = max [y wp(s)Sm(s)yl

llylla=1 lyllp=1
We get
lwpS(s)|l, = lwpSm(s)lle > (T(s)]l,, > |J(2)| = max, lwe (2)| - [y2 Bpo (G)|,_, ¥l
s
= Jwp(2)] - [ly: Bpo (G)|,_, |l (3.42)

Thefirst equalityfollows since3,, (G(s)) is all-passfor s = jw. Thefirstinequalityfollows sincethe
singularvalue measureshe maximumgain of a matrix independenof direction,soa(A) > ||Awl|],
andg(A) > ||wA]||, for ary vectorw with ||w|l, = 1. The secondinequality follows from the
maximummodulustheorem.The secondequalityfollows from

vz Sm(2) = ' $(2)Bo (G) . = y:' By (G|

8=z

andthe factthatwp(s) is a scalar The last equality follows from the fact that the largestsingular
valuemeasureshelargestgainandis equivalentto thetwo-norm. Thefactthatc; ; > 1 followsfrom
0i(Bp, (G(s))) > 1ViwhenRe(s) > 0, LemmaA.1in AppendixA. i

Proof of Theoem3.4. We considerone RHP-pole p with outputdirectiony, ata time (the subscript
i is omitted). Factorizethe N, RHP-zerosz; in G(s) = B.o(G) Gmo(s), whereB,,(G) is givenby
(3.26). It follows that G0 (s) is minimum phase B.,(G) hasall singularvaluesandabsolutevalue
of all eigervaluesequalto onefor s = jw, seeLemmaA.1 in AppendixA. Thelooptransferfunction
becomes

L(s) = GK(5) = B.o(G) GmoK(5) 2 B.o(G) Lim(s)
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then
T =LS = B.o(G) LmS £ B.o(G) T

Introducethe scalarfunction f(s) = y* wr T (s)y, Whichis analyticin RHP. We wantto choosey
sothat| f(s)| obtainsmaximum

7(9) = max |f(s)] = max Iy wr(s)Tn(s)ys

We get

lwrT(s)ll o = lwrTm ()]l > 7)o > 17(@)] = max |wr(p)]- |y Bz (G)],—,sl

llylla=1

= lwr ()| 1Bz (G)|,=p¥sll, (3.43)

Thefirst equalityfollows sinceB,,(G(s)) is all-passfor s = jw. Thefirst inequalityfollows since
the singularvaluemeasureshe maximumgainof a matrix andis independentf direction,soa(A) >
|| Aw]|, anda(A) > ||wAl|, for any vectorw with ||w||, = 1. Thesecondnequalityfollows from the
maximummodulustheorem. The secondequality follows from T, (p)y, = Bz‘ol(G)|s:pT(p)yp =
B.H(G) l,—p¥»- Thelastequalityfollows from the fact that the largestsingularvalue measureshe
largestgainandis equivalentto thetwo-norm. Thefactthatc, ; > 1 follows from o; (B3, (G(s))) >
1Vj whenRe(s) > 0. O

Proofof ¢ = ¢1 = ¢2 in Corollary 3.1 Notethatwhen N, = N, = 1 bothz andp arerealand

positive,s0z = z andp = p. Considercs
I vt
(U y.] [ ] [ ] Yp
H 0 = ys
|z +

= \/sm2(¢) + P :2 cos?(¢) (3.44)

2Re(z)

co = H I+

vy )yl =
2 2

+
= HUU yp+p yzyzyp

Thematrix U containsa basisfor the orthogonakubspacéo ., ;. Theanglebetweeny, andy;" is
90 — ¢, cos(90 — ¢) = sin(¢) and(3.44)follows. We caninterpret(3 44)asaweightedprojection
of y, onthe subspaceg;, with weight1, andy,, with welght 'z“" . In (Boyd andDesoey 1985,

eq.(3.15)onp. 164)it is the prOJectlonontheorthogonalsubspacgz Whlchlacks
Theconstant; canbewrittenin asimilarway

2Re(p I 0 1%
o = a2y v wily L[]
p 2 zZ—p yp
= yfVV +ﬂyfypyf \/51n2(¢)+l +£: cos?(¢) (3.45)
2

O
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Abstract

This paperexaminesthe fundamentalimitations on closed-loopperformance
imposedby instability in the plant (Right Half Plane(RHP) poles). The main
limitation is that instability requiresactive useof plantinputs,andwe quan-
tify this in termsof tight lower boundson the input magnitudesequiredfor
disturbanceand measurememoiserejection. Thesenewn boundsinvolve the
‘H-norm,which hasdirectengineeringignificance . The outputperformance
in termsof disturbanceejectionor referencdrackingis only limited if theplant
hasRHpP-zeros andfor aonedegree-of-freedonsontrollerthepresencef RHp-
polesfurtherdeteriorateheresponsewhereaghereis no additionalpenaltyfor
having RHP-polesif we usea two degrees-of-freedonsontroller It is impor-
tantto stressthatthe derived boundsare controllerindependenandthat they
aretight, meaninghatthereexist controllerswhich achieve thelower bounds.
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4.1 Intr oduction

An unstableplantcanonly be stabilizedby useof feedbackcontrolwhichimpliesactive use
of the plantinputs. If measurementoiseand/ordisturbancesre presentwhich is always
the casen practicalprocessontrol),thentheinputusagemaybecomeunacceptable.

In this paper the above statementsre quantifiedby deriving tight lower boundson the
‘H -norm of the closed-looptransferfunctionsSV and7TV, whereS andT arethe sensi-
tivity and complementarsensitvity functions. The transferfunction V' canbe viewed as
a genealized“weight”, which for our purposeshouldbe independenof the feedbackcon-
troller K.

Somereasongor derving suchboundsare:

1) Thelowerboundsprovide directinsightsto thelimitationsimposedby RHP zerosand
polesin Singlelnput SingleOutput(SIso) systems.

2) The lower boundsderived are independenbf the controller so they canbe usedas
controllability measures.

3) In somecasesve canshow thattheboundsaretight. Thisimpliesthatwein thesecases
canfind a controller K, analytically which achiezesan # ..-normof the closed-loop
transferfunctionequalto the lower bound.

4) We canquantify, in termsof the#,,-norm,the“bestachievable” closed-loopeffect of
theworstcasedisturbancemeasurementoiseandreferencedothat theinput andat
theoutputof theplant.

Oneimportantapplicationis thatwe canquantifythe minimuminput usageor stabilization
in the presencef worst casemeasurememoiseanddisturbancesEven for Siso-systems
this hasbeena difficult task,which hasnot beensolvedanalyticallyuntil now.

To give thereadersomeappreciatiorof the basisof the boundsandtheir usefulnessye
considerasa motivating example,an unstableplantwith a RHP-pole p. We wantto obtain
alowerboundonthe# ,-normof the closed-loogransferfunction K'S from measurement
noisen to plantinput w. We first rewrite KS = G~'T, which is on the form TV with
V = G~1. Thebasisof our boundis the useof the maximummodulusprinciple andthe
“interpolation constraint”T'(p) = 1, which mustapply to achieve internal stability. We
obtain(seeTheorenmd.1for details)

IKS(5) o = IGTT(5) oo = IG5 ()]

whereG; is the “stable” versionof G (with the RHP-polesmirroredinto the LHP). As an
example,considerthe plantG(s) = ﬁ which hasan unstablepole p = 10. We obtain
Gs(s) = H%O. For anylinearfeedbaclkcontroller K, we find thatthelower bound

IKS(8)llo > |G (p)| = 2p = 20

mustbe satisfied.Thus,if we requirethattheplantinputsareboundedwith |||, < 1, then
we cannotallow the magnitudeof measurememoiseto exceed||n ||, = 1/20 = 0.05.

The basisfor our resultsis the importantwork by Zames(1981),who madeuseof the
interpolationconstraintS(z) = 1 andthe maximummodulustheoremto derive boundson
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the’H.-normof S for plantswith oneRHP-zero. Subsequent|ytheseresultswereextended
to unstableplantswith one RHP-pole andthento plantswith combinedRHP zerosandpoles,
e.g.(Doyle etal., 1992,pp. 93-95)and(SkogestacandPostlethvaite, 1996).

However, thesegeneralization$o unstableplantsdid not considertheinput usagewvhich
involvesthe closed-looptransferfunction K.S. An importantcontritution of this paperis
thereforeto usethe“trick” KS = G~1T', which enablesisto derive lower boundson input
usage by usingthe generallower boundon | TV (s)||,, with V' = G~!. ButwhenG is
unstablg(with RHP-pole p), thenV = G—! hasa RHP-zerofor s = p. A secondmportant
contribution comparedo earlierwork, is the ability to include RHP zerosand polesin the
“weight” V' (undertheassumptiorthat SV and7'V arestable).

A third importantcontribution is thatwe shaw thatthe lower boundsaretight. Thatis,
we give analyticalexpressiongor controllerswhich achievean?# ..-normof the closed-loop
transferfunctionwhichis equalto thelower bound.

Several authors,amongthem Kwakernaak(1995), have notedthe symmetriesetween
sensitvity and complementarysensitvity andthe roles of RHP zerosand polesof G. In
this paper the symmetriesare also reflectedin where performancds measured.We find
that RHP-zerosof G poselimitations on performancemeasuredt the outputof the plant,
whereasRHP-polesof G poselimitationson performanceneasurect the input of the plant
(inputusage).

Theboundson||S(s) ||, for plantswith RHP-zeroderivedby Zameg1981)arealsovalid
for multivariablesystems.t is importantto notethatall the resultsgivenin this paperhave
beengeneralizedo multivariablesystemgseeChapters). However, the notationbecomes
complicatedin the multivariablecase,with the resultthatit is difficult to understandhe
implicationsof thebounds.In the Siso casetheboundsmayeasilybederivedby handfor a
particularplant. However, in the multivariablecase we mustin generalevaluatethe bounds
numerically

The paperis organizedas follows: First we introducethe notationand presentsome
basicsfrom linear control theory In Section4.3 we derive the generallower boundson
ISV (s)]lo and|| TV (s)||., andin Section4.4 we prove the tightnessof the lower bounds.
In Section4.5 we shov someapplicationsand implicationsof the lower boundsboth on
outputperformanceinput usage peaksn sensitvity andcomplementargensitvity, andwe
give somesimpleexamplego illustratethe applicationsandthe implications.In Section4.6
we discusdoriefly the relationshipto stabilizationwith input constraints.In Section4.7 we
derive alower boundapplicableto two degrees-of-freedon2-DoF) control. The proofsof
theresultswhicharenot givenin the maintext, aregivenin SectionA.

4.2 Basicsfrom linear control theory

We considelineartime invarianttransferfunctionmodelson the form
y(s) = G(s)u(s) + Ga(s)d(s) (4.2)

wherew is the manipulatednput, d is the disturbancey is the output,G is the SIso plant
modeland G is the Siso disturbanceplant model. The measuredutputis y,,, = y + n
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wheren is the measurementoise.

TheH -normof astablerationaltransferfunction M (s) is definedasthe peakvaluein
themagnitudg M (jw)| overall frequencies.

1M (s)]lo = sup |M(jw) (4.2)

4.2.1 Zerosand poles

In a rational transferfunction M the zerosand polesare the roots of the numeratorand
denominatompolynomials. Thatis, the zerosz; andthe polesp, arethe solutionsto the
following equations

M(z;)=0 and M~ '(p;)=0 (4.3)
Whenwe referto zerosandpoles,we meanthe zerosandpolesof the plantG unlessother
wise explicitly stated.The setof complex numberss whereRe(s) > 0 is denotedC, , and

wereferto this setasthe openright half plane(openRHP). Zerosandpolesin theopenRHP
arezerosandpoleswith realpartgreatetthanzero,i.e. Re(z) > 0 andRe(p) > 0.

4.2.2 Factorizationsof RHP zerosand poles

A rationaltransferfunction M (s) with zerosz; andpolesp; in theopenRHP, {z;, p;} € C.,
canbefactorizedn Blasdke productsasfollows!

M(s) = B.(M)Mp(s) (4.4)
M(s) = By'(M)M(s) (4.5)
M(s) = Bz(M)Bpl(M)Mms(s) (4.6)

where

M,, — Minimum phasgsubscriptn) versionof M with the RHP-zerosmirroredacrosghe
imaginaryaxis.

M, — Stable(subscripts) versionof M with the RHP-polesmirroredacrosgheimaginary

axis.

M,,s — Minimum phasestable(subscriptns) versionof M with the RHP zerosandpoles
mirroredacrosgheimaginaryaxis.

B,(M) - Stableall-passrationaltransferfunction (|8, (M)|,_;,= 1, Vw) containingthe
RHP-zeros(subscriptz) of M.

B,(M) — Stableall-passrationaltransferfunction (|8, (M
RHP-poles(subscriptp) of M asRHP-zeros.

)|s=j, = 1, Yw) containingthe

INote that the notationon the all-passfactorizationsof RHP zerosand polesusedin this paperis reversed
comparedo thenotationusedin (SkogestacdandPostlethvaite, 1996;Havre andSkogestad1997a).Thereasorfor
this changeof notationis to getconsistentvith whattheliteraturegenerallydefinesasanall-pasdilter.
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1 1 s—2 (')ms s+z
sTF stz —p +p s—p s+p
()s s
(a) on RHP-zerosz (b) on RHP-polesp (c) onRHP zerosandpoles

Figure4.1: Operation®on RHP zerosandpolesfor scalartransferfunctions

Theall-pasdilters are

N,
S —Z;
B.(M(s)) = 1S 2; 4.7)
NP
By(M(s)) = [[>% (4.8)
: =1 § +pl

whereN, isthenumberof RHP-zerosz; € C, andN, isthenumberof RHP-polesp; € C,
in M. In mostcasesM = G andto simplify the notationwe oftenomit to shav thattheall-
passfilters aredependenbn G, i.e. we write B, (s) andB,(s) in themeaningof B,(G(s))
andB,(G(s)).

Figure4.1 demonstratethe operations(-),, for RHP-zeros,(-), for RHP-polesandthe
combinedoperator(-),,s of scalartransferfunctions. The orderof the two operationy-),,,
and(-), in thecombinedoperator(-),, s is arbitrary It alsofollows that

(M~ Yps = (Mps) ™t =M1 (4.9)

WeuseM, ! todenote(M,,) "1, i.e. M1 = (M,,)~!. Similarly weuseM; ! = (M)~ L.
We notethat
[M($)loo = [ Mm(5)ll oo = | Mms(s) [l (4.10)

Thefirst identity follows since|B,(M)|,_., = 1, Yw, andthe latter identity follows since
M is stablej.e. M,,s = M, andB,(M,,) = B,(M) = 1.
To prove themainresultsin this paperwe make useof thefollowing Lemma.

LEMMA 4.1. Considera stableSiso transferfunction AB which can be expressedby the
productof the Siso transferfunctionsA and B, whee both A and B maybeunstable Then

IAB|lo = [[(AB)mlloo = [[AmsBms o (4.11)

4.2.3 Closingthe loop

A typicalcontrolproblemis shavnin Figure4.2. In thefigure possibleperformanceveights
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Figure4.2: Onedegree-of-freedoneontrol configuration

aregivenin dashedines. Mainly for simplicity, but alsobecauset is mostpracticallyrel-
evant, we assumehatthe performanceveightswp andw, have no zerosandpolesin C, .
If integrators(polesat s = 0) arepresenin wp andw,,, thenwe needthe samenumberof
integratorsin L = GK, to have a stableclosed-looptransferfunction. In Figure4.2 we
have includedboththereferencer andthe measurementoisen, in additionto disturbances
d asexternalinputs. The transferfunctions,G4, R and N canbe viewed asweightson the
inputs,andtheinputs: d, # and# arenormalizedin magnitude.Normally, NV is theinverse
of signalto noiseratio. For mostpracticalpurposeswe canassumehat R and N arestable.
However, from thetechnicalpointof view it sufficesthattheunstablenodesn N andR can
be stabilizedthroughtheinput w.
We apply negative feedbackcontrol

u=K(r—ym)=K(r—y—n) (4.12)

Theclosed-loogransferfunction F' from

ol

z32

<
Il
Sy Q=

_ —prR wPSGd —’prN
F(s) = {wUSKR —w,KSGyq —quSN} (4.13)
wherethe sensitvity S andthe complementargensitvity 7" aredefinedas
1
A -1 _
S £ (1+GK) = 150K (4.14)
a _ GK
T £ 1-S=1"cr (4.15)

To have goodcontrolperformancdkeepz; small)with asmallinputusaggkeepzs small),
we needto have || F'(s) ||, small. Thatis we wantall the Siso transferfunctionsin (4.13)
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small. In addition,therearerobustnessssues.For example,we wishto have ||wuncT'(s) ||
small,wherew,, is themagnitudeof therelative plantuncertainty

Thefirst requiremenfor beingableto satisfyall theseobjectves(e.g. having all seven
transferfunctionsmentionedabove small),is thattheweightswp, w, andw,,. aresuchthat
the objectvescanbe achieved. For example,sinceS + T' = 1 we cannothave wp R and
wync largeat the samefrequencyf we wantto have ||wpSR(s)||, (tight controlof setpoint
changespand ||wun.T'(s) ||, (the closed-loopresponsés insensitie to plant uncertainty)
small. However, the presenceof RHP zerosand polesin the plant G provide additional
limitations,which arethefocusof this paper

o]

4.2.4 Inter polation constraints

If G hasa RHP-zeroz or a RHP-pole p, thenfor internalstability of the feedbacksystenthe
following interpolationconstraintsnustapply (e.g.SkogestadandPostlethvaite, 1996):

T(z) =0; S(z)=1 (4.16)
S(p) = 0; T(p)=1 (4.17)

Similarinterpolationconstraintapplyto S andT if thefeedbaclcontrollerK hasRHP zeros
or poles.

4.3 Lower boundson the H .-norm of closed-looptransfer
functions

In this sectionwe will give the main results,which arelower boundson the #,,-norm of
closed-loogransferfunctionswhich canbewrittenontheformsT'V or SV. Thegeneralized
“weight” V' is assumedo beindependentf thefeedbackcontroller K. V' maybeunstable
but TV and SV mustbestable.Thatis, it mustbe possibleto stabilizeall transferfunctions
by controllingthe outputy usingtheinputw.

Somexamples Considetthesix transferfunctionsin (4.13). Thefirst two canbewritten
ontheform SV by selectingVi; = wpR andVi, = wpG4. Theremainingfour canbe
written ontheform TV by selectingViz = wpN, Va1 = w,G 'R, Voo = w,G 1G4 and
Vo3 = w, G~1N. Fromthis we seethatthe “weight” V' may be unstablg(if oneor both of
G4 andG~! areunstableandmaycontainRHP-zeros(if oneor bothof G; andG~! contain
RHP-zeros).

In thefirst result,which is the lower boundon || TV (s) ||, we considerary numberof
RHP-zerosin the plantG andone RHP-pole atatime. Then,by maximizingover all RHP-
polesin theplantG, wefind thelargestiowerboundon || TV (s) || ., whichtakesinto account
oneRHP-poleandall RHP-zerosin theplantG.

THEOREM 4.1 (LOWER BOUND ON ||T'V (s)||..). Considerthe Siso plantG with N, > 0
RHP-zeos z; € C; and N, > 1 RHP-polesp;. LetV be a rational transferfunction,
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andassumehat 7'V is (internally) stable Thenthe following lower boundon || TV (s) ||,
applies:
1TV ($)lloo > _ max [BIH(pi)| - Vs (i) (4.18)

RHP-poles,p;

wheee B, (s) is theall-passfactor containingthe RHP-zeos of G(s).
Someremarkson Theoremé.1 aregivenfollowing Theoremd.2.

Proofof Theoem4.1
1) Factor out RHP zerosand polesin T and V. Lemma4.1gives

ITV($) oo = 1Tms Vims (8) |l oo = | T Vims ()|

o0

wherethelastequalityholdssinceT is stablej.e. Tys = Thn,.
2) Intr oducethe stablescalarfunction f(s) = T (8)Vins(s).
3) Apply the maximum modulustheoremto f(s) at the RHP-polesp; of G.

1F()loo 2 £ (@)l

4) Resubstitute the factorization of RHP-zerosin T, i.e. useTy,(s) = T(s)B; '(s), where
B.(s) containsthe RHP-zerosof G, which dueto internalstability alsomustbe RHP-zerosof
T. Thisgives

f(pi) = T(pi) B2 " (pi) Vi (p:)
5) Usethe interpolation constraint (4.17)for RHP-polesp; in G,i.e.useT'(p;) = 1.
6) Evaluatethe lower bound.

|f (o) = 1B (pi)] - [Vins (03))]

Notethat f (p;) is independenof thecontrollerK if V' isindependenof K.
Sincethesestepshold for all RHP-polesp;, Theorend.1follows. |

In the next result,whichis the lower boundon || SV (s)|| .., we considerary numberof
RHP-polesin the plantG andone RHP-zeroat atime. Then,by maximizingover all RHP-
zerosin theplantG, wefind thelargestiower boundon || SV (s) || ., whichtakesinto account
oneRHP-zeroandall RHP-poles.

THEOREM 4.2 (LOWER BOUND ON ||SV (s)]|.,)- Considerthe Siso plantG with N, > 1
RHP-zeos z; and N, > 0 RHP-polesp; € C,.. LetV be a rational transferfunction,
andassumehat SV is (internally) stable Thenthe following lower boundon || SV (s) ||
applies:

1SV ()l > max [B,*(2)] - [Vins ()] (4.19)

0 RHP-zerosz; = *

wheee B, (s) is theall-passfactor containingthe RHP-polesof G(s).

Remarkon Theoremsi.1and4.2:
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1) Theboundon ||T'V (s)||., is causedy the RHP-polesp; in G, andtheterm

1B, (pi)| = ' _: >1 (4.20)

givesan additionalpenaltyfor plantswhich alsohave RHP-zeros. For the casewhen
G hasno RHpP-zeros,then B, (p;) = 1. If oneor more RHP-zerosare closeto the
RHP-pole p;, then| B, (p;)| is muchlargerthanone.

2) Theboundon || SV (s)||., is causedy the RHP-zerosz; in G, andtheterm

1B (z) =[] |Zj +0il (4.21)

p

givesan additionalpenaltyfor plantswhich alsohave RHP-poles. For the casewhen
G hasno RHP-poles,thenB; ' (z;) = 1. If oneor moreRHP-polesarelocatedcloseto
the RHP-zeroz;, then|B, ' (z;)| is muchlargerthanone.

3) The bounds(4.18) and (4.19) are independenbf the feedbackcontroller K if the
weightV is independendf K (we alwaysassumehatV is independenof K).

4) The assumptionshat7V and SV areinternally stable,meansthat 7V and SV are
stable andwe have no RHP pole/zeracancellationbetweenz and K.

5) Thelowerboundson||TV (s)||, and|[SV (s)||., involve V,,,;. Thus,we getthesame
resultif the “weight” V' is replacedoy its stableminimum phasecounterpartvith the
samemagnitudéV,,,,. Notethatfor V = V1V?2 we have

1TV ()]l oo = 11T Vins Vimsll o (4.22)

Which meanghatwe cantreatthedifferentfactorsof V' independently

4.4 Tightnessof lower bounds

Theoremst.1and4.2 provide lower boundson || TV (s)|| ., and||SV (s)| . Thequestion
is whethertheseboundsaretight, meaninghatthereactuallyexist controllerswhich achieze
thebounds?Theanswelis “yes” if thereis only oneRHP-zeroor oneRHP-pole. Specifically
wefind thattheboundon || TV (s)|| ., istightif theplantG hasoneRHP-poleandary number
of RHP-zeros andthattheboundon || SV (s) ||, istightif theplantG hasoneRHP-zeroand
ary numberof RHP-poles.First,we consideithe controllerwhich minimizes|| TV (s) || . -

THEOREM 4.3 (K WHICH MINIMIZES || TV (s)||.,). Considerthe Siso plantG with one
RHP-polep and N, > 0 RHP-zeos z; € C,. LetV bea scalarrational transferfunction
wheee the RHP-polesof V' in C, alsoare RHP-zeosin G. A feedbak contoller K which
stabilizesT'V, is givenby

K(s) = Grs(s) P(s) Q7' (5) (4.23)
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whele

P(s) = B;'(p) Vins(p) Vima (s) (4.24)

ms

Q(s) = By'(s) (1 - B.(s) P(s)) (4.25)

Q(s) is stablesincetheRHP-zeo for s = pin 1— B, (s) P(s) cancelsheRHP-polefor s = p
in B, *(s), in a minimalrealizationof Q(s). With this controller wehave

1TV (5)lloo = B2 (0)] - [Vins ()] (4.26)
which showsthattheboundgivenin Theoem4.1is tight whenthe planthasone RHP-pole

Someremarksaregivenfollowing the next theoremwherewe consideithe controllerwhich
minimizes||SV (s) || -

THEOREM 4.4 (K WHICH MINIMIZES ||SV (s)]|.,). Considerthe Siso plant G’ with one
RHP-zeo z and IV, > 0 RHP-polesp; € C. LetV bea scalarrational transferfunction
wheee the RHP-polesof V' in C alsoare RHP-polesin G. A feedbak contoller K which
stabilizesSV/, is givenby

K(s) = G,5(5) P(s) Q*(s) (4.27)

whee
Q(s) = B,(2) Vins(2) Vs () (4.28)
P(s) = B;'(s) (1—Bp(s) Q(s)) (4.29)

P(s) is stablesincetheRHP-zeo for s = z in 1 — B, (s)P(s) cancelgsheRHP-polefor s = z
in B;1(s), in aminimalrealizationof P(s). With this contoller we have

ISV ($)lloo = 1B, (2)] - [Vins (2)] (4.30)
which showsthatthe boundgivenin Theoem4.2is tight whenthe planthasoneRHP-ze.

Someremarkson thecontrollersgivenin Theoremst.3and4.4:

1) We stresghatthe boundsgivenin Theoremst.1and4.2 aregenerallynot tight if the
planthasmorethanoneRHP-pole andone RHP-zerorespecitrely.

2) ThecontrollerK (s) in Theoremd4.3maybeunstablesinceQ(s) in (4.25)maycontain
RHP-zeros,but K (s) containsno RHP-zerosin C;. .

3) ThecontrollerK (s) in Theorem4.4may containRHP-zerossinceP(s) in (4.29)may
containRHP-zeros,but K (s) containano RHP-polesin C,.. Notethat K (s) hasapole
ats = 0 (integrator)if GV (s) containsanintegrator

4) The controllersin Theorems4.3 and 4.4 yield constant(“flat”) frequenyg responses
TV (jw)| and|SV (jw)| for all w. Kwakernaak(1986;1993)nameshe factthatthe
‘H-optimal closed-looptransferfunctionis constantindependenof frequeng) for
“equalizingproperty”.
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5) We note that no propernessestrictionhasbeenimposedon the controllers,so the
controllersgivenin Theoremgt.3and4.4 maybeimproper

6) It may seemsurprisingthatthe controller K (s) in Theorem4.4 is strictly stable(no
polesin C,.) sinceit is known thatsomeplantswith RHP zerosandpolesrequirean
unstablecontrollerto achieve closed-loopstability (Youla, BongiornoandLu, 1974),
e.g. for theplantG(s) = % However, this assumeshatthe loop transfer
functionGK is strictly proper anddothereforenotapplyin ourcasewhere K maybe
improper In practice,our controllersmay be madeproperby addinghigh-frequeng
dynamics,e.g. by multiplying with H;S“ wherelg;| is small. A negative ¢; may
be needede.g. for plantswherean unstablecontrolleris neededaccordingto the
theoremof Youlaetal. (1974). A short(but not complete)explanationto this is as
follows. It follows thatRHP-polesin thefeedbackcontrollerappearsaszerosin S and

increasethe lower bound(4.19)on || SV (s)||,. The extra factorin (4.19) becomes

1B, H(K)|,—,> 1. Assumethatwe needoneRHP-polep in thecontrollerto make SV
stable then|B,(K)|,_, = }ﬁfﬁ} . In thedesignof thefeedbaclcontrollerwe arefree

to move the RHP-pole. By maximizingthe distancebetweenthe RHP-zero z of the
plantG andthe RHP-polein thecontrollerk, i.e. letp — oo, then|B, ' (K)|,_, — 1.
Indeedthisis confirmedby Example4.1.

7) In Theorem4.3 we assumehatthe RHP-polesof V(s) alsoare RHP-zerosin G(s).
This is not a very restrictve assumption First, it is satisfiedin all the casesve have
consideredSecondjt mayin facteasilyberemovedif welet B,(s) in Theoremst.1
and 4.3 contain,in additionto the RHP-zerosin G(s), alsothe RHP-polesin V (s)
which arenot RHP-zerosin G(s). This follows by consideringstep4 in the proof of
Theorem4.1 wherewe shouldincludeall RHP-zerosof T'. Thatis, the RHP-zerosin
G andtheRHP-zerosin K. RHP-zerosin K areneededo cancelthe RHP-polesof V,
which arenot canceledy RHP-zerosof G.

8) Similarly, in Theoremé4.4 we assumehatthe RHP-polesof V (s) alsoare RHP-poles
in G(s). First, thisassumptioris satisfiedn all the casesve have consideredSecond,
the assumptiormay easily be removed by addingto B,(s), the RHP-polesin V(s)
which arenot RHP-polesin G(s). TheadditionalRHP-poleswill appealasRHP-poles
in thecontrollerK (s) in Theoremé.4.

ExAMPLE 4.1. Themotivationfor this exampleis to shov how to useandthelimitationsof theresults
in Theoremst.3 and4.4. The exampledemonstratethe differencebetweenstabilizingcontrol using
properandimpropercontrollersand stressthe importanceof the resultsby Youlaetal. (1974). We
considettheplant

s —Zz .
G(s) 015+ D —p) with z andp =3
Wefind 3 ) )
8= s — o s+
By(s) = s+3’ B.(s) = s+ 2 and Gums(s) = (0.1s+1)(s+3)

Accordingto the resultsby Youla et al. (1974)the plant G needsan unstablefeedbackcontrollerto
yield a stableclosed-loopsystem sincethe unstablepole (odd number)is locatedto the right of the
RHP-zero.We considerstabilizingthis plantby deriving threedifferentcontrollers.
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1)

2)

Minimizing the peakin the complementarysensitity. Fromthelower bound(4.18)in The-
orem4.1with V = 1, we obtain

1T(s)llo > 1B (p)| =5

By using Theoremd.3 with V' = 1 we find a feedbackcontrollerwhich minimizes||T(s)|| -
We obtain

1 B -1 _s+3 s—2\ s+3
P=5 (p)—5, Q(S)_Bp (8)(1_BZ(S)P)_S—3 (1_5s+2)__4s+2

Thefeedbackcontrollerbecomes

K(s) = GriPQ ' (s) = 02T D0+ Y) (—g) R YT

whichis stablebut improper With this feedbaclkcontrollerwe get

s—2

T(s)=B.(s)P=5 whichis stableand [|T'(s)l|,, = 5.

s+
Making the controller K (s) semi-propeby addingthe first orderlag ﬁ wheree = 0.001,
to K (s) yieldsanunstableclosed-loopsystem.However, whene < 0 we obtaina semi-proper
unstablecontroller K which malkesthe closed-loogransferfunctionT stable.Fore = —0.001
we obtain||T'(s)|| ., = 5.095 andby furtherdecreasinghe valueof ¢, || T'(s)||,, approaches
thelowerbound5. At the sametime the unstablgpole movesto oo.
By usingstate-spaceH . -controllerdesignmethodswe designan H... -optimal controller K

by solving
[onicso]

Note the small weightw, = 1072 on the input usage which in practicemeansthat we are
minimizing ||T'(s)|| .. We obtaina strictly properunstablecontroller with: RHP-pole about
4.00 - 10*, LHP-pole about—4.64 - 107, LHP-zeroat —10 andsteady-statgain —5/4. This
controlleris very similar to the controllerderivedfrom Theorermd.3. The closed-loogsystems
stableand||T'(s)||, = 5.00.

Minimizing H.o-norm of the input usage.By rewriting K.S = TG~ ! andsettingl’ = G~!
in Theoremd.1we obtain

IKS(8)ll > 1B ()] - |Grms (0)| = 5

min with w, =103
K

oo

78 _
£

By usingTheoremt.3with V = G~ " wefind afeedbaclcontrollerwhichminimizes|| K S(s)|| . -
We obtain

7.8

P(s) =17.8 Gms(s)a Q(S) = %

Thefeedbackcontrollerbecomes
0.1s+1
K(s)=78 — "~ —
() =T8535 =62
whichis semi-propeandunstable With this feedbackcontrollerwe get
(s —3)(0.1s — 6.2) s—3
Graoist . K9 =T8 73

S(s) and ||KS(s)||,, =78

2MATLAB-u toolsareusedin this example.
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By usingstate-spac#{.-controllerdesignmethodsye designan# -, -optimalcontrollerK by
solving
min || K S(s)]|

The controllerachievedis strictly properandunstablewith: RHP-pole at 62, L HP-pole about
—5.55-107, LHP-zeroat —10 andsteady-statgain K (j0) = —7.8/6.2. Theclosed-loogsystem
is stableand|| K S(s)||,, = 7.8. This controlleris a strictly properversionof the semi-proper
controllerderivedby usingTheoremd.3.
Minimizing the peak in the sensitvity. From the lower bound(4.19)in Theorem4.2 with
V =1, weobtain

15()ll > 1B, ' (2)| = 5

By using Theorem4.4 with V' = 1 we find a feedbackcontrollerwhich minimizes|| S(s)|| -

We obtain 0
s+
= — P =
Qs)=~5 P(s)=6"~

Thefeedbackcontrollerbecomes

K(s) =~ (015 +1)

whichis stablebut improper With this feedbaclkcontrollerwe get

s—3
s+3

S(s) = -5

whichis stableandyields|| S(s)|| ., = 5. MakingthecontrollerK (s) semi-propeby addingthe
firstorderlag ﬁ wheres = 0.001, to K (s) yieldsanunstableclosed-loopsystem However,
whene < 0 weobtainasemi-propeunstablecontroller K whichmakestheclosed-loogransfer
function S stable.Fore = —0.001 we obtain||S(s)|| ., = 5.138 andby furtherdecreasinghe
valueof ¢, [|S(s)||,, approachethelowerbound5. At the sametime the unstablepole moves
10 0.

By usingstate-spac®{ . -controllerdesignmethodswe designanH . -optimalcontrollerK by
solving

min
K

[wﬁ((?(s)] Hoo with w, =107°
Note the small weightw, = 1072 on the input usage which in practicemeansthat we are
minimizing|| S(s)|| ., - We obtainastrictly properandunstablecontroller with: RHP-poleabout
4.08 - 10*, LHP-poleabout—4.59 - 107, LHP-zero—10 andsteady-statgain —1.2. This con-
troller is very similar to the controllerderived from Theorem4.4. The closed-loopsystemis
stableand|| S(s)||,, = 5.00.

We notethattheresultsby Youlaetal. (1974)do notapplyto theimpropercontrollersin 1) and3) since
theloop transferfunctionis not strictly proper As predictedby theresultsin (Youlaetal., 1974),the
only way to obtainclosed-loogstability with semi-propecontrollers,s to addanunstablenodein the
controllers.Furthermoreto getthe H ..-normcloseto the lower boundswe needto move instability
faroutin the RHP. In 2) theloop transferfunctionis strictly properandtheresultingoptimalcontroller
is unstableaspredictedby Youlaetal. (1974). We alsonotethatthethreecontrollersderived arevery
similar, they all have a LHP-zerofor s = —10 (which comesfrom G,,}) anda steady-statgainin the
rangefrom —1.2 to —7.8/6.2 ~ —1.258.
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4.5 Applications of lower bounds

The lower boundson || TV (s)||, and|[SV (s)||, in Theoremst.1 and4.2 canbe usedto
derive alarge numberof interestingandusefulbounds.

4.5.1 Boundsonimportant closed-looptransfer functions

Consideragainthe six transferfunctionsin (4.13),andthe weightedcomplementargensi-
tivity functionw,.T'. For simplicity we assuméhatwp, w,,, wWune, R andN have no zeros
andpolesin C,. (or have beernreplaceddy thestableminimumphasecounterpartsvith same
magnitude) FromTheoremgt.1and4.2 we obtain:

Output performance,referencetracking:

lwpSR(s)llo > max |wp(z)]- 1B, ()] [R(2)] (4.31)

~ RHP-zerosz; p

Output performance,disturbancerejection:

lwpSGa(s)lle > . max Jwp(z)] - B, (2)] - [(Ga)ms(25)] (4.32)

loo RHP-zerosz; p

Output performance,measuementnoiserejection:

lwpTN(8)ll > max Jwp(pi)|- B (pi)] - [N (pi) (4.33)
HP-polesp;
Input usage referencetracking:
lwuKSR(s)lle = waTGT'R(s)ll
. - _1 . . _1 . - .
> e (wu(p)] - |8 00)] |G (0o)] - [R@i)| - (4.34)

Input usage disturbancerejection:

|wy K SGa(s) lwu TG Ga(s) oo

> max Jwa(pi)| - 1B (0i)] - G (0i)] - [(Ga)ms (i) (4.35)

RHP-polesp;

oo

Input usage measuementnoiserejection:

lwnKSN(s)llo, = waTGT'N(s)ll,
> max u(p)| - [B7(p)] - [GRA(P)] - IN(pi)| (4.36)
HP-polesp;

REMARK. In theboundq4.34)—(4.36we canmake useof theidentity
1B (i) - |Grs (i) = |G (p)|

For examplewe get

IKS($)ll = ITG™ (8)llc > max G5 (ps)] (4.37)

°© ~ RHP-polesp;

whereG; is the“stable” versionof G (with the RHP-polesin C;. mirroredinto LHP). We madeuseof
thisboundin theintroductionandwe will useit in Chapter6.



78 CHAPTER4. PERFORMANCH.IMITATIONS FORUNSTABLE SISOPLANTS

Closed-loopsensitvity to plant uncertainty:

[wuneT(8)llog > . max [wane(pi)| - B (pi) (4.38)

©© ™ Rup-polesp;

Note thatwe mainly have inherentlimitations on (output) performancevhenthe planthas
RHP-zeros.The exceptionis for measurememoise,wheretherequiremenbf stabilizingan

unstablepole may give poor performance On the otherhand,all the boundson input usage
arecausedy the presencef RHP-poles. Thisis reasonablsincewe needactive useof the

inputin orderto stabilizethe plant. Thisis consideredn moredetailin the next section.

4.5.2 Implications for stabilization with boundedinputs

Our boundsnvolve the #H,-norm,andtheir large engineeringisefulnessnay not beimme-
diate. In thefollowing we will concentraten the boundsinvolving input usageandwe will
usethelowerboundgo derive andquantifythe conclusion:

e Boundednputscombinedwith disturbancesand noisemaymale stabilizationimpos-
sible

Theinput signalfor a onedegree-of-freedonf1-DoF) controllerdueto disturbancel, mea-
suremennoisen of magnitudeN andreference: of magnitudeR, is

u= KS(RF — Gqd — N7) (4.39)

Measurement noise. The transferfunction from normalizedmeasurememntoiser to the
inputw is KSN. Thenfrom (4.36)with w,, = 1

lullo = IKSN(s)llo > max B4 (pi)| - |G (i)] - [N (pi)| (4.40)

~  RHP-poles,p;
Thus,to have ||u|| , < 1 for||7||,, = 1, we mustrequire
|Gms(pi)| > |B;(pi)| - [N (p;)| for theworstcasepolep; (4.41)

(we have hereassumedhat N is minimumphase).Thatis:
¢ To keeptheinput magnitudelessthanone(||u||, < 1) wemustrequire thatthe plant
gainis larger thanthemeasuemenmnoiseat frequenciesorrespondingo theunstable
poles.
To betterunderstandhis statementye will make useof the interpretatiorof the H,,-norm
in termsof steady-statsinusoids.Considerthe casewhen||n|| ., = 1 andassumehatthe
lower boundin termsof ||u||, = ||[KSN(s)||, in (4.40)is largerthanone(i.e. (4.41)is
not satisfied).In this case no matterwhatlinearcontrollerwe design therewill alwaysbea
sinusoidahoisesignal

n(t) = Nmax Sin(wot), Nmax = |N(jwo)|
suchthattheresultinginputsignal

u(t) = Umax sin(wot + @)
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hasum.x > 1 (thevalueof ¢ is notof interesthere).For agivencontroller K, theworstcase
frequeny wy may be chosenasthe frequengy w where| K SN (jw)| hasits peakvalue,i.e.
[KSN(jwo)| = [[KSN(s)l|o-

Disturbances. Similar resultsasthosefor measurememoiseapply to disturbancest we
replaceN by G4. From(4.35)with w, = 1 we obtain

lulloo = 1KSGa(s)llo = max B (pi)] - [Gra(pi)| - (Gd)ms (i)l (4.42)

RHP-poles,p;
To have ||u||, < 1for||d||,, = 1 wemustrequire
|Gns(0:)| > 1B (0:)] - [(Ga)ms(pi)| for theworstcasepole p; (4.43)

Thatis:

¢ To keeptheinput magnitudelessthanone(||u|| ., < 1) wemustrequire thatthe plant
gain is larger thanthe gain of the disturbanceplant at frequenciexorrespondingo
theunstablepoles.

References. For referencechangesvith || 7| = 1, wefind thesamebound(4.42),but with
G4 replacedby R. However, the implicationsare lesssevere sincewe may choosenot to
follow the referencege.g. setR = 0). Also, in the caseof referencechangesve may use
a 2-DoF controller suchthatthe “burden” on the feedbackpart of the controller K is less.
Thisis discussedh Sectior4.7.

4.5.3 Examples

EXAMPLE 4.2. Theintentionwith this exampleis to shav the engineeringapplicationof the lower
boundon || KSN(s)| ., andto demonstratéhe useof Theoremd.3to find the feedbackcontroller K
which minimize|| KSN(s)||, . We consideithe unstableplant

1

G(s):s—p’ p>0

with RHP-pole at p. From (4.40)we have the following lower boundon the # ..-normof the transfer
functionfrom normalizedmeasuremenioisen to inputu (we assumehat N is minimumphase)

IKSN(s)|lo = |Gma(@)] - IN(p)|
InourcaseG~' = s — p, G5 (s) = s + p, Gms (p) = 2p, andthelower boundbecomes
I KSN(s)|lo = 2p- [N(p) (4.44)

The controllerwhich minimizes||T'V (s) ||, andachiesesthe bound(4.44)is givenin Theorem4.3.
Rewriting KSN = TG~ ' N andby usingV = G~' N we obtainV,s(s) = (s 4+ p)N(s), wherewe
have assumedV to be stableminimum phase.Furthermore. (s) = 1, By(s) = i7=. Thus,from
Theorem4.3we obtain

__2p-N(p) —SFp S
PO e ™ 0= (- )
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which gives

2p- N —
K(s) = 2N (=)
(s+p)N(s)—2p- N(p)
Remark It seemdik e this controllerhasa RHP-zerofor s = p, but thisis notthe casefor its minimal
realizationsince

(s+p) N(s)|,—,—2p N(p) =0
For the specialcasewhereN(s) is aconstantV(s) = N, we getthe proportionafeedbackcontroller

s+p—2p P

As anumericalexample letp = 10, then

1

Gs) =19

andwe musthave for ary stabilizingfeedbackcontroller K
[ KSN(s)llo = 20|N(p)|

Thuswith |[72]| , = 1 we will needexcessie inputs (||u||, > 1) if [N(p)| > |Gms(p)| = 0.05.
Assumethat N(s) = N(p) = 0.05, thenK (s) = 2p = 20. This controllergivesa “flat” frequeny
responsei,e. |KS(jw)| = 20, Yw. Thus,atary frequeny wo theclosed-loopesponsén u dueto

n(t) = 0.05sin(wot), is wu(t) =sin(wot + ) Yw

So,theinputu(t) oscillatesbetweent1. Theresponsén v andy dueton(t) = 0.05 sin(4¢) is shavn
in Figure4.3.

|
0 0.5 1 15 2 25 3 3.5 4 4.5 5
Time|[s]

Figure4.3: Closed-loopresponset input « andoutputy of the plantG, dueto n(t) = 0.05 sin(4t)
(dashed)with K = 20

ExAMPLE 4.3. In this examplewe considerdisturbanceejectionfor a plantwith oneRHP zeroand

pole.Let

G(s):gz:;, Ga(s) = kaG(s) with z=2, p=1
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We seethatthe disturbanceés of magnitudek; andentersattheinputof the plant. Notethat

k-kqgs+=z and Gr_ni:zs—i-p

(Gd)ms: Z S+p Es+z

Thefactorsinvolving theinteractionsetweerthe RHP zeroz andpolep become

_lz+pl _
|z —p|
andwe find thatpeakdn thesensitvity S andthecomplementargensitvity 7' lessthan3 areunavoid-

ablesince

3

1B, ()| = 1B ()|

|2 + p| |z +pl _
|z — pl |z — pl
SinceG hasa RHP-zero,we have aboundon the ‘H . -norm of the closed-loopransferfunctionfrom
disturbancel to outpute = y — r

15(s)llo = 3

=3 and |T(s)ll, >

|2+ p 2]k kdl

15Ga(e)llog 2 1B, ()] [(Gayme () = = 1 0

=21k - kq|

andfor ||d||, = 1, theoutpute will beunacceptablég||e||,, > 1) for |k - k4| > 0.5.

Similarly, sinceG hasa RHP-pole p we have a boundon the H ,-norm of the closed-looptransfer
functionfrom disturbancel to input«

1K SGa(s)llog > 1B (0)] - 1Gms ()] - |(Ga)ms (p)| = 251 - [kal = 3 |kal

|z—p|

andfor ||d||, = 1 theinputusagewill beunacceptablé||u|| > 1) when|kq| > 1/3.

EXAMPLE 4.4. In thisexamplewe look attheeffect of a RHP zeroandpolein G,. Let theplantbe

5
(10s+1)(s—1)

whereB, (s) = 1 sincethereis no RHP-zerosin G. We considetthethreedisturbances

kd kd
(s—1)(0.2s +1)’ (s+1)(0.2s+1)

ki(s —2)
(s+1)(0.2s+1)(s+2)
For disturbancel; we mustassumehattheunstableoleatp = 1 isthesameastheonein theplantG,
suchthatit canbe stabilizedusingfeedbackcontrol. Thereis no RHP-zeroin G, sowe have no lower
boundon || SG4x(s)|| ., - However, sinceG hasa RHP-polep thereis aboundon || K SGax (s)]| ., and
we find thatthe sameower boundappliesto all threedisturbances$k € {1, 2, 3}), since

kq
(s+1)(0.2s+1)

G(s) =

Gai(s) = Gaz2(s) =

and Ggs(s) =

(Gdl)ms = (GdQ)ms = (Gd3)ms =

We obtain

(10s+1)(s+1) kq
5 (s+1)(0.2s +1)|,_,

- 11
1K SGak(8)ll o > |Gz (0)||(Gar)ms ()| = = 5 |kl

Thus,for ||d||, = 1 andif werequire||u|| < 1 weneedto have |kq| < 2 =~ 0.55. In otherwords,
we may encounteexcessve plantinputs(for all controllers)if |kq| > 2 ~ 0.55.
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4.6 Stabilization with input saturation

Our resultsprovide tight lower boundsfor the requiredinput signalsfor an unstableplant.
Cantheseboundseusedo sayarnything aboutthepossibilityof stabilizinga plantwith con-
strainednputs(e.g. [u(t)| < 1, Vt)? Assumethatwe have found,from oneof thesebounds,
thatwe need||u||, > 1. Thatis, atsomefrequeny wo we needu(t) = tmax sin(wot), with
umax > 1. Will the systembecomeunstablan the casewhereinputis constrainedguchthat
lu(t)| < 1(vt)?

Unfortunately all our resultsarefor linear systemsandwe have not derivedary results
for this nonlineareffect of input saturation.Neverthelessfor simplelow ordersystemswve
find as expectedvery good agreemenbetweenour lower boundsand the actual stability
limit in systemswith input saturationIntuitively, this agreemenshouldbe goodif theinput
remainssaturatedor atime whichis longerthanaboutl /p, wherep is the RHP-pole.

4.6.1 Examples
EXAMPLE 4.2 CONTINUED. Consideragainthe plant

1
s—10

G(s) =

with the controller K = 20 which minimizes|| K SN (s)||, whenN is constant.With this controller
we get|K S(jw)| = 20, Yw, from whichwe know thatsinusoidaimeasurememoise

n(t) = no sin(wot)

causeaheinputto become
u(t) = 20no sin(wot + ¢)

for ary frequeng wqo. Thus,for ng = f - 0.05 we havethatu(t) = f sin(wot + ), andfor f > 1 the
plantinputwill exceed+1 in magnitude.The questionis: whathappensf the inputsareconstrained
to bewithin £1? Will the stability be maintainedVe will investigatethis numericallyby considering
threefrequencieswo = 1 [rad/s],wo = 10 [rad/s]andwe = 100 [rad/s].

First, Figure4.4 showvs theresponséo n(t) = 1.01 - 0.05sin(t) (wo = 1 [rad/s], f = 1.01). We
seethatthe plantbecomesinstabledueto the input saturation.Next, we considerw, = 10 [rad/s]. In
thiscasewe donotgetinstabilitywith f = 1.01 andwo = 10 [rad/s]. Wefind numericallythatwe need
to increasghe magnitudeof the sinusoidahoiseto aboutf = 1.29 to getinstability for this frequeng.
Figure4.5shavstheresponséo n(t) = 1.29 - 0.05sin(10¢) (w = 10 [rad/s]andf = 1.29). Finally,
asshawn in Figure 4.6, we getinstability with n(¢t) = 1.6 - 0.05sin(100¢) (w = 100 [rad/s] and
f=1.6).

We experiencethatwe have to increasehe magnitudeof the noisesomeavhatto getinstability for
sinusoidaimeasurementoisewith frequeng aroundthe bandwidthandhigher However, we arestill
within a factorof two for a large frequeng rangefor this particularplant. Measurementoiseusually
containsalarge rangeof frequencieswhich makesit evenmoreprobablethatoneloosestability of the
plantif thelowerboundsexceedgheallowableinputrange.

Notethatthecontrolsystemdesigneseldomwantstheinputto saturatavhenstabilizinganunsta-
ble plantdueto the possibilityof loosingstability. Soour“engineeringoounds”arereally applicablen
practicalcontrollerdesign.
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Figure4.4: Closed-loopresponsetinput« andoutputy of theplantG, duen(t) = 1.01 - 0.05 sin(t)

| w(h) I
b [
05F 4‘— Constrained ;, | |
- Uncon‘\straine\d \
| I |
0 & -~ L~ Sl
Sl
! |
\ ’ \
-0.5 | | 7
y(t) 1| \
\ | \
1 \ Y \ //\ T
0 0.5 1 1.5 2 2.5 3 35 4 4.5 5

Time[s]

Figure4.5: Closed-loopesponsatinputu andoutputy of theplantG, duen(t) = 1.29-0.05 sin(10t)

As afinal simulation,Figure4.7 shavs theclosed-loopesponselueto a stepof size1.01 - 0.05 in
n. (1% increaseaelative to the limit which causeu to exceed=+1). Thisinputsignalcanbeviewedas
consistingof infinite numberof frequenciesvith decreasingnagnitudewherethe steady-stateffectis
themostimportantandcanbeviewedasa slowly varyingsinusoidwith wy = 0 [rad/s]andamplitude

1.01 - 0.05. As canbeseenfrom thefigure,theunconstrainethputexceedsl slightly. Whentheinput
is constrainedo bewithin 1, stability of the plantis lost.

EXAMPLE 4.4 CONTINUED. Consideragainthe plant

5
© (10s+1)(s—1)
In the simulationsshawn in this example,we have usedthedisturbancelantG, = Gas
ki(s —2)
(s+1)(0.2s +1)(s+2)

However, it doesnotreallymatterwhich G4, oneusesgxceptthattheinitial responsemaybedifferent.
By usingTheoremd.3with V = G~ ' G4, we obtain:

G(s)

Ga(s) =

s—1 o k
Bz(s) = 1, Bp(s) = S—I-—l’ Gms(S) = (s—+—1)(108+1)’ (Gd)ms(s) = (8+1)(0(l_28_+_1)’
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Figure4.6: Closed-loopesponsatinputu andoutputy of theplantG, duen(t) = 1.6-0.05 sin(100¢),
(unconstrainethput not shawvn)
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Figure4.7: Closed-loopresponseat input « andoutputy of the plant G, dueto stepin measurement
noise,n(s) = 1.01- %28

kq 10s +1 11 550.2s +1 49 s+1
ms = T A e, 1 ms =— kg, P = T TAh a1 = —
Vis8) = Fgas 31 V@ =g ke Pl ==y and Q) =gy
TheH . -optimalcontrollerminimizing || K SG4(s) ||, becomes
49
Ko (s) = ﬁ(0.2s +1)(10s + 1)
which is not proper For k; = & the controller Ko resultsin || Ko SGa(s)||,, = 1, andwhen

kq = 0.55 > = (0.55 is the valueof k4 usedin the simulations)|| Koo SG4(s)||,, = 1.008. We
notethatthe spectenf K., SG4(jw) is flat (constant).To geta realizable(proper)controller we add
seconcrderdynamicsat high frequeng to obtainthe # .. -suboptimakontroller

Rools) = 49 (0.25 +1)(10s + 1)
Y11 (0.01s 4+ 1)2

(4.45)

TheH s.-normof theclosed-loonransferfunctionI~(OOSGd with kg = 0.55 is

| Koo SGa(s)|,, = 1.027, forw = 1.35 [rad/s].
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To comparewith a moretraditionalcontroller which emphasizetight controlat low frequencies,
we alsoconsidercontrollingtheplantG usingthefeedbaclkcontroller

_0.4-(10s+1)?
K@) = =015+

With this K the H . -normof the closed-loogransferfunction K. SG, for kg = 0.55 becomes

(4.46)

| KSGa(s)||,, =2.845, forw = 2.056 [rad/s].

The magnitudeof the closed-looptransferfunctions K o SG4 for Ko, given by (4.45)is shawn in
Figure4.8 togethemwith the magnitudeof K. SG, for K givenin (4.46). Fromthe figure we seethat

10

Magnitude

10 " " M| " " M| " " M| " " M|
10 10" 10° 10 10°
Frequeng [rad/s]

Figure4.8: Closed-loopransferfunctionsK SG, (solid) and K. SGyq (dashed)

forcing |[K SG4(jw)| to besmallatlow frequenciesresultsin a peakin the mediumfrequeng range
(compard K SG4(jw)| with | Ko SG4(jw)| in Figure4.8).

The non-linearconstrainechndthe linear unconstrainedesponseso the unit stepin disturbance
d usingthe suboptimal?{oo-controllerf(OO givenby (4.45)andthe controller K givenby (4.46),are
shawvn in Figures4.9and4.10. Fromthe simulationswe seethattheinput saturategit maybedifficult
to separatehe unconstrainednput from the constrainednput in Figure4.9, sincethe unconstrained
input only slightly exceeds—1), with the consequencéhat we loose stability of the plant for both
controllers.

4.7 Two degrees-of-freedomcontrol

In this sectionwe considerthe 2-DoF controllerwhere
u=Kir— Ky(y+n) (4.47)

(the1-DoF considereabove follows by settingK; = Ko = K). For a2-DoF controllerthe
closed-loopransferfunctionfrom referenceg to outputsz; = wp(y — r) becomes

wp(SGK, —1)R (4.48)

We thenhave thefollowing “special” lower boundon this transferfunction.



86 CHAPTER4. PERFORMANCH.IMITATIONS FORUNSTABLE SISOPLANTS

—— Constrained i
— — - Unconstrained

0 2 4 6 8 10 12 14 16 18 20
Time[s]

Figure 4.9: Responsef y andu dueto unit stepin disturbanced for constrained|u| < 1) and
unconstrainethputwith K., givenby (4.45)

4 T T T T T T T T T

—— Constrained
— — Unconstrained

Figure4.10: Responsef y andw« dueto unit stepin disturbancel for constrained|«| < 1) and
unconstraineéthputwith K givenby (4.46)

THEOREM 4.5. Considerthe Siso plantG with N, > 1 RHP-zewos z; and N, > 0 RHP-
polesp; € C,. Letthe performanceveightwp be minimumphaseand let (for simplicity)
R bestable Assumehatthe closed-loogransferfunctionwp(SGK; — 1)R is stable Then
thefollowing lowerboundon ||wp(SGK1 — 1)R(s)||,, applies:

loo

|lwp(SGK1 —1)R(s)|l > _ max |wp(z;)|- |Rm(2))] (4.49)

RHP-zerosz;

Thebound(4.49)is tight if the planthasoneRHP-zel0 z. Define
P(s) = B;(s) (1 — w;l(s)R;Ll(s)wp(z)Rm(z)) (4.50)

P is stablesincethe RHP-zeo for s = z in 1 — wp'(s)R;,' (s)wp(2) Rm(2) cancelsthe

RHP-polefor s = z in B, !(s), in aminimalrealizationof P(s). Onepair of contollers K;
and K, which achievethelowerbound(4.49)are givenby

K1 = B,(2)G,L(z)wp'(2) wp(s) P(s) (4.51)
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K, = Thecontoller givenin Theoem4.4, minimizing||lwpSG(s)||,,. (4.52)

REMARK 1. Thebound(4.49)is clearlyalower bound(bothfor 1-DoF and2-DoF controllers).The
importantfactis that (4.49) providesa tight lower boundfor a plantwith one RHP-zeroandwith the
2-DoF controllergivenin Theoremd.5.

REMARK 2. If wp is unstablethentheunstablemodesof wp appearsn K; andKs.

REMARK 3. It is worth notingthatwe achiese the 2-DoF controllerwhich minimize

lwp(SGK1 —1)R(s)||,

by first designinghefeedbaclkpart K> andthendesigninghefeedforwardpart K; takinginto account
K. In generalthiskind of separatioris notoptimal,but sincethesecontrollersachiese thelowerbound
it followsthatthereis no “loss” in this case.

The boundin (4.49) shouldbe comparedo the correspondindoundfor 1-DoOF controller
(4.31):
lwpSR(s)|le >  max |wp(z)] By (25)] - |Rm(25)] (4.53)

©© T RHP-zerosz; p

whereit is assumedhat R is stable. The fact that the lower bound (4.49) is tight when
the planthasone RHP-zeroand2-DoF controlleris applied,makesit possibleto conclude
that only the RHP-zero poselimitationsin this case. Thus, with a 2-DoOF controllerthere
is no additionalpenaltyfor having RHP-polesin G whenperformances measure@sz; =

wp(y — r). However, from (4.53)we seethatthe penaltyfor having botha RHP-zeroz; and
RHP-polesis | B, *(z;)| > 1 for a1-DoF controller

4.8 Discussion

Fromthelower boundson input usage(seeSection4.5.2)we caneasilyquantifyhow much
measurementoiseandthe magnitudeof disturbancewne cantolerateto avoid that the in-
put exceedssomeprespecifiedimits. We find this quantificationappealingandit shouldbe
usefulfor controlengineersloing practicalcontrol design.We thereforeusedthe term“en-
gineeringbounds’for thisapplicationof thelowerboundsn thesecondartof Example4.2.
Herewe will only stressthattheseboundsare of fundamentatheoreticalimportance and
they are(in mary cases}ight for the bestpossiblecontroller Sothe boundsareexact,i.e.
theseboundsarenotrulesof thumh

In the H,-controller designprocedure the H.,-norm of someweightedclosed-loop
transferfunctionis minimized. It hasbeenshavn that the resultingminimizationproblem
is a corvex problem,which canbe solved numericallyfor exampleby introducingLinear
Matrix InequalitiegLMI) or using-~y-iteration.

In this papemwe havelookedatsingleclosed-loopransferfunctionswhich canbewritten
asTV or SV. PracticalH.-controllerdesignsareusuallysetup asa stacledtransferfunc-
tion consistingof several closed-looptransferfunctions. Usuallythe sensitvity appearsasa
factorin oneor moreof the closed-loopransferfunctions,which is the origin to the name
“mixedsensitvity”. Thecontrollerdesignedwill thenreflectatrade-of betweerthedifferent
requirementgxpressedn eachof theclosed-loogransferfunctions.For example,it is com-
monto putweighton boththe outputperformancendinput usage This canbe expresseds
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in themixedS/K S H, controllerdesignwheretheproblemis to find thecontrollerK such

wpS
thatthe H ,.-normof [quS

] is minimized,i.e.
’pr
quS

Lowerandupperboundsonthe #,-normof themixed S/ K S sensitvity are

min
K

wy, KS(s
< V2 max{||wpS(s) |l » wuKS(s)l|,}

max{wpS(s)ll , lwaKS(s)ll} < H[“”’S H\

which shawvs that our individual lower boundson ||wpS(s)||., and||w,KS(s)|,, provide
usefulinformationalsofor practical* . -controllerdesigns.

In the~-iterationthe H ..-minimizationoverthe controller K is transformedo a corvex
minimization problemin the free variable~y, definedasthe #.,-norm of the closed-loop
transferfunctior?. Most packagebprovidesthey-iterationusingthe bisectionmethod.That
is, givena high anda low valueof v (upperandlower bound)anda stabilizingcontroller
thebisectionmethodis usedto iterateon the valueof ~. This“modern” controllersynthesis
shawvs one applicationof lower andupperboundson the H,-norm of generalclosed-loop
transferfunctions. Thelower boundsderivedin this papercanbe usedasthelow valueof ~
suppliedto the~y-iteration. This follows sincethe largestsingularvalueof a matrix is larger
thanthelargestelemenin thematrix. So,thelargestiowerboundontheH,-normof a Siso
transferfunctionin a stacked multivariabletransferfunctionmatrix, still is alowerboundon
theH .-normof the stacled closed-loogransferfunctionmatrixin question.

4.9 Conclusion

¢ We have derivedtight lowerboundson closed-loogransferfunctions.Theboundsare
independentf the controllerandthereforereflectsthe controllability of the plant.

e The boundsextend and generalizethe SIso resultshy Zames(1981), Doyle et al.
(1992) and Skogestadand Postlethvaite (1996) to also handlenon-minimumphase
andunstablaveights.This allows usto derive new lower boundsoninputusagedueto
disturbancesneasurememntoiseandreferencehanges.

e Thenew lowerboundsoninput usagemake it possibleto quantifythe minimuminput
usagefor stabilizationof unstableplantsin the presenceof worst casedisturbances,
measuremenmnioiseandreferencehanges.

e It is provedthatthelowerboundsaretight, by deriving analyticalexpressiongor con-
trollerswhich achieve anH,-norm of the closed-loogransferfunctionsequalto the
lower boundfor large classe®f systems.

3In MATLAB RotustControl Toolbox+y is theinverseof the . -normof the closed-loogransferfunction.
4SeeMATLAB, u-toolsor RolustControl Toolbox.
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e Theoremd.5expresseghebenefitof applyinga2-DoF controllercomparedoal-DoOF
controllerwhenthe plantis unstableandhasa RHP-zero.

e Theapplicationsof the lower boundshave beenillustratedandthe implicationshave
beenstudiedin several examples. Nonlinearsimulationshave beenusedto find the
amountof noiseanddisturbancesvhich, in combinationwith input constraintscause
loss of stability for unstableplants. The resultsshov good agreemenbetweenthis
amountof noise/disturbanceand the correspondingraluespredictedby the lower
boundsjn the examplesstudied.
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Appendix A Proofsof the results

A.1 Proofof Lemma4.1

Thefirstidentityin (4.11)follows sinceextractingRHpP-zerosin theproductA B in termsof theall-pass
filter B, (AB), doesnot changehe #,-norm. Thereasons thatB, (AB) is all-passfor s = jw. To
prove the latteridentity, assumed hasRHP-zeroswhich doesnot appeaiin the productA B, then B
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hasRHP-polesfor thoseRHP-zeros,andtheseRHpP-polescanbefactorizedasB, ' (B). Similarly, if B
hasRHP-zeroswhich doesnot appeaiin the productA B, then A hasRHP-polesfor thoseRHP-zeros,
andtheseRHP-polescanbefactorizedasB, ' (A). We obtain

AB = B, ' (A) B.(A) Aps B, ' (B) B.(B) Byns = 53;1(A) B.(A)B, ' (B) B.(B) Ams Bps

=B.(AB) =(AB)m

Since,AB is stablethen(AB),, = AnsBms, andit follows that
B, (A)B.(A)B, ' (B) B.(B) = B.(AB)

Note that, a minimal realizationof B, ' (A) B. (B) containsthe RHP-zerosof B which arenot RHP-
polesin A, anda minimal realizationof B, (A) B, *(B) containsthe RHP-zerosof A which arenot
RHP-polesin B. |

A.2 Proof of lower bounds on the H.-norm of closed-looptransfer
functions

Proofof Theoem4.2
1) Factor out RHP zerosand polesin S and V. Lemmad4.1gives

1SV ($)llee = [1Sms Vins () lloo = [|SmVins(s)

wherethelastequalityholdssincesS is stablej.e. Sys = Sm.
2) Intr oducethe stablescalarfunction f(s) = Sm(8)Vims(s).
3) Apply the maximum modulustheoremto f(s) at the RHP-zerosz; of G.

17(s)lloe 2 17 ()l

4) Resubstitutethe factorization of RHP-zerosin S, i.e. useSm(s) = S(s)B, '(s), where
B, (s) containghe RHP-polesof G, which dueto internalstability alsomustbe RHP-zerosof S.
This gives

F(z) = S(2)By " (21) Vims (27)
5) Usethe interpolation constraint (4.16)for RHP-zerosz; in G, i.e.useS(z;) = 1.
6) Evaluatethe lower bound.

1F ()l = 1By (z)] - [Vims (27)]

Notethat f(z;) is independenof thecontrollerK if V' isindependenof K.
Sincethesestepshold for all RHP-zerosz;, Theoremé.2follows. |

A.3 Proofof Theorems4.3and 4.4

Proofof Theoem4.3. Thetransferfunction P hasnopolesin C., sinceV,, 4 (s) hasnopolesin C, and
the remainingmatricesB; ! (p) and V... (p) arefinite constanmatrices.Furthermore] — B, (s) P(s)
hasa RHP-zerofor s = p, sinceP(p) = B; ' (p) sothatl — B, (p) P(p) = 0. It followsthataminimal
realizationof () hasno polesin C,, no RHP-zerofor s = p, but it might have RHP-zerosfor other
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values.Since andG,,,s hasnopolesin C, andP hasnozerosin C., it followsthat K hasnozeros
in C+. Weobtain

L(s) = GK(s)=B.(s) B, (s) Gms(s) Grs(s) P(s) Q7 (s)
T™' = 14+4L7"'=1+Q(s)P ' (s)Bp(s) B ' (s)
= 148, (s) (1 = B.(s)P(s)) P~ (s) By(s) B; ' (s) = P~ (s) B (s)
T(s) = B.(s)P(s) = B:(s) Bz (p) Vins (p) Vims (5)
TV(s) = B.(s) B (D) Vins(p) B-(V(5)) By (V(s))

It followsthatbothT andS =1 — T =1 — B.(s) P(s) = By(s) Q(s) hasnopolesin C,.. We note
thatT hasthesamezerosasG andit haszerosfor thepolesin V with realpartlessor equalto 0. Since,
the polesof V in C;., i.e. B, '(V), cancelagainstzerosin G, i.e. B. (s), it followsthatT'V is stable.
TheH-normof TV is

ITV ()]l = 1B (0)] - [Vins ()]
sinceB.(s) B.(V(s)) B, ' (V (s)) is all-passfor s = jw. Sincethevalueof || TV (s)||_, in (4.26)is
thesameasthelower bound(4.18),this controllerminimize || TV (s) || . - O

Proofof Theoem4.4. Thetransferfunction@ hasnopolesin C., sinceV,, . (s) hasnopolesin C; and
theremainingmatricesB, ' (z) andV;,(z) arefinite constanmatrices.Furthermore] — B,(s)Q(s)
hasa RHP-zerofor s = z, sinceQ(z) = B, *(z) sothatl — B,(2)Q(z) = 0. A minimalrealizationof
P hasnopolesin C, no RHP-zerofor s = z, but mighthave RHP-zerosfor othervalues.SinceG,,.,
P and@Q~! all have nopolesin C, it followsthat K hasno polesin C.. We obtain

S7'(s) = 14+GK(s)=1+B,"(5)B.(5) Gms(5)Gms(s)P(s) Q™' (s)
= 14B8,'(s) (1=Bp(s)Q(s)) Q7' (s) =B, () Q' (s)
S(s) = Q(s)By(s) = By ' (2) Vins(2) Vims (8) By (s)
SV(s) = By'(2) Vins(2) B-(V(5)) By ' (V(s)) Bp(s) (4.54)

It follows thatboth S andT =1 - S =1 — B,(s) Q(s) = B.(s) P(s) have nopolesin C;. The
zerosof S arethepolesof G andthepolesof V' with realpartlessor equalto 0. SV is stable sincethe
polesof V in C4, i.e. B, ' (V), cancelagainsthe zeros(polesof G in C.) in By(s). The Hoo-norm
of SV is

ISV ()l = 1By (2)] - [Vins ()]
sinceB, (s) B.(V(s)) B, ' (V(s)) is all-passfor s = jw. Sincethevalueof ||SV (s)]|_, in (4.30)is
thesameasthelower bound(4.19),this controllerminimize || SV (s) || . - ad

A.4 Proof of the resultsfor 2-DoOF control

Proofof Theoem4.5. We first prove thelower bound(4.49). FromLemma4.1we have

|lwp(SGK1 —1)R(s)||, = |lwp(SGK1 = 1)msRm(s)||

o0

sincewp is stableandminimumphaseandR is stable.Considethescalarfunctionf(s) = wp (SGK1—
1)ms Rm Whichis analytic(stable)in RHP sincethe closed-loosystenis stable.By applyingthemax-
imum modulustheoremto f(s) we get

lwp(SGK1 = V)msBm (5)lloo = [1F(8)loo 2 |£(25)]
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|7 ()| = lwp (SGK1 = D)m R |, = [wp (2j)(=1) R (25)| = [wr (2)] - [Rm (25)]
Thesecondequalityfollows sinceSG K1 musthave RHP-zerosfor s = z;, sinceG hasRHP-zerosfor
s = zj, andS andK; mustbestable(no RHP-polesin S or K to cancelthe RHP-zerosin G). It then
followsthat(SGK; — 1) hasno RHP-zerosfor s = z;.

Next, we prove thatthe controllersK; (4.51)and K> (4.52) givenin Theorem4.5, achiezesthe
lower boundfor the casewhenthe planthasoneRHP-zeroz. Considetthefactor

1 —wp' ()R (s)wp(2) R (2)

whichis stableandhasa RHP-zerofor s = z. It thenfollows thata minimal realizationof P(s) hasno
polesin C; andno RHP-zerofor s = z. Fromequation(4.54)in theproofof Theorem4.4we find that
wpSG with K = K (minimizing ||lwpSG(s)||,.) andV = wpG becomes

wpSG(s) =wp(2) B;l(z) Gms(2) B.(s)
With K1 = By(2) Gms(2) wp' (2) wp(s) P(s) we obtain

SGKi(s)—1 = B.(s)P(s)—1
= B.(s)B: ' (s) (1 —wp' (s)Rp (s)wp (2)Rim(2)) — 1
= —wp ()R (s)wr(2)Rin(2)
wp(SGK1(s) —1)R(s) = —=B,(R)wp(z)Rm(z)
wp(SGK1(s) — 1)R(s) is stablesinceB. (R) is stableandthe remainingmatricesareconstantWe

obtain
|lwp(SGK1(s) = 1)R(s) ||, = lwp(2)] - |Rm(2)|

Hence,K; and K> givenin (4.51)and(4.52)minimizesthe H ..-normof w,(SGK(s) — 1)R(s). O
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CHAPTERS. ACHIEVABLE H.,-PERFORMANCE..

Abstract

This paperexaminesthe limitations imposedby Right Half Plane(RHP) ze-
rosandpolesin multivariablefeedbacksystems.The mainresultis to provide
lower boundson ||[W XV (s)||,, whereX is S, S;, T or Ty (sensitvity and
complementargensitvity). Previously derivedlower boundsonthe # . -norm
of S andT arethusgeneralizedo the casewith matrix-valuedweights,includ-
ing boundsfor referencdrackinganddisturbanceejection. Furthermorenew
boundswhich quantify the minimum input usagefor stabilizationin the pres-
enceof measurementoiseanddisturbancesarederived. We find that output
performancas only limited if the planthasRHP-zeros. For a one degree-of-
freedom(1-DoF) controllerthe presencef RHP-polesfurther deterioratehe
responsewhereaghereis no additionalpenaltyfor having RHP-polesif we
useatwo deggrees-of-freedon(2-DoF) controller(wherethedisturbancend/or
referencesignal is measured).For large classesof plantswe prove that the
lowerboundgyivenaretight in thesensehatthereexist stablecontrollerswhich
achieve thesebounds.
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5.1 Intr oduction

It is well known thatthepresencef RHP zerosandpolesposefundamentalimitationsonthe
achievablecontrolperformanceThis wasquantifiedfor SIso systemdy Bode(1945)more
than50 yearsago,andmostcontrolengineerdfiave anintuitive feeling of the limitationsfor
scalarsystems RosenbrocKk1966;1970)wasoneof thefirst to point out thatmultivariable
RHP-zerosposesimilar limitations.

In Chapted we derivedtight lower boundson Singlelnput SingleOutput(SIso) closed-
loop transferfunctionsontheforms SV andT'V whenthe planthasRHP zerosand/orpoles.
Here S is the SIso sensitvity, T' is the SISO complementargensitvity andV may be ary
known rationaltransferfunction. In this papemwe extendtheseresultsto multivariableclosed-
loop transferfunctions.

Two factorswhich complicatethe MiM O resultscomparedo the Siso resultsare:

1) Zerosandpolesin MimMoO systemdave directions.

2) Theorderof multiplicationin multivariabletransferfunctionsmatter i.e. two multi-
variabletransferfunctionsdo notin generacommute.

The main resultsin the paperare lower boundson the H,-norm of closed-looptransfer
functionsonthefour formsW SV, WSV, WTV andWT;V, whereS is thesensitvity, T’
is the complementangensitvity, Sy is the input sensitvity, 77 is the input complementary
sensitvity, W andV aregeneraknown multivariabletransferfunctionmatrices.

The basisof our resultsis the importantwork by Zames(1981), who madeuseof the
interpolationconstrainty? S(z) = y2 andthe maximummodulustheorento derive bounds
on H.-normof S for plantswith one RHP-zero. The resultsby Zameswere generalized
to plantswith RHP-polesby Doyle et al. (1992)in the Siso case,and by Skogestadand
Postlethvaite (1996),Havre andSkogestad Chapter3) in theMimMo case.

In this papemwe extendthework of Zameq1981)andthework givenin Chapters3 and4,
andquantifythe fundamentalimitationsimposedoy RHP zerosandpolesin termsof lower
boundson the # ..-normof importantclosed-loopgransferfunctions. The main generaliza-
tion of thepreviousresultis thatfrom theresultsin this papemwe canderive lower boundson
‘H -normof otherclosed-loopransferfunctionsthansensitvity andcomplementargensi-
tivity. Furthet generalizationclude:

1) Multivariableweights.
2) Unstableandnon-minimumphaseweights.

A further motivation andthe basisfor deriving theseresults,are givenin Chapter4. One
importantapplicationof thelowerboundsjs thatwe canquantifytheminimumusageneeded
to stabilizean unstableplantin the presencef the “worst case”disturbancemeasurement
noiseandreferencechangedor the “best™ possiblecontroller

An additionalimportantcontritution of this paperis thatwe prove thatthelower bounds
aretight in a large numberof cases.Thatis, we give analyticalexpressiondor controllers

1In orderto accomplisHower boundson # . -normof generaklosed-loogransferfunctions,it wasnecessary
to generalizehe previousresultsto includemultivariable unstableandnon-minimumphaseweights.

2Thebestpossiblecontrollerin the sensehatthe controllerwhich minimizesthe H . -normof the closed-loop
transferfunctionfrom the disturbancesneasuremenioiseandreferencehangego theinputs.
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which achieve an’H .-normof the closed-looptransferfunctionwhich is equalto the lower
bound.

The outline of the paperis asfollows. First we give a brief introductionto zerosand
polesof multivariablesystems We introducefactorization®f RHP zerosandpoles,andwe
considerconstraintamposedby RHP zerosandpoleson sensitvity, complementargensi-
tivity, input sensitvity andinput complementangensitvity. Section5.3 containsthe main
contrikution of this paper which arethe lower boundson the H,-norm of large classef
closed-loogransferfunctions.Iln Sections.4we provethattheboundsnvolving thesensitv-
itiesaretightif the planthasoneRHP-zero,andthattheboundsnvolving thecomplementary
sensitvities aretight if the planthasone RHP-pole. Someapplicationsof the lower bounds
aregivenin Sections.5. Sections.6 containsa “special”’lowerbound(which doesnotfollow
from themainresults)on the closed-loogransferfunctionfrom referenceso outputsfor the
two degrees-of-freedor{2-DoF) controlconfiguration.Theproofsof theresultsaregivenin
SectionA.

Therestof this sectionwe devote to a brief review of the solutionto the H,-problem.
The H .-normwasintroducednto the controlliteratureby Zames(1981),wherehe mainly
focusedon the useof this normto obtaininsightinto theachiezableperformanceOur paper
providesacontinuatiorof thisline of researchHowever, mostof theresearclon A . -control
hasbeenfocusedon obtainingthe optimal controller K which minimizesthe H .,-norm of
agiventransferfunction. The earlyfrequeng-n approacheswolvedinterpolationtheoretic
methods. A state-spaceersionof this wasthe early work of Doyle (1984), which made
useof the Youla parameterizationf stabilizingcontroller interpolationconstraintsandco-
prime factorizationgo reducethe problemto a bestapproximationNehariproblem. This
approachs well describedy Francis(1987).Unfortunatelyit givescontrollersof very high
order andexplicit solutionsto some# ..-problemswhich gave controllersof much lower
order(e.g.Kwakernaak,1986),suggestethata moreelegantsolutionto thegeneraproblem
may exist. Indeed,a generalstate-spacsolutionwhich givesoptimal controllerswith the
sameorderasthe plantincludingweights,waspresentedby Doyle etal. (1989). Today the
state-spacsolutionto the H,-control problemcanbe foundin mary text books(e.g.Zhou
et al., 1996; Greenand Limebeey 1995). With the aim to prove tightnessof our bounds,
we derive H.-optimal controllersfor somespecialproblems.Thesecontrollersarederved
analyticallyby assuminghatthe optimal closed-loopransferfunctionsare constant func-
tions of frequeng, i.e. they areall-passtransferfunctions,which dueto internal stability
alsomustsatisfythe interpolationconstraintdor RHP zerosandpoles. The approachaken
in this paper is similar to the early interpolationtheoreticmethods seethe simpleanalytic
examplespresentedn Chapterl of GreenandLimebeer(1995),andit is alsorelatedto the
polynomialapproactof Kwakernaak(1986;1993;1996). We finally notethatanalyticalso-
lutionsto H .-optimalcontrollersto somespecialproblemsappearsn the controlliterature,
seefor exampletherobuststabilizationof a plantwith normalizedeft coprimefactorization

3Kwakernaak(1986:1993)namesghefactthatthelargestsingularvalueof the . -optimal closed-loogransfer
functionis constan{independentf frequeng) for “equalizingproperty” (thesolutionswhich resultsin closed-loop
transferfunctionson the forms A2 I arenamed‘equalizingsolutions”). Kwakernaakalsoprovesin the Siso case
thatthe H ~ -optimal controllerresultsin a constantargestsingularof the optimal closed-looptransferfunction,
whenthe H . -normof mixedsensitvity is minimized.
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(Skogestadand Postlethvaite, 1996, page376). An analyticalsolutionto the # .,-optimal
controllerfor this problemcanbefoundusinga descriptorsystemapproach{Safon, Lime-
beerandChiang,1989).

5.2 Elementsfrom linear systemtheory

We considelineartime invarianttransferfunctionmodelson the form
y(s) = G(s)u(s) + Ga(s)d(s) (5.1)

whereu is thevectorof manipulatednputs,d is thevectorof disturbanceandy is thevector
of outputs. We often omit to shav the dependencen the comple variables for transfer
functions. Whenwe refer to zerosand polesandtheir directions,we meanthe zerosand
polesof theplantG unlessotherwiseexplicitly stated.In orderto beableto stabilizethepair
(G, G4) we mustrequirethatall unstablepolesin G4 alsoarepolesin G.

The H.-normof a stablerationaltransferfunction matrix M (s) is definedasthe peak
valueoverall frequencie®f thelargestsingularvalueof M (jw)

IM(@)ll, 2 sup (M (je)) 52)

5.2.1 Zerosand polesin multivariable systems

Zerosand zero dir ections. Zerosof a systemarisewhencompetingeffects,internalto the
systemaresuchthatthe outputis zeroevenwhentheinputsandthe statesarenotidentically
zero.Herewe applythefollowing definitionof zeros(MacFarlaneandKarcanias,1976).

DEFINITION 5.1 (ZEROS). z; € Cis a zeo of G(s) if therankof G(z;) is lessthanthe
normalrankof G(s).

The normalrank of G(s) is definedasthe rank of G(s) atall s excepta finite numberof
singularitiegwhich arethe zeros).

DEFINITION 5.2 (ZERO DIRECTIONS). If G(s) hasazewo for s = z € C thenthere exist
non-zeo vectos, denotedthe input zemo directionu, € C™ andthe outputzeio direction
y, € C', suhthatuu, =1, yHy, = 1 and

G(z)u. = 0;  yHG(z) =0 (5.3)

For asystemG(s) with state-spacaaalization[%’%] , thezerosz of thesystemtheinput

zerodirectionsu, andthe stateinput zerovectorsz,; € C" (n is the numberof states)can
all becomputedrom thegeneralizeeigervalueproblem

A —sI B Lyi o 0
o ol 0
Similarly onecancomputethe zerosz andthe outputzerodirectionsy, from GT, seeSec-
tion 2.3for furtherdetails.
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Polesand poledir ections. Bode(1945)stateghatthe polesare thesingularpointsat which
thetransferfunctionfails to beanalytic In thiswork wereplacéefailsto beanalytic”with “is
infinite”, which certainlyimpliesthatthetransferfunctionis notanalytic Whenwe evaluaté
the transferfunction G(s) ats = p, G(p) is infinite in somedirectionsat the input andthe
output. Thisis the basisfor thefollowing definitionof inputandoutputpoledirections.

DEFINITION 5.3 (PoLE DIRECTIONS). If s = p € Cis adistinctpoleof G(s) thenthere

exist oneinput directionu,, € C™ and oneoutputdirectiony, € C' with infinite gain for
§s=p.
For asystemG(s) with minimalstate-spac&aalization[ g g

yp for adistinctpolep canbecomputedrom (Section2.4)
Up = Bpri/ ”Bpri“z ) Yp = Cpo/ [|Cpol|, (5.5)

wherez,; € C* andz,, € C* arethe eigervectorscorrespondindo the two eigervalue
problems

] thepoledirectionsu,, and

ng = pwg ; Azpo = pTpo
Note,thatthepoledirectionsarenormalizedj.e. ||u, ||, = 1 and||y,||, = 1. For thesale of
simplicity we will only considerdistinctpolesin this papey for computatioranddefinition

of poledirectionsin the casewhenthe polep is notdistinctreferto Chapter2.

5.2.2 All-passfactorizations of RHP zerosand poles

A transferfunction matrix B(s) is all-passif BT (—s)B(s) = I, which implies that all
singularvaluesof B(jw) areequalto one.
A rationaltransferfunction matrix M (s) with RHP-polesp; € C,, canbe factorized
eitherattheinput (subscript) or atthe output(subscrip) of M (s) asfollows®
M(s) = My; B (M(s));  M(s) = By, (M) Mio(s) (5.6)
M,;, My, — Stable(subscripts) versionsof M with the RHP-poles mirrored acrossthe
imaginaryaxis.
Bpi(M), B,o(M) — Stableall-passrationaltransferfunction matricescontainingthe RHP-
poles(subscriptp) of M asRHP-zeros.

Theall-pasdilters are(AppendixA)
N, 1
Byi(M(s)) = [[(I — B2 a,all); B (M(s)) = [] (I+22a,all) (5.7)

s+ p; “PiTp; s — Di
i=1 P i=N P

b}

1 P . N "
Bpo(M(s)) = T1 (1= 55500050 Bp (M(9)) = TI( + 52500 050) - (5-8)

4Strictly speakingthetransferfunctionG(s) cannot beevaluatedat s = p, sinceG/(s) is notanalyticats = p.

5Note that the notationon the all-passfactorizationsof RHP zerosand polesusedin this paperis reversed
comparedo the notationusedin (GreenandLimebeer 1995; Skogestadand Postlethvaite, 1996;Havre and Sko-
gestad1996). Thereasorfor this changeof notationis to getconsistentith whattheliteraturegenerallydefinesas
anall-pasdilter.
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B, (M) is obtainedby factorizingatthe outputoneRHP-pole atatime, startingwith

M= B ( )MP1O

P10

where
By L (M(s)) = I+ Zeled g, pit

andg,, = yp, Is theoutputpoledirectionof M for p;. This proceduremay be continued
to factorout p, from M, , whereg,, is the outputpoledirectionof M, , (which neednot
coincidewith y,,, the pole directiorf of M) andsoon. A similar proceduremay be used
to factorizethe polesat the input of M. Note that the sequenceayet reversedin the input
factorizationcomparedo the outputfactorization.

In a similar sequentiamanney the RHP-zeroscanbe factorizedeitherat the input or at
theoutputof M

M(s) = Mszzz(M(S))a M(S) = BZO(M)MmO(S) (59)

Mpniy Mo — Minimum phase(subscriptm) versionsof M with the RHP-zerosmirrored
acrosgheimaginaryaxis.

B.;(M), B,,(M) — Stableall-passrationaltransferfunction matricescontainingthe RHp-
zeros(subscriptz) of M.

We get(AppendixA)
B.i : Cg, afl), BIA(M(s) = [T (1 + 2Cida, af) (5.10
ZZ( ( )) H ( ZJ U’Zjuz]')’ 21 ( (8)) - ( + s$—2zj quUZj) ( ' )
J=N. 1=1
N,

z 1 . N N
B.o(M(s) = 11U - SR B (M) = 1+ 5E529.,95) (6.11)

Alternative all-passfactorizationsarein use,e.g. the innerouterfactorizationausedin
(Morari andZafiriou, 1989)which arethe sameas(5.10)and(5.11) exceptfor the multipli-
cationof a constanunitary matrix. Reasonsgor usingthefactorizationggivenhereare:

1) Thefactorizationof RHP-zerosgiven hereareanalyticandin termsof the zerosand
the zero directions,whereasthe innerouter factorizationsin (Morari and Zafiriou,
1989)aregivenin termsof the solutionto analgebraidRiccatiequation.

2) To factorizeRHP-polesusing the innerouter factorizationone needsto assumethat
G ! exist.

Someuseful properties. Assumethat M ! exists,then(AppendixA):

B.i(M) = Bpo(M_1)§ My = (M_l)_l (5.12)

SO

Bzo(M) = Bpi(M_l); Mo = (M_l)_'l (5.13)

S

8In fact: §ipy = By, 2 (M)|,_, . yp,. HereB| __ _meangherationaltransferfunctionmatrix 5(s) evaluated
b2 p1 §=poIP2 - $§=380 ) A . ; X
atthecomplex numbers = sg. Thus,it providesanalternatve to B(sg), andit will mainly beusedto avoid double
parenthesis.
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Repeatedactorization(AppendixA):

Bpi(By;H (M) = Byi(M); Bpo(Byy (M) = Bpo(M) (5.14)
B.i(B,i(M)) = B,i(M); B.o(B.o(M)) = B,o(M) (5.15)
B.i(Bpo(M)) = Bpo(M); B.o(Bpi(M)) = Bpi(M) (5.16)
Bpi(B,, (M)) = B,,(M); Bpo(B;H(M)) = B,;(M) (5.17)

Factorization of SIso systems. Factorization®f RHP zerosandpolesin SISO systemsan
befoundfrom the previous expressionsdy settingthe directionsequalto 1. Sincethe order
of multiplicationdoesnot matterin rationaltransferfunctions theinputandoutputfactoriza-
tionsareidentical. We thereforedrop the subscriptwhich distinguishthe input factorization
from the outputfactorization We obtainthewell known andwidely usedall-passfactors:

N, N,
T, _ 2Re(p;) 15— Di
B,(M(s = 1-— = 5.18
e R 1+ (5.18)
N N.
T 2Re(z;) 15— 2%
i=1 j=1

5.2.3 Closingthe loop

In this paperwe considerthe generakwo degrees-of-freedonf2-DoF) controlconfiguration
shavn in Figure5.1. In the figure the performanceveightsaregivenin dashedines. We

-
. N
: L -
| -
e 21
- F-=-=---- d--------- e > Wp k-
d=d ! ' oL -
|
| | Y
1
1 : Gd :
1 | .
r L ' i+ Ly mo7
_>R > K lu= G + Yy WT""Z>2'
ym[' Lo J
S N [ros

Figure5.1: Two degrees-of-freedomontrolconfiguration

have includedboth references and measurementoisen in additionto disturbanced as
externalinputs. Thethreematrices7,, R and N canbeviewedasweightsontheinputs,and
theinputsd, 7 andn arenormalizedn magnitude Normally, NV is diagonaland[N];; is the
inverseof signalto noiseratio. For mostpracticalpurposeswe canassumehat R and N are
stable.However, from atechnicalpoint of view it sufficesthatthe unstablenodesn N and
R canbestabilizedthroughtheinputsu. For thedisturbancelantG, we assumehatall the
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unstablemodesof G; alsoappearsn G (whichis requiredif the unstablemodesof G4 are
statecontrollablein w).

Thecontrollercanbedividedinto anegativefeedbaclpartfromy (K5) andafeedforward
partfromr (K)

u:Klr—Kgym:Klr—Kz(y—l—n) (520)
Theclosed-loogransferfunction £’ from
T 21 We(y —r)
v=|d to z=|2| = Wry
n 23 W,u
is
[WP(SGKl - IR WpSGy —WpTN '|
F(S) = WTSGKlR WTSGd —WTTN (5.21)
[ W,S1K1R —W,K25Gy —WqusNJ

wherethe sensitvity S, the complementarsensitvity 7" and the input sensitvity S; are
definedby

S £ (I+GKy)™ (5.22)

T £ I-S = GKy(I+GKy)™! (5.23)

S &2 (I+K.G)™! (5.24)
We alsodefinetheinputcomplementargensitvity

Tr 2 I-Sr = KyG(I + KyG)™* (5.25)

By settingK; = K5 in the above equationsthe one degree-of-freedon(1-DoF) control
configurationcanbeanalyzed.

5.2.4 Interpolation constraintson S, T', Sy and T

CONSTRAINT 5.1 (RHP-ZERO IN G). If G(s) hasa RHP-zeo at s = z with outputzeio
directiony,, thenfor internal stability of the feedbak systemthe following interpolation
constaintsmustapply

yHT(2) =0;  yHS(z)=yF (5.26)
Ty(2)u, = 0;  Si(2)u, = u, (5.27)
In words,(5.26)saysthatT musthave a RHP-zeroin the sameoutputdirectionasG andthat

S(z) hasaneigervalueof 1 with correspondindeft eigervectory,. In asimilarway 77 has
RHP-zerowith thesamenputdirectionasG.

CONSTRAINT 5.2 (RHP-POLE IN G). If G(s) hasa RHP-poleat s = p with outputdirection
yp, thenfor internal stability of the feedbak systenthe following interpolationconstaints
mustapply

S(p)yp = 0; T(p)yp =Yp (5.28)

ufSi(p) =0;  ul'Ti(p) = uff (5.29)
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The constraint(5.26) was first proved by Zames(1981), the proof of (5.28) is given in
(SkogestachndPostlethvaite, 1996). The proofsof (5.26)and(5.28)aregivenin SectionA
in Chapter3. Theproofsof (5.27)and(5.29)follow similarly andaregivenin SectionA.

Similar constraintsalsoapplyto S, T, Sy andT; whenthefeedbackcontrollerhasRHpP-
zerosandRHP-poles.

5.3 Lower boundsonthe H .-norm of closed-looptransfer
functions

In this sectionwe derive generalower boundsonthe# .-normof closed-loogransferfunc-
tionswhenthe plant G hasoneor more RHP zerosand/orpoles,by usingtheinterpolation
constraintsandthe maximummodulusprinciple. The boundsareapplicableto closed-loop
transferfunctionson theform

W(s)X(s)V(s) (5.30)
whereX maybe S, T, S; or T;. Theideais to derive lower boundson |[WXV (s)]||_,
which areindependenof the controller K. In generalwe assumehatW XV is stable.The
“weights” W andV mustbeindependentf K. They maybeunstablebutit mustbepossible
to stabilizeall transferfunctionsthroughthe outputs.Thisimpliesthatthe unstablenodesof
W andV alsoappeain L = GK>. Otherwisethesystemis not stabilizable Theresultsare
statedn termsof four theorems.

Theorems5.1 and 5.2 provide lower boundson the H,-norm of closed-looptransfer
functionson the forms WSV and WS;V causedby one or more RHP-zerosin G. By
maximizing over all RHP-zeros, we find the largestlower boundson ||W SV (s)|, and
WSV (s)||, Whichtakesinto accounibneRHP-zeroandall RHP-polesin theplant.

THEOREM 5.1 (LOWER BOUND ON [[W SV (s)[| ). ConsideraplantG with N, > 1 RHP-
zewos z;, outputdirectionsy,, and N, > 0 RHP-polesp; € C,. LetW andV berational
transferfunctionmatricesandassumehat W hasno RHP-polesat locationscorresponding
to RHP polesor zeosin G. Assumeéhat the closed-loopransferfunction WSV is (inter-
nally) stable Thenthefollowing lowerboundon || W SV (s)|| ., applies:

IWSV($)llo > max — [[Wino(2) 4z, ll5 - 1921 VB (Byo(G) V), [l (5.31)

RHP-zerosz; in G g

Proof. The main stepsin the proof of (5.31) aregivenin Section5.3.1. For a detailedproof see
SectionA.

THEOREM 5.2 (LOWER BOUND ON [[W SV (s)|l). Considera plant G with N, > 1
RHP-zeos z;, input directionsu,; and N, > 0 RHP-polesp; € C,. LetW andV be
rational transferfunctionmatrices,andassumehat V- hasno RHP-polesat locationscorre-
spondingto RHP polesor zeosin G. Assumehat the closed-loopransferfunctionW .S;V
is (internally) stable Thenthefollowinglower boundon ||[W S;V (s)||, applies:

WSV (s)lloo > . max B (WBy(G) W, uz, lly - 1] Vini () Il

" RHP-zerosz; inG J

(5.32)
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Theorems5.3 and 5.4 provide lower boundson the #,-norm of closed-looptransfer
functionson the forms WT'V and WT;V causedoy oneor more RHP-polesin G. Then
by maximizingover all RHP-poles,we find the largestlower boundson [WT'V (s)|| , and
|\WTrV(s)||,, whichtakesinto accounibneRHP-pole andall RHP-zerosin theplant.

THEOREM 5.3 (LOWER BOUNDS ON ||[WTV(s)|, ). Considera plant G with N, > 1
RHP-polesp;, outputdirectionsy,, and N, > 0 RHP-zeos z; € C.. LetW andV be
rational transferfunctionmatrices,andassumehat V' hasno RHP-polesat locationscorre-
spondingo RHP zeosor polesin G. Assumeéhatthe closed-loogransferfunctionW TV is
(internally) stable Thenthefollowinglower boundon ||[WTV (s)||., applies:

IWTV ($)lloe > . max B (WB.o(G) W _, up,

" RHP-polesp; in G

o NYp Vi (0i) |l
(5.33)

THEOREM 5.4 (LOWER BOUNDS ON [[WT;V(s)||,). Considera plant G with N, > 1
RHP-polesp;, input directionsu,,, and N, > 0 RHP-zeos z; € C,. LetW andV be
rationaltransferfunctionmatricesandassumehat W hasno RHP-polesat locationscorre-
spondingto RHP zeosor polesin G. Assumehat the closed-loogransferfunctionW TV
is (internally) stable Thenthefollowinglower boundon ||[WT;V (s)||., applies:

IWTTV ()l > max  [[Wino(pi) up,

" RHP-poles,p; inG

2+ lup, VB (Bei(G) V)|

2
(5.34)

S§=Ppi

Remarkson Theorems$.1-5.4:

1) The somavhatmessynotationcaneasilybe interpreted.As an exampletake the last
factor of (5.31): Factorizethe RHP-poles at the outputof G into an all-passfilter
Bpo(G) (yields RHP-zeros),multiply on the right with V' (may add RHP-zerosif V'
IS non-minimumphase)thenfactorizeat the input the RHP-zerosof the productinto
anall-pasgransferfunction,take its inverse multiply ontheleft with yg V andfinally
evaluatetheresultfor s = z;.

2) Thelower bounds(5.31)—(5.34)areindependenof the feedbackcontroller K, if the
weightsW andV areindependentf K.

3) Theinternalstability assumptioron the closed-loopransferfunctionsW XV, where
X € {8, Sy, T, T;}, meansthat W XV are stable,andwe have no RHP pole/zero
cancellation®etweertheplantG andthefeedbackcontroller Ks.

4) For internal stability, the only way to stabilize unstablemodesis to apply feedback
control. For the closed-loopransferfunctionsiW SV andW SV, thisimpliesthatall
the unstablepolesin W andV mustappearas RHP-zerosin S and Sy (to cancelthe
unstablepolesin W and V), which in turn impliesthat the loop transferfunctionsL
and L; have RHP-poleswith correspondinglirections. For the closed-looptransfer
functionsWTV andWT;V, we needRHP-zerosin T and T to cancelthe unstable
modesn W andV/, whichin turnimpliesRHP-zerosin L and L with corresponding
directions.
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5) Thefollowing requirement®n W andV follow from the requiremenbf internalsta-
bility (andarethereforenotexplicitly statedn theabove theorems):

a) Implicit requirementsn Theorem5.1. If the plant G has RHP-zerosz; with
outputdirectionsy. , theninternalstability of W .SV implies:

i) W cannothave RHP-polesfor s = z; with inputdirectionsy,, .

ii) V cannothave RHP-polesfor s = z; with outputdirectionsy,; .
Proofof ai). AssumethatW hasa RHP-polefor s = z; with inputdirectiony. . In order
to cancelthe polein W, K> musthave a RHP-polefor s = z; with inputdirectiony. ;,
andfor internalstability we cannot allow G to have azeros = z; with outputdirection
Yy, . Theproofof aii) is similar. O

b) Implicit requirementsn Theorenb.2. If theplantG hasRHP-zerosz; with input
directionsu,,, theninternalstability of W.S;V implies:

i) W cannothave RHP-polesfor s = z; with inputdirectionsu,,; .
ii) V cannothave RHP-polesfor s = z; with outputdirectionsu,; .

c) Implicit requirementsn Theorem5.3. If the plant G has RHP-polesp; with
outputdirectionsy,, , theninternalstability of WT'V implies:

i) W cannothave RHP-polesfor s = p; with inputdirectionsy,, .
i) V cannot have RHP-polesfor s = p; with outputdirectionsy,, .

d) Implicit requirementsn Theorenb.4. If theplantG hasRHP-polesp; with input
directionsu,, , theninternalstability of W17V implies:

i) W cannothave RHP-polesfor s = p; with inputdirectionsu,,, .
i) V cannot have RHP-polesfor s = p; with outputdirectionsu,,, .

6) In additionto the above implicit requirementon W and V', we have in eachof the
aboretheoremsnadditionalassumptioronthe RHP-polesin W or V. Thisadditional
assumptiotis aresultof splittingthetransferfunctionsinto two partswhenderving the
boundse.g. WSV is splitinto W andSV etc. In ary casetheadditionalassumption
isin practicenotrestrictve, sincewhentheassumptioris notfulfilled we cangenerally
rewrite thetransferfunctionandapplyanotheitheoremnstead.

ExXAMPLE 5.1. Considerderiving a boundon H.-norm of the closed-looptransferfunction
K>5G, (input usagedueto disturbances)We canusetherelation K. SGy = G~'TG4 and
apply Theorem5.3with W = G~ andV = Gy, but we mustassumehat G4 is stable
However, we canusetherelation K, SGy = TrG~'G4 andapply Theorem5.4 with W = T
andV = G~'G4, andin this casewe canalsoallow G4 to beunstable

5.3.1 Main stepsin the proof of Theorem5.1

To provide somemoreinsightto theresults,we give the mainstepsin the proof of the lower
bound(5.31)on||W SV (s)||, . Themainstepsn theproofof thelowerboundq5.32)—(5.34)
aresimilar.

1) Factor out RHP zerosin W SV to obtain (W SV ).
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(a) Factorout RHP-zerosof S dueto RHP-polesin G attheinputof S.
(b) Factorout RHP zerosof B,;(G)V attheinputof WSV
(c) FactoroutRHP zerosof W attheoutputof W SV.

Note, make surethatno RHP-zerosin S dueto polesin G, which cancelRHP-polesin V' and
W, arefactorized:

1) We avoid factorizingRHpP-zerosin S which cancelpolesin V', by factorizingthe zerosof
Buo(G) V.

2) With the assumptioron the polesin Theorem5.1 we avoid factorizingRHP-zerosin S
which cancelpolesin .

2) Intr oducethe stable scalar function f(s) on the minimum phaseversion (W SV),, of
WSV.

3) Apply the maximum modulustheoremto f(s) at the RHP-zerosof G.
4) Resubstitutethe factorization of RHP-zerosin S.
5) Usethe interpolation constraint for RHP-zerosin G.

6) Evaluatethe lower bound.

5.3.2 Someimportant specialcases

G hasno RHP-poles. ThenB,,(G) = I, B,;(G) = I and(5.31)and(5.32)become

IWSV(s)llo > . max — [[Wino(23) s Il - 1921 Vini (25) |5 (5.35)

" RHP-zerosz; in G

WSVl > - max [ Wino(z) us; - [u Vi), (5.36)

RHP-zerosz; in G

Theseboundsquantifytheeffectof RHP-zerosin theplantG ontheclosed-loogperformance.
Note, if oneor both of theweightsWW andV areunstablethenthe feedbackcontroller K
mustbeunstablgo stabilizeW SV andW S;V'.

G hasno RHP-zeros. ThenB,,(G) = I andB,;(G) = I, and(5.33)and(5.34)become

IWTV ($)lloo 2> max  [|[Wio(Di) yp,

~ RHP-poles,p; in G

IWTiV(s)llew = max  |[Wino(pi) up,

RHP-polesp; in G

o - 192 Vini (i) |l (5.37)

o Ul Vi (), (5.38)

Theseboundsguantifythe effect of RHP-polesin the plantG onthe performanceNotethat
the weightsW and V' may containRHP-zeros. This is importantwhen consideringinput
usagesinceKS = G~ T = T;G~! whereG~! hasoneor more RHP-zeroswhenG is
unstable.If theweightsW andV areunstablethenthe feedbackcontroller K5 musthave
RHP-zerosto stabilizeW TV andWT;V.
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Scalarweightswith no polesin C.. Forthecasewith ascalainputweightV (s) = v(s)-1
with nopolesin C, , thenthelasttermsin (5.31)and(5.34)become

VB (Bpo(G)V) = vy B HG) (5.39)

2zt p
VB (B.i(G)V) = wvwnB;'(G) (5.40)

Proofof (5.39)—(5.40) To prove (5.39)we look at

Bpo(G)V = vByo(G) = vm B, (v)Bpo (G)

We obtain
B.i(Bpo(G) V) = B. (v)Bpo (G)
and
VB (Bpo(G) V) = v B (v) By (G) = vm By (G)
————
Theproofof (5.40)follows similarly. O

Similarly, with a scalaroutputweightW = w(s) - I with nopolesin C,, thetwo first terms
of (5.32)and(5.33)become

B (WBp(G)W = wnB,'(G) (5.41)
B l(WB,,(G)YW = w,B,,(G) (5.42)

Thus, for the casewhereboth weightsare scalarwith no polesin C,, the bounds(5.31)—
(5.34)become

. - . - H _1

losvo(s)lle 2 max ()] [va()] - V2B (@lims s (5:43)
. . . . _1

loSa(@)lle = max ()] o) - 1B (Ol uss s (5.44)
. - . - _1

[wTo(s)ll > | max w0 - o (00) - 1BZHG) i ll, (5:45)

lwTro@)lle > max fwn(o)] -l @) - [WIBZHG)|,_,ll,  (5.46)

RHP-polesp; in G

5.4 Tightnessof lower bounds

Theoremss.1to 5.4 provide lower boundson || W XV (s) ||, whereX € {S, S;, T, Tr}.

The questionis whethertheseboundsaretight, meaningthat thereexist controllerswhich

achieve thesebounds?The answeris “yes” if thereis only one RHP-zeroor one RHP-pole.
Specifically we find thatthe boundson ||IW SV (s)||,, and ||WS:V (s)||,, aretight if the
plantG hasoneRHP-zeroandary numberof RHP-poles. Similarly, we find thatthe bounds
on |[WTV(s)| ., and||WTiV(s)||,, aretightif the plantG hasone RHP-pole and ary

numberof RHP-zeros. We prove tightnessof the lower boundsby constructingcontrollers
which achieve the bounds.
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THEOREM 5.5 (CONTROLLER WHICH MINIMIZES || WSV (s)]|,.). ConsideraplantG with
one RHP-zeo z, outputdirectiony,, and N, > 0 RHP-polesp;, € C,. LetW andV
be rational transferfunction matrices,and assumehat W hasno RHP-polesat locations
correspondingo RHP polesor zeosin G. A feedbak controller which stabilizesW SV, is
givenby

K»(s) = Gyno(s) P(s) Q7 (5) (5.47)

whele
sz Mmi(2) M5 (s) (5.48)

P(s) = B_l(GSO) (I_Bpo(G) Q) (5.49)

zZ0

Vo = yzyf'i'ngOU({{ and Mmi(s) = (Bpo(G) V(s))mi

mo

Q(s) = Wio(s) Wino(2) Vo By (G))|

whete the columnsof thematrix Uy € R* (=1 togetherwith y, formsan orthonormalbasis
for R' andk, is anyconstant.P(s) is stablesincethe RHP-zeo for s = z in I — B,,(G) Q
cancelsthe RHP-pole for s = z in B} (G,,), in a minimal realizationof P. With this
contoller wehave

Jm (WS ($)og = | Wino2) il - 9V B (Bo( @) V)il (5.50)

FromTheorenb.5it followsthatthebound(5.31)is tight whenthe planthasoneRHP-zero.
In (Chen,1993;Chen,1995)the following lower boundon || S(s) |, for aplantG with
oneRHP-zeroz andoneRHP-pole p, is presented

2
[EIG] (= eQ<z>/”\/sin2 2 (Yp,yz) + :Z _ﬁ: c0s? Z(yp, y-) (5.51)
where
x+jy+z 9 _ )
Vel S (x + dxdy >0
// p— 0g 0 (Sm (z + jy))dzdy

This boundcorrespondﬁotheboundglvenln Corollary3.1andthebound(5.31)with W = I
andV = I, whenthefactore®?)/™ = 1,i.e. Q(z) = 0. By applying Theorem5.5 with
W = I andV = I, we canfind a stablefeedbackcontroller K, which stabilizesG and
achizesan?,-normof S equalto thelower bound(5.51)with Q(z) = 0. We have hereby
provedthat@(z) = 0 for the controllerminimizing ||S(s)||.,. Thatis, our lower boundon
|1S(s)],, presentedn Chapter3 andthe bound(5.31)with W = I andV = I, is tight.
Thefactor()(z) takesinto accounthefactthatthesingularvaluesof S(jw) aresubharmonic
functions,i.e. they arein generalnot analytic This follows sincethe singularvaluesmay
crosseachother For the controllerminimizing H..-normof S, noneof the singularvalues
0;(S(jw)) < (S(jw)) becomehelargestsingularvaluefor ary frequeng. Thus,s (S(jw))
is ananalyticfunction (harmonic)andit followsthat@(z) = 0.

THEOREM 5.6 (CONTROLLER WHICH MINIMIZES ||[W SV (s)|,). Considera plant G
with one RHP-zeo z, input directionu,, and N, > 0 RHP-polesp; € C;. Let W and
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V berational transferfunctionmatrices,and assumehat V' hasno RHP-polesat locations
correspondingo RHP polesor zewosin G. A feedbak controller which stabilizesiW S;V/, is
givenby

Ks(s) = Q71(s) P(s) Gopi(s) (5.52)

whee
Q(s) = Mpyo(s) Mmo(2) B (G) =, Vo Vini(2) Vi (5) (5.53)
P(s) = (I-QBy(G)B;!(Gsi) (5.54)

Vo = uu +B2UUE and M,.(s) = (W(s) Bpi(G))mo

whee the columnsof the matrix U, € R™*{m—1) togetherwith «, formsan orthonormal
basisfor R™ and kg is any constant. P(s) is stablesincethe RHP-zeo for s = z in I —
QB,i(G) cancelsthe RHP-polefor s = z in B,;'(G;), in a minimalrealizationof P. Wth
this contoller wehave

Jm [ WSTV($) o = 1B (W Bus(@) W, wslly - uff Vi), (5.55)

FromTheorenb.6it followsthatthe bound(5.32)is tight whenthe planthasoneRHP-zero.

THEOREM 5.7 (CONTROLLER WHICH MINIMIZES ||WTV (s)|.). ConsidefaplantG with
one RHP-pole p, outputdirectiony,, and N, > 0 RHP-zeos z; € C,.. LetW andV
be rational transferfunction matrices,and assumethat V' hasno RHP-polesat locations
correspondingo RHP zesor polesin G. A feedbak contoller which stabilizesW TV, is
givenby

Ka(s) = Grso(s) Q7H(s) P(s) (5.56)
whee
P(s) = M.0(s) Myno(p) B, (G)|4—p Vo Vini(p) Vimi (5) (5.57)
Q(s) = (I —PB.(G)) By, (Gmo) (5.58)
Vo = ypyl +kKUUS and Myo(s) = (W(s) B.o(G))mo

whete the columnsof thematrix U € R*(—1) togetherwith yp formsan orthonormalbasis
for Rl and k is any constant.QQ(s) is stablesincethe RHP-zeo for s = pin I — PB,,(G)
cancelsthe RHP-pole for s = p in B, ' (Gm,), in @ minimal realizationof Q. With this
contoller wehave

g [[WIV(s)lloe = 1B20' (W B2o(G)) W,y tpls - 1195 Vini ()l (5.59)
FromTheorenb.7it followsthatthe bound(5.33)is tight whenthe planthasoneRHP-pole.

THEOREM 5.8 (CONTROLLER WHICH MINIMIZES ||[WT;V (s)|). Considera plant G
with one RHP-pole p, input directionu,, and N, > 0 RHP-zeos z; € C,.. LetW andV
be rational transferfunction matrices,and assumehat W hasno RHP-polesat locations
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correspondingo RHP zeosor polesin G. A feedbak controller which stabilizesW TV, is
givenby

Ks(s) = P(s) Q7' (s) Gpi(s) (5.60)
whee
P(s) = Wya(s) Wino(p) Vo B;(G) | ,—p Mmi(p) M} (5) (5.61)
Q(s) = By (Gmi) (I - B.i(G) P) (5.62)
Vo = wpul +k3UoUs" and Mpi(s) = (Bi(G) V)mi

whee the columnsof the matrix Uy € R™*(™~1) togetherwith u, formsan orthonormal
basisfor R™ and kg is any constant.Q(s) is stablesincethe RHp-zewo for s = pin I —
B.;(G) P cancelghe RHP-polefor s = pin Bp_il(Gmi), in a minimalrealizationof . Wth
this controller wehave

Jim (IWTV($) |, = [Wo(p) wplly - (W VEZ B @) V), (563)

FromTheorenb.8it followsthatthe bound(5.34)is tight whenthe planthasoneRHP-pole.

5.5 Applications of lower bounds

The lower boundson ||W XV (s)]|, in Theorems5.1 and5.4 canbe usedto derive a large
numberof interestingandusefulbounds.

5.5.1 Output performance

Thepreviously derivedboundsn termsof the# .-normsof S andT givenin (Zames,1981;
SkogestadandPostlethvaite, 1996)andin (Chapter3) follow easily andfurthergeneraliza-
tions involving output performancecanbe derived. Herewe assumehat the performance
weightsWp andWr arestableandminimumphase.

Weightedsensitvity, WpS. SelectW = Wp, V = I, andapplythebound(5.31)to obtain
IWpS(s)llo > max  [[Wp(2) ys; |y - 195 Bpo (G) o=, |l (5.64)

" RHP-zerosz;

Note, this generalizeshe previously found boundsto the casewith a matrix valuedweight.
For thespecialcaselWp = I, we derive

15(s)llo > _ max [y} B, (G)]

©© T RHP-zerosz;

>1 (5.65)

s=zllz =

Weighted complementary sensitvity, WrT'. SelectW = Wrp, V = I, andapply the
bound(5.33)to obtain

IWaT(s)llye > | max (1B (WrBao(G) Wl oy, (5.66)
For thespecialcaseWr(s) = I, we derive
IT()lloo > . max [BZHG)|,_pUpll, > 1 (5.67)

RHP-poles,p;
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Disturbancerejection. SelectW = Wp, V = G4, andapplythebound(5.31)to obtain

IWpSGa(s)llo > max [|Wp(z;) y 5 - vz Ga Bz (Byo(G) Ga)

~ RHP-zeros;z; %

(5.68)

S:Zj||2
Referencetracking. SelectW = Wp, V = R, andapplythebound(5.31)to obtain

IWpSR(s) e > - max  [[Wp(z) us, ll, - |9 RBL (Bpol(G) B) o I, (5.69)

~ RHP-zerosz;

Note, we canalsolook at the combinedeffect of disturbancesindreferencedy selecting
V=[Gs R]

Measurementnoiserejection. Select = Wp, V. = N, andapply the bound(5.33)to
obtain

IWpTN($) g > max (B2 (WpBao(G) Weloeyp 1y - 19 Nuss(pi)l, - (5.70)

©© = RHuP-polesp;
wherewe mustassumehat N hasno RHP-polescorrespondingo RHP zerosor polesin G.
Normally N is stable.

5.5.2 Input usage

The above provide generalization®f previous results,but we can also derive somenew
boundsin termsof inputusagegrom Theorems$.3and5.4. Thesenew boundsprovide very
interestinginsights, for example,into the possibility of stabilizing an unstableplant with
inputsof boundedmagnitude.

Thebasisof thesenew boundss to notethatthetransferfunctionfrom the outputsto the
inputs,K»S, canberewrittenasK,S = T:G~! or K25 = G~'T. WhendG is unstableG—!
hasoneor moreRHP-zeros,soit is importantthattheboundsn Theoremb.4 canhandlethe
casewhenV = G~! hasRHP-zeros.Otherwise G~! evaluatedat the pole of G, would be
zeroin acertaindirection,andwe would not derive ary usefulbounds.Herewe assumehat
theweightW,, ontheinputw is stableandminimumphase.

Someexamplesof boundsnvolving theinput magnitudeare(seeFigure5.1).

Disturbancerejection. Apply theequalityK,S = T;G~ !, selectW = W,V = G~1Gy,
andusethebound(5.34)to obtain

[WuK25Ga(s)lloo > max —||Wa(pi) up,

" RHP-poles,p;

I G GaB L (Gt Ga)l o Ml (5.71)

wherewe have usedtheidentity B,,(G) G~ = G}

Referencetracking. Apply theequalityK,S = TrG~1, selectW = W,V = G~'R, and
usethebound(5.34)to obtain

[WuK2SR(s)|loo > max —[[Wy(pi) up,

" RHP-poles,p;

o WG RBHGIR) |, I, (5.72)
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Measurement noiserejection. Apply theequalityK,S = T;G~1, selectW = W,V =
G~!N, andusethebound(5.34)to obtain
IWuK>SN(5)llo > max [[Wa(pi) up [l - [lup; G NBHGLiN) |, [l (5.73)
HP-poles,p;

Note,we canalsolook at the combinedeffect of the threeabove by using(5.34)with W =
W,andV=G"'[G4 R N].

Simplified lower boundon || K25 (s)||... Twousefulsimplifiedlowerboundson|| K2S(s) ||
(which will be usedin Chapter6) caneasilybe derved. First, apply the equality K»S =
TG~ 1, selectW = I,V = G}, andusethebound(5.34)to obtain

> H~—1 -1 -1 — H~—1 )
||KZS(5)||oo = RHPI-IF}gi)e(S,pi ”usz Bzz (Gm'l,)|s:pi||2 ||U’ iGso s=p;l12 (5 74)
wherethelastidentity follows from B,;(G;.}) = B.i(G™") = Bpo(G).
Similarly, we obtainfrom (5.33),with W = G~t andV = I
[K2S(s)llo > - max |IB(Gro) G oy Ui ll2 = 1G5 oy, ymilla (5.75)

" RHP-polesp;

wherethelastidentity follows from B,,(G;,L) = B.o(G™1) = B,i(G).

mo

5.6 Two degrees-of-feedomcontrol

For a 2-DoF controllerthe closed-looptransferfunctionfrom references to outputsz; =
W, (y — r) becomes
Wp(SGK,—I)R (5.76)

We thenhave thefollowing “special” lower boundon this transferfunction.
THEOREM 5.9. Considera plant G with N, > 1 RHP-zeos z; and N, > 0 RHP-poles
p; € C,. Letthe performanceveightWWp be minimumphaseandlet (for simplicity) R be

stable Assumehatthe closed-loogransferfunctionWp(SGK; — I)R is stable Thenthe
following lowerboundon ||Wp(SGK, — I)R(s)||,, applies:

IWp(SGK: — I)R(s)

loo

> max [ We(z)ys o vz Rmi(z)ll, - (5:77)

||°° ~ RHP-zerosz; in G
Thebound(5.77)is tight if the planthasoneRHP-zel0 z. Define
P(s) = B, (G) (I = W5 (s)Wp(2) -4, Rmi(2)Rppi(s)) (5.78)

zo mi

P(s) is stablesincethe RHP-zeo for s = zin I — Wp'(s)Wp(2) ¥y Rmi(2) R} (s)

cancelsthe RHP-pole for s = z in B, }(G). One pair of contollers K; and K, which
achievethelower bound(5.77),are givenby

K = Q7 '(s)P(s) with (5.79)
Q(S) = Bz_ol (G) (ngl(s)WP(z)VbB;ol (G) |s:zG50m'5(z) BZZ (GSO))
K, = Thecontmwller givenin Theoem5.5, minimizing||WpSG(s)|| (5.80)
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whee Vy = y,y + k2UUE andky — 0.

Note thatthis bounddoesnot follow directly from Theorems.1-5.4. The boundin (5.77)
shouldbe comparedto the following boundfor a 1-DoF controller (which follows from
Theorenb.1,assuminghatWp is minimumphase).

IWpSR(s) I > max  [[We(z)ys, |- |92 RBZHByo(G) R)|,_, I, (5.81)

" RHP-zerosz; in G

We seethatfor the 2-DoF controlleronly the RHP-zerosposelimitations.

5.7 Example
In this sectiorwe considetthe following multivariableplantG
s—z _0.1s+1
G(s) = [ sTp sTPp ] , with z=25 and p=2
0.1s+1 1

TheplantG hasonemultivariableRHP-zeroz = 2.5 andone RHP-polep = 2. Theinputandoutput
zerodirectionscorrespondingo the RHP-zeroz = 2.5 are

_ 03717
== lol”  Y*7|0.928]

andtheinputandoutputpoledirectionscorrespondingo the RHP-polep = 2 are

L [0:385 R
P~ log23]° Y7 |o]

We factorizethe RHP-polep attheoutputof theplant,i.e. G(s) = B;,' (G)Gso(s) where

s=p ) s—z  _0.ls+l
Bpo(G) = | 5t» and Gso(s) = | st? s+
0 1 O.Sls-zi-l 1

First,we considetto find acontrollerwhich stabilizeghe plantandminimizesthe peakin thesensitvity
function,i.e. minimizes||S(s)|| ., . Fromthelowerbound(5.31),with W = I andV = I, wefind

= 3.4691
2

_ 9 0
IS 2 15252 @, = 10371 09281[7 ]

Next, we useTheorenb.5 (with W = I andV' = I) to find the controllerwhich minimizes|| S(s)|| -
We get

e w L, [0138 0.345
Vo=y.y.’ +koloug  with ko =107, Vo= [0.345 0.862
R _[1241 0.345
@ = VoByo (G)],-. = [3.103 0.862

Factorizingthe RHP-zerofor s = z in I — B, (G) @ attheoutputyields

-2 | 1175 0.326
P(s)Z | —0.133 ‘ —0.242 —0.345

—-1.212 | —=3.103 0.138
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Onebalancedninimal state-spaceealizationof K is

—10 | 188.4 —75.49
Ko(s) = GomoPQ ()= | 0 306 —122.6
203 | —6508 2605

Notethelarge gainin thecontroller(large elementsn the D matrix). Thereasoris the smallvalueof
ko = 1072, ko mustbe smallto getthe H.-normof S closeto thelower bound. With this controller
we obtain

1S(s)|. = 3.4691

Note, it is notsurprisingthatwe getlargegainsin the controller(andlargeinputusageincenoweight
hasbeenputonthetransferfunction K».S.

Let usinsteadconsiderto minimize the input usagej.e. to minimizethe #..-normof K,S. We
have two lower boundson || K2S(s) || ., but they areidenticalsincethe boundsaretight. Firstwe use
theequality K>S = TyG~" andthelower bound(5.34)with W = I andV = G~ ', to obtair!

1K25(5) | > lluy G B (Gri) |y llz = llup G (0) 11, = 3.077

The secondboundfollows by using K>S = G~'T, andthelower bound(5.33)with W = G~' and
V = I. Weobtairf

1K25(5) g 2 1Bz (Grmo) G~ o=y 0llo = 1G5 (9) w5l = 3.077

By using Theoremsb.7 and5.8 we canderie two controllerswhich minimizes|| K2 S(s)|| . From
Theorenb.8with W = I andV = G~*, weget
Myi(p)M,,; (s), whereM = G,,; andVy = upu, + kiUsUp'

mi

P(s) = VoB; (G)],,
With ko = 10~® we obtain one stablecontroller minimizing the #..-norm of K»S. A balanced
minimal state-spaceealizationof this controlleris givenby

—-10 | 0.014 0
Ks(s)= | —0.002 | —0.623 0
0.013 | —1.495 0

With this controllerthe H..-normof K>S becomes
|| K2S5(s)||,, = 3.077

It is worth notingthat:
1) Thereis nofeedbackrom y», andthereasoris thatthe unstablanodep is not obsenablein -
(seethepoledirectiony,).
2) Thefirst columnof the D matrix in the state-spaceealizationof the controlleris a constant
scalartimestheinput poledirectionu,,.

~1) = Bpo(G) andG~1B,, (G) = G5, . Thefirst, follows sincethe
inputfactorizationof RHP-zerosin G doesnot changeheoutputpoledirections.
BWe usetherelations:B.o(Grmeo) = Bpi(G) andB,; (G) G~ = G ;1.

"We usethefollowing relations:B,; (G
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3) Wehavethat
lluy K28yp(s)llo, = I1K25(s)]l,

Thatis, theworstcasenputdirectionof K>S is y,, andtheworstcaseoutputdirectionof K>S
is u,. Forall othercombinationf directionsthegainof K, S is lessthan|| K> S(s)||, for this
particularKs.

4) Sincethe lower boundis tight for the controller minimizing K»S(s) anda(K2S(jw)) =
|| K25(s)],, Yw we find that for sinusoidalmeasurementoisewith directiony, and mag-
nitudelargerthanl/ || K2 S(s)||,, causesheinputmagnitudeio exceed+1, i.e. ||u||, > 1 for
n(t) = yp no sin(wt), no > 1/ || K25(s)||,, = 1/3.077 = 0.3250

5) Thelarge gainin the controllerwhich we obtainedby minimizing || S(s)|| ., disappearsvhen
we minimize || K2.5(s) || -

6) A minimalrealizationof the closed-loopgransferfunction K».S containsonly onestateandthe
modeis A = —2 (the mirror imageof the unstableopen-looppole p). The closed-loopransfer
function K> S hasa RHP-zerofor s = 2 (atthelocationof the unstableopen-looppolep = 2).

7) As ko — 0 we getthe constanfeedback

—-0.623 0

K2 = [—1.495 0

] = kuyy, , where k=1.620
whichyields || K2S(s)||,, = 3.077.

8) We canalsousetherelationK,S = G~'T andTheorems5.7 to find analternatve controller
FromTheorenb.7with W = G, V = I andko = 102 we getthecontroller

—-10 | 001 0
.[(2(8)é

—0.009 ‘ —0.623 0 ] whichyields ||K2S(s)]|,, = 3.077

0.004 | —1.495 0

By reducingk, we getthe sameconstanfeedbackasabove.

At the endwe considereferencedracking,andapply Theorem5.9to illustratethe benefitof a 2-

Dor controllerwhenthe plantis unstable.We assumeR = I andapplythe following performance
weight

s/M + wp
s )

Wp(s) =wp(s) - I, with wp(s) = M=2 and wp=0.5

Theweightwp for theweightedsensitvity Wp.S, meanghatwe require||.S(s) ||, lessthan2 (which
we know cannot befulfilled), andwe requiretight controlup to a frequeng of about0.5 [rad/s]. We
first considerl-DoF controlandform thelower bound(5.69)with R = I. We get

IWeS(s)ll, > IWe(2)y:ll, - lys Bpo (G)|,_, ll, = 0.7 - 3.4691 = 2.4284

From Theorenb.5with ko, = 102 we find thefollowing controllerwhich achiesesthe lower bound

0 0 0 —42.31 16.93

0 0 0 0.121  0.307

K»(s) = 0 0 —10 —151  60.55
—5.174  —0.328 0 218.5 —87.58

45.28 —0.038 —162.7 | —4647 1861
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Thethreestatesn the controllerarethetwo integratorsin the performanceveightsandthe stablemode
in Goi,.. TheHo-normof theweightedsensitvity becomes

|WpS(s)||,, =2.4284
Next, we consider2-DoF controlandfrom Theoremb.9with R = I, we find
|Wep(SGK:1 —I)||, > 0.7

First, we constructthe controller K> which minimizes||Wr»SG(s)|| . Fromthelower bound(5.31)
with W = Wp andV = G, we obtain

IWpSG(s) |l > IWe(2)y:l, - Y2 Gmi(2)]l, = 0.7 - 7.4278 = 5.1995

The controllerwhich achievesthis lower boundon ||[WWpSG(s)|| . is givenin Theorem5.5. With

W = Wp, V = G andky = 1072, we obtain: M = Byo(G)G = Gso, Mmi = Gsom: and
Q = Vo By (G)|,_, Gsomi(2) G- A balancedminimal state-spaceealizationof the feedback
controllerK, (5.80)is givenby

0 0 0 48  —19
0 0 0 0 0

Ky(s)=| 0 0 —-10| -8 0 |, whichgives [[WrSG(s)|,, =5.1995
0 0 0 0 0
-52 0 8 ‘—2458 985

A minimal state-spaceealizationof the feed forward controller K; (5.79) from Theorem5.9 with
R = I,isgivenby

0 0‘ 48  —19

s 0 o] o 0
Kis) = =T 0 0
—52 0| —2463 985

TheH . -normof theclosed-loogransferfunctionfrom referenceso theweightedoutputsiWp (y — r)
with the2-DoF controllerK = [ K1 —K»]is

|IWp(SGK, — I)||, = 0.7

We have demonstratedhe useof someof the lower bounds,andwe have constructed
controllerswhich achieve the lower boundsfor the plantG. For further detailsregarding
the usefulnesf the lower boundsin engineeringapplications the readershould consult
Chapterd.

5.8 Conclusion

¢ We have derivedtight lower boundson closed-loopransferfunctionsvalid for multi-
variableplants. Theboundsareindependentf the controllerandthereforereflectsthe
controllability of the plant.

e The boundsextendandgeneralizehe resultsby Zames(1981), Doyle et al. (1992),
SkogestacandPostlethvaite (1996)andthe resultsgivenin Chapter3, to alsohandle
non-minimumphaseandunstableveights. This allows usto derive new lower bounds
oninputusagedueto disturbancesneasurementoiseandreferencechanges.
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e Thenew lowerboundsoninputusagemake it possibleto quantifythe minimuminput
usagefor stabilizationof unstableplantsin the presencef worst casedisturbances,
measurememtoiseandreferencechanges.

e It is provedthatthelowerboundsaretight, by deriving analyticalexpressiongor stable
controllerswhich achievesan# ..-normof the closed-loopransferfunctionsequalto
thelower boundfor large classe®f systems.

e Theorenb.9expresseshebenefitof applyinga2-DoF controllercomparedoal-DoOF
controllerwhenthe plantis unstableandhasa RHP-zero.
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Appendix A Proofsof the results

A.1 Proof of interpolation constraintson Sy and T

Proofof (5.27). Fromthedefinitionof input zerodirectionwe have G(z)u, = 0. Consider

Si'(2)u, = (I + KoG(2))uz = u, + Ko G(2)u, = u,
N —
=0

whichimplies S7(2)u, = u,. FromT; = I — Sy it followsthatTr(z2)u, = v, — Sr(2)u, =0. O
Proof of (5.29). Dueto internalstability K> cannot cancelthe RHP-poleats = p in G, sothesquare
matrix L; = K»>G hasa RHP-poleats = p, andif we assumehat L; hasno RHP-zeroats = p, then

L; ' (p) existsandthe input pole directionis givenby u.' L, *(p) = 0. SinceT is stable,it hasno
RHP-poleats = p, soTr(p) is finite. It thenfollows from S; = L} ' Ty that

up Si(p) = w L7 (p) Tr (p) = 0
=0

andfromT; = I — S; thatu Tr(p) = ull — ul S1(p) = u]. |



118 CHAPTERS. ACHIEVABLE H.,-PERFORMANCE..

A.2 Proofof Theorems5.1-5.4

Proofof Theoem5.1 We prove (5.31)by applyingthe six stepsgivenin Section5.3.1.
1) Factorout RHP-zerosin W SV': RHP-polesin G appearsas RHP-zerosin S (5.28). Factorout
S = S Bpo(G) to obtain
WSV(s) = Boo(W)WimoSBpo(G)V
= Beo(W) Wino 8 (Byo(G) V)i Bei(Bpo(G) V)

(WSV)m

WSV is stableby assumption. From the assumptioron internal stability it follows that S
is stable(if one closed-looptransferfunction is stablethen internal stability implies that all
the otherclosed-looptransferfunctionsare stable). Thenit is only the RHP-zerosin S which
cancancelRHP-polesin V andW. So,factorizingthe zerosin C; of W doesnot introduce
instability in (W.SV),,, sincenoneof thesecancelunstablemodesin S or V' . Similarly, we
canfactorizethe zerosin C,. of V. However, whenfactorizingthe zerosin S we mustavoid
factorizingthe zeroswhich cancelpolesin C.. of V. Otherwise (W SV),,, becomeainstable.
By factorizingonly the zerosin a minimal realizationof B,,(G) V' we accomplishthis. By
assumptiomoneof the modesin C;. of W cancelagainsthe zerosin S dueto polesin G. It
thenfollows that (W .SV'),, is stable.
2) Introducef(s) = max eI (WSV),, x2, then
lz1ll2=1, [z2]l3=1

[WSV($)llo = WSV())mlloe 2 [1£(s)ll
3) Apply themaximummodulustheorento f(s) atthe RHP-zerosz; of G

()l = 1£(25)]

4) Resubstitut¢hefactorizatiorof RHP-zerosin S, i.e. useS = S B, (G)

f(z) = max 21 Wino S Byo (G) (Bpo (G) V)imi |, @2
lz1lla=1, [lz2lla=1 j
= max 2T Wino SV B (Bpo(G) V) s, 22

lz1ll2=1, llz2|lp=1
5) Usetheinterpolationconstrainfor RHP-zerosz; in G, i.e. useyfj’. S(zj) = yf;
f(z) = max T Wino SVBL (Bpo(G) V)| ,_, 2

lz1ll2=1, [z2]la=1 =Zj

_,. X2
S—Z]

> ${{Wmo Yz; yZS |4 Bz_1,1 (Bpo(G) V)|

max
lz1llo=1, [lz2ll2=1

= max -'I:{{Wmo yzijVBz_zl(Bpo(G) V)ls:szTQ

lz1ll2=1, [|z2]la=1

6) Evaluatethelowerbound
IWSV ()l 2 1£(20)] 2 1Wano ()92, 11, - lyz; VBZ (Byo (G) V), I
Sincethesestepsapplyto all RHP-zerosin G, thebound(5.31)follows. |

Proof of Theoem5.2
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1) Factorout RHP-zerosin WSV RHP-polesin G appeamsRHP-zerosin S; (5.29). Factorout
St = Bypi(G) St to obtain
WSiV(s) = WB(G)Si Vini Bai(V)
Bo(WByi(G)) (WByi(G))mo St Vini Bai(V)

v

(WSIV)m

WSV is stableby assumptionand from internal stability it follows that S; is stable. Then
we canfactorizethe zerosin C, of V' without introducinginstability in (W S;V),,,, andwe
avoid factorizingRHP-zerosin B,; (G) which cancelRHP-polesin W by factorizingthe zeros
of WB,i(G). By assumptionnoneof themodesn C. of V cancelagainsthezerosin S; due
to polesin G. It thenfollowsthat(WW.S;V'),, is stable.

2) Introducef(s) = e (W S1V)m xa, then

ma
lz1llo=1, [lz2lla=1

[WSIV(s)lloo = I(WS1V(s))mlloe 2 1f(8)llc

3) Apply themaximummodulustheorento f(s) atthe RHP-zerosz; of G

17 ()llee = 1f(25)]

4) Resubstitutéhefactorizatiorof RHp-zerosin Sy, i.e. useS; = B;'(G) Sr
f(z)) = ma 21 (WByi(G))mo Byi' (G) St Vimi|
lz1lla=1, llz2ll2=1

= max z1 B (WBpi(G)) W St Vi

lz1ll2=1, [|z2]la=1

—,. T2
s=z;

—,. T2
s=2;

5) Usetheinterpolationconstrainfor RHP-zerosz; in G, i.e. useSr(z;)u.; = u;,

f(z) = max x1 B, (WBpi(GQ)) W Sr Vinil ., 2

lzalla=1; [lz2llg=1

> max a1 B, (WBpi(G)) W Sruz;ull Vini|,_, @2
lz1llg=1, lz2lly=1 ’ 3
= max B} (WBpi(G)) W s, ug Vmi|5:zj$2

lz1llo=1, [lz2|lg=1
6) Evaluatethelowerbound
IWSIV ()l 2 |f(23)] > 1Bz (WBui(G) W1, _, s, I, - lluz Vi (2) 1l
Sincethesestepsapplyto all RHP-zerosin G, thebound(5.32)follows. O
Proofof Theoem5.3

1) Factorout RHP-zerosin WT'V: RHP-zerosin G appearas RHP-zerosin T' (5.26). Factorout
T = B..(G) T to obtain

WTV(s) = WDB.o(GQ)T Vin; Boi(V)
Bzo(WBzo(G)) SWBzo(G))moTlej qu,(V)

(WTV)m

WTYV is stableby assumptionand from internal stability it follows that T' is stable. Then
we canfactorizethe zerosin C; of V' without introducinginstability in (WTV),,, andwe
avoid factorizingRHP-zerosin B, (G) which cancelRHP-polesin W by factorizingthe zeros
of WB.,(G). By assumptionnoneof themodesin C. of V' cancelagainsthe zerosin T' due
to zerosin G. It thenfollowsthat(WTV'),, is stable.
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2) Introducef(s) = e (WTV) s, then

max
lz1]la=1, ||lz2]lo=1
IWTV(s)|l, = | (WTV($)mll, > 1 F ()]l

3) Apply themaximummodulustheoremnto f(s) atthe RHP-polesp; of G

() loe 2 £ ()l

4) Resubstitut¢hefactorizatiorof RHp-zerosin T', i.e. useT = B, (G) T

fo) = omax @t (WBeo(G)mo Bio (G) T Vinil oy, 2
z1|l5=1, [|z2||5=
= e e B (WBo(G) W T Vinil,p, 2
z1|l5=1, [|z2||l5=

5) Usetheinterpolationconstrainfor RHP-polesp; in G, i.e. USeT (p;)Yp; = Yp;

flp) = max 21 Bz, (WB.o(G) W T Vini|,_, w2

lz1lla=1, [lz2llo=1

v

21 B, (WB.o(G) W Typ, yp: Vimi|

max s=p; L2
lz1ll2=1, [[22]lg=1 ‘

= max z B (WB.o(G)) W yp, 3/15- Vini |S=Pix2

lz1lla=1, [lz2llo=1

6) Evaluatethelowerbound
IWTV (s)lloo > (@)l > 1Bz (WB.o(G) W,_p ;|5 - 19p; Vimi (0]

Sincethesestepsapplyto all RHP-polesin G, thebound(5.33)follows. |

Proofof Theoem5.4.
1) Factorout RHP-zerosin WT;V: RHP-zerosin G appeatrsRHP-zerosin T (5.27). Factorout

T; = T B.:(G) to obtain
WTiV(s) = Boo(W)WoTi Bi(Q)V
= Boo(W) Wino T1(B2i(G) V)mi Bai (B: (G) V)

(WTrV)m

WT;V is stableby assumptionand from internal stability it follows that 77 is stable. Then
we canfactorizethe zerosin C4 of W without introducinginstability in (WT:V),,, andwe
avoid factorizingRHP-zerosin B.;(G) which cancelRHP-polesin V' by factorizingthe zerosof
B.:(G) V. By assumptionnoneof themodesin C,. of W cancelagainsthe zerosin 77 dueto
zerosin G. It thenfollowsthat(WT;V),, is stable.

2) Introducef(s) = max e (WTiV) o, then

lz1]l2=1, [|z2]ly=1
IWTiV(s)lloo = IWTIV(8))mlloo = 11£(5)ll oo

3) Apply themaximummodulustheoremto f(s) atthe RHP-polesp; of G

1 ()Ml = 1f (Pl
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4) Resubstitut¢hefactorizatiorof RHP-zerosin 77, i.e. useT; = T:B;;'(G)

flpi) = max &1 Wino Tt B (G) (B2i(G) Vmil,

_..x
llz1lla=1, [[22(l,=1 =pi "
= max Y Wno Tr V B (B (G) V)| . @3
lz1llo=1, [le2lly=1 S=Pi
5) Usetheinterpolationconstrainfor RHP-polesp; in G, i.e. useugTI(pi) = uf
H —
fe) = omax ol Wao TV B (Bu(G) V),
2 el X =t 21 Winotip, up, T V B3 (Bai(G) V), @2
= max 1 Wnotp, ug VB (B.:i(G) V) lomp, T2

lz1ll2=1, [|z2]la=1

6) Evaluatethelowerbound
IWTV (s)llo 2 1F@)| 2 |Wino(pi)up, |l - lup, VB (B2i(G) V)|, Il

Sincethesestepsapplyto all RHP-polesin G, thebound(5.34)follows. O

A.3 Proofof Theorems5.5-5.8

Proof of Theoem5.5. It follows that @ hasno polesin C., sinceW,,+ and M| have no polesin
C4, andtheremainingmatricesareconstan@andfinite. ConsiderI — B,,(G) Q(s), ats = z we have
Q(z) = VoBy, (G)],—,
g2 (I = Bpo(Q)|,—, Vo Bpo (G)],,) = 52 Bpo(G),—, (I = Vo) Bpo (G),—,
= 2 Bpo(G) sz, (1 = k) UoUy' Bpo (G) =,

SincelU,U# hasrank! — 1, andthesingulardirectionsbothattheinputandattheoutputof Uy Ug are
y., it followsthatI — B,,(G) Q(s) hasa RHP-zerofor s = z with outputdirection

G2 = Bpo (D), y:/ 1B (@), izl
Wefind thatthisis theoutputdirectionof the RHP-zeroz in G, (thatis theplantG with the RHP-poles
factorizedatthe output). We cannow write
I = Bpo(Q) Q(s) = B.o(Gso) P(s)

Sincel — B, (@) Q(s) hasnopolesin C;. andB..(Gs.) is stablejt followsthatP(s) = Bz, (Gso) (I—
Byo (G) Q(s)) hasno polesin C,.. Thatis, in aminimal state-spaceealizationof P the RHP-pole for
s = zin B;, (Gs,) cancelghe RHP-zerofor s = zin I — B,,(G) Q(s). We obtain

s§=z

L = GK>=B8,,(G)B.o(Gso) PQ ' (5)

= B (G) I =Bno(G)Q() Q7' (5) =By () Q™" ~ 1
S = (I+L)7 =QBpo(G) = Wino(s) Wino(2) Vo Byo (G) | =, Mumi(2) My, (5) Byo(G)

It follows that.S hasno polesin C;. since@ hasno polesin C; andB,,(G) is stable.Consider
M (s)
e N
WSV(s) = W(s)Wino()Wimno(2)VoBpo (G)|,—, Mimi(2) My (8) Bpo(G) V (s)
= Beo(W) Wino(2) Vo Byo (G)|,—, Mumi (2) B.i(M) (5.82)

(WSV)m (=)
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We have that W SV is stable,since B.,(W) and B.;(M) are stableand (W SV)...(z) is constant
(independentf s). We obtain

IWSV ()|l = [(WSV)m(2) o, = I(WSV)m(2)l,
where

(WSV)m(2) = Wmo(2) Vo Bpy (G),_, (Bpo(G) V)mil,_,

= Wmo(2) Vo Bpo (G)|,_,Bpo(G)|,_, VB (Bpo(G) V)|, _,

= Wiol(2) Vo VB (Bpo(G) V)|, _,

= Wio(2) (yy: +kaUoUs' ) VB! (Bpo(G) V),
andfor kg = 0 we have

[(WSV)m (2)lly = 1Wimo(2) yzly - 192 VBL (Bpo(G) V), _,l,
and
kloigo IVSW (8)ll oo = [[Wimo(2) I, - 195 VB (Bpo (G) V), I
O

Proof of Theoem5.6. It follows that @ hasno polesin C, since M} and V' hasno polesin

C+, andthe remainingmatricesare constantandfinite. Consider — QB,:(G), ats = z we have
Q(2) = B, (G)],=.Vo
(I = By (D), VoBii(G) ) &z = By (G)|,, (I = Vo) Byi(G)],_, @
B (G)],=. (1 = K§)UoUg Byi(G)|,—. @

DL s=z %

SincelUoUg! hasrankm — 1, andthe singulardirectionsbothat the input andat the outputof Up Ud?
areu., it followsthatI — QB,;(G) hasa RHP-zerofor s = z with inputdirection

. = By (G)],z, us/ |1Byi' (G) oz, uz

Wefind thatthisis theinputdirectionof the RHP-zeroz in G,; (thatis the plantG with the RHP-poles
factorizedattheinput). We canwrite

I - QB,i(G) = P(s)B.:(Gs:)

Sincel —QB,;(G) hasnopolesin C. andB.;(Gs;) is stablejt followsthatP(s) = (I-QB,i(G))B;;' (G)
hasnopolesin C;.. Thatis, in aminimalstate-spaceealizationof P theRHP-polefor s = z in B;;' (G)
cancelghe RHP-zerofor s = z in I — QB,:(G). We obtain

L1 = K:G=Q ' PB.i(Gu)B,'(G)=Q " (I -QByu(G)) B, (G) = Q7' B,'(G) ~ I
St = (I+L1)"" = Bu(G)Q(s) = Bpi(G) Mo (5) Mino(2) By (G)],—, Vo Vini(2) Vi ()
It followsthat.S; hasno polesin C; since@ hasno polesin C; andB,;(G) is stable.Consider
M(s)
——N— _ -1
WSiV(s) = W(s)Byi(G) Muo(s) Mmo(2) Byi(G)|,—, Vo Vini(2) Vi (5) V (s)
= Buo(M) Mpo(z) 3—1(G)|5:2 Vo Vini(2) B.i(V)

P

S

(WS1V)m(z)
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We have that W SV is stablesinceBB,,(M) andB.; (V') arestableandthe matrix (W.S; V), (z) is
constan{independenof s). We obtain

IVSIW (s)lloo = [(WS1V)m(2)|l e = [(WSIV)m(2)]],
where

WSiV)m(z) = (W Bpi(G))m B;il(G)Is:zVoni(z)
= Bz_ol(Wsz(G))Wl Bpi(G)ls 2z pm
= B, (W Byi(G)) W|,_, Vo Vmi(2)
B

2o (W Bpi(G)) W, z(uzu +koUoUs") Vimi(2)

i (@], Vo Vini(2)

andfor kg = 0 we have
[(WSIV)m (2)l, = |1 Bro (W Bpi(G)) W1, uz ||y - [luz’ Vimi(2) I,

and
Jim ([ W StV ()l = 1B (W By (G) W, e [l - ! Vini(2)1)

O

Proof of Theoem5.7. It follows that P hasno polesin C,, since M,,. andV, . ! have no polesin
C+, andthe remainingmatricesare constantandfinite. Considerl — PBZO(G) at s = p we have
P(z) = B, (G)],_, Vo
(I - BZ_01 (G)|s:pVOBzo(G))|s:pgp = BZ_OI(G)Ls:p(I - VO)BZO(G)ls:ng
= B (G)|,_,(1 = k§)UoUs Boo(G)|,_, o

SincelU,U# hasrank! — 1, andthesingulardirectionsbothattheinputandattheoutputof Uy Ug are
yp, it followsthatl — PB,,(G) hasa RHP-zerofor s = p with inputdirection

o = Bo (G)]yey 40/ 1820 (G| 9ol

We find thatthisis the outputdirectionof the RHP-polep in G, (thatis theplantwith the RHP-zeros
factorizedatthe output). We canwrite

I —_ PBZO(G) == QBpo(GmO)

Sincel — PB.,(G) hasnopolesin Cy+ andB,, (Gnmo) is stablejt followsthat@ hasno polesin C;..
Thatis, in a minimal state-spaceealizationof () the RHP-polefor s = p in B;ol(Gmo) cancelshe
RHP-zerofor s = z in I — PB,,(G). We obtain

L = GK>=B.,(G)By, (Gmo)Q ' P
T™' = I+L'=I4+P '(I-PB..(?)B., (G)=P 'B.(G)
T = B:o(G)P = B.o(G) Mygo(s) Mumo(p) Bag (G)] =y Vo Vini (D) Vi (5)
It followsthatT hasno polesin C, sinceP hasno polesin C;. andB.,(G) is stable.Consider
M (s)
—P e . 1 1
WTV(s) = W(s)B:o(G) Myo(5) Mmo(p) Bzo (G)ls—y, Vo Vini(p) Vi (5)V(s)

= Beo(M) Mmo(p) B2, (G-, Vo Vimi(p) Bzi(V)

(WTV)m(p)
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We have that WT'V is stablesince B, (M) andB.;(V') are stableandthe matrix (W TV )., (p) is
constan{independenof s). We obtain

IWTV($)lloo = I(WTV)m(D)llos = I(WTV)m (D)l

(WTV)m(®) = (W Bzo(G))mo B (G)],_, Vo Vini(p)
= B (WB:wo(G) W|,_,B:o(G),_,B: (G)],_, Vo Vmi(p)
= B (W B.o(G) W|,_,Vo Vi (p)
= B, (WB.o(@) W,_, (ypyp + k5UoUs") Vini(p)
andfor kg = 0 we have

I(WTV)m®)lly = 1B (W B2o(G) W, _yslly - g Vini (@) I,

and
m [WTV(s)ll,, = 1Bzo' (W Bao(G) W, _pyplly - l1yp Vini (@)l

li
ko
O
Proof of Theoem5.8. It follows that P hasno polesin C., since M.} andW,,., have no polesin
C4, andthe remainingmatricesare constantandfinite. Consider — B.;(G) P, ats = p we have
P(p) = Vo B (G)l,-,
iy (I = Boi(@)],, Vo B (G)|,p) = iy Bei(G)l,, (I = Vo) B (G)],_,
= @y B:i(G)l,_, (1 — k0)Uols' B (G)|,,
SincelUoU¢! hasrankm — 1, andthe singulardirectionsbothat the input andat the outputof Uy U
arewu,, it followsthatI — B.;(G) P hasa RHP-zerofor s = p with outputdirection

iy = BL" (G)|,—p up/ 1B5" (G, usl,

We find thatthis is the input directionof the RHP-pole in G,,,; (thatis the plantwith the RHP-zeros
factorizedat theinput). We canwrite

I —B.i(G) P = Byi(Gmi) Q

Sincel — B.;(G) P hasnopolesin C1 andB,:(Gn:) is stable,t follows that@ hasno polesin C;..
Thatis, in a minimal state-spaceealizationof @) the RHP-polefor s = pin B;il(Gmi) cancelshe
RHP-zerofor s = z in I — B.;(G) P. We obtain

Li = K>G=PQ 'B,;(Gmi)B.i(G)
;7" = I+L]'=I1+B;'(G)I-B.:(G)P)P' =B, (G) P!
Tr = PB.i(G) = Wys(5) Wino(p) Vo B (G)|,—, Mimi(p) My; (8) Bi(G)
It followsthatT; hasno polesonC;., sinceP hasno polesin C; andB.;(G) is stable.Consider
M(s)
4 1 1 ——N—
WTiV(s) = W(s)Wino(s) Wmo(p) Vo B (G) |, Mmi(p) My, () B=i(G) V(s)

= Beo(W) Wino(p) Vo B (G) |, Mimi (p) B:i(M)

. v

(WT1V)m(p)




A PROOFSOF THE RESULTS 125

We have thatWT;V is stablesinceB., (W) andB.; (M) arestableandthe matrix (WT;V),(p) is
constan{independenof s). We obtain

IWTV ()l = IWTV)m (@)l = NWT1V)m(p)ll,
where
(WITV)m(P) = Wimo(p) Vo B, (G)],_, (B:i(G) V)mil,_,
= Wmo(p) Vo B (G)|,, B=i(G)|,_, VB (B::(G) V)|,

= Wmo(p) Vo VB (B.i(G)V),_,
= Wno(p) (upuy + k3UoUs') VB! (B.i(G) V)],

andfor kg = 0 we have
IWTV)m (D) |y = 1Wimo(p) sl - luy VBZ (B2i(G) V)|, I,

and
kloigo IWTiV(5)]l o = [Wono () upll, - lug VB (Bei(G) V), I,

A.4 Proofof Theoremb5.9

Proofof (5.77).FactorizeRHP zerosof R attheinput,i.e. R = R,; B.:(R). Then
[Wp(SGK1 — DR||,, = [Wp(SGK1 — I)Rmi(s)||

Introducethe scalarfunction f(s) = z¥ Wp(SGK1 — I)Rn:x2 Which is analytic (stable)in RHP
sincetheclosed-loopsystemis stable.We wantto choosez; andz, sothat|f(s)| obtainsmaximum

J(s) = max S
(5) lz1llo=1, [lz2ll2=1 17(s)]
We get
IWe(SGK1 — I Rumill o, 2 [|T(8) [l = J(25)
The first inequality follows sincethe largestsingularvalue measureshe maximumgain of a matrix

independenof direction,i.e. 3(A) > ||Awl|, anda(A4) > ||w™ A|l, for ary vectorw with [Jw||, = 1.
The secondnequalityfollows from the maximummodulustheorem We get

J(z;) = max 21 Wp(SGK, — I)Rpmi(2;)x2

lz1lla=1, [lz2llz=1

Y

2t Wey.; vz, (SGK1 — I)Rmi(25)2

max
lz1lla=1, [lz2llp=1

= Welo,,ysllz - 15z G(2) Ki(21) = y25) Reni(27) Il
——
0

H
= [Wel,—.,yz;l5 - llyz; Bmi(25) |l
J
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Consider

I—Wp' () Wp(2) 4247 Bumi(2) Rppi(s) = Bzo(G) P(s)
Since(I — W5 '(s) We(2) y.ys' Rmi(2) R,,;(s)) hasnopolesin C+ andB.,(G) is stableit follows
that P(s) hasno polesin C;.. Thatis the unstablepolefor s = z in B.,(G) cancelgdhe RHP-zerofor
s = z in aminimal realizationof P(s).

Proofof (5.79)and(5.80) ThecontrollerK; whichminimizes||WrSG(s)|| ., isgivenin Theorenb.5,
andfrom (5.82)with W = Wp,V = G, M = By (G) G = G5, we obtain

WPSG(S) = WP (Z)VO B;ol (G) | Gsomi(z) Bzi(Gso)

s§=z

which hasa RHP-zero(only one)for s = z, sinceBB..;(G.,) hasa RHP-zerofor s = z. By considering
H
y: SG(z)
Gsi(z)
nyG(Z) = \nyIZI(Z)WP (Z)VOJES}:OI (G) |s=2 Gsomi(z) Bzi(Gso) |s:§ = ny(Z)

~~

yH G(2)

whichimpliesthatthe outputzerodirectionof SG is y.. We canthenwrite
SG(s) = B=o(GQ) (Wp ' (s)Wr(2)Vo Byo (G) |y, Gsomi(2) B:i(Gso)),,, = Bzo(G) Q(s)

With K; = Q™' P(s) we obtain

SGK, —I = B.o(G)QQ 'P(s)—1I
= —W;l(s) WP(Z) yzyf Rmi(z)Rr_n%(s)
Wp(SGK1 —I)R = —Wp(2)y.yl Rmi(2) B.i(R)
|Wp(SGK:1 —DR(S)|l, = [IWe(2)y:y Bmi(2)|l, = IWp(2) y2y2 Rmi(2)l,

= [IWp(2)y:lly - lyz' Rmi(2)ll,

This completesheproofof Theorems.9. o
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Abstract

This paperconsidersontrolstructuredesignusingtheinformationgivenin the
polevectors.It is shovn how theinputandoutputpolevectorsarerelatedto the
minimuminput usageneededo stabilizea plantwith oneunstablenodeusing
a Single Input Single Output (Siso) controller We quantify the input usage
dueto measurememioisebothin termsof the H,-norm(inputenegy) andthe
‘H-norm. We shav thatthe bestchoiceof oneinput andoneoutputfor Siso
stabilizingcontrolis the samefor bothnorms,andcorrespondso the elements
in the pole vectorswith largestmagnitude. We alsolook at stablebut slow
modeswhich needto be shiftedfurther into the Left Half Plane(LHP) using
feedbackcontrol. Moving stableslow modesare accomplishedvith modal
control andthe resultsare interpretedin termsof Linear QuadraticGaussian
(LQG) control.
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6.1 Intr oduction

This paperconsiderghe input/outputselectionfor plantswhich needto be “stabilized” in
an extendedmeaning. This includesplantswhich containoneor more unstablemodesand
thereforeneedto bestabilizedn themathematicasenseor plantswhich containoneor more
stableslov modeswhich needto be “stabilized” form the operators point of view. In order
to provide this “stabilization” we needto move the modeg(poles)in questiorby the useof a
feedbaclkcontroller Themainproblemwe will answeiin this paperis:
e GivenaplantG with oneunstablenodep, wherethemeasurements theplantoutputs
areaffectedby noise.Which pair of oneinput j andoneoutput; stabilizetheunstable
modep with the minimuminputusage?

In otherwords,we wishto find thecontroller K ;;, thebestinput j andthe bestoutput: such
thattheplantG is stabilizedwith minimuminputusage

min min || KjiSi(s)||  where Sii(s) = (1+ Gy Ki(s)) ™
2,7 jils

We minimizetheinput usageusingtwo differentnorms:
1) Hy-norm:
min min || K;;S;(s
nin in, [| K353 (5) |
whichcorrespond minimizetheexpectedvalueof theinputenegy dueto zeromean
white measurementoisewith unit intensity:

- N Y

J(i,j) =F {TII_I)I;O T/o uj(t)dt} (6.1)
Thisis a specialLinear QuadraticGaussiar(LQG) control problemwith zeroweight
on the statesunity weighton the controlu,;, no processioiseandmeasurementoise
unit intensity

2) Hoo-norm:

min min || K;;S;i(s)]]

1,5 Kji(s) o

which correspond$o minimizetheinput usagefor theworstcasesinusoidaimeasure-
mentnoise(worstcasemagnitudeandfrequeng).
Both of theseproblemscanbe solved numericallyfor eachpossiblepairingu; < y;. We
canthenansweltheinput/outputselectiorproblemby choosinghe pairingwith the smallest
normof theclosed-loogdransferfunction K ;;S;; (for the’H,-casethenormis equivalentwith
theobjectve J (i, 7),i.e. J(3,j) = [gni(n) ||KjiSii(3)||§). As we shallseein Section6.3,we
jils

donotexplicitly needto solveanyminimuminputLQG problemor ary #.,-controlproblem
in orderto find the bestpairingwhenthe planthasoneunstablanode.

To emphasizéhe practical applicationof theresultsin this papermwe provide theanswer
to thequestionabove.
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e Selectingheinput;j andoutput: correspondingo the elementwith largestmagnitude
in the pole vectors,minimize the bestachiezableinput usageto stabilizea plantwith
oneunstablanodeusinga Siso controller

For the casewhenthe plant G hasno unstablemodes,minimizing the input usageis
meaninglessinceu; = 0 gives| K;; S (s)|| = 0. For astablesystema relevantproblemis
to move oneslow open-loopmodefurtherto theleft in thecomple planeusingasingleloop
controller Thatis, to speedup the open-loopresponse.To geta meaningfulLQG control
problemin this case,one needsto add someweight on the states. The interpretationsof
moving astablepoleis thereforeclearlynotin termsof minimuminputusage An alternatve
objectie is to minimize the magnitudeof the feedbackcontrollergains. This problemis
consideredn Section6.4 and someinterpretationan termsof LQG control are givenin
Section6.5.

An overview of zeroandpolesin multivariablesystemis givenin (DouglasandAthans,
1995),wherethey alsodiscusontrollabilityandobsenrability. They mention:givenalinear
time invariantsystem state-spaceealization(A, B, C, D), let \; beaneigervalueof the A
matrix with left andright eigervectorsw; andwv; normalizedso that wv; = 1, thenthe
productw? B is anindicationof hov muchthei’th modeis exited by the inputs,andthe
productCv; is anindicationof how muchthe:’th modeis obseredin the outputs. Thisis
similar to the ideasusedin this paper however, we emphasizehatthe two productsabove
dependnthe state-spaceealization.

Measuredor statecontrollabilityandobsenability have beenproposedy Tarokh(1992).
However, we notethatthesemeasureslo not reflecthow easyit is to controlor stabilizean
unstablemodep. Basedon the controllability measureproposedoy Tarokh(1992),Li, Xi
andZhang(1994)suggestwo approacheto selectinputsto be usedfor control. However,
their approachesave not beenjustified in termsof how easyit is to control or stabilizea
givenunstablanode.

Theintentionwith this paperis to establistadirectlink betweerthepolevectorsandhow
easyit is to controlor stabilizean unstablemode. This link will thensene asajustification
for usingthe polevectorsto selectoneinputandoneoutputto controlthemode.

6.1.1 Notation

We considelineartime invariantsystemson state-spacéorm

T = Ax + Bu (6.2)
y=Cx+ Du (6.3)

whereA, B, C, and D arereal matriceswith dimensions: x n, n x m, [ x n andl x m,
n IS the numberof states/ is the numberof outputsandm is the numberof inputs. The

short-handhotations
s | A| B
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are frequentlyusedto describea state-spacenodel of a systemG. The rational transfer
functionmatrix G definedby (6.4) canbeevaluatedasa functionof the complex variables

G(s)=C(sI —A)'B+D

We oftenomit to shaov thedependencen thecomple variables for transferfunctions.
For astrictly propersystemM (s) the{2-normis definedas

1M (s)]l, £ \/ o [ G o) d (6.5)

By Parseval’'stheorem(6.5)is equalto the #5-normof theimpulseresponsétime-domain).
The?# -normof astablerationaltransferfunctionmatrix M (s) is definedasthe peakvalue
overallfrequencie®f thelargestsingularvalueof M (jw)

1M (5)llo = sup (M (jw)) (6.6)

The H,-norm has several time domain performancenterpretationysee, Skogestadand
Postlethvaite,1996).

The resultsin this paperon the #,-norm have beenderived from Single Input Single
Output(SIso) LinearQuadraticdGaussiarfLQG) controlof output: usinginputj. Weassume
thatthe plantdynamicsarelinearandknown, andthatmeasurementoisen anddisturbance
signals(processoise)w arestochastiavith known statisticalproperties.Thatis, we have
theplantmodel

& = Az+ Bejuj +w (6.7)
y; = el Cr+elDejuj+n; (6.8)

wheree; is avectorof lengthm with zerosin all elementsxceptelement; which containsl,
e; is similarly avectorof lengthl with zerosin all elementsxceptelement; which contains
1. Thedisturbances andmeasurementoisen arezeromeanGaussiarstochastigrocesses
with power spectraldensitymatricesiW andI. Thatis, w andn arewhite noiseprocesses
with covariances

E{wt)wT (1)} =Wt —17) (6.9)
E{nt)nT (1)} =16(t—17) (6.10)

and
E{w®)nT(r)} =0, E{n®)wT (1)} =0 (6.11)

In this casethe LQG problemis to find the optimalcontrolw, (¢) which minimizes

J(i,j) = E { lim — /T 2T (1)Qu(t) + u2(t) dt} (6.12)
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where@ > 0 is aweightingmatrix (designparameter)Whenwe minimizetheinputenegy
weset@ = 0, wehavethat/J (i, j) is equalto the{5-normfor measurementoiseto plant
inputs,i.e.

| K51+ GiKji) ™|l = J (i, ) (6.13)
wherey; = Gy;uj, u; = Kj;y; andKj; istheLQG controller(6.22)with zeroweightonthe
state§ @ = 0), andno processioise(W = 0).

6.1.2 Solutionto the LQG problem

ThesolutiontotheLQG problem known astheSeparatio heorenor CertaintyEquivalence
Principle,is first to determingheoptimalstatefeedbackLinearQuadratidRegulator(LQR),
andthento designan optimal stateobserer, Linear QuadraticEstimator(LQE). The SIso
LQG controllerwhich minimizes(6.12)is the combinedstate-estimataandstatefeedback.

Optimal statefeedbackto input ;. ThesingleinputLQR problemminimizes

han(i) = [ a0z + (0 (6.14)
dueto non-zeranitial statesey. Theoptimalsolution(for ary initial statez,) is
u;j(t) = —K;z(t) (6.15)
where
Ki=elB"X=0b] X (6.16)
~—~—

and X is positve semidefinitesolution to the algebraicRiccati equation(Skogestadand
Postlethvaite,1996)
ATX + XA— XBeje], B"X +Q =0 (6.17)

The value of the objectve Jiqr(j) (6.14) dueto the non-zeroinitial statex, becomes
(KwakernaakandSivan,1972)
Jrqr(j) = zp Xwo (6.18)

Optimal state estimator basedon y;. The single outputstate-estimatofKalmanfilter) is
updatedy only usingtheinformationin outputy;. Thestateequationdescribinghedynam-
ics of theobsererbecomes

& = A% + Beju; + Ky i(y; — el Cz — eF Dejuy) (6.19)
Theoptimalchoiceof K¢ ;, which minimizesthe meansquarereconstructiorerror
E{(a(t) — #(8)T (2 (t) — 8(2))}
dueto measurementoisen;, is givenby
K;i=YC%; (6.20)

whereY = YT > 0 is the unique positive-semidefinitesolution to the algebraicRiccati
equation
YAT + AY —YCTeiefCY + W =0 (6.21)
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LQG: combinedstateestimationand statefeedback. Thetransferfunctionfrom measure-
mentsy; (includingthe noisen;) to theinputsu,; (assumingositive feedback)js given by
the state-spaceealizatiort

A— BEjKj — Kf,ie;f”C + KﬁiBZTDejKj ‘ Kf,i

Kji(s) = e 0 (6.22)

TheLQG controllerK ;; hasthe samenumberof statesastheplant.

Minimum value of objective. Two alternatve expressiondor the minimum value of the
objective J (i, j) are(KwakernaakandSivan,1972,Theorenmb.4 part(d) pp. 394-395):

J(i,§) = tr{ XK ;K] ; + YQ} = tr{XW + YK K;} (6.23)

6.1.3 Outline

Theoutlineof thepaperis afollows; Section6.2 shavs how to computetheinputandoutput
polevectorsanddirectionsin termsof eigervalueproblems.This sectionalsogivessomeex-
ampleson poledirectionsandthe links betweerthe pole directionsandstatecontrollability
andobsenability. Section6.3 containsthe mainresult,which is to find oneinput andone
output(anda Siso controller)which stabilizea given unstablemodewith minimum input
usage.In Section6.4 we considemmoving oneor two polesfrom the open-looplocationsto
somedesiredclosed-loopocationsusinga singlecontrolloop. We show that selectingthe
inputcorrespondingo theelemenwith largestmagnituden theinput polevectorminimizes
the norm of the feedbackgain matrix from the statesto the input. Similarly, selectingthe
outputcorrespondingdo the elementwith largestmagnituden the outputpole vectormini-
mizesthe norm of the feedbackgain matrix from the outputto the statesn the obserer. In
Section6.5we shav whenandhow theresultson poleplacementanbeinterpretedn terms
of LQG control. Section6.6 discusseshe implicationsof theresultsin termsof a procedure
for input/outputselectionfor plantswhich need“stabilization”. Section6.7 containssome
relevantcontrolengineeringproblemsfrom chemicalproceslantswhichillustratesseveral
of theresultsderived. A summaryis givenin Section6.8. SectionA containdbrief treatment
of modal control and estimationproblems. Analytical formulasfor the feedbackgain ma-
tricesaregivenin termsof the pole vectorsfor the singleinput modalcontrol problemand
singleoutputmodalestimationproblem.SectionB containghe proofsof theresults.

6.2 Polevectorsand directions

For asystemon state-spactorm with adistincg polelocatedats = p, we computetheinput
andoutputpole vectos (non-normalizedasisvectorsfor the input andoutputpole spaces)

1This state-spaceealizationis notminimalif theplantG hasmodeswhich areuncontrollablén inputwu; and/or
unobserablein outputy; .

2For simplicity we assumén mostof the paperthatthe polesaredistinct. Theresultscanbe extendedo thecase
with repeategoles,seeSectionA.3.
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as
w, = BHz,:;  y, = Crxpo (6.24)

wherez,;, z,, € C* arenormalizedeigervectorscorrespondingo thetwo eigervalueprob-
lems

wZA = pwg and Azp, = pZpo (6.25)

Theoren?2.2in Section2.6 stateghatthe modep is uncontrollablef andonly if u, = 0 and
unobserableif andonly if y, = 0. It followsthatmodep is uncontrollablen input j if the
J'th elementin the input pole vectoris equalto zero,i.e. u, ; = 0. Similarly, the modep
is unobserablein outputs if the:'th elementin the outputpole vectoris equalto zero,i.e.
Yp,i = 0.

A minimal state-spaceealizationwill not containuncontrollableand/orunobserable
modes. The correspondingpole directionsare obtainedby normalizingthe pole vectors(if
oneor moremodesareuncontrollablewe setthe correspondingnput pole directionsequal
to zero,andif oneor more modesare unobserable we setthe correspondingutputpole
directionsto zero):

_ w/lluglly il #0
T { 0 ifflull,=0 (620
_ yp/ Hyp”z if [lypll, #0 6.27
o { 0 ifgl,=0 (©:20

Theresultsn this paperarein termsof inputandoutputpolevectors however, thepoledirec-
tionshave turnedoutto be usefulwhenstudyingtheeffect of zerosandpoleson performance
in multivariablesystemsseeChapters3 to 5 for furtherdetails.

EXAMPLE 6.1 SYSTEMS IN SERIES AND PARALLEL. We considetthefollowing two structures:

Systemsn parallel. Systemsn series.
u1 |1 Y1 U1
1s—p1 |1
1 T2 + 1 Y1
[ > ——
U2 $—p2 + $—p1 |T1
U2 |1 Y2
| s—p2 (22 Y2
1 0 1 1
Ga(s) = [5—0171 X :| Gp(s) = [s—opl (s—pl)l(s—pz) ]
§—Pp2 s—p2
pp 0|1 0 pp 1|1 0
s 0 p2|0 1 s 0 p2|0 1
G = G 2
a(s) 1 00 0 5(s) 1 00 0
0 1[0 0 0 1[0 0
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Whenp; = 1 andp, = 2 we getpolevectors(thefirst columncorrespond$o p; etc.):

T I N

L I
Whenp; = 1 andp, = 1.1 we getpolevectors:

N

L I

ExAMPLE 6.2. Thisexampleillustratestheinfluenceof azerocloseto thepoleontheinputandoutput
pole“vectors®. Considetthefollowing Siso transferfunction
s — 2

G(s) = s p’ z > p. Onestate-spaceealizationis: G(s) = [

p \—ﬂ]
Ve—-p| 1

The state-spaceealizationgivenis a balancedminimal realizationwhenz — p # 0. Theinputand
outputpolevectorshecome

u, =—y/z—p and y,=+z—p

Clearly asthe zeroz approachethe pole p from above the input andoutputpole vectorsapproaches
zero.Whenz = p, G(s) = 1 andthemodep is uncontrollableandunobserable,andboth «, andy,
arezero. The pole vectorsareclearly influencedby the distancebetweernthe zeroz andthepolep in
thiscase.

6.3 Stabilizing control with minimum input usage

6.3.1 Singleloop control minimizing the input enemgy (H2-norm)
In this sectionwe considerthe following problem,seealsoFigure6.1.
PROBLEM 6.1. Givena plant G with oneunstablemodep € C, (Rep > 0) and white

measuemenmnoisen; of unitintensityin ead outputy;. Find thebestpairing u; < y;, sut
thattheplantis stabilizedwith minimumachievableinput enegy

J(i,7) :E{ lim %/OT u§(t)dt} (6.28)

T—o0

3The term vectoris somevhat atusedin this context sincewe considera Siso transferfunction, so the pole
vectorsarescalars.
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U1 Y1
- G(s) =
Uj Yi
n:
Kji (S) (whit?a noise)

Figure6.1: PlantG andstabilizingcontrolloop with pairingu; < y;

j >

Figure6.2: Mappingof polefrom RHP to LHP with statefeedbackandminimuminputusage

At first sightit is not clearthatthe outputselectionproblemis includedat all, sincethe out-

putsdo not enterinto the objectie (6.28) explicitly. However, the outputselectionproblem
is includedimplicitly throughthe measurememoiseandthe expectationoperatorE. This

problemcanbe castinto several LQG problems,onefor eachpossiblepairing, andsolved

numericallyusinga solver for AlgebraicRiccatiEquationgARE) or somespecializedunc-

tionsfor LQG, LQR or LQE problems(seethe correspondingnamesn the Control System
Toolboxin MATLAB). However, this problemis so“simple” thatananalyticalsolutionto the
ARE’s canbefoundin termsof the polevectors.

THEOREM 6.1 (SOLUTION TO PROBLEM 6.1). TheminimumvalueoftheobjectiveJ (i, j),
for a specifiednput j anda specifiecbutputi is

LN 8p3
J6d) = "5,9'1‘/5,1'

(5 p0)? (6.29)

whee p is thepole wu, ; is the j'th elemenin theinput pole vector y, ; is the:’th element
in the outputpole vector z,; andz,, are the normalizedeft andright eigervectos corre-
spondingo themodep. Henceto stabilizetheplantG with theunstablemodep usinga Siso
controller minimizingtheinputenegy (Hs-norm)dueto measuemenioise oneshould:

e Selectnput; correspondingo thelargestentry|u, ;| in theinputpolevectoru,.
e Selecbutputi correspondingo thelargestentry|y, ;| in theoutputpolevectory,,.

(wpz .Tpo)

Thefactor m canbeusedasacontmollability measurdor theeffort requirecto stabilize
theplantG Wlth theunstablemodep, by controlllngoutputz usinginputj. Thisfollowssince

theobjective J (4, j) is directly relatedto L”z)

PJP
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REMARK 1. Thedirectionalityof the polevectorsarenotdependendnthestate-spaceealization.This
impliesthattherankingof thedifferentinputsandoutputsareindependendf thestate-spaceealization.
However, the magnitudglength)of the polevectorsare dependentn the state-spaceealization.
REMARK 2. Sincethe length of the pole vectorsare dependenbn the state-spaceealization,it can
be anadwantageto find a balancedealizationof the plant G beforecomputingthe pole vectors. The
disadwantagewith abalancedealizationis thatany physicalconnectiorto the statesarelost.

REMARK 3. We stressthatit is not the size of the individual elementsin the pole vectorsthat are

T 2
TH;Tpo)

important,but the relative sizesandthe factor ¢ s—. Thelattercanbe onereasorfor introducing

u2 .y

P,) P>t
(computing)the following scaledversionof the polevectors:

Up = Up/+/|Z5:@p0| AND Y = yp/ /1] Tp0]

Thenthevalueof the objective J (i, j) becomes

o 8p®
J(%J): P

~2 ~2
0,5 Yp,i

Alternatively, onemayusea state-spaceealizationfor which x;-xpo = 1. For exampleif the A matrix
hasn linearlyindependengeigemvectors onecanusetherealizationwherethe A matrix is diagonal.
We prove (6.29)by usingthe Separatiom heorem(CertaintyEquivalencePrinciple)andfind
the bestinput usingstatefeedbackLQR) underthe assumptiorof perfectmeasurementf
all states.The next stepis to constructthe optimal stateobserer (LQE) andfind the best
outputsothatmeansquarereconstructiorerror

E {(z(t) - 2(1))" (2(t) — £(1))} (6.30)

is minimizedusingoutputy; only.

It is well-known (Kwakernaakand Sivan, 1972)that minimuminput to stabilizean un-
stableplantwith statefeedbacks = — Kz (t) mirrorstheunstablepolesacrosgheimaginary
axis, seeFigure6.2. Indeed,we find that this alsohappensn this case. The dual problem
to statefeedbackwhich minimize the input usage,is the optimal stateestimationproblem
with zeroprocessioiseandmeasurememntoiseof unit intensity It follows thatthe unstable
obserer poleis mirroredacrosgheimaginaryaxisby the useof the outputto stateestimate
feedback.

Optimal statefeedbackto input w;. In thiscasetheproblemis to minimizetheinputusage
dueto non-zeranitial stateseg, i.e. minimizethedeterministiccost

Juar(j) = / T2t

Thatis, LQR problemwith zeroweightonthestateg @ = 0) andunity weightonthecontrol
u;. TheRiccatiequation(6.17)with ) = 0 becomes

ATX + XA— XBeje; B"X =0 (6.31)

4Considermultiplying the C' matrix with the constantkg and B with 1/kq thenthe pole vector changesas
follows: @, = up/ko andyp, = ypko.
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Thesolutionto (6.31)is (for aproofreferto SectionB.1)

2
X = quxpixZi > 0 (6.32)

DyJ
wherez,,; is theleft eigervectorof A correspondingo themodep. The statefeedbackgain
K; becomes

2p 2p 2p

T T T T T T

K] = ej B .'L'pi.’L'piuT = ej 'U.up.’L'p,LuT = T.’L'pi (633)
D,J ~—~— D,J 'D,J

Up,j

Kalman filter basedon y;. In this casethe Kalmanfilter is updatedby only usingthe
informationin outputy;, andthereis no processioise(W = 0). TheRiccatiequation(6.21)
with W = 0 becomes

YAT + AY —YCTeiel CY =0 (6.34)
Thesolutionto (6.34)is (for aproofreferto SectionB.1)
2p
Y = Txpoxgo >0 (6.35)
D,

wherez,,, is theright eigervectorof A correspondingo themodep. Thefeedbaclgain K¢ ;
from outputy; to the stateestimatebecomes

2p 2p
Kpi= 3 Tpotp,CTei = ——p, (6.36)
pﬂ: yp,z

Minimum value of objective. To prove theminimumvalueof theobjectve J(i, j) givenin
(6.28),we usethefirst equalityin (6.23)with = 0, we obtain

3

(x;{impO)z

(6.37)
This completeshe proof of (6.29). Finally, we notethatthe valueof J (i, j) is equalto the
squareof the #,-norm of the closed-looptransferfunction from measuremenmntoisen; to
inputu,, i.e.

2] bt t

.. 2p 2p 2p 8p
J(i,j) = tr {XKf’,-K}ji} =tr{ —— xpixg;—xpo—xgo = -
’u' ] yp” up7.7yp72

J(i,5) = | K;iSu(s) |5  where Sii(s) = (1+ Gy Kii(s)) ™

6.3.2 Multi variable control minimizing the input enemgy (H»-norm)

In this sectionwe considerthe following problem:

PROBLEM 6.2. Givena plant G with oneunstablemodep € C, (Rep > 0) and white
measuementoisen,; of unitintensityin ead outputy;. Considerfull multivariablecontrol
of the plant G andfind bestachievableperformanceguantifiedas the minimumvalueof the
objective

J = E{ lim = /T uT(t)u(t)dt} (6.38)

T—o0
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Thisis aLQG problemwith zeroweighton the statesunity weighton theinputs,no process
noiseandwhite measurememoisewith unit intensity By solving this problemandcom-

paringthe minimum value of the objectie of this problemwith the minimum value of the

objectvein Problem6.1,we canquantifythe extrainputenegy neededo stabilizethe plant

usingSiso controlcomparedo full multivariablecontrol.

THEOREM 6.2 (SOLUTION TO PROBLEM 6.2). Theminimumvalueof the objectiveJ is

8173 T 2

SR — 6.39

G (639
T 2

The factor % canbe usedas a contmllability measurefor the effort requiredto
P2 Pli2

stabilizethe plantG with theunstablemodep. This follows sincethe objectve J is directly
relatecto - eire)
T M3 Myl

alsoin thiscase.
To prove (6.39)we constructa stateestimatorusingthe informationin all availableout-

puts,andwe apply statefeedbackrom the estimatedstatesusingall inputs.

Remarksdl to 3 onscalingandbalancedealizationronpagel35applies

Optimal statefeedback. Theproblemis to minimizetheinputusagedueto non-zeranitial
statex, i.e. to minimizethedeterministiccost

T
Jiqr = / o (H)u(t)dt
0
Theoptimalsolution(independendf x,) is u(t) = —Kxz(t), where
K =BTX

andX = XT > 0 is theuniquepositive-semidefinitesolutionof the algebraicRiccatiequa-
tion

ATX + XA—-XBBTX =0 (6.40)
Thesolutionto (6.40)is (for aproofreferto SectionB.1)
2p T
X = LpiZp; > 0 (6.41)
w37
ThestatefeedbackK becomes
2p 2p
K = BTz 2T, = zT (6.42)
P g Tl 7

Kalman filter. In this casethereis no processoise,the stateequationof the obsenrer be-
comes _
& = A+ Bu+ K;(y — C# — Du) (6.43)

Theoptimalchoiceof K ¢, which minimizesthe meansquarereconstructiorerror

E{(a(t) - 2(1))" ((t) — 2(t))}
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dueto measuremenioisen, is givenby
K;=vCT

whereY = YT > 0 is the unique positive-semidefinitesolutionto the algebraicRiccati
equation
YAT + Ay —YCTCY =0 (6.44)

Thesolutionto (6.44)is (for aproofreferto SectionB.1)

2
= Pt >0 (6.45)
915

Thefeedbackgain K y from outputy to the estimatedstatedbecomes

2p T ~T 2p T
Ky = —” HQxPOxpoC’ = —“ ||2xpoyp (6.46)
Ynll2 Ypll2

Minimum value of objective. We obtain(KwakernaakandSivan,1972):

2p 2p T 2p T
J = tr{XK KT}:tr{ Tpil TpolYy T—i5 YpT
I w1377 P 1377077 (I3 777

||“p||% ||?lp||42L pepe

&
llup 13 [ ypll5
This completeshe proofof (6.39). Finally, we notethatthevalueof .J is equalto thesquare

of the Hy-norm of the closed-looptransferfunction from the measurementoisen to the
inputu, i.e.

(#5ip0)” (6.47)

J = || KLgaSLqa(s)|[5 where Spqa(s) = (I + GKroa) ™

andKi,qc is thefull multivariableLQG controllerminimizing theinputenenpy.

6.3.3 Performancedegradationdueto Siso control

We arenow in positionto quantify the extra input usageneededo stabilizea plant G with
oneunstablemodep usinga Siso controllerlinking outputy; to inputw;. We obtain

K ;i Sii ¥
0ol j) = MKWl VIG5 _ sl wllz ) g g

I KiqeStac()ll, VI sl |y
Wefind thatSiso controlis optimalif andonly if u, haszerosin all elementexceptelement
j andy, haszerosin all elementsxceptelement. Thatis, thepolep is only controllablein
input 7 andonly obsenablein output:. We have arrivedat the conclusion:
¢ If oneelementn u, andoneelementn y, hasmagnitudeseveral times(threeor more)

larger thanthe secondargestelementthenthe performancedeggradationdueto Siso
control maybeacceptable
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6.3.4 Correspondingresultsin terms of the H .-norm

We have seenthat the resultsin the two previous sectionscan be interpretedin terms of
minimizing the Hy-norm from the measurementoiseto the inputs. More precisely the
resultsin Section6.3.1solve thefollowing problem

min min 1K;jiSii(s)ll,  where Sii(s) = (1+ Gi;Kji(s)) ™
andthe Siso controller K j; is the LQG controllerminimizing the input enegy (6.1). Fur-
thermoretheresultsin Section6.3.2solve thefollowing problem

%(11; |KS(s)||l, where S(s)=(I+GK(s)) !
S
andthecontrollerK is thefull multivariableLQG controllerminimizingtheinputeneny, i.e.
K = KiqeWwith@ =0,R=1,W = 0andV = I (see SkogestacindPostlethvaite,1996,
for astate-spaceealizationof Ki,q¢).

Themostobviousquestions:

e Why notchoosea differentnorm,i.e. the #,-norm?

Thefactis thatwe in Chapter alreadyhave derivedthetool to selectthe bestinput andthe
bestoutputto stabilizethe plantG with oneunstablemodep andminimizethe H .-normof
theinput usage.Furthermorefrom theresultsin Chapter5, we canquantify the minimum
achievable’ ,,-normof theinput usagedueto measurememtoisefor the full multivariable
controller Thatis, we arein a positionto switchfrom the H,-normto the #..-norm. The
next theoremsummarizeshe resultson minimizing the #,-normof theinput usagedueto
measurememtoisefor SIso control.

THEOREM 6.3 (STABILIZING SISO CONTROL MINIMIZING H.-NORM OF THE INPUT

UsaGE). Considera plantG with minimalstate-spaceealization(A, B, C, D), oneunsta-
ble modep, inputpolevectoru,, outputpolevectory, andnormalizedadditivemeasuement
noisen;, |n;| = 1, in ead outputi. Assumehatthe modep is controllablein input j and
observablan outputi. Theminimumachievable?.,-norm of the input usage dueto mea-
suremenmoisen;, for SIso control of output: usinginputj is

. — 2p
min || K;;Sii(s)||. = (Gij); " (0)] T
Pyt

H
in, \:Upixpo\ (6.49)

 Jup

whee S;i(s) = (1 + G;jKji(s))~ !, zp; andz,, are normalizedeft andright eigervectos
of the A matrix correspondingo the modep, and (G;;)s meansthe transferfunctionG;;
with the RHP-polesmirroredinto LHP.

REMARK. Thenotation(G;;);* (p) means:
1) Findthestabilizedversionof G;;, i.e. (Gj)s.
2) Taketheinversej.e. (Gi;)s' = ((Gij)s) ™ .
3) Evaluate(Gi;); " ats = p,i.e. (Gij)s ' (p) = ((Gi)s) ™' (p) = ((Gij)s) |

s=p"’
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Proof. SeeSectionB.1.

Importantly by comparing(6.49)and(6.29)we seethattheinputusagean termsof the H . -
normis closelyrelatedto the #,-norm(white noise),we have

min) 1 K;iS:i(8) |00 =

hin min || K;3Si(s) |, = v/ J(i,7)/2p (6.50)

1

V2p K;i(s)
Thus,thetwo normsgive the samechoicefor the bestinput-outputpairing for stabilizingthe
plantG with theunstablenodep:

e Selectinputj correspondingo thelargestentry|u, ;| in theinputpolevectoru,,.

e Selectoutputi correspondingo thelargestentry|y, ;| in theoutputpolevectory,,.
Severalthingsareworth noting:

1) It is interestingthatminimizing the input usagen termsof eitherthe Hy-normor the

"Ho-norm givesthe sameinput j andoutput: for stabilization. This may be surpris-

ing, sincethe value of the two normsin generalmay be arbitraryfar apart(e.g. see
Table6.1).

2) From(6.49)we seethatthebestinputj andthebestoutput: correspondo minimizing
(Gij)5 (p)], i.e. min [(Gi;); " (p)] = max [(Gy;)s(p)|- An alternatve to the pole
,] 2,3

vectors,s thereforeto evaluatea minimal realizationof thetransferfunction

Gs) = 2 Lais)

S+p

ats = p, andselectingheinput/outputtombination(j /i) correspondingp theelement
with largestmagnituden G(p).

3) Notethatthe effect of ary RHP-zeroin the elementG;; is takeninto account,since
(Gij)s(p) is smallif thereis a RHP-zerolocatedcloseto p.

THEOREM 6.4 (STABILIZING CONTROL MINIMIZING H,-NORM OF THE INPUT USAGE).
Considera plant G with one unstablemodep and normalizedadditive measuementnoise
n, ||n||, = 1, at the outputof the plant G. Theminimumachievable?.,-normof theinput
usage dueto the measuementoisen is

min IKS(5) e = lluy G2l 05 = 1G5 (D)l (6.51)
whee S(s) = (I + GK(s))~ !, G, andG; are thetransferfunctionG with the RHP-poles
factorizedat the outputandtheinput respectivelyseeChapter5s).

REMARK 1. ThenotationG;,! meansG;,! = (G.,) ™ .
REMARK 2. Similarly, G_;' meansG;' = (Gsi)~'.

The performancelegradationdueto Siso control of output: usinginput j relative to full
multivariablecontrolbecomes
o0 Gij)7t

. - -1 -
win 1S ()l luz' Gso (D)l

000 (i, J) =
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6.3.5 Differencebetweenthe controllers minimizing the input usagein
terms of the H,-norm and the H .-norm

Whenminimizing the input usagebothin termsof the H,-normandthe # ,-norm,the un-
stableopen-looppolep is mirroredinto the LHP, thatis, the closed-loofole corresponding
to theopen-looppolep is u = —p.

In general,whenminimizing the #.-norm, the closed-looptransferfunctionshave 2n
poles. However, from the expressiondor the statefeedbackgain (6.33)and(6.42),we see
thatit is only the linear combinationof the statescorrespondingo the pole p which affects
theinput (the linearcombinationz,,;). Similarly, from the expressiongor the Kalmanfilter
gain (6.36)and(6.46)we seethatthe statesn the obsener areupdatedby only addingthe
linear combinationof the outputcorrespondingo the pole p (the linear combinationz,,,).
Theresultis thata minimal state-spaceealizationof the closed-loogransferfunctionsfrom
measurememntoiseto the inputs K'S and K ;;S;; has2 stableclosed-looppoleslocatedat
u = —p. We notethatthe otherclosed-loopgransferfunctionsmay have morepoles.

Whenminimizing the H.,-norm,the only closed-looole of the transferfunctionfrom
measuremermtoiseto theinput,i.e. K.S andK;S;;, is p = —p. Theremainingn — 1 poles
in theplantG arenotobsenrableand/orcontrollablen theclosed-loogransferfunctionskK S
andK;;S;;. We notethatthe otherclosed-loogransferfunctionsmayhave morepoles.

ExAMPLE 6.3. The purposewith this exampleis to illustrate the differencebetweemminimizing the
input usagen termsof the 7 2-normandthe 7 .. -norm. We considerthefollowing plant

-10 0 ‘ V/120/11 )
8 S —
G(s) = 0 1 v/ 10/11 =
() / 01s+1)(s —1)
V120/11 —/10/11 | 0
which hasoneunstablenodep = 1 andaRHP-zeroz = 2.

First, we considerminimizing the Ha-norm. The input and output statedirectionsandthe pole
vectorscorrespondingo theunstablemodep = 1 are

Tpi = Tpo = [ﬂ . uw, =+/10/11 and gy, = —+/10/11

Thestatefeedbaclgain K andthe Kalmanfilter gain Ky becomes

_2p 7 _ _2p 0
K = ” z, =[0 2v1.1] and Ky= y Tpo = |:—2\/ﬁ:|

P D

TheLQG controllerminimizingtheinputenegy becomes

—10 —2+/12 0 0.1 1
Kiga(s) = | 2v12 -3 | —2V11 | = 44%
§° — S
0 2/I1 | o0
The controlleris strictly proper haspolesfor pi1.» = —6.5 £+ 5.98;5 anda zerofor z = —10. The

objective becomes/ = 9.68, andthe H{2-normof the closed-loogransferfunctionfrom n to « is

|| KLqoaSLqa(s)|l, = vV9.68 = 3.11 where Srqa(s) = (1+ GI(LQ(;.(S))_1
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Table6.1: Summaryof resultswhenminimizing theinputusage#2.-normandH ,-norm.

o ‘

| | Zerosk PoleskK ZerosKS PoleskS ||KS(s)|l, |[KS(s)|

Ho —10 —6.5 £ 5.985 1 {-1, -1} 3.11 4.4
Hoo —10 —34 1 -1 o0 2.2

The closed-loompolesin theminimal realizationof K1.qaSrqa ispi,2 = {—1, —1}, andwe seethat
the open-loopstablemodep = —10 of G cancelwith the zeroz = —10 in the controller Table6.1
summarizesomeof theresultsfor the LQG controllerminimizing theinputeneny.

By usingthe identity XS = TG~' andapplying Theorem4.3 with V' = G~' we obtainthe
controllerminimizing the # ..-normof inputusagedueto measurementoise.The controlleris

0.1s+1
Koo(s) = 4.2@
The controlleris semi-properhasapolep = —34 andazeroz = —10. TheH-normof the closed-
loop systemis
| KooSoo (s) |, = 2.20 where Su(s) = (1 + GKoo(s)) ™"
The only pole of the closed-looptransferfunction K So is p = —1. Table6.1 summarizesome

of theresults. The magnitudeof closed-loopransferfunctionsSr.qa, K1.QaSLqQa, Seo aNd Koo Soo
areplottedasfunctionsof frequeng in Figure6.3. We seethatthe # .. -optimal controllerresultsin a
constanmagnitudeof theclosed-loogransferfunction Ko, S .

10 T T H L | T T T

Soo

(=}

SLqa

Magnitude
=)

KrqaSLqa

10 L T T Y S S S | L P S S S S | L LN
0 1 2

10" 10 10 10
Frequeng [rad/s]

Figure6.3: Frequenyg dependenplot of closed-loogransferfunctions

6.3.6 Limitations in the useof the pole vectors

We have provedthe usefulnes®f pole vectorsfor moving onepolewith a singleloop con-
troller. But canwe usethe pole vectorsto sayanything abouthow easyit is to move two or
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morepolesusinga singleloop controller? The next two examplesillustratethatthe answer
is generallyno.

ExAMPLE 6.4. In this examplewe considerthe effect of a zeroon the pole vectors wherethe zerois
closeto two polesatthe sametime. The exampleillustratesthatwe only canextractinformationabout
onepoleatatime. We considerthefollowing Siso transferfunction

2(s —p) 1 1

Gs) = (s—p+e)(s—p—¢) :S—p—€+8—p+€

wherewe notethatthe zerodisappeaim theindividualtermsin the partialfractionexpansiorof G(s).
So,the zerois obviously a combinedeffect of both poles. A balancedninimal state-spaceealization
of G whene # 0 is givenby

pt+e 0 1
G(s) = 0 p—e |1 (6.53)
1 1 |0

Bothpolespi,» = p+¢ areobserableaslongase # 0. We computetheinputandoutputpolevectors
correspondingo thepolesp; 2 = p & ¢ to be

U,=[1 1] and Y,=[1 1]

independensf thevalueof . Fromthe polevectorsit seemdik e both polescaneasilybe moved. But
ase — 0 wegetG(s) = ﬁ sothisis incorrectfor smallvaluesof €. To verify, we construcenLQG
controllerminimizingtheinputenegy

J= E{ lim :lr /OT uT(t)u(t)dt}

T— o0

with measurementoiseof unit intensityandno processoise. Whenp = 2, ¢ = 0.1 we obtainthe
statefeedbaclgainto input«, K, andthefeedbaclgainfrom the outputy to the stateestimate K ;:

K =[8 -76] and Kf:|:_8;16:|

The closed-looppolesbecomep; » = —p + €, andthe objective becomes/ = 4.10 - 107, whichiis
huge.Thefollowing tableshonsthevalueof theobjective J for somedifferentvaluesof e whenp = 2.

e| 15 1 0.5 0.1 0.05 0.01
J | 1164.6 4736 67712 4.10-107 6.56-10° 4.10-10""

Similar resultsapply if the zerois locatedto the left or to the right of both poles. For example,

consider
s—p—¢ -1 2

= = _|_
(s—p)(s—p+e) s—p s—p+e
with balancedninimal state-spaceealization(whene # 0)

G(s)

p 0 -1
G(s) = l 0 p—e| V2 ] (6.54)
1 V2 ] o

Theinputandoutputpolevectorscorrespondingo thetwo polesp, » = {p,p — ¢} are

U =[-1 V2] and Y,=[1 V2]
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independentf the valueof . Again, from the pole vectors,it seemdike both polescaneasily be
moved. Butase — 0 wegetG(s) = ﬁ sothis is incorrectfor smallvaluesof €. To verify, we
considerthe controllerminimizing the input enegy requiredto stabilizethe plant. With p = 2 and
¢ = 0.1 we obtain

K =[-156 —104.8] and Kfz[ 156 ]

—104.8

Theclosed-looppolesbecomep; » = {—p + ¢, —p}, andtheobjective becomes/ = 4.27-107, which
is huge. The following table summarizeshe value of the objective J for somedifferentvaluesof e
whenp = 2.

e| 15 1 0.5 0.1 0.05 0.01
J | 446.4 3618 71087 4.27-10" 6.71-10° 4.12-10"

We have seerthatthepolevectorsareunableto identify thedifficultieswith stabilizingtheseplants.

The two situationsdescribedn (6.53) and (6.54) are exactly what happensn the elements
gi; of thefollowing 2 x 2 system

p1 0 cosa —sina
s 0 P2 sin « cos
S) =
G( ) cosf —sing 0 0
sin@ cosf 0 0

which wasusedto illustratethe limitations of poledirectionsin Example2.3. This G corre-
spondgo two subsystems parallelwith rotationsattheinputandtheoutput,seeFigure2.1.
Theinputandoutputpolevectorscorrespondingo themodes{p, p2} are
COos Sin & COS — Sin
Up = [—sina cosa]; Yp = [Sing COSﬂﬂ]

In Example2.3it is shavn thatall transferfunctionelementshave a zerocloseto oneof the
poleswhenp; andp, approachesachother Thediagonalelementsn G have a zeroto the
left or to theright of the poles,andthe off-diagonalelementsn G have a zerobetweerthe
poles.We notethatG' hasno multivariablezeros.To controlbothmodesn the2 x 2 system
G usingoneinput andoneoutputis difficult if thetwo modesarein RHP andlocatedclose
to eachother dueto thenearbyzeroin all transferfunctionelementslf thetwo modesarein
LHP andlocatedcloseto eachother large input usages neededo move both poles. In the
casewhenp; = p, we know thatwe needtwo inputsandtwo outputsto controlbothmodes,
seeTheorem2.4on page32 (we notethatthe polevectorsareorthogonalin this case).

A practical examplecontainingthe propertiesdescribedhereis the distillation column
DB-configurationseeExample6.8in Section6.7.

EXAMPLE 6.5. In Example6.4we consideredwo realpoleswith anearbyzero.We canstill hopethat
comple conjugatepolesarespecial,sothatwe canusethe pole vectorsto say somethingabouthow
easyit is to move two complex conjugatepoles. In this examplethereforeconsiderstabilizinga plant
with two unstablecomplex conjugatepolesanda nearbyzero.We consider

p —e€ |1
G(s)ile D 0]— ST

52 —2ps +p? + €2
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TheplantG hasa RHP-zerofor s = p andtwo complex conjugatepolesfor p,,2» = p £ 5. Wefind
(theleft andtheright eigervectormatrices)

0.707 0.707 —-0.707 —0.707

7= | _oq07j o7075| @9 Xee=lo7075 —0.707]

Thepole“vectors’becomes

U, =[0.707 0.707] and Y, =[-0.707 —0.707]

Whichis independenof thevaluesin p ande. Whene approachegerowe obtainG(s) = ﬁ andwe
expectthatwe needlargeinputsto stabilizethe plantfor smallvaluesof . To verify our suspicionwe

constructanLQG controllerminimizing theinputusage

J = E{Tli_r)%o %/OT uT(t)u(t)dt}

with measurementoiseof unit intensityandno processoise. Whenp = 2, ¢ = 0.1 we obtainthe
statefeedbaclgain K andthefeedbaclgainfrom the outputsto the stateestimateX ¢

8
K=[8 160] and K;= [—160]
The closed-looppolesbecomep; » = —p + €3, andthe objective becomes] = 1.64 - 102, whichis
huge.Thefollowing tablesummarizeshe valueof the objective J for somedifferentvaluesof e when
p=2.

e | 15 1 0.5 0.1 0.05 0.01
J | 28381 14848 2.54-10° 1.64-10° 2.62-10° 1.64-10"

Again, we have seenthat the pole vectorsare unableto identify the difficulties with stabilizingthis
plant.

6.4 Modal control with minimum feedbackgains

In the previoussectionwe shovedthatselectingnput j andoutput; accordingo thelargest
elementsn thepolevectors correspondso thebes? input/outputcombinatiorfor stabilizing
a plantwith oneunstablemodeusinga Siso controller It is difficult to extendthis resultto
themoregenerakaseof moving onestablepole or severalpolesatthe sametime.

However, an alternatve interpretatiorto the minimum input usages to selectinput
which minimizesthe nornf of the statefeedbackgain K; andto selectoutputy; which
minimizesthe normof the Kalmanfilter gain K ¢ ;, seethe expressiong6.33)and(6.36)for
Kj andKf,i.

In this sectionwe considermoving oneor two polesfrom their open-loopvaluesto some
desirecclosed-loopralues by constructinga stateobsenerbasedn outputy; andusingstate
feedbacko inputu;.

5In termsof minimuminputusage.
6Any matrix or vectornormapplies.Thatis, the choiceis independentf the particularormchosen.
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Statefeedbackto input u;. Thestateequationof theopen-loopplantis
T = Az + Beju; (6.55)
We usefeedbackrom statesr to theinputu;
u; = —K;z (6.56)

suchthatwe move oneor two polesfrom theiropen-loopvaluesto somedesiredclosed-loop
values.Thatis, we find K; suchthatthe closed-loopstate-spaceatrix

A= A— BejK, (6.57)

hasthe desiredclosed-loopeigervalues. Generalanalyticalformulasfor the controllergain
K ; which movesall the open-loopeigervaluesto somedesiredclosed-loopraluesaregiven
in SectionA.1. Below we will usetheseformulasto move oneor two open-loopeigervalues
to somedesiredclosed-loopeigervalues andleaving theremainingonesunchanged.

Stateobsewer basedon y;. Thedualproblemto the statefeedbackoroblem,is to find the
outputto statefeedbackgainsothatthe obserer hasthe desiredclosed-looppoles. Thatis,
we consider

i = Ai+ Beju;; i = e] C& + el Deju,; (6.58)

andby usingfeedbackrom y; — g; to theestimatedstatest, i.e.
& = Az + Beju; + Ky ;(yi — eF Cz — el Dejuy) (6.59)
we move the closed-loompbsenrer poles,i.e. the eigervaluesof
A=A-KsielC (6.60)

to the desiredocations,which we will chooseto be the sameasthosein A (for statefeed-
back). Again, we will only considermoving oneor two open-loopobsener polesto some
desiredocationsandleaving theremainingonesunchanged.

Combined state obsewner and state feedback. Whenwe combinestatefeedbackogether
with stateestimationwe get2n closed-loogpoles(the eigervaluesof A andﬁ). Theeigen-
valuesof A (regulatorpoles)andﬁ (obserer poles)aregenerallydifferent,but we choose
hereto move theregulatorandthe obserer polesto the samdocations.

6.4.1 Moving onepole

Statefeedbackto input w;. Theproblemis to move thedistinctrealopen-looppolep to x

by the useof statefeedback6.56)to input«;. Thesolutionis to usethe statefeedbaclkgain

vector

bp—p
Up,j x;ﬂ

K; = (6.61)
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wherew, ; is the j’th elementin theinput pole vectorcorrespondindo the pole p andz,;
is the correspondingstateinput pole direction, i.e. xHA = pa:H For a proof of (6.61)
referto SectionB.2. Sinceonly the constant2=~ ‘f IS dependenbn the choiceof input j,
ary matrix normof K; is minimizedby selectlngnputy correspondingo the elementwith
largestmagnitudean the polevectoru,. Eventhoughwe areminimizing the statefeedback
gainvector thechoicej is independentf the state-spaceealization.

State obsewer basedon y;. In a similar way, we move the obserer pole p to the desired
locationy by addingfeedbackrom y; — g; to the estimatedstate(6.59). The solutionis

Kpi=2"Fgp, (6.62)

Dyt

wherey,, ; is thei:’'th elemenin theoutputpolevectorcorrespondingo thepolep andz,, is
thecorrespondingtateoutputpoledirection,i.e. Az,, = pz,,. Foraproofof (6.62)referto
SectionB.2. Any matrixnormof K ¢ ; is minimizedby selectingheoutput; correspondingp
the elementwith largestmagnituden the polevectory,. Again, thechoice: is independent
of the state-spaceealization.

6.4.2 Moving two distinct poles

By studyingthe Siso plantsin Examples6.4 and6.5it is shavn thatwe generallycannot
sayanything abouthow easyit is to stabilizea plantwith two unstablemodesfrom the pole
vectors. This meanghatwe cannot usethe pole vectorsascontrollability measuregwhich
is the casewhenwe considermoving oneunstablemode). The pole vectorsare uniqueup
to a multiplum of a constantso the relative influenceof the differentinputsandoutputson
thepoleis reflectedin the relative magnitudesn the input andoutputpole vectors.We can
thenusetherelatve magnitudego rankthe differentinputsandoutputs.However, it is still
an openissue(for researchwhat it meansto rank candidatanputs and outputsusingthe
pole vectorswhenone wantto move two polesusingoneinput and one output. It seems
reasonabléo do so,but it hasbeendifficult to prove arny concreteresults.

Onestepontheway canbeto find analyticalexpressiongin termsof thepolevectors)or
the feedbaclkgainsK; and K ; ; which movestwo open-looppolesto somedesiredclosed-
loop locations. In this sectionwe thereforeconsiderto move two distinct open-looppoles
by usingstatefeedbacko inputu; andto move the correspondingbserer polesby adding
feedbackrom outputy; to theestimatedstates.

Statefeedbackto input u;. ThefeedbaclgainK; to movethetwo polesp; andpz, p1 # p2
to thedesiredocationsy; andus usingstatefeedback6.56)to inputw; is

K; = klx + kgﬂ? (6.63)

p1i j 2

where

_ (p1 = p1)(pr — p2)  (p2— 1) (2 — o)
(- P2y, ko = P2 —p1) s (6.64)
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zp,; andz,,; aretheleft eigervectorscorrespondingo thepolesp; andp,, w,, andu,, are
the correspondingnput pole vectors,andfinally u,, ; andu,, ; arethe j'th elementof the
input polevectors.

State obsewer basedon y;. In a similar way, we canmove the obsenrer polesp; andp,,
p1 # po tothedesiredocationsu; andus by addingfeedbackrom y; — 4; to theestimated
stateq6.59). Thesolutionis

Kf7i = kl.’lfplo + k2$p20 (665)
where
ky = (Pl - Ml)(pl_— Mz)’ ky = (p2 - Ml)(pz_— ,uz) (6.66)
(pl - pz)’ypl ) (pz - pl)ypz,i

Zp, 0 andx,,, aretheright eigervectorscorrespondindo the polesp; andps, y,, andy,,
arethecorrespondingnputpolevectorsandfinally, y,, ; andy,, ; arethe:’'th elemenof the
outputpolevectors.

6.4.3 Moving complexconjugatepoles

The casewherewe wantto move two complex conjugatepoles(p, p) to somedesiredcom-
plex conjugatelocations(u, i) follows easilyfrom the resultsin Section6.4.2 by setting
P1r =D, P2 =D 1 = K, P2 = H4, Tpii = Tpiy Tpai = -/l_jpiy Tpio = Tpoy Tpyo = jpo:
Up, j = Up j, Upy j = Up j, Yp, i = Yp.i anNdy,, ; = Yy, ;. Wherez,; andz,, aretheleft and
theright eigervectorscorrespondingo p, w, ; is the j'th elementof the pole vectoru, and
Yp,i IS thei’th elemenibf the polevectory, for thepolep.

Statefeedbackto input u;. From(6.63)we obtain

Kj = kjzll + kjzli, where k; = Gotle-i) — om (6.67)

K; = 2Re(k;z)}) sinceK; = K;. The2-normof K; become$
1K1l = 2 - [[Re(kjzy) [l = 2+ k] - [Re(e? ™ 255l (6.68)

which shows thatwe needto pay attentionto Zu,, ; whenselectingthe singleinput j if we
wantto minimize || K||,.

Whenp > 0 andy = —p, wegetm = Qﬁie(g) (whichis independenof the choicey)
2 D 2p R 1
s = p(p+p) _ 2pRe(p) 1 (6.69)
(P—D)up;  j Im(p) Uy,
The casewhenpu = —p correspondso stabilizing control with minimum input usagefor

a plantwith two complex conjugateunstablepoles. This follows sincethe feedbackgain

"Whenj is usedasa subscripor togethemith thetext “input” we meaninput j, otherwisewe mearthecomple

number; = /—1.
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vectorK; in the Siso cases uniqueandthe statefeedbackvhich minimizestheinputusage
mirrors the open-loopunstablepolesinto the LHP, i.e. the resultingclosed-looppolesare
u = —p alsofor complex conjugatepoles(Kwakernaakand Sivan, 1972, Theorem3.110n

page284). An alternatve way to prove thatthe statefeedbackK; (6.67)with k; givenby

(6.69)minimizestheinputusagejs to solve theRiccatiequation(6.31)for the casewhenthe

state-spacmatrix A hastwo unstablecomplex eigervalues.The solutionis

;) H - .T ky2 _ k2 T
X = 2Re(p) (a:pixpi —}-xmxm) + 2pxp,ac + 2 xmxm (6.70)

Stateobsewer basedon y;. Theestimatorgainbecomes

Ky = kitpo + kifipo, Where k; = tle—f) _ m (6.71)

K¢ ;= 2Re(kiTp,), sinceK s ; = Ky ;. The2-normof K ; is

1K sill, =2 1Re(kizpo) [l = 2 - [kil [IRe(e? " zpo) (6.72)

Whenp > 0 andy = —p we obtainm = ZﬁR‘Z(’;) (whichis independentf thechoice:)

2 p 2
b= 220 tD) _ 20 Relp) (6.73)
P—P Ui I Im(p) Vp,
The casewith . = —p correspondgo the feedbackgain from the outputy; to the states

which minimize the meansquarereconstructiorerror whenthereis no processnhoiseand
measurememoiseof unit intensity(follows from duality).

From the solution X (6.70)to the Riccati equation(6.31) andthe expressionfor K ;
(6.71)with k; givenby (6.73)we canfind the minimum value of the objectie (6.1) for the
casewherethe planthastwo unstablecomplex poles.We obtain

J =tr{XKs;K7,}

However, we have notfoundary simpleway (whichmaynotbepossible)o extract, ; and
Yp,; from the expressiorfor XKfﬂ-KJT,i. So,we cannotprove ary definiteconclusionabout
the bestinput j; andthe bestoutput; to stabilizea plantwith two comple« unstablemodes.
Thereasons thatthe phaseof u, ; andy, ; matter(asnotedabove). However, if the phase
of the differentelementsn u, arenottoo differenf we arepretty safeselectingthe input j
with thelargestmagnitudéen thepolevectoru,. Similarly, whenselectingheoutputs, if the
phaseof the elementswith largestmagnitudesn y,, areapproximateljthesamethenwe are
prettysafeselectingthe output: with largestmagnituden the outputpolevectory,,.

8In particularif the phaseof the elementswith largestmagnitudesn u,, areapproximatelythesame.
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Figure6.4: Attainabley valuesin LQR andLQE problems

The attainableclosed-looppolesy areshavn graphicallyin Figure6.4. First, we needyu to
bestablej.e. Re 4 < 0. Secondlywe needu < p (notillustratedin thefigure)otherwisethe
solution X to the Riccatiequationis negative. Finally, if Re(p) > 0, thenit is requiredthat
lu| > |p|, otherwiser in (6.75)is negative. Thefirst requiremenp > u, is equialentto the
secondequirementvhenbothp andy arein LHP andit correspond$o positive semidefinite
solutionsto the ARE (6.17). The requiremengexpresseghat positive effect of the control
is to move the pole furtherinto LHP, andthat moving the pole p in the LHP closerto the
imaginaryaxis (to the right) requiresa negative solutionto the ARE (6.17). The second
requirementu| > |p| dealswith the situationwhenyp is in RHP, thenary movementof the
poleto theleft satisfiesa positive semidefinitesolutionto the ARE. However, traditionalLQR
requires) to be positive semidefinite For x = —p, we have Q = 0, andtheobjective J isto
minimizetheinputusage.Thatis, stabilizingcontrolwith minimuminput usagemirrorsthe
unstablepoleinto the LHP. Onemight have thoughtthatthe unstablepole shouldhave been
moved aslittle aspossible,namelyjust into the LHP, ratherthanbeingreflectedaboutthe
imaginaryaxis. However, the needto tradeoff feedbaclgainvs. rateof decayin x dictates
the latterrequirement.lt is interestingto seethatin orderto obtaina solutionto the LQR
problemwith —p < p < 0 whenp € C, requiresa negative (0, which therebyalsogivesa
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lowervalueof theobjective Jy,qr for thecasewhen—p < p < 0thany = —p. Forexample,
u = —0.5p gives(KwakernaakandSivan,1972)

Jrqr = 7 X = 'T(mgmpi)g
us .
D,J
whereas:, = —p gives
2p
Jrqr = g Xxp = T(ﬂd"oTﬂ'?pi)2
Up,j

Stateobsewner basedon y;. We find thatthe pole placementanbeinterpretedn termsof
LQE whenp > p and|u| > |p|, thenthesolutionto the ARE (6.21)is

Y = p;Z'uxpoxz;o whenp > p (6.76)
Yp,i
with
,U2 — P2 T
W = )2 TpoTpe whenp? > p? (6.77)
D

Minimum value of objective. Theminimumvalueof theobjective (6.12)becomeg6.23)

J(i,5) = t{XKp;K;;+YQ}

3 Tpilpi— 3 LpoTpo + T3 TpoTp, o Tritpi
P:J Psi Pyt PsJ

_tr{p—ﬂ r—-p? 1 p—p o p?-p T}

(p — 1) (zpiz},)
= L tr{(/f - pz)wm‘xfo + (- M)promgi}

Uy i Ypi
(p — p) (wpizl,) 2u(p — 1) (1 — p)
= 2 ;n P 2:“(“ - p)tr{xpixgo} = 2 .2 (-qu;z'xpo)2 (6-78)
Uy i Yp,i Uy i Yp.,i

6.5.2 Moving two or more poles

Whenwe movedoneopen-loogpoleby controllingoneoutputusingoneinput, we wereable
to deducan which casegole placementouldbeinterpretedasLQG control,andfrom the
feedbaclgainswe wereableto find positive semidefinitesolutions(rankonematrices}o the
algebraicRiccatiequations Whenmoving two polessimultaneouslyhe feedbaclgainsare
the sumof two vectors,andthe solutionsto the algebraicRiccati equationsobtainedfrom

thefeedbaclkgainsbecomemorecomplicated.In this caseit is the secondordertermin the
algebraidRiccatiequationcausesrosscouplingbetweerthe eigervectors,andthe solutions
to the Riccatiequationsareweightedsumsof four rank onematrices.This implies thatwe

have not beenableto find positive semidefiniteveightingmatrices(Q or W) in the general
case. This may not be a big surprisesincefrom root locusplot for the LQR problemasa

functionof differentweightingbetweerthestatesandthecontrolinput (see Kwakernaakand
Sivan, 1972, for furtherdetails)the closed-loogolesmovesin certainpatternsfor example
theButterworth pole configuratiorappearsvhenwe decreas¢éheweightof thecontrolusage
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towardszero. Thefactthattheclosed-loogpolesmovein certainpatternswith varyingweight
on the controlandthe statesalsoappearedvhenmoving a singlepole. For examplewhen
we consideranopen-looppolep > 0, only closed-loogocationsy whereuy < —p resulted
in positve semidefinite). The pointis thatrestrictionsmustbe imposedon ¢ and W to
ensurepositve semidefinitenesse. Q > 0 andW > 0. Theanalyticalexpressiongor these
restrictionscanbe hard(andimpossible}o find.

6.6 Implications for input/output selection

Theinput/outputpolevectorsdependnscaling,soit is crucialto scaletheinputsandoutputs
properly Oneprocedurdor selectinginputsandoutputsto stabilizea given unstablemode
is:

1) Scaletheinputssothata changen eachof the inputsare of equalimportancen the

objectve.
2) Scaleoutputsrelative to measurementoise.
3) Useinputj for control,wherej correspondso alargeelemenin theinputpolevector
Up

4) Controloutputi, where: correspond$o alarge elementn the outputpolevectory,,.
Strictly speakingthe resultson stabilizingcontrolwith minimuminputusagen Section6.3
andtheresultson minimizing thenormof thefeedbaclgainsin modalcontrolin Section6.4,
canonly beappliedto move onepoleatatime. If the planthassereralunstablenodeswhich
needo bestabilized afterstabilizingonemodeusingoneloop, thepolesandthepolevectors
of the partially controlledsystem(closed-loomsystemwith the Siso controllerincluded)can
be recomputed.However, we can clearly not interpretthe resultsin termsof minimizing
the input usageexceptfor the last unstablemodewhich we stabilize. It may also be that
the SIso controllerhas“stabilized” several unstableor slow modes.If thereareremaining
unstablepolesthennew controllinks canbe identifiedfrom the recomputegole directions
andnew controllerscanbeincluded,seethe Tennesse&astmarexamplein Section6.7 for
anillustrationof this procedureWe notethatin the TennesseEastmarexamplewe identify
two loopsfrom the pole vectorsof the open-loopplantbeforerecomputinghe pole vectors.
Also note that in the distillation DB-configurationexample (Example6.8) we are ableto
deducethatit is impossibleto move two modeswhich are closein the complex planeand
wherethe pole vectorsare orthogonalon eachother So,in somespecialcasegwhenthe
pole vectorsare orthogonal)we are ableto say somethingmore alsowhenthereare more
thanoneunstablepole.

T

2 T 2
We alsonotethatthefractions(if;’”";’;’) and”(fﬁ'g% arecontrollability measuresor
p,J Ip,t 2 Pil2

how easyit is to stabilizea plantwith one unstablemodep with SIso control of output:
usinginput j andfull multivariablecontrolrespectiely. To extractfurtherinformationfrom
the pole vectorsit is temptingto introducespecialscalingsof the input andthe outputpole
vectorsand/ormale the definitionsdependenbn a specialbalancedstate-spaceealization
(seeRemark3 on pagel36). However, thenthe physicalconnectiongandthe scalingsap-
plied basedon physicalconsiderations)o the states,jnputsandoutputsarelost. Soif the




Figure6.5: TennesseEastmartestproblem

EXAMPLE 6.6 TENNESSEE EASTMAN PROBLEM. In this examplewe considerthe Tennesse&ast-
manproblem,andwe usethe polevectorsto find a stabilizingcontrolstructure The plantlayoutof the
Tennesse&astmarproblemis shavn in Figure6.5. For detailsaboutthe Tennesse&astmarproblem
referto (DownsandVogel,1993).In thefigurebothmeasurementg andmanipulatedrariablesu; are
labeled.Also givenin thefigurearecandidateutputs(y;) for stabilizingcontrol. A separat@umbering
schemads givenfor thoseoutputs. Table6.2 summarizeshe selecteccandidateoutputsfor stabilizing
controlandthecorrespondingariablenumberin thefull model(referredto asPID No.). Also givenin
thetableis the scalingof the outputsusedin this analysis.The manipulated/ariablesare summarized
in Table6.3, alsogivenin thetableis the scalingof the inputsusedin this analysis. The linearized
modelin thebasecase(model, 50/50G/H masgratio) is usedin this example.
Themodelhassix unstablepolesin the operatingpoint considered

pu=1[0 0.001 0.023+0.156; 3.066 % 5.0795]
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Table6.2: Candidateoutputsfor stabilizingcontrolof the Tennesse&astmarproblem.

Variablename No? | PIDNo” Scaling
Reactompressure Y1 Y7 54.1 [kPa]
Reactoievel Yo Ys 1.5%
Reactortemperature Y3 Yo 1.2[°C]
Separatotemperature Ya Y11 1.0[°C]
Separatotlevel Ys Y12 1.0%
Separatopressure Y6 Y13 52.6 [kPa]
Stripperlevel Y7 Y15 1.0%
Stripperpressure Ys Yi6 62.0 [kPa]
Strippertemperature Yo Y1s 1.0[°C]
Reactorcoolingwater o
outlettemperature Yo Y21 0.2[*C]
Separatocoolingwater o
outlettemperature i Y22 0.2[*C]

aVariablenumberin thesmallermodelusedin theanalysis.
bvariable numberin the full model provided by Downs and
Vogel.

Theinnerproductsof the left andright eigervectorscorrespondingo the unstablenodesare
xﬁxpoz[0.3209 0.0467 0.0210 0.0074]

Thatis,xfixpo = 0.3209 for themodep = 0, etc. Theinnerproductof complex conjugatesigervectors
isequalj.e. 21 p0 = %)% p0, SOWE have only giventhefour values.Theinnerproductsenterinto the
expressiongor theinputusagesee(6.29)and(6.49),but have no influenceon therelative orderof the
pairingalternatves.

Theoutputpolevectorsare

70.000 0.001 0.041 0.112]
0.000 0.004 0.169 0.065
0.000 0.000 0.013 0.366
0.000 0.001 0.051 0.410
0.009 0.580 0.488 0.315
|Y,| = | 0.000 0.001 0.041 0.115
1.605 1.192 0.754 0.131 | « yi5
0.000 0.001 0.039 0.107
0.000 0.001 0.038 0.217
0.000 0.001 0.055 1.485 | « yo1
[ 0.000 0.002 0.132 0.272 ]

We have taken the absolutevalueto avoid complex numbersin the vectors. The first columncorre-
spondgo the polep; = 0, the secondcolumncorrespondso the polep, = 0.001, the third column
correspond$o the complex conjugatepair ps,4 = 0.023 £ 0.1565 andthefourth columncorresponds
to thecomplex conjugatepair ps ¢ = 3.066 £ 5.0795. We seethatoutputy, s in thefull model(row 7)
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Table6.3: Manipulatedvariablesin the Tennesse&astmarproblem.

Variablename No? | Streammo. | Scaling
D feedflow u1 2 10%
E feedflow U2 3 10%
A feedflow u3 3 10%
A andC feedflow Ug 4 10%
Compressoregycle valve us 10%
Pugevalve Ug 9 10%
Separatopot liquid flow u7 10 10%
Stripperliquid productflow us 11 10%
Strippersteamvalve Ug Stm 10%
Reactorcoolingwaterflow U190 CWS 10%
Condensecoolingwaterflow | w11 CWS 10%
Agitatorspeed U12 10%

aVariable numberin both the full model and the model usedin the
analysis.

hasthelargestcomponentn the outputpole vectorfor the polep: = 0, andnoneof the otheroutputs
have significantcomponentén thisvector In asimilarway, outputy2; (row 10) hasalargecomponent
in the outputpole vectorcorrespondindo the complex conjugatepair ps ¢ = 3.066 + 5.0795. The

input polevectorsare

" 6.815  6.909 2.573 0.9647
6.906 7.197 2.636 0.246
0.148 1.485 0.768 0.044
3.973 11.550 5.096 0.470
0.012 0.369 0.519 0.356
0.597 0.077 0.066 0.033
0.132 1.850 1.682 0.110
22.006 0.049 0.000 0.000 | ¢ 44
0.007 0.054 0.009 0.013
0.247 0.708 1.501 2.020 | « uo
0.109 0.976 1.446 0.753

| 0.033  0.094 0.201 0.302_

|Up| =

By consideringoothinput andoutputpolevectorsatthe sametime we arrive at the suggestegairings;
y15 <> ug andya1 <> u10 Which correspondso controllingthe stripperlevel usingthe stripperliquid
productflow andcontrolling reactorcooling wateroutlettemperaturaising the reactorcooling water
flow. It canalsobe seenfrom the pole vectorsthatthesetwo loopswill interactvery little sincethe
commonelementsn the two vectorsarealmostzero. It is worth noting thatboth of theseloopswere
alsoincludedby McAvoy andYe (1994)in their study

Using two PI-controllerswith the tuningsgivenin Table 6.4, we manageo stabilizeall the unstable
modesexceptthemodep, = 0.001. By recomputinghe pole vectorswith the controllersincludedwe
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Table6.4: Tuningsof Pl-controllers.

Loop kyp T;
Y15 <> Ug —0.1 [I/OC] 1 [mln]
Ya1 <> U10 —0.05 [m3/h] 300 [mln]
Y12 <> uy  —0.0025 [m3/h] 200 [min]

getz iz, = 0.0787, and

_ - [ —7.363 ]
—0.001
—7.536
—0.005
1.410
0.000
11.515
0.001
—0.346
—0.867 — Y12 0.065
Y, = | —0.001 and U, = 9465 | « u
. 7
0.000
0.000
—0.001
—0.062
0.001
0.008
0.000
0.002 0.901
- - | —0.078 ]

We seethat the output pole vector hasa large elementin 12 andonly small elementsn the other
outputs.Fromtheinputdirectionwe seethatinputu, is thebestchoice however, thisis afeedstream.
We would like to avoid (if possible)to usethe feedstreamdo stabilizingcontrolandratherusethese
to settheproductionrate. Thefeedstreamsareall gas,soit makessensdrom a physicalpoint of view

thatthesemanipulatedvariableshave large effect. Also u1 andus arefeedstreamsso this leavesus
with input w7 which is the separatoltiquid flow. The pairingy12 < u7 correspondso controlling

the separatotevel usingthe separatotiquid flow. The controllerparametergre givenin Table6.4.

After closingthis loop the plantis stabilized. Figure 6.6 shavs the Tennesse&astmarplantwith the

controllersincluded. The modeclosestto the imaginaryaxis is about—0.07 which correspondso a

time constanfbout14 hours,whichfrom the operatorgoint of view mayseemdik e anunstablenode
drifting away. Repeatinghe procedurdor theslow modeddentifiesthenext loopto be:y2 <+ u4, that
is, controlreactorevel usingA andC feedflow.

Theintentionwith this examplewasto demonstrate systematiapproactto the problemof control

structuredesignand not to designa completecontrol structurefor the Tennesse&astmarproblem.
Also note that no effort hasbeenput into tuning of the controllersby us, we have usedthe tunings
givenin (McAvoy andYe, 1994). However, we changedhe controllergainsof the first two loops
to checkthe dependencef the pole directionsof the partially controlledplant as a function of the

controllergains. We found that the pole directionsfor the partially controlledplant correspondindo

theremainingunstablepoleswasalmostindependentf the controllergainsin this case However, this

may notbetruein general.

EXAMPLE 6.7 UNSTABLE CSTR. In thisexamplewe considera CSTRwith two unstablenodes.The
relationshipshetweenmodal statecontrollability and input pole vectorsand modal obsenability and



Figure6.6: Tennessekastmarplantwith controlloopsincluded

outputpolesvectorsaredemonstratedr-urthermorewe usethe pole vectorsto identify onecandidate
pairingfor stabilizingbothunstablenodesusinga singleloop controllet

We considerthe CSTRwith the chemicalreaction; A(l) — B(l). We assumeéhat: pa = pp =
p = constantC, 4 = C, B = C, = constanttheflow outof thetankis independentf liquid height

_1
in thetank (theliquid is pumpedout), andzeroorderreactionrater = k(T) = kpe E'T Tet). The
CSTRis shavnin Figure6.7. Thematerialbalancesre

En;ZAyT,in

V,TLA,’I’LB,'TL F. T

A(l) = B(l) {

Figure6.7: CSTR- liquid phase

dn
— = Fn.-F 6.79
7 (6.79)
dna nA
—— = Fgaza—F— —k(T .
p ZA - E(T)n (6.80)

where
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n [kmol] total mass/molén the CSTR,

na [kmol] mass/molef component4,

F; [kmol/min]  flow intothe CSTR,

F [kmol/min]  flow outof theCSTR,

zA [-] molefractionof componentd in Fi,,

159

k(T) [1/min] moleof component4 reacteddivided by total molesin reactor

Theenegy balancebecomegassuming’, = Cj)

dU dn T
E = %Cp (T—Tref) +nCpE

= -Fincp (T;n - ref) - Fcp (T - Tref) + k(T)n ('Aer)

Rearrangingields

dT'  Fin k(T)
- = Tin —T -AH.,
= )+ 75, (AH)
wherethe additionalsymbolsare
T [°K] temperaturén the CSTR,
T; [°K] temperaturef Fi,,
Cp [kJ/kmol°K]  heatcapacityof the mixturein the CSTRand

-AH.x [kJ/kmol] heatof reaction.

At steady-stateve have

dn _ 0 & F =Fi,

dt

dT * «

EZO = E Cp(q-,ln_T )+k0n (_Aer):O
dnA . * * k(T*) *2

a 0 < ng = z2AN jan n

Linearizingthe modelaroundthe operatingpointyields

z = Ax + Bu + Bgad, y=Cz

wherez = AAn e P o P e
L = AT,-LZ,—? y U = Aq.,ln y & = AZA Y = AT |
0 0 0 -1
(T =T7) 0 =0+ gty 0

1 0
By = za  F and C:[1 0 O]
Tw-T" 0

Theeigervaluesof A-matrix (polesof GG) are
F -Fin EkO 'Aer

AIZ_F’ )\220 and )\3:_1?,* RT*2 Cp

(6.81)

Theoperatingpointis specifiedn Table6.5,andthe physicalprocessonstantaregivenin Table6.6.
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Table6.5: CSTRoperatingpoint.

Variable Value  Unit Variable Value Unit
n” 1 [kmol] 300 [°K]
ny 0.2 [kmol] zZA 1 []
T 370 [°K] Fin 1 [kmol/min]
Table6.6: Physicalconstantfor CSTR.

Variable  Value Unit Variable Value Unit
ko 0.8 [min—1] E/R 8807 [°K]
Cp 40 [kJ/kmol°K] | -AH,x 3500 [kJ/kmol]

Tt =T* 370 [°K]
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We scaletheinputsusing: AF = 1 (100% variation), ATi, = 20 °K, the outputsusing: An =
0.05 (5% variation), AT = 1 °K, andthedisturbancesising: AF;, = 0.5 andAz4 = 1. Thefull
scaledinearstate-spacenodelbecomes

0 0 0 ~1 0 05 0
—0.6 -1 —0.0514|-02 0 05 1
A|B B
Gr(s) = =1 7 o 3.5 0 2 -35 0
cjo o0 20 0 0 0 0 0 0
0 0 1 0o 0 0 0

It shouldbe obviousthatthe modecorrespondingo thesecondstater, = Any4 is notobsenable.Let
us checkthis by computingpole vectors.Theinner productsof theleft andtheright eigervectorsand
polevectorscorrespondingo thepoles{—1, 0, 3.5} are

Th T =[0.9805 0.0499 0.0499],

U — 0 1 —0.9988 and V. — 0 —0.9985 0
P710.2241 0 0.9988 P10 09985 1
Wherewe seethatthe statecorrespondingo themode; = —1 (i.e. z2 = An4) is notobsenable,

whichis reasonabléom a physicalpoint of view. A minimal state-spaceealizationis

0 0 ‘—1 0 0 0 ‘ 05 0

s | 70 35| 0 20 .| 70 35| =35 0
GG)= |50 To o and Ga(s) = | 55—515
o 1]0 o o 1| 0 o

In theminimal realization statexs = An4 isremosedandthenew z» is thetemperaturec, = AT.
Theinner productsof the left andthe right eigervectorsand pole vectorscorrespondingo the poles
p1,2 = {0, 3.5} are

1 —0.
ol =[0.0499 0.0499], U, = [ 0 9988]

0.9988 0
0 0908 | 2nd Yp_[ ]

0.9988 1
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Figure6.8: Distillation columnDB-configuration

Fromthepoledirectionswe considerto controlthetemperaturéy.) usingtheflow F (u1). By usinga
LQG controllerbasedon g2 (), it is verified thatboth modescanbe stabilizedwith this controllink.
However, we did notmanageo stabilizebothmodesusingonePI-controller

EXAMPLE 6.8 DISTILLATION COLUMN DB-CONFIGURATION. We considerthe binary distillation
columnwherethe pressureandthe liquid holdupsin the condenseandreboilerare controlledusing
condensecoolingduty, refluxandboilup,respectiely. Thisleavesthetop D andthebottomB product
flows left for productcompositioncontrol, i.e. the DB-configuration. The distillation column DB-
configurationis shovn in Figure6.8. The columndatacorrespond$o columnA studiedby Skogestad
andMorari (1988)andmorerecentlyby Skogestad1997):

#Stages YD 1—.’L‘B ZF qr L/F V/F MI/F* MD/F* MB/F*
41 0.99 0.99 05 1.0 271 3.21 0.5 0.5 0.5

*[min]
Feedflowrate F' = 1 [kmol/min] resultsin distillate D andbottom B productflows of 0.5 [kmol/min],
andtop andbottomproductcompositiong;p = 0.99 andz g = 0.99.

The DB-configuratioris stableexceptfor two polesclos€ to zero. Experienceshovs thattwo con-
trol loopsneedto beincludedto “stabilize” thesetwo modes.Thisis in contrasto the otherdistillation

%In this casewe considera polep to becloseto zeroif |p| < 0.01.
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columnconfigurationsfor exampleLV, LB, DV, andthe configurationsvith singleanddoubleratios,
which have only onepolecloseto zeroandthereforeonly needone*“stabilizing” controlloop.

In this examplethe objective is to predictthefactthatthe DB-configuratiomeedgwo controlloopsto
be“stabilized”, by looking atthepoles thepoledirections/ectorsandthezerosof thetransferfunction
elementsThelinearizedmodelG of thedistillation columncontaingheinputsu andoutputsy

w=[D B]" and y=[yp zs]"

In additionwe have the disturbancemodel G4, wherethe disturbancearefeedflowrate (F') andfeed
composition(z )
d = [F ZF ]T

Scalings Thevariablesn thelinearmodelhave beenscaledsuchthata magnitudeof 1 correspond$o
achangdn F of 0.2 [kmol/min], achangen zr of 0.2 molefractionunits,achangen xp andyp of
0.01 molefractionunits,andachangen D andB of 0.5 [kmol/min].

We computethe polesandfind thatthe numericalvaluesof the two polescloseto zeroarep,» =
{-5.15-1073, 0}. Thecorrespondingnputandoutputpoledirectionsare

—0.718 0.707

_ _ [o.627 —0.707
Up = [ 0.696 0.707] and ¥, = [ ]

0.779 0.707

Theinnerproductsbetweerthe normalizedeft andright eigervectorsare
el xpo =[0.7369  0.5907]

andthe correspondingnput andoutputpolevectorsare

—0.066 0.078

. _ [1.283 —1.943
Up = [ 0.064 0.078] and YP_[ ]

1.594 1.943

We seethatthe two input directionsandthe two outputdirectionsarenearlyorthogonal. The relative
anglebetweenthe two input directionsis 89.1°, andthe relative angle betweenthe two outputpole
directionsis 83.8°. In additionthe two polesarevery closesowe may expectthatall transferfunction
elementshave a zerocloseto the poles. The transferfunction G hasseveral multivariableL Hp zeros.
The zerosclosestto the imaginaryaxis are complex with real part lessthan —0.15. The real zero
closesto originis locatedat —0.252. Thezerosclosesto origin andRHP zerosof thetransferfunction
elementsare:

Element ‘ G111 G2 Goa1 Gaa
min |z| | —-3.61-107® -8.57-10"% -1.03-10"® -3.38-10°
RHP-zero - 0.568 0.211 -

We seethatall elementdiave a zerocloseto origin (all of thesearein LHP). In additiontheoff diagonal
elementhave oneRHP-zeroeach.Since,eachof thetransferfunctionelementdiase onezerocloseto
the poleswe may concludethatit is in practiceimpossibleto move bothpolesp; » by controllingone
outputusingoneinput.

To testthiswe decideto controlbottomcompositiorusingbottomproductflow B. Thatis, we pair® on
G22. Weuseproportionafeedbaclcontrolwith K, = 2.5. Theclosed-loopzeros|z| < 0.01 andpoles
|p| < 0.01, for the2 x 2 closed-loopsystemwith thefull distillation columnmodelin partial control

10we have no preferencesor ary of the two products,the productsof the two elementsin the pole vectors
correspondindo G2 is slightly largerthanG11 andwe do not considerto pair onthe off diagonalelementsiueto
the RHP-zero.
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with proportionalcontrol of s using B andwhereinput us is replacedby the referencers to yo,
i.e. the closed-looptransferfunctionfrom theinputsv = [u;  r2]” totheoutputsz = [y1  y2]",
is givenin Table6.7. We seethatwe geta closed-looppoleatp = —3.376 - 1072, Increasinghe
feedbackgainup to K, = 100, doesnot move the closed-looppole significantly further to the left
(vieldsp = —3.382-10~2). We alsodesignedin ., -optimalcontrollerto seeif amoresophisticated

Table6.7: Poles|p| < 0.01 for thedistillation columnDB-configuration.

Open-loop | One-pointys <> us Two-point
G P-control P-control K,
0 3 _
Poles|| .. . o-3 —3.38-10

controllerwasableto move the pole further to the left in the comple plane,but this is not the case.
With two point proportionalcontrol of thedistillation columnusingthe controller

-1 0
Ky = [ 0 0.5]
In this casewe are ableto move both poles, so that thereare no closed-looppoles|p| < 0.01, see

Table6.7. The closed-loopresponse# the outputsy dueto stepchangesn the disturbanced’ and
zr areshovn in Figure6.9. Thefigureclearlyshavsthatthe closed-loopsystemcorrespondingo one

(6.82)

2 Z
—— Openloop 1 e 15/ — Openloop //
— — Onepoint Y1 | — — Onepoint /Y1
1} -—-- Twopoint — - Two point !
A 1
0 e Ya_.. ..
Nl
N 0.5 ]
Y2
-2 0 ————— =
10 20 30 40 50 0 10 20 30 40 50
Time[min] Time [min]

(a) Stepchangen F' (b) Stepchangén zr

Figure6.9: Responseo stepsin d for distillation columnDB-configuration. Solid line: open-loop.
Dashedine: Onepointcontrol. Dash-dotine: Two pointcontrol

pointcontrol,containsclosed-loopolescloseto origin (the outputsdrift).

6.8 Summary

e Theinput and outputpole vectorsare directly relatedto the minimum input enegy
neededo stabilizeoneunstablepole usinga singleloop controller Dueto this direct
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relationwefind thatthebestinputandthebestoutputto stabilizeanunstablenodewith
asingleSiso controlloop, correspondto theinputandoutputwith largestelementsn
thepolevectors.Heretheterm“best” is in themeaningof minimizingtheinputenegy
to stabilizethe plant.

¢ By quantifyingtheinputusagen termsof H..-norminsteadof the H,-normwe find
that the bestinput andthe bestoutputis the sameasfor the Hs-norm. Thatis, the
choicesareindependenof thenorm.

¢ In asimilarway, it is shavn thatthe bestinputandthebestoutputto move a polefrom
onelocationto a differentlocationfurtherto theleft in the complec planewith single
SIso controlloop, correspondso theinputandoutputwith thelargestelementsn the
polevectors.Heretheterm“best” is in the meaningof minimizing the gainform the
outputsto the statesn the obsererandthegainfrom the statego theinputs.

¢ \We have demonstratedhe difficulty moving two poleslocatedclosetogethermwith a
singleloop controller And we have shavn thatthereasorfor this difficulty is thatall
transferfunctionelementdave a zerocloseto the poles.Furthermorewe have shovn
how to identify this situationby consideringhe locationof the polesandlooking for
orthogonabpoledirections.

e Finally, we have demonstratetheapplicationof poledirectionsandvectorsin thetask
of controlstructuredesignthroughseveralrealisticprocessontrolexamples.
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Appendix A Modal control and estimation of SISO systems

We considertthen’th orderlinearconstansystemdescribedy
T = Ax + Bu (6.83)
Themodalcontrolproblemis to find a linear statevariablefeedbackcontrollaw
u=—Kz + ugy (6.84)

suchthatthe eigervaluesof the statematrix A denotedby the set{\;}, i = 1,---,n, are
movedto somedesiredocationsspecifiedby the setof closed-loopeigervalues{ u; } where
comple eigervaluesappealin conjugatepairs. This problemwasfirst discussedy Rosen-
brock(1962)in connectiorwith processontrolandit hassincethengainedalot of attention,
in particularin thelate sixtiesandthe beginningof the seventies.

For multiple input thereare more degreesof freedomin termsof parameterg;; in the
feedbackgain matrix K than specificationsn termsof close-loopeigervalues{u;}. The
algorithmimplementedn MATLAB ControlSysteniToolbox!! utilizestheseextradegreesof
freedomto minimize the sensitvity of the polesto perturbationsn the closed-loopsystem
matrix A = A — BK. For singleinput systemghe numberof gainsmatcheghe numberof
specificationgtheclosed-loopoles)sothefeedbaclgain K is uniquefor agivenstate-space
realizationin this case.

In this paperwe only considersingleinputandwe calculatefeedbaclgainsasoutlinedin
(Gould, Murphy andBerkman,1970). Sincewe wantto introducethe pole vectorsinto the
equationsyve repeathe mainstepsin the calculationhere,but for a proof of the resultsthe
readershouldreferto theoriginal source.

Oncethe modal control problemis solved, thenthe modalestimationproblemfollows
from duality.

A.1 Solutionto the singleinput modal control problem

We mapthesystem(6.83)to singleinputby only considelinputu;
T = Az + Beju; (6.85)
andwe applythefeedbackgain K ; from the statesr to inputu;

U; = —Kjl' (686)

11seethecommandlace.
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To simplify the problemwe apply a non-singularsimilarity transformatioron the statesz
to the new statesz sothatthe nev A matrix is in Jordanform J. Therearetwo waysto
do this, eitherthe left or the right Jordanform, seeAppendixB for further details. For the
modal control problemwe usethe left Jordanform andfor the modalestimationproblem
(introducedbelow) we usetheright Jordanform. Thisis to getthe desiredinks to the pole
vectors.Therelationbetweertheoriginal statex: andthe new statez is

z=Mz (6.87)
andthe stateequatiorbecomes
¢ =Jz+ M{ Bejuj = Jz + Ul eju; (6.88)

where My, is the matrix consistingof the eigervectorsand generalizedrectorsfor the left
Jordanform,i.e. Mf'A = JM§, and U, is the matrix containingall input directionswith
“infinite gains”ascolumnsseeChapter2. We partitionthe statesz, J and U, accordingo
the Jordarblocks

[ 271 _Jl T
z2=12 |, J = Je

| 2, i Jy
and Uoo:[Uoo,l oo Usop - UOO’U]

wherew is the numberof Jordanblocks. We have usedbold font to emphasizehat z, is a
vectorandnot the ¢'th statein z. If A canbe diagonalizedhenJ = A and U, = U,
wherethe latter is the matrix containingthe pole vectorsascolumns. Note thata mode \;
may only have onelinearly independengigervector(geometrianultiplicity one)in orderto
be controllablein oneinput, seeChapter2. If thisis notthe caseijt is necessaryo usemore
inputsto control the mode. We thereforeassumehat the geometricmultiplicity of all the
poleswhichwe mightconsiderto moveis one.

EachJordanblock .J, with the correspondingpole p cannow betreatedseparatelyThe
sizeof the Jordanblock is equalto the algebraicmultiplicity of the pole p in theinputand
outputpole directionswhich correspondo the left andthe right eigervectorsin the Jordan
block. To separatehe equationgnvolvedin Jordanblock .J, from the otherequationswve
multiply (6.88)on theleft with the transposeaf the selectionmatrix N, andintroducez =
N,z to obtain

Z =N %= N/ JNoze + N Ulleju; = Jyz + UL yeju; (6.89)

Now, assumehat Jordanblock J, startswith statez; andhassizer. Then N, consistsof
v columnswith n elementsthe first columnbeingeg, thatis, a unit vector (sizen) with
zerosin all positionsexceptpositionk which containsone. The secondcolumnis ey etc.
up to the lastcolumnwhichis ex4,—1. Thenz, containsthe v statesstartingwith z; and
endingwith ziy, 1, i.€. zp = [2x -+ 2k+u—1]- Je is £'th Jordanblockin J with the
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eigervalue), = p onthediagonaland U, , containsascolumnsthedirectionswith infinite
gainscorrespondingo p. Thelastcolumnin Uy ¢ is the pole vectorfor thepolep. Letus
denotethe v columnsof My, correspondindo p, the v statesn z, andJordanblock .J,, for

My, 4. Thatis,

Mpo=MLNy=[mp - Mpip_1] S [me1 mepo Mey—1 Tpil
andthenwe have that

Uwe = BIMr, = [BYmy, BHmys --- BHmy, , Bfz,]

= [uoo,l Uo,2 *°° Uso,v—1 up]

If thesizeof Jordanblock J, is onethenthepolevectoru, is theonly columnin Uy 4, that

is
Uoo,e = Up
Thevector - )
Uoo,1,5
Uco,2,j
H
Uoo,ﬁ €; =
ﬂoo,l/—l,j
L Uy

first containghe j'th elementf all therv — 1 inputpolevectorswith “infinite gains”andthe

lastelements the j'th elementbf the polevector

Thev elements), ; of the statefeedbackgainfrom z, to u; correspondingo the polep

aregivenby therelationship

[ U 0 0 - 0 ][]
uoo,u—l,j upaj 0 O 5‘872
uOO,V—2,j ’u’OO,l/—].,j upaj T O 5873 -
| Uoo1,j  Uoo2j  Uoodg t Upjl LOew

where¢, ; canbe calculatedrom

1 dH(s—p)"g(s)}
(i—1)! dsi—1

i =

S=p

andg(s) is definedas
. H?=1(5 — 1)
M= A

Thefeedbaclgainfrom thestatesz, to inputwu;, A, ;, canbewritten

v
T
Agj = Z‘sﬂ,iek+i_1
i=1

0
0,2
&e,3

_£€,u _

(6.90)

(6.91)
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andthefeedbaclgain A ; from the states: to inputu; whentakinginto accountall v Jordan

blocksJ, is
Aj=Y Ay
=1

Thefeedbackgain K; from z to u; is givenby

v v
Kj=MNM{'=Y Kp;=> Ap;M[f, (6.92)

A simpleformulafor K, ; in termsof thecolumnsin My, ; is
Koj = 0eamily + Seomlly + -+ Spmamil, o + 6p, 8 (6.93)

Stateto input feedbackgainscorrespondingto Jordan blocksof sizel x 1. If A, = pis
asimplepole,thenz, = z; and

T (e — )
Kpj=—=1 zll (6.94)
ﬁp,] H ()‘E - )‘z)
i3}

A.2 Solutionto the singleoutput modal estimation problem

Thedual problemto the singleinput modalcontrol problemis the singleoutputmodalesti-
mationproblem. In this casewe wantto find an outputto statefeedbackgain matrix L; so
thatthe modesof the obsenrer arelocatedat the specifiedclosed-looppoles{u;}. Thestate
equatiorfor theobsenrerwith feedbackrom the singleoutputy; becomes

& = A&+ Bu+ Li(y; — eF C& — eI Du) (6.95)
andtheclosed-loopstatematrix for theobsereris
A=A—LielC (6.96)
By takingthetransposedf (6.96)
AT = AT — CTe; LT (6.97)
andby comparingwith theclosed-loogstatematrixin thesingleinputmodalcontrolproblem
A= A - BejK,; (6.98)

It appearghat we can solve the single output modal estimationproblemby treatingit as
a singleinput modal control problemof the transposeaystem. The mappingbetweerthe
matricesn thesingleinput modalcontrolproblemof the systems
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Table6.8: Mappingbetweermatricesfor modalcontrolof G andG* andmodalestimationof G

Matrices
System | Specifications | Results
Modal control ‘ G H {ps} ‘ A ‘ B ‘ ej ‘ J H My, ‘ U ‘ K; ‘
Modal control GT || {w} | AT | CT | e | JT | Mg | Yo | LT
Modalestimation| @ {wt| A | C |e | J" || Mr | Yoo | Li

andthesingleoutputmodalestimatiorof G is givenin Table6.8. Thesetupandthematrices
in Table 6.8 may needa little explanation. The solutionto the single input modal control
problemof systemG (first row with datain Table6.8)is derivedin the previoussectionand
it is known in termsof the matricesK;, U, andM;, which needto be calculatedn terms
of thespecificationsthedesiredclosed-loopoles{y;} andthematricesA, B, e; andJ. We
notethatwe alsohave specified/ whichtogethemwith My, tellsusto computetheleft Jordan
form.

To solve the singleinput modal control of GT (secondrow in Table 6.8) we insertthe

specificationgn thesecondow into thefirst row, thatis, replaced with A”, B with CT etc.,
andwe mustcomputetheleft Jordarform of AT

MEAT =M & AMp=J"M;

which is equivalentwith computingthe right Jordanform of A but with J replacedby J7T.
Thefactthat.J7 is involvedratherthan.J, impliesthatthe orderingof the vectorsin My for
eachJordanblockis oppositethanfor the usualright Jordanform. However, the orderingis
identicalto theorderingin theleft Jordanform, sothe solutioncomegseally easy We signal
theunusualorderingin Mg and Y., by addingatilde abore Mr and Y, in Table6.8,i.e.
M, and Y,,,. Thesolutionof the singleoutputestimationproblemthenfollows easily The
outputto statefeedbackgain L; becomes

v
L; = Z Ly with Ly; = 6p1me1 + 0p1mea+ -+ 0gp_1Mp—1+ 6g0Tpo (6.99)
=1
where

MR,E = [mﬁ,l me2 -+ Myy—1 -Tpo]

arethevectorsin 1\73 which brings A to right Jordarform J7 and]\Af&e arethe columnsof
Mg which corresponds$o Jordarblock .Jy,

Mp=[Mgy --- Mgs --- Mpy]
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Thevectorof gainsd, is the solutionto thefollowing equations

[ Ui 0 0 e 00 [0e1] [ Ee,1 ]

:l_/oo,u—l,i ?_/p,i 0 o 0 (53,2 §€,2

?7007V_27i :’700,11—1,’&’ gpﬁ e 0 5673 == é.673 (6100)
B goo,l,i goo,2,i gm,3,i e gp,i_ _5€,u_ _gé,u_

whereg, ; canbefoundfrom (6.91),andtheelement®f thelowertriangulamatrixin (6.100)

canbecalculatedusing

[ Yoo,1,i ]
:'_Joo,Z,i

?01;[67; =

:yoo,u—l,i
| gp,i _
Output to statefeedbackgainscorrespondingto Jordan blocksof sizel x 1. If A, =p
is asimplepole,then

IT(Ae = pi)
Ly;= =" Tpo (6.101)

Yp,i H ()‘E - )\i)
i=1
J#L

A.3 Moving repeatedpoles

We considerherethe casewhenthe multiplicity of the pole p is two. Note,a SISO system
with repeatednodep canonly have onelinearly independentigervectorfor the modep.
Thatis, thegeometrianultiplicity of thepolep is one(otherwisethepolep is notobsenable
and/orcontrollable).So,we needto consideithe Jordarform in this case.

Statefeedbackto input u;. ThefeedbaclgainK; to movethepolep with multiplicity two,
to thedesiredocationsy; andu, usingstatefeedback6.56)to inputu,; becomes

Kj = kiml} + kazl; (6.102)
where
ki=(p—m)(p— )/, k2={20—p1 = pa = 522 (p — 1) (p — 1)}/ By,
ng :pxg, mgA = pmg + Tpiy, Up = ufej and uy ; = mgBej

State obsewer basedon y;. In asimilar way, we canmove the obserer pole p with mul-
tiplicity two, to the desiredlocationsy; and ue by addingfeedbackfrom y; — ¢; to the
estimatedstates Thesolutionis

Kyi = kimpo + katpo (6.103)
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where

ki=(p—m)(p— p2)/Bpir k2= {20~ p1— p2 = 525 (p — 1) (p — 12)}/ B,

_ _ _ T _ T
A-Tpo = PZpo, Ampo = PMypo + Tpoy, Ypi=¢€; Yp and Yoo,i = €; C"rnpo

Appendix B Proofsof the results

B.1 Proofsof the resultson minimum input usage

Proofof (6.32) Sincep isreal(only oneunstablepole)z,; = Zpi, up = Up. Tp; IS theleft eigervector
of A correspondingo themodep, i.e. z; A = pz};. By takingthetransposeave get A" z,; = pzp;.
InsertingX into (6.31)we obtain

T 417 4172

T T 2p 2p — T Ty _
AT 2 w5 + 5 Tpi T A —Tpi avaeJe B" Tpi Tpi g~ = —5— (ZpiTp; — TpiTy;) =0
D:J PsJ =~ ~ D] D:J
Pepi pe; vl

O

Proofof (6.35) Sincep isreal(only oneunstableole)z,, = Zpo, Yp = Yp- Tpo IS aright eigervector
of A correspondingo themodep, i.e. Az, = pz,,. By takingthetransposeave getz, A” = pxl,.
InsertingY” into (6.34)we obtain

2 2 4p®  4p?
P ——Tpo T pOAT + Azpo x ' Zpo :cZOC'TeieiTC:cpo :1:;{0% = i(:z:poat:;ﬂo — :cpo:cgo) =0
ypa \_\’_/ v ypa ~ v o yp,z yp,z
pxgo PZpo y;?,i
i
Proofof (6.41) Notethatz,; = z};, z, = ), sincep is real.InsertingX into (6.40)gives
2 2 4p®
ATzl P 5 + P 5 Tpi Tp; TA— —:vmx BB Tz, xl = P 2(:cpix;‘fi — EpiZy;) =0
lunlld ~ wlld ™ e Ml e — llupll5
PZpi pm;{i ul up
i
Proofof (6.45) Notethatz®; = 2]}, 21, = 21 sincep is real.InsertingY into (6.44)gives
2 2 4p® 4p®
—pQ:vpo a:z;oAT + Azpo a:go P b T2 Tpo me Cpo Zo = P (:z:poxgo J:poxgo) =0
37772 T wl3 Mlgwlld 22 |13
pal,  PZpo v vp
o

Proof of Theoem6.3. From equation(4.37)with G = G;; in Chapter4 andthe factthatthe lower
boundis tight whenthe planthasoneunstablepolep (Theoremd.3) thefirst identityin (6.49)follows.
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Sincep istheonly unstablenode,it followsthata partialfractionexpansiorof G containghefollowing
two terms(2.28)
(wg Tpo)~ '

G(s) = P Yoty + Got(s)
whereGy; is stable.Then
Gij = elGe;= (m%fcfp;)_lyp,iup,j + €] Got(s)e;
(Gyj)s = zliGU(s) = %yp,iup,j + z;zeiTGst(S)ej
_ -1
(G)7 )] = (%yﬂu@ﬁj;ﬁe? Gst<s>ej>
s=p
= T T

O

Proof of Theoem6.4. Equation(6.51)follows from the lower bounds(5.74)and(5.75)in Chapters
andthefactthatthelowerboundsaretight whenthe planthasoneRHP-polep (Theorems.7and5.8).
O

B.2 Proofsof the resultson pole placement

Moving onepole.

Proof of (6.61) Sincep is real,it follows thatz,; = z[; and, ; = u,,;. By inserting(6.56)and
(6.61)into (6.55)we obtainthe closed-loopstatematrix

TP —H HPp— U
A =A— Bejzy————

A=A— Bejz

D, ] Up,j
andby multiplying A ontheleft by xf, we obtain

H
“p

HY _H H HP — K _ _H H H _H
TpiA =T A—x5Bejxy — = PTp; — PTp; + [Ty = UTp;
—— Up,j

H

Pz, Up,j

Proofof (6.62) By inserting(6.62)into (6.59)the modifiedstatematrix of the obsererbecomes

A\ZA—Kf,ieZTCZ A— p_’uxpoe?C
ypai

Multiplying A ontheright with z,, gives

Yp
;{ _ A bp—p T o _
Tpo = ATpo — ——Tpo €; CTpo = PTpo — PTpo + UTpo = PTpo
yp’i N e’
Yp,i
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Moving two distinct poles.

Proof of (6.63) In this casewe have two Jordanblocksof sizel x 1 andthe statefeedbackgain K;
follows from (6.92)and(6.94). O

Proof of (6.65) In this casewe have two Jordanblocksof sizel x 1 andthe statefeedbackgain L;
follows from (6.99)and(6.101). |

Moving complexconjugatepoles.

Proof of (6.67) Insertps = p, p> = P, p1 = —p, pi2 = —P, Tpyi = Tpis Tpai = Tpi, Upy,j = Up,j
anduyp,,; = up,; in (6.63). |

Proof of (6.70) It is easyto verify the X is realandsymmetric,.e. X¥ = X7 = X. TheRiccati
equation(6.31)canbewritten

ATX+XA-K/K; =0 (6.104)
InsertingX from (6.31)into (6.104)gives
AT |k7j|2( H+_ T)+ 92'— H+/_€g2' T
2Re(p) P piop 9p Pitei T 95Tl
|k|2 H = T k2 _ H k2 T
-+ <2R:3(p) (xpil'pi + :L'pixpi) + ﬁl’pixpi =+ 2—;31:1)1'1'1,1' A

— ks 1? (@pizps + Fpitpi) — K Tpitng — K Tpid;

_ |k}I2Re(®), w  _ o K20 5 K2 4

= Re(p) (®piTp; + TpiTpi) + % Tpilp; + op TPt

2 H — T 2 H 7.2 T
—1kj | (Tpipi + Tpi®pi) — kjTpipi — kjTpiTyp; =0

O

Proofof (6.71) Insertp: = p, p2 = P, p1 = —p, ph2 = —P, Tpjo = Tpos Tpyo = Tpor Yp1,i = Yp,i
andyp,.i = Yp,: IN (6.65). O

Moving repeatedpoles.

Proofof (6.102) In this casewe have oneJordarblock of size2 x 2 and(6.93)gives
K; = klmfi + kag

wherek; andk, aregivenby the solutionto thefollowing equation(6.90):

[ﬁp,j 0 ] [kl] _ [(p—ul)(p—m)

Uoo,j  Up,j | | K2 2p — p1 — pr2
which gives
— ﬁoo, j —
ki =(p=m)(p = p2) By, ko ={2p—p1—p2 = == L(p— ) (P — p2)} Uy,
D]
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Proofof (6.103) In this casewe have oneJordarblock of size2 x 2 and(6.99)gives
L; = kimgpo + k2po
wherek; andk, aregivenby thesolutionto thefollowing equation(6.100):
['!_/p,i 0 ] [kl] _ [(P—Ml)(p—ﬂz)
Yoo,i Yp,i| L K2 2p — p1 — p2
which gives

ki=(p—p)p—p2)/Ppi, ke={2p—p1 —p2— z_/‘x’ (p—p1)(p— p2)}/ Yp,i

P,

B.3 Proofsof interpretationsin terms of LQG control
Proofof (6.74)and (6.75) By insertingfor X from (6.74)into K; = e; B" X we obtain
Up

K; = eJTBTX = eJT BTz, Y p_ﬂx;{i
N—_——

pi 9 )
', Up,j

Up,j
andby insertingX from (6.74)and@ from (6.75)into (6.17)we obtain

T
Up

AT T p—p T Ap-p _ p-p T B T gT T p—p , p2—p? T
Tpi Tpi'yz T Tpi Tpid (- = o Tpi Tpi D €j €5 B Tpi Tpiyz— + T3 —Tpillyp
N—— P>J P,J P,J ——— P>J P,J

Up

PTpi pazg; Up,j Up,j

= %wmx;{%(p —p)—(p—p)’+p’—p’}=0

O

Proof of (6.76)and (6.77) The measuremertb statefeedbackgainis givenin termsof Y asK;; =
Y C”e;, insertingfor Y from (6.76)gives

T

yP
p—p T ~T p—p
Kyfi==—5—Tpo z,,C" e; = Tpo
i N — Yp,i
Yp,i

andinsertingfor Y from (6.76)and( from (6.77)into (6.21)gives

T
Yp Yp
2

7 N 2
pP—p T 4T T p—p p—p T ~T T T p—p pZ=p T
TE Tpo TpoA™ + AZpo Tp, o~ GE o 25,07 eie; Cpo Tp, ” + 72 TpoLpo

p,i ——r N~ p,i p,i ——— —— p,i p,i

PZpo DPTpo Yp,i Yp,i

- ﬁ%owfo{%(p —p)—(p—p)’+p*—p°}=0
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7.1 Intr oduction

Oneimportanttaskin the designof a control systemis the specificatiorof the controlstruc-
ture. Stepsn theproces®f control structue designare(SkogestacndPostlethvaite, 1996):

1) Selectionof controlledoutputs.

2) Selectionof manipulation@andmeasurements.

3) Selectionof controlconfiguation.

4) Selectiorof controllertype.
Onemay easily recognizethat the designof a control structureis more comple thanthe
taskof synthesizinga controllerfor given setsof measurementandactuators.This paper
mainly considersstepsl), 2) and3) andintroducescontrollability measureso addresghe
input/outputselectionproblem.With a large numberof candidateneasuremeniand/orma-
nipulations the numberof possiblecombination®f inputsandoutputshave a combinatorial
growth, soanapproaclconsistingof performinga controllability analysisfor eachpossible
combination becomedime consuming.In this paperwe thereforesuggesto usemeasures
for non-squarsystemsuchastherelative gainarray(RGA) andsingularvaluedecomposi-
tion (SVD) to selectinputsandoutputs.

7.1.1 Partial control

Partial control at a given level involves controlling only a subsetof the outputs. A block
diagramof a partially controlledsystem(G, G ) is shavn in Figure7.1.

ld

Gii Gao
Uy +l+ U1
—> G11 Gi2 >
+yt Y2
> G21 G22 >-O—e >
+
+ No
U2
Yom
Y+ T2
K,

Figure7.1: Block diagramof a partially controlledplant(G, G4)

Divide the outputsandinputsinto the sets:

e y; uncontrolledoutputsatthe presentontrollayer.
e 1y, controlledoutputsatthe presentontrollayer
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e u; inputsnotusedatthepresentontrollayer
e uy inputsusedto controlys.

With this classificatiorof inputsandoutputswe candistinguishbetweenrnthe following four
applicationsof partialcontrol (SkogestacandPostlethvaite, 1996):

1) Indirectcontrol. The outputsy; have anassociated@ontrol objective, but they arenot
measuredInsteadwe aim atindirectly controllingy; by controllingthe “secondary”
measuredariablesy, (which have no associatedontrolobjectve). Thereferences,
areusedasdegyreesof freedomandthesetu; is oftenempty

2) Cascadecontmol. Indirect control with outerloops adjustingthe setpointsrs in the
secondaryoops.

3) True partial control. The outputsy (which include y; andy,) all have an associ-
atedcontrol objectve, andwe considerif acceptableontrol of y; canindirectly be
achieved,by controllingthe subsety,. Thatis, the outputsy; remainuncontrolledand
thesetu; remainsunused.

4) Decentalized contol (sequential-design)The outputsy (which includey; andys)
all have anassociatedontrol objectve, andwe usea hierarchicakontrol system.We
first designa controller K, to controlthe subsety,. With this controller K5 in place
(a partially controlledsystem)we may thendesigna controller K, for theremaining
outputs.

Table7.1shavs moreclearlythe differencebetweerthe four applicationsof partial control.
In all caseghereis a control objectve associateavith y; anda measurementf y,. In all

Table7.1: Controlobjectvesandmeasuremenis applicationof partial control.

Measurement[ Controlobjectve
of y1? for y2?
1 Indirectcontrol No No
2 Cascadeontrol Yes No
3 | Truepartialcontrol No Yes
4 | Decentralizeaontrol Yes Yes
four casesve wantthat:

A. It shouldbeeasyto controlys usingus.
B. Theeffect of disturbance¢includingmeasurementoise)on the outputsy; shouldbe
reducedvhenys is controlled.

To analyzethe feasibility of partial control,onemay considerthe effect of the disturbances,
reference&ehangeandmeasurememntoisein the controlledoutputs,ontheuncontolled out-
puts.
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7.1.2 Notation and scaling

Notation. We considelineartime invarianttransferfunctionmodelson theform
y(s) = G(s)u(s) + Ga(s)d(s) (7.1)

whereu is thevectorof manipulatednputs,d is thevectorof disturbanceandy is thevector
of outputs.The objectve is to keepthe controlerrore = y — r small,wherer is thevector
of referencesignals. G(s) andG4(s) arerationaltransferfunction matricesof sizes! x m
and! x nq. Throughouthe papersubscripts, j andk denotea particularoutputy;, inputu;
anddisturbancely,. Thenotationsy;,; andu,,»; meanall outputsandinputsexceptoutput
number; andinputnumberj. [A];; = a;; denoteghe elemenin row ¢ andcolumnj of the
matrix A, and A = diag{a;;} containsthe diagonalelementf A. wp andwp, denotethe
bandwidthof primaryandsecondargontrolloops.

Scaling The variablesshouldbe scaledto be within the interval —1 to 1, thatis, their ex-
pectedmagnitudesshouldbe normalizedto be lessthan1. This is doneby dividing the
unscaledsignalsby their expectedmaximumallowedchan® «; max, dk,max Ti,max> 7, max
ande; max. Thescalednodelcanthenbewritten

e=y—r=Gu+Gyd— Rr (7.2)
whereR = diag{ij’%}. In addition,we have noisy measurementg,, of the outputsy
Yym=y+n=y+Nn (7.3)

wheren is themeasurememnioise(relativeto y) and N = diag{Z’—:::}.

At eachfrequeny we assumd|ul| , < 1, ||d||, < 1, ||F||oo’< 1, ||n]l,, < 1 andwe
want||e|| ., < 1, wherethe vectoroo-norm(max-normy)is the largestelementmagnituden
thevector Thatis, at eachfrequeny we assumehatthe largestelementmagnitudes less

thanone.

7.2 Relatedand previouswork

The relative gain array (RGA) wasfirst introducedby Bristol (1966) at steady-stat@sthe
ratio of the“open-loop”and“closed-loop”gainsbetweerninput ; andoutput: whenall other
outputsy;x; areperfectlycontrolledusingtheinputsu,, £

0y; /0u; _
Aij(8) = —2—1— =g;; [G7] .. 7.4
J( ) 81/2/8“3‘%;&1 gJ [ ]72 ( )
TheRGA matrix canbecomputedatary frequeng usingtheformula(ChangandYu, 1990):
A(G(s)) = G(s) x (GT(s))" (7.5)

whereGT is the pseudo-imerseof G. Interpretingthe RGA in termsof perfectcontrol at
steady-statés only possiblewhenrank(G) = 1.
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Stanlg, Marino-GalarragandMcAvoy (1985)introducedheRelatve Disturbancesain
(RDG) astheratio betweertheinput w; neededvhenrejectingdisturbance: in all outputs
andtheinputu; neededvhenrejectingdisturbance only in output;. SkogestacandMorari
(1987)gave this measurea performancenterpretatiorandfoundthatit canbe evaluatedat
ary frequeng using

- Ouj/Odily, —o,vi _ ;G Galjr _ (GG~ Galju
’ 8“j/adk|yi:0, (i=7) [Galjk [Galjk

(7.6)

Thefollowing resultis dueto Grosdidier(SkogestacandMorari, 1987).1t treatsthenec-
essaryinputin u; for perfectcontrolof oneoutputy; underinfluenceof asingledisturbance
dg,

(9uj

adk = _[é_l]jj [Gd]jk = —[é_l[Gd]k]j (7.7)

Yj Um#£j

Similarly, the input for perfectcontrol of all outputsunderinfluenceof a singledisturbance
di. is
Ou; —175 -1
- | =G P[Galk = —[G" " Gdljr (7.8)
Odx |,
SkogestacandWolff (1992)introducedhe Partial DisturbanceGain (PDG) asthe effect
of disturbancel;, on the uncontrolledoutputy; whenall otheroutputsy;,; arecontrolled

by usingthe inputsu,,»;. For a squareplant G' they presentedhe following analytical
expressiorfor thePDG

0y;

i _ [G™ Gl
ody,

PDG =
(G~1]5i

(7.9)

Uj,Yi1#i

ThePartial Disturbancésainhasbeenappliedto acontinuosioreacto(ZhaoandSkogestad,
1994) and to a FCC process(Wolff, SkogestadHovd and Mathisen,1992). The patrtial
disturbancegain can be generalizedo a non-squareand singularG using of the pseudo-
inverse.However, the gainsat steady-stateanonly beinterpretedn termsof perfectcontrol
whenrank(G) = I (G is thenaright-inverseof G). Otherwise PDG canbeinterpretedn
termsof leastsquae control.

The Relatve Partial DisturbanceGain (RPDG)was alsointroducedby Skogestadand
Wolff (1992). It is definedasthe ratio betweerthe PDG andthe open-loopdisturbanceain
for output; anddisturbance: wheninput j is unused.

RPDG = 0yi/Odkly; gy _ (G Galji
Oy;/0dy, [G—1];i[Gdlix

(7.10)

For thecase: = j (adiagonalelementin G is left uncontrolled)the RPDGis equalto the
ratio betweertheRDG andRGA

Oik Bik

RPDG = ———— =
Ail[Galie i

(7.11)
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ChangandYu (1990)definetheRelatve GainArray for non-squarenultivariablesystems
with moreoutputsthaninputsin termsof perfectcontrolin theleastsquaresensgminimize
the sumof the squarecerrors,SSE)at steady-stateThey showv that for the casewith more
outputsthaninputs,the sumof the elementdn eachrow of the RGA matrix staysbetween
zeroandone. They alsoshaw thatthe steady-staterrorin outputy; dueto a stepchange
in oneoutputy;;, is equalto 1 — 72", ;. For control structureselectionfor al x m
plantG (selectingm outputsto be controlledby them inputs)they justify thatselectingthe
m outputswith largestrow sumin the RGA leadsto small SSEat steady-stateThey show
this by consideringthe two cases:m = 1 (one manipulatednput) andl = m + 1 (one
more measuremerthaninputs). However, they fail to derive a generaldirect relationship
betweenthe row sumsof RGA andthe SSE.For the generalcasethey have conducteda
computerexperimento testtheheuristic:“choosingthe squaresubsysteniy eliminatingthe
I —m outputswith smallestrow sumsleadsto the minimumSSE”. The computerexperiment
wasbasedon ten thousandandomlygeneratednatricesof a givendimension. Theresults
shaw that the selectionprocedurebasedon the row sumsof the RGA leadsto the optimal
subsystenin 77% of the casegested.In this paperwe justify why to selectthe outputswith
largestrow sumof the RGA, by proving thatthis particularsetof m outputscontainsmore
informationaboutthe non-singuladirectionsthanary othersetof m outputs. Cao(1995)
makesa similar justificationinvolving the columnsumsof the RGA andtheinput selection
problemfor a non-squarg@lantwith moreinputsthanoutputs.

ReeresandArkun (1989)extendthe block relative gainto non-squaresystemsandgive
interpretatiorin termsof a performance-relateiol for evaluatingcontrolstructuresprior to
controllerdesign.

However, neitherChangandYu (1990)nor ReevesandArkun (1989),considetthe effect
of disturbance®n the performancewhen evaluating control structuresprior to controller
design.

Despitethe fact that indirect and partial control hasbeenstudiedin the literatureand
usedextensvely in industrialapplications the selectionof secondaryariablesto be used
for indirectcontrolhasnot gainedmuchfocusin theliteratureexcept,for theratherrigorous
approachtaken by Lee and Morari (1991). Selectionof inputsand outputsfor regulatory
controlis discussedby Hovd andSkogestad1993).

Relatedwork on partial control include (Manousiouthakist al., 1986; Skogestadand
Wolff, 1992; Haggblom,1994). Resultson partial control directly applicableto distilla-
tion columncontrolinclude (Waller, Haggblom,Sandelinand Finnerman 1988; Haggblom
and Waller, 1992; Haggblom,1994). Indirect two-point control throughone-pointcontrol
of distillation is studiedby SandelinHaggblomandWaller (1991). Relatedwork on indi-
rect control of productcompositionin distillation columnsby controlling temperatures-
clude (Tolliver and McCune, 1980; Yu and Luyben,1984; Yu and Luyben, 1987; Moore,
Hackng andCanter 1987;Mejdell, 1990;Lee, Braatz,Morari andPackard,1995;Leeand
Morari, 1996;Wolff andSkogestad1996).
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7.3 Transfer functions for partially controlled systems

By rearrangingand partitioning the inputs and outputsas given above, the overall model
y = Gu + G4d, theerrore = y — R7 andthemeasuremeny,,, = y + Nn canbewritten:

y1 = Griug + Graug + Gaid; e1 =y — Ri7y; Yim =y1+Ninp (7.12)
Yo = Gorur + Gagus + Gdzd; es = Yy — Raro; Yom = Y2 + Nano (7-13)

With feedbaclkcontrolof y, (measurementg,,,, = ys + no, SeeFigure7.1)usingus,
ug = Ka(ro — y2 — na) (7.14)
the partially controlledsystembecomes

y1 = (Gi11— Gr2Ka2(I+ G22K2)_1G21)U1 + (Ga1 — G12 K (I + G22K2)_1Gd2)d
+  G12K2(I + GoaKo) H(ra — no) (7.15)

REMARK. Thismayberewrittenin termsof linearfractionaltransformationsvith thegeneralizegblant
P andthecontrollerK,

u1
d G Gan 0 0 G2
= F/(P,K where P = 7.16
Y1 1( 2) y —Gi12 —Gg2 I -1 —-Ga2 (7.16)
n2

Perfect control of y5. At somefrequenciest maybereasonabléo assumehe measured,
perfectlycontrolled. We assuméthat G, (s) is squareandinvertible (at a givenvalueof s),
we setys + ny = 79 (e3 = ngy) andeliminateu, in (7.12)and(7.13)to get

y1 = £G11 — G12G2_21G212U1 +£Gd1 - G12G2_21Gd22d
P, Py
+  G12Goy Ry 7o — G12Goy No iy (7.17)
——— ————
P, P,

where P, isthepartial disturbancegain.

P, isthepartial refelencegain.

P,, isthegainfor the measurementoisen, for a systemunderpartial control.

P, isthegainfor theunusednputsu, for asystemunderpartialcontrol.
Theadwantageof themodel(7.17)is thatit is independenof K, but we stresghatthis only
appliesatfrequenciesvhereys is tightly controlled.

REMARK 1. Egs. (7.9)and(7.17)reflecttwo differentwaysof computingthe PDG’s which yield the
sameresults. This follows from the definition. With one uncontrolledoutputand oneunusednput,
(7.9) givesan efficient way of computingall combinationsof PDG’s for disturbanced;. With more
thanoneuncontrolledoutputandoneunusednput, it is easierto use(7.17).

1strictly speakingthisis afrequeng-by-frequenyg analysiss = jw (oneparticularfrequeng beingthe steady-
statew = 0).
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REMARK 2. Oneadwantageof (7.9)is thatit providesdirectinsightinto which uncontrolledbutputand
unusednputto select.We have:
1) Selectu; suchthatrow j in G~ G4 hassmall elementgkeepthe input constantor which the
desiredchangds small).
2) Selecty; correspondingo alarge elementin row j of G~! (keepanoutputuncontrolledwhich
is insensitve to ;).

7.4 Usesof partial control

As mentionedn theintroduction four applicationof partialcontrolare:

1) Indirectcontrol of y; by controllingys.

2) Innercascaddoopswith extrameasurements,.
3) True partial control.

4) Sequentiatlesignof decentralizeaontrollers.

In the cases3) and4) thereareperformancebjectvesassociatedvith the outputsys (SO7s
is given). The four problemsarecloselyrelated,andin all casesve wantthe effect of the
disturbancesn y; to be smallwhenys is controlled.In particularwe want || Py|| < ||Ga1]|,
comparesq. (7.12)and(7.17). With feedbackcontrol of ¢, usingus, we introducethe mea-
suremennoiseny in the measurementsf y- into the system. Thenit is desirablethatthe
effectof ny ony, issmall,i.e. || P,|| is small.In somecasegshereis acloserelationship(cor
relation)betweeny, andy, in this casethemeasurementoisens in y, canhave largeeffect
ony;. Theresultis thata trade-of betweenmeasurememnoiseand disturbanceejection
occurs.Thisis thecasein Chaptel9, wherewe consideiselectingemperatureneasurements
for indirecttwo-pointtemperatureontrolof a binarydistillation column. An additionalde-
sirablepropertyfor all threecasess to achieve fastandacceptableontrolof . A common
controllability requirements

e 0(Ga2) > 1, Yw < wps (wp2 denoteghedesiredbandwidthof the secondaryoop).
Onejustificationof this requirements to avoid input constraintsn wus.

7.4.1 Indir ectcontrol

In this case,y, are additional“secondary”’measurementith no associateperformance
objectives The control objectie is to achiese satisactory performancedor the “primary”
outputsy;. However, in this casethereis no measurementsf y;,. So,in orderto achieve
acceptablecontrol of y;, we control some“secondary”variablesys which are closelyre-
latedto y;. Thisis similar to true partial control (seeSection7.4.3),however, thereareno
performancebjectvesassociateavith ys.

Assumethat the outputshave beenscaledsuchthat we cantoleratea control error of
magnitudel in eachof the primary outputsy;, andthatthe maximumallowed variationin
thedisturbancel andmeasurememoisen, correspondso magnitudel. Let wp denotethe
desiredbandwidthfor the controlloop. For combineddisturbanceand measurementoise
rejectionin y1, thefollowing requirementnustbe satisfied
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¢ A setof outputsy; maybeconsideredkeptuncontrolledf ||[ Py P, ]|, <1, Vw <
WHB.
Theinducedinfinity norm||-||,., computegshe maximumrow sum(sumof elementmagni-
tudes)andreflectsan thiscaseheeffectof d for theworstcaseoutput. Additionalinformation
canbeobtainedoy alsoconsideringhe otheroutputsby summingthe elemenimagnitudesn
eachrows.

7.4.2 Inner cascaddoops

In this casewe have additionalmeasurement@vhich may not be reliable) of y;. Dueto

propertiesof the plantlike RHP-zeros,delaysandinput/outputuncertainty acceptableer

formancewhencontrollingy, in a directmanney may not be achiezable. Oneway to im-

prove the controlof y; canbeto controlys. In particular this may reducethe effect of the

disturbanced ony,, whend entersbetweertheinput of the plantandthe measurementsf

“secondary'variablesy;. Notethatwith theinnerloop closed,7s canbeusedto controlys;.
To have ary benefit(measuredh y,) of controllingys usingus, we needto have:

I[Pa Polll <[|Gall

for somefrequenciesvithin the bandwidthof the secondaryoopswpgs. Sincetheintention
with secondarycontrol loopsis disturbanceejectionfor frequenciedarger thanthe band-
width wp of the outercontrolloop we require:

I[Ps Polllie <1, Vw <wp

ico
The outerloopscontrolthe primaryvariablesy; using7s andu;. A commoncontrollability
requirementmposedon P, and P, is® then

e o([P. P,])>1, Vw<wgy,-
Thisis to guaranteg¢hatw; andr, staywithin the desiredimits andappliesirrespectve of
thecontrollertype, providedthatthe secondaryoopsys <+ uy areintact.

Input/outputselectiorfor indirectandcascadeontrolis treatedseparatelyn Chapter8.
This brief treatmenis meantto be anintroduction.

7.4.3 True partial control

In somecasesthe outputsarecorrelatedsuchthatcontrollingthe outputsy, indirectly gives
acceptableontrolof someotheroutputsy;. Two examplesof “true” partialcontrolfrom the
chemicalprocessndustryaregivenin Examples/.1and7.2.

Let wp denotethe desiredbandwidthof the controlloop. For combineddisturbanceand
measurementoiserejectionin y;, thefollowing requiremenmustbe satisfied:

¢ A setof outputsy; maybeconsideredkeptuncontrolledf ||[ Py P, ]|, < 1, Vw <
wWha.

2Rescalingf P, ontheinputis necessaryo allow for somemorevariationin 7.
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Referencehangesn 7, may alsobe regardedasdisturbancesor the uncontrolledprimary
outputsy;:

e Forachangen asinglereference’; separatelya setof outputsy; maybeconsidered
keptuncontrolledf |[P,];¢| <1, Vi€ 1, Vw < wp.

e For combinationsof referencechangesa setof outputsy; may be consideredkept
uncontrolledf || P, ||, < 1, Vw < wp.

e For combinedeferencehangesdisturbanceandmeasurementoise,asetof outputs
y1 maybeconsideredkeptuncontrolledf ||[P; P, P ]|, <1, Vw < wp.

Theinducedinfinity normreflectsthe effect of the inputs(d, . andsy) on the worst case
output. Additional information can be obtainedby also consideringthe other outputsby
summingtheelemenimagnitudesn eachrows.

EXAMPLE 7.1 PARTIAL CONTROL OF DISTILLATION COLUMN. Thisexampleconsideristurbance
rejectionin one-pointpartial controlof a2 x 2 distillation column. We usethereduceds-statemodel
of the distillation columngivenin (Hovd and Skogestad1992). The full 82-statemodelconsistsof
40 theoreticaltrays plus a total condenseand includesboth liquid flow dynamicsand composition
dynamics.Disturbancesén feedflowrate F' (d1) andfeedcompositionzr (d2) areincluded. The LV
configurationis used,thatis, the manipulatednputsarereflux L (u1) andboilup V' (u2). Outputsare
productcompositiong/p (y1) andz g (y2). Thedisturbanceandoutputshave beenscaledsuchthata
magnitudeof 1 corresponds$o a changen F' of 20%,achangen zr of 20% andachangen z g and
yp of 0.01 molefractionunits. Oneandtwo point controlof binarydistillation columnshasalsobeen
studiedby (Walleretal., 1988).
At steady-statthemodelandthe RGA are

2 —86. . .
G=[88 3 8677]’ Gd:[793 8.90

and A | 361 =351
108.82 —110.07 11.74 11.28 -

—35.1 36.1

The RGA-elementaremuchlargerthan1 which indicatesthatthe plantis fundamentallydifficult to
control. It alsoindicatesthat the two outputsare closelyrelated. Considerthe SVD at steady-state,
G(0)=USVH

] and V = [ 0.707 —0.707]

—0.707 —0.707

o [0-624 —0.781 g [1982 00
~lo7st 0624 |’ ~ 100 136

FromU we seethatthe gainto thebottomcompositionis slightly largerthanthetop composition.This
mayindicatethatit is bestto controlbottomcompositiorandleave top compositioruncontrolled.

Thepartialdisturbanceainfor thetwo disturbancefor thefour alternatve partialcontrolschemes
are

P} =[-132 0.013], P2y =[-159 —0.24],

Py} =[1.68 —0.016] and Py, =[1.95 0.297]

wherewe haveintroducedhe notationPfji’j, for thepartialdisturbanceain(bothdisturbancesyhen
outputs is uncontrolledandthe remainingoutput! # i is controlledusinginput j. For example,the
partialdisturbanceyainfor the effect of disturbance. on outputl, with output2 controlledusinginput
2,is

86.8

P}l = Gant — G12G; Gz = 7.9 — o117 =132
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Figure7.2: Effectof d; ony, for distillation columnexample

In all four casesve seethatcontrolof oneoutputsignificantlyreduceghe effect of thedisturbancesn
the uncontrolledoutput. In particular this is the casefor disturbance?, for which the gainis reduced
from about10 to 0.30 andless. The bestone-pointcontrol schemeis seento be schemel where
the effect of disturbancel is —1.32, which is only slightly abose onein magnitude. This scheme
correspondso controllingoutputy, (thebottomcompositionwith u. (theboilup V') while letting y;
(the top composition)being uncontrolled,which alsofrom a physicalpoint of view, is a reasonable
controlscheme.Frequeng-dependenplots for schemel showv thatthe sameconclusionappliesalso
at higherfrequenciesThis is seenin Figure 7.2 wherewe shaw for disturbancel both the open-loop
disturbancegain (G411, Curve 1) and the partial disturbancegain ( Pfjl, Curwe 2) asfunction of
frequeng.

Let us next considerhow we may reducethe effect of disturbancel (the feed flowrate F') on
y1 (whichis P4(0) = —1.32 at steady-statejo be lessthan1 by using a feed forward controller
basedon measuringl; (thefeedflowrate F) andadjustingu; (thereflux L). In practice thisis easily
implementedasa ratio controllerwhich keepsL/F constant. This eliminatesthe steady-stateffect
of d; ony; (providedthe othercontrolloop is closed). With P, (0) = g11 — g12955 go1 = —2.45
we getu; = —P; '(0)Py(0)di = —1.32/2.45d; = —0.54d;. Theresultingdisturbancesffect is
shown in Figure7.2 ascurve 3. However, dueto measuremergrror we cannotachieve perfectfeed
forwardcontrol,solet usassumeheerroris 20% anduseu; = —1.2 - 0.54d,. Thesteady-stateffect
of thedisturbances then P;(0)(1 — 1.2) = 0.265, which s still acceptable However, asseenfrom
thefrequeng-dependenplot (curve 4), theeffectis above 0.5 at higherfrequencieswhich maynotbe
desirable Thereasorfor the peakis thatthe feedforward controller which is purely static,reactstoo
fastandin factmakestheresponseavorseat higherfrequenciegasseenwhencomparingcurves3 and
4 with cune 2). To avoid this we filter the feedforward actionwith a time constanbf 3 min resulting
in thefollowing feedforward controller:u, = —3?8'141 di. To berealisticwe againassume0% error,
andtheresultingeffect of the disturbancen the uncontrolledoutputis shavn by curve 5. We seethat
theeffectis now lessthan0.265at all frequencies.
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7.4.4 Sequentialcontroller design

Onecommonway to implementa hierarchicalcontrolsystem|s to first implementa lower-
layer control systemfor controllingthe outputsy,. With this lower-layer control systemin
place,onedesignsa controller K, for controlof y,. Somecriteriafor selectingus andy: in
this casearegivenin (Hovd andSkogestad1993).

7.5 Partitioning tools

Thesubsetg/,, y2, u; andus canbeexpresseds:

u

yl:NfJ-ya y2:Ngy7 U/IZNTJ_Ua u2:N1TU

whereN is a selection(projection)matrix. For example,to selectthe two first outputsof a
plantsetV, = [e; e2] wheree; is avectorof sizel with zerosin all elementsxceptin
position: which containsl. With this notationthe uncontrolledand controlledoutputscan
bewrittenin termsof d, 1; andus

G Gia G
—N— —N— f—/dl‘\
y1 =N, iGNy uy + NJ1GNyuz + N Gad (7.18)
y2 = Ny GN,1 uy + N GNyuy + N} Gq d (7.19)
N—— N——— N——
G21 G22 Gdz

7.5.1 RGA and the selectionproblem

Severalauthorshave usedtherelative gainarray(7.5) asa selectiortool for controlstructure
designandin particularin the pairing problemfor decentralizedontrol. Resultswhich are
connectedo therow sumsandcolumnsumshave alsobeensuggestedChangandYu (1990)
recognizedhattherow sumsof the RGA stayedbetweerzeroandonefor non-squarglants
with full columnrank (moreoutputsthaninputs). They usedthis to rank candidateoutputs
correspondindo the row sumsof the RGA. Recently Cao(1995) presentedh similar sug-
gestionfor theinput selectionproblem,involving the columnsumsof the RGA. Cao(1995)
alsoderivedtherelationbetweerinput singularvectorsandthe columnsumsof the RGA. In
Theorem7.1we generalizeheresultin (Cao,1995)to the outputs(row sumsof RGA) and
alsoprovide a simplerproof.

In thefollowing, considethemodely = Gu andwrite the singularvaluedecomposition
of G as

G=UxvH® =y,x,vH (7.20)

whereX, consistnly of ther = rank(G) nonzerasingularvalues U, consistf ther first
columnsof U, andV,. consistof ther first columnsof V.

Lete; ande; bedefinedasabove (u; = el u, y; = el y). Thenel V, yieldstheprojection
of aunitinputu; ontothenon-zerdnputspaceof G, andel U, yieldstheprojectionof aunit
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outputy; ontothenon-zerooutputspaceof G. We follow (Cao,1995)anddefine

Projectionfor input j ontothe effective input space: n,; = ||6;‘~FV7~||2 (7.22)
Projectionfor output: ontothe effective outputspace: noi = llefU.|l, (7.22)

Thefollowing theoremlinks the SVD to the RGA.

THEOREM 7.1 (RGA AND SVD).

m

l
2 2
> i = el Ul > i =llef Vel (7.23)
j=1 i=1

The proof is givenin SectionA. Notethat|lel U, ||, is simply the 2-normof row i in U,.

Essentiallyfor the caseof extra measurement®utputs)onemay considereliminatingmea-
surementgorrespondingo rows in theRGA wherethe sumof theelementss muchsmaller
thanl. Similarly, for the caseof extra manipulationginputs)onemay considereliminating
manipulationgorrespondingo columnsin the RGA wherethe sumof the elementss much
smallerthanl. The RGA/SVD usedin this way canbe a usefultool for screeningpecausea
singlecomputatiornincludesall the alternatve measurementsnd/ormanipulationsandthus
avoidsthe combinatorialproblem.However, we emphasiz¢hatthereis no clearcontrolen-
gineeringinterpretation®f this approachasis the casewith the pole vectorsandminimum
inputusagdor stabilization(seeChapter6).

WhenG is squareandnon-singulartheinputandoutputprojectionsareequalto one(col-
umnandrows of RGA for a squarenon-singulaiG sumsto one),andthe RGA providesno
rankingof inputsandoutputs.We maythenobtainmoreinformationby directly considering
theSVD. We have

RESULT 7.1 (SVD FOR INPUT/OUTPUT SELECTION). A rankingof potentialinputsand
outputsusedin a contmol structue of dimensionk, x k, (k, < r andk, < r, whee
r = rank(G)), canbe obtainedby consideringthe 2-normof the rowsin the matricesUs,,
and V4, whee Uy, consistsof the first k,, columnsof U,., and V},, consistsof the first k,,
columnsof V..

This canbejustifiedfrom thefactthatthefirst k,, columnsof U, andthefirst k,, columnsof
V,. correspondo the mostsignificant(largestgain) directions,andthe 2-normsof the rows
correspondo theinputandoutputprojectionsof thesubsystenof dim &, x &,,. Thesingular
valueoy 1 is ameasuref theinformationdisregardedn the partialcontrolstructurej.e.

|G = NyGaaNy |l > o341
wherek = max{k,, k,}. Seealsoexample7.2.
EXAMPLE 7.2 INPUT/OUTPUT SELECTION FOR FCC PROCESS. For the linear modelof the FCC

processonsideredy (Hovd andSkogestad1993;Wolff etal., 1992),we have at steady-state

10.16 559  1.43 1.66 0.36 —13.61
{ 1 { 1
G= 11552 —837 —0.71|; Ggq= 047 0.23 —3.89
|_18.05 0.42 1.8OJ |_1.86 0.56 —15.30J
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FromaSVD of G(jw) wefind (G (jw)) < 1 Vw. Henceit is likely to encounteinput constraintgor
certaincombination®f disturbanceandreference&ehangesWe thereforeconsider2 x 2 controlof the
FCCprocessWith thetwo strongestnputandoutputdirectionsi.e. Uy = [u1 w2 ], Vo =[v1 v2],
the 2-normsof therows becomes

m=1[0.997 0.982 0.201]" 1o =[0.774 0.927 0.736]"

We clearlyseethattheinputus haslittle effecton G andthatthisinputmaybeconsideredinused For
the outputsthe situationis not so olbvious, y; andys seemdo be of equalimportance.However, for
higherfrequenciegnot shavn) no,1 andno 2 approaches, whereas)o,s approache$, sowe select
y1 andys togethemwith u; andus in apartialcontrolstructureof size2 x 2. It is worth notingthatthis
controlstructureg(denotedHicks) wasconsideredby (Hovd andSkogestad1993)asthebestone. They
arguedfrom a controllability point of view taking into accountRHP-zeros,constraintsand different
operatingmodes.

EXAMPLE 7.1 CONTINUED. Insteadof computingthe partial disturbancegainsto obtain the best
outputandthe bestinput for one-pointcontrol of the distillation column,we usetheinput andoutput
projectiongo screerthe candidaténputsandoutputs.We only considetheinputandoutputdirections
correspondindo the largestsingularvaluein U andV, i.e. useU; = u; andV; = v;. This seems
reasonablsinces(G) < a(G) atsteady-statélWe obtain

_[oe24] _ ., _ [0.707
o= 10.781 m=10.707

Thatis, we find thatthe bestoutputis the bottomcomposition.However, it is not clearwhichinputto
use.

The criteriafor selectinginputs and outputsthroughthe useof RGA, consideringall non-
singulardirectionsor only the k first non-singulardirections,can be viewed in terms of
maximizingthe informationcontainedn thosedirectionson the selectednputs/outputs.It
is not clearwhatthis selectionprocedurémpliesin termsof measurefike o(G23), 5(Ga2),
v(G22) and||G — N,G22NT||. However, sincethereis a finite numberof combinationsit
is possibleto find the projectionmatrices,, and N,, which maximizeg (G22) or minimize
|G — N,G22NT|| for agivendimensionk, x k., of Gaa, simply by testingall possibilities.

Thefollowing exampleshavsthatalthoughthe RGA is anefficientscreeningool, it must
be usedwith somecaution.

ExAaMPLE 7.3. Considera plantwith 2 inputsand4 candidateoutputsof which we wantto select2.
We have

10 10 —2.57 3.27
10 9 1.96 —1.43
G = 2 11’ A= 0.80 —0.42
2 1 0.80 —0.42
The four row sumsof RGA are0.70, 0.53, 0.38 and0.38. To maximizethe output projectionswe
L 10 1 D .
would selectoutputsl and2. However, this yieldsaplantG, = [18 90 whichis ill-conditioned

with large RGA-elementsandmostlik ely difficult to control. Selectingoutputl and3 yields G, =
[10 10

5 1 ] whichis well conditioned For comparisontheminimumsingularvaluesares (G) = 1.05,
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o(G1) = 0.51, ¢(G2) = 0.70. Theminimizedconditionnumbergy*(A) = minp,,p, Y(D2AD1),
whereD; andD; arediagonalmatricesjarey*(G) = 11.69, v*(G1) = 37.97 andy*(G2) = 5.83.
ThisclearlyshavsthatG; is themostill-conditionedof all thematrices@, G andGs.

7.5.2 Leastsquareand “true” partial control

In this sectionwe view therationaltransferfunctionG|(s) asamatrix functionparameterized
in thecomple variables. Thenwe canusetheleastsquaresolutionto thefull (optimal)and
the partialcontrol problemsto quantifythe imposedperformancdossby partial controlfor
aparticularchoiceof N, andN,,. To beableto compareheresultsin thefull andthepartial
controlproblemsjt only make senseo considerreferencechangesn the secondaryputputs
12, I.€. we considetthe controlerror

0 0 .
p=y— {TJ =y— {R%] =1y — NyRa7s

onafrequeng-by-frequeng basis.Theleastsquarecontrolerrors(p) for referencechanges
in 7, anddisturbanceejectionfor thefull (p ;) andthepartial(p,) controlproblemspecomes

= 1(GGT = DN, Ry —(G6" - 1)Ga) | 7] (7.24)

G12G£2R2 Ga1 — GlzGerzGdz } [772} (7.25)

Pr= 1 (GaeGly — )Ry —(G22Gl, — DGz | | d

Theproofsof (7.24)and(7.25)aregivenin SectionA. For the performancdossto besmall,
we want||p, || to becloseto ||p¢|. We notethatthe control errorscanbe interpretedon a
frequeng-by-frequeng basisandrepresents lower boundon the bestachiezable perfor
mancemeasuredh the 2-norm. Thus,it is aninducediwo normperformance.

/7.6 Summary

We have givenabrief introductionto partialcontrol. Thepartialdisturbancepartialreference
gainsandthe partial gainfor measurememntoiseareintroducedandthe partial disturbance
gainis relatedto the previouly definedpartialdisturbanceain (SkogestacandWolff, 1992).
We have shavn how the partial disturbancegain, andthe gainfor the unusednputscanbe
usedto find the bestone-pointcontrolstructure(includingfeedforward control) for abinary
distillation column. It is importantto notethatwe arrived at this control structurewithout
designingary controllers.

We have alsoestablishea directrelationshipbetweenthe RGA andSVD which gener
alizespreviousresults(Cao,1995;ChangandYu, 1990). Thesetools, andthe relationship
betweerRGA andSVD, canbe usedto obtaina rankingof the possibleinputsandoutputs.
However, they shouldbe usedwith caresincetherearemary otherfactorswhich determine
controllability.
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Appendix A Proofsof the results

Proof of Theoem7.1 The proof of the identitiesin (7.23) aregiven for the generalcase. Write the
SVDof G asG = U, %, V," whereX, is invertible. We have thatg;; = e U, %,V e;, [GT],; =
ej V.27 U e, U U, = I, andV,”' V, = I, wherel, denotesdentity matrixof dimr x r. Therow
sumbecomegsumof theelementsn row 1)

m m
DIV SRR

j=1 j=1

m
T H T —1,,H T 2
= ¢; U.X,V, E eje; V:E. U, e; = |le; Urly
j=1
N —
I

andfor the columnsum(the sumof theelementsn columnjy)

l l
Z)\ij = ZefWE_lUfeief{UrEVrHej

i=1 i=1

l
= e/ VU eiel U.nV, e = |V, (7.26)
=1
N——
I
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Proofof (7.24) We sety; = 0, i.e. wewantto rejectdisturbanceandreferencechangeg, in ¢, and
wesetys = ro = Rafa, i.e. trackreferencechanges; andrejectdisturbanced in y2. Theproblemis
to find theleastsquaresolutionu' to

|: 0 :| = [ 0~ :| = NyR2fg =Gu+Ggd & Gu= NyRQFz — Gqd (7.27)
T2 Ry

Theleastsquaresolutionu’ to (7.27)is

ut = GT (N, Rofy — Gad) (7.28)

By applyingthecontrolu’ in (7.28)thecontrolerrorp; = y — [ =y — Ny R»7> becomes

0
Ro7o
pr = Gu'+ Gad — NyRois = GGT (N, Rafz — Gad) + Gad — N, Rafs

(GG' — I) NyRais — (GG' — 1) Gyd

O

Proof of (7.25) We setys = r2 = Rofy andu; = 0, i.e. track referencechanges’; andreject
disturbanced in y». Theproblemis to find theleastsquaresolutionug to

o = RoTo = RoTo = Gasuz + Ggod & Gauz = Roto — Gaad (7.29)
Theleastsquaresolution@ to (7.29)is

ul = Gl (Rofs — Gaad) (7.30)

By applyingthecontrolug in (7.30)thecontrolerrorp, = y — [ ] =y — Ny R»7> becomes

Ro7s

p [ Y1 ] _ [ G12G$2R2f2 + (Ga1 — G22G§2Gd2)d ]
P (

y2 — Rofs |~ | (G22GYy — I)Rafa — (G22Glhy — I)Gaad
[ G12G,Ro (Ga1 — G22G$2Gd2):| |:f2]
(G22Gl, — )Ry —(G22Gl, — 1G4z | | d
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Abstract

Integratedchemicalprocessplantsarein practicecontrolledusinga hierarchy
of controlloops. The basisis to implementinner control loops, resultingin

a partially controlledsystem. Theideais thatthe primary outputs,with these
innercontrolloopsclosedshouldbelesssensitveto disturbancesn additionit

is desirableghatthe controlerrorin the primary outputsshouldnot be sensitve
to controlerrorsin theinnercontrolloops. In this paperwe presentwo simple
toolsfor efficiently analyzingsuchproblems.
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8.1 Intr oduction

Integratedchemicalproceslantsarein practicecontrolledusinga hierarchyof cascaded
controlloops. Thereasorfor this is twofold: First, to allow for local disturbanceejection.
Secondto make it possibleto usesimpleprocessnodels,or to avoid the useof modelsall
togetherin thecontrolsystemdesign.

Thebasisfor cascadeontrolis to implementinnercontrolloops,resultingin a partially
controlledsystem.Theideais thatthe primaryoutputs with theseinnerloopsclosedshould
be lesssensitve to disturbanceshanthe open-loopsystem.On the otherhand,the control
errorin the primary outputsshouldnot be sensitve to the control errorsin theinnercontrol
loops.

To definethe problemmore carefully we rearrangeand partition the outputsy andthe
inputsu into thefollowing sets:

e y; — primaryoutputs(uncontrolledatthe presentontrollayer).
e y, —secondarputputs(controlledatthe presentontrollayer).
e u; —inputsnotused(atthe presencontrollayer).

e uy —inputsusedto controlys.

G Gaz
Uy +l+ Y1
—» G11 G2 >
+Y* Y2
> Ga1 Ga >O—¢ >
+
+ N2
U2
Yom,
Y+ T2
K,

Figure8.1: Block diagramof a partially controlledplant(G, G4)

A block diagramof a partially controlledsystem(G, G) is shavn in Figure8.1. With this
classificationof inputsandoutputswe candistinguishbetweenthe following four applica-
tions (seeChapter7 for adiscussiorof thedifferencespf partialcontrol.

1) Indirectcontrol.

2) Cascadecontol.

3) True partial control.

4) Decentalizedcontmol (sequential-design)

In this paperthemainfocusis onindirectcontrol, for whichthecontrolproblemcanbestated
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asfollows: We aregivensome“primary” variablesy; with anassociate@ontrol objectve
y1 ~ r1, Wherer, is thereferencevaluefor y,. Assumethatthe primaryvariablesy; arenot
measuredsothe primary objective cannot directly be measuredinsteadwe have available
somesecondaryoutputsys, for which we have no control objectve (so r, may be varied
freely). In thiscasethreeapproachefor controllingtheprimaryvariablesare,seeFigure8.2:

1) Centralized controller. Designa centralizedcontrollerbasedon all availableinfor-
mationaboutthe procesglantandall availablemeasurementandknown inputs (y2
andrq). Thiscontroller whichcomputegheoptimalinput«, combinesestimatiorand
controlin asingle“optimal” controller seeFigure8.2(a).

2) Inferential control. Basedontheknown inputs(u) andmeasurementgs), inferential
controlestimateshe primaryvariableg,), andaseparateontrollermanipulates: to
achiere ij; ~ r1, seeFigure8.2(b).

3) Indir ectcontrol. Only thesecondarputputsarecontrolled,i.e. the controllermanip-
ulatesus to achieve y, ~ ro (Wherers is afunctionof ;). Theaimis to indirectly
achieey; =~ r1, seeFigure8.2(c).

With all relevantmodelinformationavailable,approaci) will betheoptimalandapproaci)
will betheworst. On the otherhand,the implementatiorof approaci3) requiresonly sim-
ple feedbackcontrolandno modelingeffort. Thereforejf acceptableontrolof the primary
variables(y;) canbe achieved with indirect control, this would generallybe the preferred
approach.

Y2 N

— (I
Y2 Est. " K U2

> U2 > 1 > ro + U2
1 K > |_> 71 { K2 —>
_>‘
Y2

a) Centralizeccontroller b) Inferentialcontrol ¢) Indirectcontrol

Figure8.2: Threeapproacheto indirectcontrolof the primaryvariablesy; , usingmeasuremenf y,

Cascadecontmol is indirect control with an additionalouterloop for adjustingrs, see
Figure8.3. Thisis frequentlyusedwhenadditionalmeasurementsf the primary outputsy;
areavailable,but fastcontrolof y; by only measuringy; is notpossible.

Thedifferencedetweerindirectandcascadeontrolaremainly the frequeny region of
importance In indirectcontrol we wantto keepe; = y; — 1 smallin spiteof disturbances
d andcontrolerrorsin y,. Sincethereis no measuremergndfeedbackcontrolof y,, steady-
stateandlow frequenciesre mostimportantin thesecases.On the otherhand,for cascade
control the outerfeedbacKoop takescareof thelow frequenciesandin thesecaseghetask
of theinnercontrolloopsis disturbanceejectionandto maintaingoodcontrolatfrequencies
aroundandhigherthanthebandwidthwp of theoutercontrolloops.Many of the sametools
derivedfor indirectcontrolthereforealsoappliesto cascadeontrol.
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+
e

T2 + U2

3

Figure8.3: Cascadeontrol
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For indirectandcascadecontrol we wantto answetthefollowing two questions:

1) Whichvariablesshouldbe selectecassecondaryneasurementg,?

2) How muchcanwe improve the control of the primaryvariablesy; by controllingthe
secondaryariablesys?

Thesetwo questionsarecloselyrelated,in thata quantitatve answerto the secondjuestion,
givesatool for answeringhefirst one.

Indirectcontrolof productcompositionghroughtwo-pointtemperatureontrolin ahigh-
purity distillation column, studiedin Chapter9, fits this setupsincefrequentand reliable
compositionmeasurementare seldomavailable. So, insteadof controlling the two product
compositiongy; ), we controlthe temperaturegy,) attwo selectedstagesn the distillation
column.

Sometimeghereis a trade-of betweenthe sensitivityto control errorsin the secondary
measurementandthe correlationto the primary variables.If thereis a controlerrore; =
y2 — 7o In the secondaryariables thenthis resultsin a control errorin the primary vari-
ablese; = y; — r1. In ahigh-purity distillation columnthe gainfrom e, to e;, andthus
the sensitvity to measurementoisens, is very large for temperatureneasurementscated
closeto the endsof the column. To reducethe sensitivityto the control errorse,, the tem-
peraturemeasurementgy;) shouldbe placedtowardsthe middle of the column. However,
the correlation betweensecondaryy,) andprimary (y,) variablesis obviously betterif the
temperatureneasuremeniy-) areplacedcloserto the columnends.

In thepapemwederive simplequantitatvetoolsfor addressinguchissuesTheseoolsare
generakontrollability tools,i.e. they arenot restrictedo the high-purity distillation column
applicationandthey areindependendf thecontroller i.e. design-independenbntrollability
tools.

8.2 Previouswork on measurementselection

Whenthe primary control objectve cannotbe measuredlirectly, one of the approachess
to usethe inferential control schemeg.g. seeStephanopoulogl989). Differenttypesof
modelscanbe usedfor estimationwhich givesrise differenttypesof inferentialcontrollers
with differentproperties Oneclassof estimatore@mphasizéheimportanceof estimatinghe
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effectof unknovn disturbancesntheprimaryvariables ThisincludesBrosilon'sinferential
estimator(WeberandBrosilow, 1972;JosephBrosilov andTong,1978). Brosilow andco-
workerssuggesto selectsecondaryneasurementst steady-stataccordingo thecriteria:

1) Minimizationof projectionerror, i.e. thenominalestimationerror.
2) Minimizationof theconditionnumberfor the steady-statenodelfrom thedisturbances
to thesecondaryputputs.

They indicatethatthe estimationerror tendsto decreasendthe conditionnumbertendsto
increaseasthe numberof measuremeniscreaseThey leave thefinal decisionin this trade-
off to engineeringudgement.

Morari andStephanopoulod 980)extendthework by Brosilow andco-workersto incor-
poratesystendynamicsasednthe Kalmanfilter. They give severalmeasuremerstelection
criteriafor secondaryutputs,with the goal of minimizing the estimationerror They also
assumehatunmeasuregrocesglisturbanceareof majorimportancedominatingtheerrors
causedy measurememntoise.

A procedurdor sensofocationto beusedn inferentialcontrolis presentety Jgigensen,
Goldschmidtand Clement(1984). The methoddistinguishbetweenthe purposeof suneil-
lanceandcontrol. The selectionof the secondaryariablesto be usedin the estimationis
baseduponqualitatve knowledgeof processlynamicsand open-loopstationaryvariances.
Also this article emphasizehe effect the unmeasuredisturbancesiason the primary vari-
ablesby estimatingthe variancesn the primaryvariablesdueto stepchangesn theunmea-
sureddisturbances.

Mejdell and Skogestad(1993) performeda comparatie study betweenthe following
threeestimationmethods:

1) Kalman-Bugy filter,
2) Brosilow’sinferentialestimatoy
3) StaticregressionNPCR),

usingasa case-studyhe estimationof productcompositionsn a high-puritydistillation col-
umn. The performanceof the estimatorsverecomparedusingrobust performancenalysis
(u-analysis). Their conclusionis: For high-purity distillation, one canachieze remarkably
good control performancewith the static PCR estimatoy which is almostas good as the
dynamicKalmanfilter. Furthermorethey concludethat a particulardisadwantageof the
Brosilow inferentialestimatotis thatthe estimatemay notimprove by addingmeasurements
dueto the sensitvity to modelingerrors. For all estimatorsthey foundthatthe useof input
flow measurementtoesnotimprove the estimatomperformancebut doesin factdamagehe
performancef a staticestimatorlike Brosilow’s inferentialestimatorandthe PCRis used.
Thisseemso contradicttheimportanceof estimatinghe effect of theunknown disturbances
(inputs)atleastfor the high-puritydistillation example.

A differentapproacho the problemof measuremergelectionfor linear multivariable
control systemis takenin (GhoshandKnapp,1989). They considerboth deterministicand
stochasticsystems. The approachtakenis to choosefrom all available measurementthat
subsetwvhich minimizesa criterion of performancesubjectto aninvestmentostconstraint.
The problemis formulatedasan non-linearinteger minimizationproblem. The control per
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formancecriterionused,s thestandardjuadraticcriterionfrom optimalcontroltheory Note
thatin thisapproachthe numberof measurementis traded-of againstamaximumallowable
investmentostin themeasurements.

ThethreepapergLeeandMorari, 1991;Leeetal.,1995;LeeandMorari, 1996)consider
robust control structuredesignthroughproperchoiceof measurementand manipulations.
The paper(Lee andMorari, 1991)outline threeapproache$o secondaryneasuremerge-
lection. Thefirst approachs to selectthe setof measurementahich minimizesthe robust
performancespecificationu-analysis).It involvessynthesizinga controller K for eachcan-
didate measuremenset, and then comparethe p valuesfor eachsetand choosethe one
with minimum z. As they note,therearesignificanttheoreticalandpracticaldravbacks(in
termsof computation)in this formulation. They concludethatin view of the combinato-
rial natureof the problemthis first approachaloneis clearly not a feasiblesolutionto the
measuremergelectionproblem. In the secondapproachnpecessargonditionsfor the exis-
tenceof a controllerachiezing robust performanceare usedas screeningoolsto eliminate
candidateneasuremergetsfor which no controllerexiststhatachieresrobust performance.
In approactthree,sufficient conditionsare usedto locatemeasuremergetsfor which con-
trollersachievzing robust performancexists. The developmentof tight sufficient conditions
usefulfor measuremergelectiorandcontrollerdesignis thefocusof the paper They derive
design-dependeiiassumenternalModel Control, IMC) measuremerdelectioncriteriafor
bothindirectandinferentialcontrol.

In the secondpaper Lee et al. (1995)introducesa setof design-independerstcreening
toolsthatcanbeusedio reduceghenumberof controlstructurecandidatesMany of thesame
ideadsn (LeeandMorari, 1991)carryoverbut they manageo make thetoolsindependentf a
particularcontrollerdesignby droppingthe causalityrequiremenbnthe controllerandusing
theYoulaparameterizationlr hetoolsderivedinvolvescheckingthespectraradiusof corvex
matrix functions. Thus,the screeningools canbe evaluatedvia corvex optimization. The
generalapproachiakenin the paperis complicatedbothin termsof computatiorandin the
effort requiredto definethe robust performancebjective. In the paperLeeetal. compares
thetwo selectiorcriteria:

1) Minimizing aweightedsumof the projectionerrorandthe conditionnumber(assug-
gestedBrosilow etal.).
2) Minimizing theworst-caselosed-looperror.

Leeetal. shavsthatthefirst onecorrespond$o minimizing anupperboundon the worst-
caseclosed-looperror Theresultsshav thatthis selectioncriterion providesconseratism,
andthis conserativenesstemsnot only from theinequalitiesn thederivationbut alsofrom
the factthatit assumes least-squaretype controller Fromthe resultsit is notedthatthis
conseratismcancauseheselectiorcriterionto selectmeasuremergetswhicharenotphys-
ically intuitive.

In thethird paperLeeandMorari (1996)summarizesheresultsfrom thetwo first papers
anddiscussmplementatiorof the controller capableof handlinghard constraintghrough
the useof on-line optimization,i.e. a MPC implementatiorof the controller In all papers
they apply the resultsto the problemof selectingtemperaturemeasurementtor indirect
control of the productcompositionsn high-purity distillation columns. In the papers(Lee
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andMorari, 1991;LeeandMorari, 1996)they usecolumnA studiedoy SkogestacindMorari
(1988)andin thepaper(Leeetal., 1995)they usethe columnstudiedin (Josepletal., 1978).

The approachtakenin inferentialcontrolandthe above mentionedarticles,differ from
the approachtaken in this paper We considerindirect control wherethe aim is to reduce
theerrorin the primaryvariablesby controllingthe secondaryariables.Indirectcontrolas
discussedn this paperis obviously relatedto inferentialcontrolandit is worth noting that
Marlin (1995)usesthe term inferentialcontrolto meanindirectcontrolasdiscussedn this
paper So,thereis no universalagreementn theseterms.

8.3 Analysisof indir ectcontrol
We considelineartime invarianttransferfunctionmodelson theform
y(s) = G(s)u(s) + Ga(s)d(s) (8.1)

whereu is thevectorof manipulatednputs,d is thevectorof disturbanceandy is thevector
of outputs.G(s) andG,4(s) arerationaltransferfunction matricesof dimensiong x m and
l x ng. To simplify the notationwe omit to shav the dependencen the complex number
s for signals.However, to emphasizehatthe resultsarefrequengy dependentve explicitly
shav thedependencof the comple variables for transferfunctionsin the mainequations.

With the partitioning of the inputsandthe outputsgivenin Section8.1, the open-loop
model(8.1) becomes

Y1 = Gll(s)ul + G12(5)u2 + Gdl(s)d (82)

Ya = G21(S)U1 + G22(3)U2 + GdQ(S)d (8.3)
In this paperwe do not considerthe useof uq, i.e. thesetu; is empty souy canberegarded
asthesetconsistingof all inputs,i.e. us = u. Neverthelesswe will keepthevariablesu; for
completeness.

We assumeéthatGa,(s) is squareandinvertible (at a givenvalueof s). We canuse(8.3)
to expressus asafunctionof ys, u; andd

up = Gg, (s) (y2 — G21(s)u1 — Gaz(s)d) (8.4)
Substituting(8.4) into (8.2) yields

y1 = Pu(s)ur + Py(s)d + Py(s)y2 (8.5)
where
P,(s) & Gu(s)— G12G2_21G21(3) (8.6)
Pd(s) é Gd1 (8) - G12G2_21Gd2 (S) (87)
Py(s) & G12Goy(s) (8.8)

1strictly speakingthisis afrequeng-by-frequenyg analysiss = jw (oneparticularfrequeng beingthe steady-
statew = 0).
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Here P, is the partial disturbancegain, P, is the gair? from y, to y; and P, is the partial
inputgainfrom theunusednputsu; .

If we look more carefully at (8.5) then we seethat the matrix P; givesthe effect of
disturbancesn the primaryoutputsy;, whenthe manipulatednputsu, areadjustedo keep
yo2 constantwhichis consistenof the original definitionof the partialdisturbanceaingiven
by SkogestacandWolff (1992).

REMARK 1. Notethatno approximatiof hasbeenmadewhenderiving (8.5). Equation(8.5) applies
onafrequeng-by-frequeng basis.

REMARK 2. Skogestadand Wolff (1992) consideredhe specialcasewith one uncontrolledoutput
(¢) andone unusedinput (j) andderivedin this specialcasethe following expressionfor the partial
disturbancegain

Ay _ GG
di |y, ., (G
REMARK 3. The expression(8.9) was generalizedoy Zhao (1996) to the casewith n uncontrolled
outputsandn unusednputs

PDG =

(8.9)

Py =[G ' [GT G4 (8.10)

whereG~! arepartionedaccordingto the dimensionsof y1, y2, u1 andus and[G~'];; denoteghe
upperleft blockof G~! and[G~' G]: is theupperblock of G~ 'Gy.
REMARK 4. Similarly we have

Py =—[GT 0 [G e (8.11)
Proofof 8.11) SetGa = | %4 | = | © | in(8.10). 0
Gz —I
For the casewith oneuncontrolledoutputi andoneunusednput j we obtain
. _1 .
P, = gyz __ [g_l]ﬂk (8.12)
Tk UG Yl [ ]ji

In generalwe wantthe effect of disturbanced ontheerrorin the primary outputsy; to be
small. To requireP; = 0 impliesGa1 = G12Goy Gap OF if G, eXistsG12Goy = Ga1 Gy
thatis, the effectof d on ||y1||/||y=|| is the sameasthe effect of us on||y1|/||y=2||- Thiscan
beachievedif G132 ~ k- G4; andGys ~ k - G4 for ary constants. However, we also
needto take into accounthow easyit is to control ., i.e. the controlerrore; = yo — 75.
So,the selectionof controlled outputsandinputsusedfor control shouldnot bebasedon the
expressionfor Py alone
In the next two sectionsve apply(8.5) to indirectandcascade&ontrol.

8.3.1 Relating e, to the disturbancesand control error

Thefirst expressioris justa slight variationof (8.5) wherewe introducethe controlerrorfor
12, definedas
€2 £ Y2 — T2 (8.13)

2p, is closelyrelatedto the partial referencegain P, andthe partial gain for measurementsoise,definedin
Chapter7. More preciselywe have P, = Py Ry andP, = Py N».

3The assumptiorthat G2_21 exists for all frequenciesanbe relaxed by replacingthe inversewith the pseudo-
inverse.
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wherer, is the referencevalue for the secondaryutputsy,, seeFigure7.1. Substituting
Y2 = T9 + e in (8.5)yields

y1 = Py(s)ur + Py(s)d + P,(s)ra + Py(s)ez (8.14)

or

e1=y1 — 11 = Pu(s)ur + Py(s)d + Py(s)ra + Py(s)ea — 1 (8.15)
Importantly we assumehatr, andes areindependenvariables.Therearetwo sourcedor
thecontrolerrore,:

1) Thecontrolof thesecondaryariablesy, is not“tight”.
2) Measuremenmtoisens in thesecondaryariablesys.

8.3.2 Relating e; to the optimization and control error

For a shortmomentlet us move onelayer up in the control hierarchyandassumehat the
control loops at the regulatory control layer are closed,i.e. the secondaryoutputsy, are
controlledusingus. We assumehatthe references:;, to the controlledvariablesy, canbe
usedasdegreesof freedomto improve controlof the primaryvariables.We put oursehesin
the positionof anoptimizerandconsiderthe “optimal” valuesof y, for a givendisturbance
d andreferencer;. Theseareobtainedoy settingy; = r; in (8.5)andsolvingfor y,. We get
(assuminghattheappropriatenverseexists)

Y2,0pt(d, 71) = P, (s)r1 — Py P Py(s)uy — P, ' Py(s)d (8.16)
where
Py_l(s) = G22G1_21 (8) (817)
Py_lpu (8) = GggGl_QlGll(S) — G21(8) (818)
P 'Py(s) = G2G1Gal(s) — Ga(s) (8.19)

We have assumedhattheinverseG, existsfor all s = jw.
To expressthe differencebetweenthe implementedralue of r, andits “optimal” value
Y2.0pt (d, 1), it is usefulto introducethe “optimizationerror”

€2,0pt = T2 — Y2,0pt (8.20)
We thenget
Y2 = Y2,0pt T €2, 0pt T€2 (821)
————

T2

Substituting8.21)and(8.16)into (8.5)yields

€1 =Y — "1 = Py(s) (e2 + e2,0pt) (8.22)

Equation(8.22) makessensesincewe musthave y; = rq if y5 is atits “optimal” valuesuch
thate; = 0 andeg opt = 0.
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8.4 Measurementselectionfor indir ectcontrol

In this sectionwe considerthe following problem:

e Whichvariablesshouldbe selectechssecondaryneasurements?
More specificallywe wantto answerthe following question:

e How smallcanwe keepe; by controllingthe secondaryariablesy,?
From(8.15)and(8.22)we getthefollowing two approacheéseethederivationbelow):

1) Minimize theeffect of disturbanceandcontrolerror, i.e. minimize||[P; P,]|-
2) Minimize themagnitudeof P, = G12G4, , Which correspondsto maximizethe gain
in theweakdirectionof the controlledsubsystentr sz, i.e. maximizes (Gas).
Thescalingof thevariablesarediscussedh SectionA, anda simpleexampleto demonstrate
thetwo approachess givenin Section8.6.

For indirect control all frequencieshouldbe considerecandin particularsteady-state.
Theresultsalsoapply to cascadeontrol, but in thesecasedrequenciesaaroundand higher
thanthe bandwidthwp of the outerloop are mostimportant. Also, for cascadeontrolwe
mustconsiderthe controllability of P,(s) andP,(s) = P,Ry(s) atfrequenciedower than
wWB.

8.4.1 Approachl: Minimize ||[[Ps P,]]|

Thefollowing additionalassumptionarereasonabléor indirectcontrol:
1) wuq isemptyor u; is constantj.e. we setu; = 0.
2) ry is constantj.e. wesetr; = 0.
3) r9 is constantj.e. we setr,; = 0.
We thengetfrom (8.15)
e1 = Py(s)d + Py(s)ez (8.23)

First, we want P; to be smallsuchthat, whenthe secondaryariablesy, arecontrolled,the
effect of thedisturbancesd onthe primaryvariablesy; aresmall. Furthermorewe want P,
to besmall, suchthatthe effect of the controlerror (whichis mainly causedy measurement
noise)in the secondaryvariablesy, on the primary variablesy, aresmall. This canbe
summarizedn the proceduregivennext.

Procedure for selectingcontrolled outputs for indir ectcontrol. Assumethatthevariables
have beenscaledasfollows:
1) Disturbancesfor eachdisturbancel; the maximumallowedvariationis of magnitude
1,i.e.|dg| < 1Vk.
2) Secondarputputsy,: theexpectedcontrolerrore, ; in eachsecondaryutput(which
includesthe measurememtoisen, ;) is of magnitudel, i.e. |e ;| < 1 V.
3) Primaryoutputsy;: theexpectedcontrolerrore; ; in eachprimaryoutputis of magni-
tudel,i.e.|e1 ;| < 1Vi.

4SinceG13 is independendf the choiceof ys.
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For furtherinformationon the scalingsapplied,seeSectionA. To keepe; smallwe should
thenfrom (8.23)selectsetsof controlledsecondaryutputsys which:

Minimize: || [P; P,]|| (8.24)

andwe wantthis normto belessthan1.

REMARK 1. Whenwe scalethe outputsy, relative to the measurememoisen;, P, in (8.24)is the
sameasthe partialgainfor measuremenmtoiseP,, introducedn Chapter7 (pagel8l).

REMARK 2. Thechoiceof normin (8.24)depend®nthescaling butthechoiceis usuallyof secondary
importance Themaximumsingularvalue|| - || = &(-) arisesf ||d||, < 1 and||ez||, < 1, andwewant
to minimize||es||,.

8.4.2 Approach?2: Maximize the weak gain of G2

The secondapproachis lessexact, but providesmoreinsightandis alsoapplicableto other
input/outputselectiorproblemghanindirectcontrol. Equation(8.22)formsthebasisfor this
approach

e1 =y1 — 11 = Py(s)(ea + e2,0pt)

Assumethat (e2 + ez opt) is Of magnitudel. Thenfrom (8.22)we seethatwe shouldselect
secondaryutputsy, suchthat P, = G12G2_21 is small,andsinceG14 is independentf the
choiceof y,, thisis the sameaswantingG,' small. Remembethats (G5, ) = 1/a(Ga2),
sowe wantthesmallestsingularvalueof G4, to belargeandpreferablyaslarge aspossible.

Thecriterionof maximizinge (G22) assumethatthesecondarputputsy, andtheinputs
1y hasbeenscaledasfollows:

1) Secondanputputsy,: eachof the candidatesecondaryutputsy, ; shouldbe scaled
suchthat the sum of the control error (e2) andthe optimizationerror (ez opt) is of
magnitudel, i.e. wewant|es ;| + |e2 j.opt| < 1 V.

2) Inputswusy: we shouldscalethe inputsu, suchthat they have similar effect on the
primaryoutputsy; .

Note thatwe usedifferentscalingsfor y- in the two approachesln approacHl we scaley-
basedon the acceptableontrol errorey (which at steady-statés equalto the measurement
noise) whereasn approact? theeffectof thedisturbancesntheoptimalvaluey; oy is also
included.For furtherinformationon the scalingsapplied,seeSectionA. Through(8.22)we
have dervedthefollowing selectioncriterion

e Undertheassumptiorof properscalingof secondaryputputsy, andinputsu, auseful
criterionfor selectingsecondaryutputsto be usedfor indirectcontrolis to maximize

a(Gaz(jw)).

This criterionactuallyhasa muchwider applicabilitythanfor indirectcontrolasconsidered
here. Skogestadand Postlethvaite (1996)first derivedthis criterion for the generalclassof
objectives.J (u, d), but they only considerecteady-state.

Thedesireto have o (G52) largeis consistentvith ourintuition thatwe shouldensurghat
thecontrolledoutputsareindependendf eachother Also notethatthedesireto have o (G22)
large (andpreferablyaslarge aspossible)s herenot relatedto theissueof input constraints.
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Restrictions.

1) The selectioncriterionto maximizeg(G22) assumeshatthe “worst-case’combina-
tion of theoutputsy, correspondingo thedirectionof o (G22) for eachfrequeng may
occurin practice.From(8.22)we seethatthisassumeghatthe elementsn thevectors
ez andey o, areuncorrelatedat eachfrequeng. This may bereasonabldor the con-
tributionto thecontrolerrore; from themeasurememntoise.However, sincee; p, IS a
functionof r; andd, i.e. eg opt (71, d), it maybeunrealisticdo assumehattheelements
in thevectore, o, areuncorrelated.

2) Anotherassumptiorfor considerings(G22) whenselectingsecondaryutputsis that
the “fix ed” matrix G is suchthat maximizinge(Gaz) = 7(G5,') alsominimizes
5(P,) = 5(G12G5y ). For example,thiswill be caseif onecanchoosethe scalingof
theinputsus suchthatGi, is closeto a unitarymatrix timesa scalar

In summarythemethodbasednmaximizinge (G22) islessexactthanminimizing|| [Py Py ]|l
Ontheotherhand,g(G22) is awell known tool for controllability analysiswith awider ap-
plicability.

8.5 Partial control and modeluncertainty

Model uncertaintyis animportantreasorfor applyingfeedbackcontrolinsteadof feedfor-
ward control. In particular we can at steady-statavith integral actionin the control loop
achieve perfectcontrol of the measurementsn spite of uncertainty However, uncertainty
may causepoor performanceaat higherfrequenciesandevenleadto instability. Thereason
for theseproblemswith uncertaintyandfeedbaclkcontrolis thatthecontroller K is designed
from thenominalplantmodelG, which may differ from theactualplantG,. However, these
argumentgdo notreally applyto our analysigools, suchas P; and P, aswe do not perform
ary controllerdesign.This may seemstrangetakeninto accounthat muchof the previous
work on measuremengelection,suchasthe work of Brosilow and coworkers (Weberand
Brosilow, 1972; Josephet al., 1978) and the work by Morari and Stephanopoulo§l980),
have put a large emphasison the issueof modeluncertainty Thereare two reasonsvhy
uncertaintyenterednto their work:

1) They consideredhe problemof obtainingthe bestestimateof the primary variables,
11, ratherthan(asin ourwork) obtainingthebestindirectcontrol of ;. Clearly model
uncertaintyentersdirectly into the estimationproblem,becauséerethereal plantG,
will differ from thenominalmodelG usedwhendesigninghe estimator

2) In thework by Brosilow andco-workers,theimportanceof uncertaintywasamplified
by the particularmethodchosen. They suggestedo usetemperatureneasurements
(y2) to estimatethe disturbance$d), andthenusetheseestimateso computethecom-
positions(y1) in a feed forward fashion. As pointedout by Mejdell and Skogestad
(1993),this ideais not very well suitedto mostdistillation columnproblemsbecause
of its strongsensitvity to modeluncertainty

In our analysisthe effect of uncertaintyentersonly indirectly throughthe magnitudeof the
controlerrores = yo — ro andwe havethate, will belargeatfrequenciesvhereit is difficult
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to achieve tight controlof y, dueto modeluncertainty

8.6 A simpleexample

The simplestexample of output selectionfor indirect control containsthree outputs(one
primary outputwhich we assumeannot be measuredandtwo secondaryutputsof which
oneshallbe selectedasthe controlledoutput),oneinput andonedisturbanceThis example
is mainly includedto shawv betterhow the scalingof the variablesenterinto the procedure.
The modelin termsof the unscaledvariables in this caseis (lower caselettersare usedto
emphasiz¢hatthemodelsare Siso transferfunctions):

7 = g2z + ﬁdldA (8.25)
Choicel: @21 = g22,102 + ga1,1d (8.26)
Choice2: 42 = go2,2U2 + Ja1,2d (8.27)

whereu, = u andy, ; andy, » representthetwo choicesof thesecondaryariables.Let us
considersteady-statandassumehatthefollowing modelis given:

g1 = 2ds+2d (8.28)

Joq1 = 3bg+2d (8.29)

o2 = 2ig+3d (8.30)

Where\cimax| = 1 and|é1,max| = |J1 — 71|lmax = 1. The measuremergrror for the two

secondaryutputsare|ny 1| = 0.1 and|ns 2| = 0.2. Thequestions:

e Whichof thetwo secondaryariablegys 1 or y2 2) shouldbecontrolledsothatthepri-
maryvariabley,; canbekeptcloseto somedesiredvaluefor somenon-zeradisturbance
and/ornon-zerameasuremergrror?

In the spirit of a true controllability measurave would lik e to answerthis questionwithout
designingcontrollersfor eachof the two choices,otherwisethe resultswould be biasedby
the controllertypeandthe controllertuningsapplied.

Thecommonscaling“matrices”usedin bothapproacheare:

1) |dmax| = 1= Dy = 1.

2) |é1,max| = |:l)1 - fllmax =1= D61 =1.

3) We assumentegral actionin the controllerssothe controlerrorin the secondarput-
putsat steady-states equalto the measuremerdrror, whichimplies

l)62 = diag{|n2,1 ,‘n272 }, Wherel)ez1 = |n271| =0.1 andl)e%2 = |n272| =0.2.

SHerethehat(?) is usedto denoteunscaledzariables(andnot estimated/ariables).
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8.6.1 Approachl: minimizing ||[[Ps P,]]|
We have
Py = De_ll (§a1 — G12952 Gaz)Da  and P, = De_llglzgz_leez
Choicel: Py=1-(2—-2-3-2)-1=2~0.67andP,=1-2-1-0.2~0.13.

I[P: P,]ll, ~ v0.672 +0.13% ~ 0.68

Choice2: Py=1-(2—-2-35-3)-1=—-1andP,=1-2-3-0.1=0.1.

I[P; P,]ll, = V12 +0.12 ~ 1.00

Theconclusionis to usethefirst of thetwo secondaryutputsy, 1. Notethatin this casethe
measurementoiseis of secondarymportance however, whenthe correlationbetweenhe
primary andthe secondaryariablesare goodthenthe assumptioraboutthe measurement
noiseis of greatimportance Thisis thecasen thedistillation column.

8.6.2 Approach2: maximizing o (G22)
We have that

922 = (De, + De2,opt)_1§22
where

De, opt = ||§22§1_21§d1 — Jaz||

Choicel: D¢, opt =3-5-2—-2|=1

N[

goa = (0.14+1)"1-3~2.73

Choice2: De, opt =12-3-2-3|=1
goa = (0.2+1)71 -2~ 1.67

Again, theconclusionis to usethefirst of thetwo secondarputputssinces (gz2) = [ga2| iS
largestfor choicel.

8.7 Summary

In this papemwe have lookedattheselectionof secondaryariablego beusedin indirectand
cascadecontmol. In eithercasewe first closethe loopsinvolving the secondarputputsand
considetthe partially controlledsystem.Thefollowing two questionsarise:

1) Whichvariablesshouldbe selectechssecondaryneasurements?

2) How muchcanwe improve the control of the primary outputsby controllingthe sec-
ondaryoutputs?
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By usingthe controllability measuresntroducedfor partial control one may answerthese
guestionsBasednthesecontrollabilitymeasurethefollowing two approachefor selection
of secondaryneasurementsrederived:

e Minimize the combinedeffect of disturbancesnd control error on the primary vari-
ablesunderfeedbackcontrolof the secondaryneasurements.

e Maximizethe smallestsingularvalueof the selectedsubsystento be controlledusing
feedbaclkcontrol.

Thefirstapproachs straightforvardto apply, butit is restrictedo thecaseof indirectcontrol.
Thesecondapproachs moredifficult to apply (atleastfor indirectcontrol),but it appliesto
a more generalclassof control problemsthan indirect control. Both approacheslepend
on properscalingof the variables,but the scalingof the variablesin the secondapproach
may in somecasesbe moreinvolvedto find. The criteria derived do only dependon the
characteristicof the plant (they are design-independent$o they do not suffer from bad
choicesn thecontrollerdesign andthey caneasilyandefficiently beevaluatedn acomputer
In Chapte® thetwo approachedescribedn this paperareappliedto the problemof se-
lectingsecondaryemperatureneasurements beusedn indirectcontrolof productcompo-
sitionsin a high-puritydistillation column. This casestudyclearlydemonstratethetrade-of
betweerdisturbanceejectionandrejectionof measurementoisein thesecondaryariables.
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Appendix A Scalingwhen selectingsecondaryoutputs

In thestudyof controlsystemwith linearizedmodelsobtainedrom physicalnon-lineamod-
elsin aselectedperatingpoint, all of thevariablesaredeviationvariablefrom theoperating
point. However, the units on the deviationsarethengivenin the unitsin the original non-
linearmodel,andmay thereforenot be suitablefor the purposeof studyingperformancen

controlsystems.In generalwe needto rescaleall the variablesof importancein the model.
Also notethatwhenapplyingthe differenttechniqueswithin linear controltheorydifferent
scalingsof the variablesmay be assumedIn our casethe two approachefor selectingsec-
ondarymeasurementgquiredifferentscalingsof thevariableso beused.Thescalingto be
appliedin thetwo approachefor selectingsecondarputputsarediscussedh this appendix.

Let theunscaledinearizedmodelbasednthe non-linearmodelberepresentetly

g1 = Gty + Gty + Gand (8.31)
Ja = Gorlin + Gazla + Gaad (8.32)

where(*) indicateghatthemodelandthevariablesareunscaledi.e. they arein theiroriginal
physicalunits. Introducethefollowing scalingmatrices:

dl,max €2,1,max

-Dd: ; D62:

A

dnd,max €2,ne2,max
€2,1,0pt €1,1,max

D = and D, =

€2 opt

€2,nc9,0pt €1,n1,max

where
Jhmax is the maximumexpectedchangen disturbancely.
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€2.i max 1S the maximumallowed control error in secondaryoutputey ;. This error

can be split into the error causedby the imperfectnes®f the control algo-

rithm andthe error causedby measurememoisefor the particularchannel,

i.e. é2,i,max = é2,i,maX(K2) + 'ﬁ/2,i,max where:

M2,imax 1S themaximumexpectedneasurementoisein measuremeruf

Y2,i-

é2.; max(K2) is the allowed control errorin secondarputpute, ; dueto the
imperfectnessf K.

€2.i opt 1S themaximumexpectedoptimizationerrorfor secondarputputys ;.
é1.i max 1S themaximumallowederrorin primaryoutputy; ;.

LetusalsodefineD, £ D, + D,, . In additionfor method2 we assumehattheinputs
ug arescaledsuchthateachinputhassimilar effectontheprimaryoutputsy; (suchthatGs
is closeto a unitary matrix timesascalar).

Note thatif we whereinterestedn input constraintshenwe would scalethe inputs«
suchthat |u,,4.| < 1 for eachinput. However, in this paperwe assumehatthis is not the
casesothatno particularscalingof theinputsarenecessary

REMARK. The reasonwe do not needto assumeary particularscalingof the inputsis thatfor the
closed-loopsystem(seeFigure 8.1) with y» controlledusingu., the variablesu, areinternalto the
systemsothevariablesu, arenotvisible from theexternalinputs(d, n. andr;) to the primaryoutputs
y1. If theinputsareconstrainedve needto take into accounthe magnitudeof theinputs.

A.1 Approachl: minimizing ||[P: P,]||
Scalingsapplied:

d=D;'d = d=Dud (8.33)
Y1 = De_ll?fl = Y1 = D¢,y (8.34)
Y2 = ngzfz = Y2 = De,y2 (8.35)
Thescaledmodelbecomes
Glz w Gdl
— 2 ——
Y1 = De_llGlz ’&2 + De_llGdlDd d (836)
yo = D_'Gay tis +D_'Gg2Dyd (8.37)
—_——— N — —
Gaz w2 Ga2

The partialdisturbanceainandthe gainfrom y, to y,, for the scaledmodelin termsof the
unscalednodelandthe scalingmatricesbecomes

Py
Py = De_ll (GAdl — é12é2_21éd2)Dd (8.38)
P, = GGy = D! G126y Do, (8.39)
N——

pr
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Only the scalingof the controlerrorin the primary variables(y, ), the disturbancegd) and
the controlerror (e2) in the secondaryariables(y2) mattershere. Thelastoneincludesthe
measuremenmnioise.As predictedhe scalingof u, doesnotmatter

A.2 Approach2: maximizing o(G2z2)

Recallthematrix Dy = D., + D
1) yo = D; g
2) Make surethat eachuy hassimilar effect on the primary outputsy; (otherwiseno
particularscalingareneeded).
Then

Scalingsappliedare:

€2 opt "

Gz = D;'Goy = (Dey + Doy, ) 1Gos (8.40)

We have thates opt = 72 — Y2,0pt Whereys o (d) dependonthedisturbanceWhereasye
assumehatr, is constantj.e. r, = 0. From(8.16)thevariationin y, ., dueto variationin
disturbanced is

Y2,0pt(d) = {G22G15 Gar(s) — Gaz(s) }d (8.41)

Py, ,a(s)=Py ' Pa(s)

This equationcanbe usedto generatescalingsfor the candidatesecondaryariablesy, by
taking the normof therows in P,, 4. Denoterow i in P, 4 by [P,, 4;, thenareasonable
scalingfor thesecondaryutputy, ; dueto disturbanced is

[Dey optlii = |[G20G 12 Gar — Gazlill and  [De, opilij = 0, Vi # j (8.42)

Note that the scalingof u» canceloutin (8.42), whereashe scalingof u. still appliesin
(8.40),this is thereasorwhy we requirethateachcandidatenput shouldhave similar effect
ontheprimaryvariables.

Scalingsof inputsu,: P, = G12G2_21, to avoid takinginto accounthedirectionsin G5
whenconsiderinm‘g; we shouldscaletheinputssuchthat G, is closeto a unitary matrix
timesa scalay i.e. suchthatall the inputsu, have a similar effect on the primary outputs
y1. However, this may not be possiblewith a diagonalscalingmatrix (too few degreesof
freedom).This is afundamentalimitation of this approach.
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Abstract

In this paperwe considerindirectcontrol of productcompositiondy control-

ling thetemperatur®n two selectedstagesn a binarydistillation column. We

considertwo approachesor selectingthe beststageso measurehe temper

atures. The mostobvious (direct) approachis to minimize the combinedef-

fect of (temperaturemeasurementoise and disturbancegchangesn feed-
rate and feed composition)on the productcompositions. That is, minimize
I[Ps Pr]|l,, whereP; is the partial disturbancegain and P, is the partial
gainfor measurememoise.The secondindirect) approachs to maximizethe
gainin the weakdirectionof the selectedsubsystento be controlled. Thatis,

selectthe stagedor temperatureneasurementso that o (G»2) is maximized,
whereG,: is the subsysteninking the manipulatedvariablesto the temper

aturemeasurementsunderthe assumptiorof properscalingwe find thatthe
two approachegield the same‘optimal”’ stagecombination.
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9.1 Intr oduction

Thefollowing two approachefor selectiorof secondaryneasurements beusedn indirect
controlaregivenin Chapter8:
1) Minimize theeffectof disturbanceandcontrolerror, i.e. minimize|| [Pz P, ]]l.
2) Maximizethegainin the weakdirectionof the controlledsubsystentz,s, i.e. maxi-
mizeQ(Ggg).
It is notedin Chapter8 that the methodbasedon maximizing o(G22) is lessexact than
minimizing||[P; P,]l||. Ontheotherhand,o(G22) is awell known tool for controllability
analysis.
In this chaptemwe applythesetwo methoddo selectionof temperatureneasurementer
indirecttwo-pointcontrol of productcompositionsn a binarydistillation column.
Sincesteady-states of particularimportancan indirectcontrol, we apply the two ways
of selectingthe secondaryneasurementat steady-stateBy includingintegral actionin the
secondarycontrolloops,we caneasilyobtainperfectcontrol of the measuredemperatures
(includingthe measurememioise). We thereforescalethe controlerrore, in the secondary
controlloopsrelative to themeasuremenmntoise. Thenthe matrix P, is identicalto the partial
gainfor measurememoiseP,, (seeChapter7 for furtherdetails). We thereforereplaceP,
with P, in theselectiorcriterion|| [ P; P, ] || in this paper

9.2 Problemdescription

Indirect control of productcompositionghroughtemperaturecontrol on selectedstagesn
distillation columnsis widely usedin practice. In this casestudywe will first focuson the
selectionof stagesfor temperaturaneasurementsWe will apply the two approachegor
selectingcontrolledvariablesderived anddescribedn Chapter8. Thenwe shov how the
partially controlled plant can be analyzedusing the tools describedin Chapters7 and 8.
Relatedwork on temperatureontrol of distillation columnsincludes:JosephandBrosilow
(1978), Tolliver and McCune (1980), Yu and Luyben (1984; 1987), Moore et al. (1987),
Mejdell (1990), Wolff and Skogestad1996),Lee et al. (1995)andLee andMorari (1996),
seeChaptes8 for furtherdetails.

We considera binarydistillation columnwherethe pressuren the columnandtheliquid
holdupsin the condenseandthe reboilerare controlledusing condensecooling duty, top
andbottom productflows, respectrely. This leavesreflux L andboilup V' left for product
compositioncontrol,i.e. the LV-configuration.Thedistillation columnwith controlloopsis
shaowvn in Figure9.1. The columndatacorrespondo columnA studiedby Skogestadand
Morari (1988):

#Stages YD 1—zpB ZF qr L/F Mi/F* ]WD/I'T’k MB/F*
41 099 099 05 1.0 2.71 0.5 32 11

*[min]
The temperaturalifferenceacrossthe columnis 13.5 °C. The modelincludescomposition
andliquid flow dynamics resultingin a 82 ordermodelwhich is linearizedin the nominal
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Figure9.1: Distillation columnwith controlloops

operatingpoint’. The stagesare numberedrom the bottomto the top, i.e. stagel is the
reboilerandstage4l is thecondenserStage2l is thefeedstage.

For abinarymixturewith constanpressureghereis adirectrelationshigbetweertemper
ature(T") andcomposition(z). In termsof deviation variableswe have T'(s) = Krxz(s),
for simplicity we assumethat K+ is independenbf stagelocation. For ideal mixtures
K is approximatelyequalto the differencein purecomponenboiling points,i.e. we use
Kr=-13.5°C.

Thecontrolobjectiveis to keepthe primaryoutputswhich arethe productcompositions

T
v1=[yp zB]

attheirdesiredvalues.Thecandidatesecondarputputsarethetemperaturesnall thestages,
of whichtwo shallbeselectedseeFigure9.1)

yo =[T; T:]"

This is a caseof indirectcontrol, seeSection8.4. We take into consideratiormeasurement
noisein the secondaryutputs
ne =[n; n;]"

IThenon-linearmodelimplementedn MATLAB is availableon theinternet:
http://ww. chenbi 0. nt nu. no/ user s/ skoge/ book/ mat | ab.ni col a/ col a. ht
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wheren; is thesizeof thetemperatureneasurememtoisein theupperstage(stagej) andn;
is the sizeof thetemperatureneasuremerih the lower stage(stagei). Inputsarereflux (L)
andboilup (V)

w=[L V]’

Disturbancesrechangesn feedflowrate (F') andfeedcomposition(zz)
d=[F zp]"

Scalings Thevariablesin thelinearmodelhave beenscaledsuchthata magnitudeof 1
corresponds$o achangen F' of 0.2 [kmol/min], achangdn zg of 0.2 molefractionunits,a
changdn xp andyp of 0.01 molefractionunits,andachangean L andV of 1 [kmol/min].
For simplicity, we assumehat the measurememoise hasthe samemagnitude|n| on all
stagesalthoughin practicalcasest is probablylargertowardsthemiddleof thecolumn(see,
Mejdell, 1990, Figure 7.5 on pagel131 and AppendixA on pagesl55-172).To studythe
effect of measurememoiseon the measuremenbcations,we vary the magnitudeof the
measurememntoisebetweenn| = 0.1°Cand|n| = 1°C.

9.3 Selectionof stagesor temperature control

We considettwo approachefor selectinghestagegi/ ;) for thetemperatureneasurements.
In thefirst approachwe minimizethenorm||[P; P,]||, at steady-stateln the secondap-
proachwe maximizethesmallestsingularvalueof the selectedsubsystento be controlledat
steady-statd,e. maximizea(G22(50)), over all subsystemss, of size2 x 2. In theplots
presentedyve only considercombinationsof two temperaturaneasurementcatedsym-
metricaroundthe feedstage.Indeedwe find, for this “symmetric” column,thatthe optimal
stagecombinationis nearlysymmetricaroundthefeedstage(e.g.seeTable9.1 belaw).

9.3.1 Two-point control, minimizing ||[ Pz Py ]|l

To indirectly achieve tight control of y;, we wantto selectthe combinationof two tempera-
ture measurementg, which minimizes||[ P; P,]||,. Both P; and P,, depend®n output
scaling(y, ), P; depend®ninputscaling(d) andP,, onthescalingof themeasurementoise
(ng). To scalethe variableswve usedthe scalingsoutlinedin Section8.4.1 (alsodiscussedn
SectionA.1 in Chapter8).

Figure 9.2 shows the effect of the measuremenbcationson P;(50), P, (j0) andthe
combined||[ P4(j0) P,(j0)]||, for measurementoisen, of magnitude|n| = 0.3°C.
Theeffectof disturbancesnthecompositiongy; ) with thetemperaturegy,) controlled,is
givenby || Py||,- || Pal|, approacheserofor measurementscatedcloseto the columnends,
becausatthe columnendsthetemperaturés a uniqueindicatorof the productcomposition
(for binary separatiorandwith no measurementoise). For temperatureaneasurement®-
catedaway from the columnends.the correlationwith the productcompositions no longer

20nly stagecombinationssymmetricaroundthe feedstageareshavn.
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Figure9.2: Effectof stagecombinatiofii/j on|[[P; Py, ]|l,, |n| = 0.3°C

unique ,andasexpectedhemagnitudeof || P; ||, increasesowardsthemiddleof thecolumn.

Thereasorwhy || P;||, is large andapproachefinity whenbothmeasurementsrelocated
in themiddle of the column,is becausave cannotindependenthestimatewo compositions
(y1) with bothtemperatureneasurements);) atthe samelocation.

In practice thetemperatureneasurementsontainsoise.Theeffectof temperaturenea-
surementoiseon the primary outputs(see|| P, ||, in Figure9.2),is large at the endsof the
columnwherethetemperaturgrofile (not shavn) is almostconstant.

Thecombineceffectof thedisturbanceandmeasurememtoise s givenby ||[ Py P, ||,
in Figure9.2. The curwe indicatesthatthe optimal stagecombinationis 8/34. Whenconsid-
eringall ( 421 ) = 820 possiblecombinationsve find thatstagecombinatior8 /35 minimize

I[Pa Pnlll, when|n| = 0.3 °C. Theupperpartof Table9.1givestheresultsfor someother
noiselevels. Fromthe tablewe find, asexpected thatthe optimallocationfor temperature

Table9.1: Optimal stagecombinationdor differentnoiselevels.

| Measurememtoisen°c] | 0.1 | 03 | 07 | 1.0 |
1P Pl Sy ][5/37 [ 8/34 [ 10/32 [ 1131

@ Fnlllz AR |5/37 | 8/35 | 10/33 | 11/31
Syn? || 5/37 | 8/34 | 9/33 | 10/32
AllP 5/37 | 8/35 | 9/33 | 10/32

a(G5s)

aStagecombinationssymmetricaroundthefeedlocationareconsidered.
bAIl 820 stagecombinationsareconsidered.

measuremerns closerto thecolumnendswith decreasingneasuremerioise.
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9.3.2 Two-point control, maximizing o (Gaz2)

We scalethevariablesasdescribedn Section8.4.2(alsodiscussedn SectionA.2 in Chap-
ter 8). Thatis, we computethetwo scalingfactors

si = I[P Pa(i0) Illo + Inl,  si = I[P Pa(0) ]I, + [n]

where|n| is the magnitudeof the measurementoisein thetemperatureneasurementd.he
scalingsof the outputsy, is thentakento be D, = diag{1/s;, 1/s;}, i.e. we have G4, =
D;G4y5 WhereGs, is thelower partof themodelandGy,, isthecorrespondingescalednodel
usingthescalerss; ands;.

Figure 9.3 shovs o(Ga2), 0(GY,), s; ands; when|n| = 0.3 °C andwith temperature
measurementsymmetriclylocatedaroundthefeedlocation. Thecurve g(GY%, ) in Figure9.3
indicatesthatthe optimal stagecombinationis 8/34. Notethatif rescalings left out, curve
o(G92) in Figure9.3, theresultis far from the combination8/34. It is thereforeimportant
to scalethe secondarputputsy, properlywhenusingthis selectionprocedure. Whenwe

3-5 T T T T T T T T T T T T T T T T T T
3 - > \\ ~ Q(GI22) .
NN
DN - = a(G22)
2.5 NN -—-8 .
AN
, piN - =8
2 a(G5y) a(G22)

1.5

1

0.5
0 | | | | | | | | | | | | | |
1/41 5/37 9/33 12/30 16/26 20/22
ends Stagecombination middle

Figure9.3: Effect of stagecombinatiori i, j ona(G%,), |n| = 0.3°C

41
2

a(G%,), whichis the sameaswe foundwhenminimizing ||| P; P, ]||,. Thelower partof
Table9.1summarizesheresultsfor theothernoiselevels.

considerall ( ) = 820 combinationswe find that the combination8/35 maximizes

9.3.3 One-pointcontrol, minimizing ||[[ Pz P, ]|,

Figure9.4shaws||[ Py Py ]|, i.e. thecombinedeffect of disturbancegd) andthe mea-
suremennoise(ny), for all possiblestagesusingeither L or V' astheinputfor temperature
control. As expectedthe valuesarehigherthanwith two-pointtemperatureontrol (seeFig-
ure 9.2). The “optimal” choiceis to measurehe temperatureat stagenumber12 (in the
bottomsection)andusetheboilup V' to controlthis temperature.

30nly stagecombinationsymmetricaroundthe feedstageareshavn.
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5 10 15 20 25 30 45 40
Stagenumber

Figure9.4: Effectof measuremeribcationon||[ Py P, ]||,, |n| = 0.3 °C, for one-pointtemperature
control

9.4 Steady-stateand dynamic analysisand simulation

In this sectionwe examinemorecloselytwo-pointtemperatureontrolon stagecombinations
6/37, 8/35 and10/33, respectiely. We applythe samescalingsasusedin indirectcontrol.

9.4.1 Steady-stateanalysis
For all combinationghe open-loopeffect of the manipulatedsariablesu anddisturbanced
ontheprimaryvariablesat steady-statare

. 87.53 —86.17 7.88 17.62
G12(j0) = }

108.47 —109.83]; G‘“(JO):[H.H 22.38

Theremainingsteady-statenatricesaregivenin Table9.2,for thethreedifferentstagecom-
binations. From G55 we seethatthe effect of the inputs« on the secondarymeasurements

Table9.2: Steady-stateesults.

Stagecombination

6/37 8/35 10/33
G 145.2 —143.0 233.6 —230.3 347.0 —342.5
22 215.6 —218.1 339.6 —343.3 493.2 —498.3
G 13.1 29.4 21.3 47.6 31.8 71.2
a2 23.2 44.8 36.3 70.9 52.6 103.4
p 0 —0.0861 0 —0.1770 0 —0.2862
d 0 —0.1804 0 —0.2912 0 —0.4197
p 0.6213 —0.0123 0.3994 —0.0170 0.2810 —0.0203
n —0.0288 0.5225 —0.0305 0.3404 —0.0319 0.2424
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increasesaswe move closerto the middle of the column,but alsothe effect of the distur
bancesncrease$Gg o).

From P; we seethatwith perfecttemperatureontrolwe get perfectsteady-stateejec-
tion of disturbancel, d; = F (changesn feedflowrate),for all stagecombinations.The
reasonis thatall the intensve variablesare unchanged.Also for disturbance2, dy = zp
(changesn feedcomposition)two-pointtemperatureontrol improve disturbanceejection
(compareP,; with open-loopGy:) in the primary variables. The costis that we introduce
themeasuremertoiseinto the closed-loopsystemwith feedbackcontrol. The sensitvity in
the primary variables(productcompositions}o the measurementoiseis givenby P, see
Table9.2. However, open-loopeffect of the disturbancesre clearly muchlarger thanthe
combinedeffect of the disturbancesindmeasurememoisefor the closed-loopsystem( P,
andP,). So,thebenefitof controllingthetemperaturesomparedo open-loops large.

Table9.3: RGA-element\;; atsteady-state.

A1l of Goa for
G | 6/37 8/35 10/33
A1 || 35.94 | 38.37 40.60 43.61

It is interestingto look at the relative gainarray (RGA). The RGA-element\;; of G
at steady-statdor the threestagecombinationsare givenin Table9.3. Fromthe tablewe
seethattheinteractionan G, at steady-staténcreaseslightly aswe move the temperature
measurementsoserto thefeedlocation,whichis reasonable.

Objective J = ||y1 — r1||§. Although the problemconsideredn this paperis a indirect
control problem,we evaluateJ = ||y, — r1||§ at steady-statandin a neighborhooaf the
operatingpoint. We assumeperfectcontrol of the temperaturegintegral actionin the sec-
ondarycontrolloopseasilyachiese perfectcontrol at steady-statethenthe controlerrores

in thesecondaryontrolloopis equalto the measurementoisens,. The steady-stateontrol
errore; = y; —ry in theprimaryvariablegproductcompositionsflueto measuremenmntoise
anddisturbanced becomeg8.15)

d
Y1 — 71 :Pdd+Pnn2 = [Pd Pn] |:n2:|

whereP,; and P,, arethe partialdisturbanceainandthe partialgainfor measuremermioise
at steady-state We evaluateJ by varyingd andn,. From P, in Table 9.2 we seethat it
is no reasonfor varying F', since F' hasno effect at steady-state Denotethe stronginput
direction(theinputdirectioncorrespondingo thelargestsingularvalue)of P, for v, (where
vy, = 1). We only vary the magnitudeof the measurememoisen; in this direction,i.e.

we considems, = v;n. We obtain

Y1— " :Pd[g]ZF+an1n:M[z7f]
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Table 9.4 summarizes, and M for the stagecombinationss/37, 8/35 and10/33. The

Table9.4: Steady-stateesultsto obtain.J.

Stagecombination
6/37 8/35 10/33

v ? [0.9821 —0.1886]T [0.9461 —0.3239]T [0.8981 —0.4398]T

M 0.0861 0.6125 0.1770  0.3833 0.2862 0.2613
0.1804 —0.1268 0.2912 —0.1391 0.4197 —0.1352

T r\b 0.3937 0 0.1783 0 0.2600 0

A(M™ M) [ 0 0.0374] [ 0 0.1041] [ 0 0.0847}
T 3 r\¢ 0.0841  0.9965 0.4024 0.9155 —0.9946  0.1034
V(M M) [0.9965 —0.0841} [0.9155 —0.4024} [—0.1035 —0.9946]

3nputdirectionof P,, with largestsingularvalue.

bEigervaluematrix of ML M.
CEigervectormatrixof MT M, sothatMT MV = VA.

matrix M M is the Hessiarof J with respecto zr andn. Theeigevaluesof M7 M (see
Table9.4) givesthe cunaturein thetwo principalaxis (the eigervectordirections).Fromthe
eigevaluesandeigervectorsof M T M we canseethatn haslargestinfluenceon J for stage
combination6/37 andzr haslargestinfluenceon J for stagecombinationl0/33.

To illustratethe effect of stagelocationson the performanceobjectve J = ||y, — 7‘1||§,
we have plottedthe objectve J asa function of the disturbancezy andthe measurement
noisen for the threestagecombinationsn Figure9.5. Stagecombination8/35, which we
have found to minimize ||[ P; Pn]||§ andmaximizeo(Gj5,) at steady-stateis showvn in
Figure 9.5(b). Thereis a good balancebetweenrejectingthe disturbancezr (remember
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thatrejectingchangedeedflowrateis perfect)andthe sensitvity to measurementoisen.
This canbe seenfrom the circular shapeof the objectve J. For stagecombination6/37,
Figure9.5(a),thetemperatureneasuremenrecloserto thecolumnendsandwe getbetter
disturbancerejection, but J becomesmore sensitve to measuremennoise. This can be
seenfrom Figure9.5(a),wherethe shapeof J is formedmorelike a valley with the narrov
directionpointingalmostin the directionof n andthewider directionpointingalmostin the
directionof zg. It is worth notingthatthe surfaceJ becomegraduallymorenarrav in the
directionof n asthe measurementsiove towardsthe columnends. For stagecombination
10/33 (wherethetemperatureneasurementsrecloserto the feedstagethanin the optimal
case)thesituationis oppositej.e. J becomegesssensitve to measurememntoise,but atthe
expenseof lessdisturbanceejection,seeFigure9.5(c).

9.4.2 Dynamic analysis

Frequeng dependenplots of the effect of disturbancesn open-loop(uppercurwe) and
closed-loop(lower curves; perfecttemperaturecontrol) are givenin Figure 9.6. We find

Open-loop)| G411 I, Open-loop|| Ga1,z2 |5
0 0
o 10 o 10
=] e}
2 2
£ =2 =
g g N
s s Closed-loop|| Py,2 ||,
> | — - 6/37
10 10 —— 8/35
- — 10/33
10° 10°
Frequeng [rad/min] Frequeng [rad/min]
(a) Effectof F ony, (b) Effectof zp ony;

Figure9.6: Improveddisturbanceejectionin y; = [yp x5]", for differentstagecombinations

thatthedisturbanceejectionis improvedalsofor frequencies > 0 with two-pointtemper
aturecontrol. Theeffectof thedisturbances theindividualprimaryoutputsy; = [yp z5]
aresimilar bothfor openandclosed-loop.

Frequeng dependenplots of || P4||, (the combinedeffect of the two disturbancesand
| P, ||, (theeffectof measurememtoise)aregivenin Figure9.7(a)and(b) for thethreestage
combinations.

Frequeng dependenplotsof RGA-element\; of G152 andGy, for thethreestagecom-
binationsaregivenin Figure9.8. For frequenciesn the bandwidthregion we seethatthere
is lessinteractionsn G2 thanin G2, we alsonotethatthe peakof A1 (Gs2) in the band-
width region is smallerthanthe correspondingeakof \11(G12) andalsothatthe peakof
A11(Ga2) decreaseasthetemperatureneasurementsiove closerto thefeedlocation.Note
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Figure9.8: Frequenyg dependenplotsof RGA-element\;;

that the oppositeis true for steady-statand low frequenciesseeTable9.3. The smaller
RGA-elementsn G4, thanin G, for frequenciesaroundthe bandwidth indicatesthatit is
easierto controlthetemperaturethanthe compositionslirectly?.

9.4.3 Feedbackcontrol

To confirmtheresultsabore we considersimpledecentralizedPl-controlof thetemperatures
on the threestagecombinations.The controllertuningsaregivenin Table9.5. Thetuning
for tray combination8/35 was found by trial anderror  The controller gainsfor the two
othertray combinationsreadjustedo take into accounthenon-lineargainvariationsin the

4This conclusionis solely basedon RGA for frequenciesaroundthe bandwidth. For steady-statdRGA the
oppositeconclusionis true. This exampleillustratesthat RGA for frequenciesn the bandwidthregion aremuch
moreimportantthansteady-state.
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Table9.5: Pl-controllertunings.

Top,T; <+ L | Bottom,T; <+ V'
Stagecombh | K.2 7 | K2 °
6/37 3.26 10 —-3.90 5
8/35 2 10 | —25 5
10/33 1.32 10 —1.73 5

4mole/(min,°C)]
b[min]

procesgyivenby theformula
T—Ty
T, —-T
whereTy and Ty, arethe boiling pointsof the heary andlight componentssee(Mejdell,
1990)for further details. The adjustmenbf the controllergainsensureghatthe loop gain
andtheresultingbandwidthis similarin thethreecases.

Let usfirst consideitheresultingclosed-loodrequeng responseTheeffectof d, v, and
ng 0Ny, for apartially controlledplantwith controller K5 is givenby

LT:hl

M(s) N(s) N(s)
Vs e -~ 7~ -\ N\ 7/ \
y1 = (Gg1(s) — G12K255G42(s))d + G12K255(s) 1o — G12K2S2(s) no
= M(s)d+ N(s)ra — N(s)nq (9.1)

whereS, = (I + G2 K5) ™!, Figure9.9shavstheeffectof disturbanced andmeasurement
noiseny on the primary variablesy; in closed-loop,.e. ||M]|,. For frequenciesvhere
controlis effective we seethatthereis excellentagreemenbetween| Py ||, in Figure9.7(a)
and||M||, in Figure9.9(a). Thereis alsogoodagreemenbetween|| P, ||, in Figure9.7(b)
and|| V||, in Figure9.9(b)at frequenciesvherecontrolis effective. For high frequenciesve
seethatthe closed-loopsystemwith the Pl-controllersactuallyhasbetterpropertiesvhenit
comesto rejectingcontrolerrorse; (measuremernoisens) (thereasorfor thisis of course
theinversionof G55 alsofor high frequencieswhichis unrealistic).
Figure9.10shawvs the dynamicresponséo thefollowing changesn theinputs:

1) Unit step(20% change)n d; = F attimet¢ = 10 [min].

2) Unit step(20% change)n ds = zg att = 100 [min].

3) Stepwith size[—0.3 —0.3]7 in ny attimet = 100 [min].
Gaussiardistributed measurememoisewith zero meanand standarddeviation 0.1 is in-
cludedin thesimulations.Severalthingsareworth noting:

1) Theeffectof changesn F' is minorin all cases.This agreeswith the plot of Py, see
Figure9.6(a).

2) Theeffectof change# zy increasasthetemperatureneasurementremovedcloser
to thefeedstage.This agreeswith theplot of P, seeFigure9.6(b).
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Figure9.9: Frequeng dependenplots of ||y: ||, dueto disturbanced andmeasurementoisen, for
differentstagecombinations

3) Theeffectof the measuremenioisedecreaseasthe measurement@removedcloser
to thefeedstage.This agreeswith Figure9.7(b).

4) The bottomcompositionzp is more sensitve to high-frequeng measurememoise
thanthetop composition(lessvariationin yp thanin ).

5) A goodtrade-of betweensensitvity to disturbancezr and measurementoise ap-
pearsto be with the temperaturaneasurementkcatedat stagecombination8/35,
Figure9.10(b).

To summarize we find that thereis an excellentagreemenbetweenthe controllerinde-
pendentcontrollability analysisbasedon P; and P,,, andthe closed-loopresponsesvith
Pl-controllers.

9.4.4 One-pointtemperature control

In this sectionwe analyzethe controllability of one-pointtemperatureontrol,andcompare
with the resultsfrom two-point temperaturecontrol. The effect of boilup V' andthe two
disturbancegd ontop andbottomcompositionat steady-statare

| —86.17 . 7.88 17.62
G2(40) = [—109.83} » Gar(j0) = {11.72 22.38]

andtheeffect of the samevariableson thetemperaturat stagel 2 at steady-statare
Gas(j0) = —652.97, Gaz(j0) = [68.57 136.46]
which gives

—1.1712 —0.3841

- T0.1320
0.1875 —0.5763| 2N P”(JO)_[ ]

Pa(50) = 0.1682
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Figure 9.10: Dynamic simulationswith randommeasurementoiseand stepchangesn F att =
10 [min], z att = 100 [min] andns att = 200 [min]

By comparingG41(50) with P;(j0) we seethatthe effect of the disturbanceasbeenre-
ducedsignificantly However, the effect of feedratedisturbancdd; = F) is still largerthan
one,whichis undesirableThisis in contrasto two-pointtemperatureontrol,seeTable9.2,
wherewe have perfectrejectionof thefeedratedisturbance.

Frequeng dependenplots which shav the effect of F' and zx on y; (top and bottom

compositionsareshavnin Figure9.11(a)and(b). Theseconfirmtheresultsirom thesteady-
stateanalysis.

9.5 Summary

The two approachesor selectingthe temperaturaneasurementgield the same“optimal”
stagecombination. As expected,increasingthe measurememoise (control error), moves
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Figure9.11: Improveddisturbanceejectionin y1 = [yp xB]T whenthetemperaturat stagel 2 is
controlledusingboilup V/

the optimal measuremenbcationstowardsthe middle of the column. For our casestudy
the optimal locationsfor temperaturaneasurementis almostsymmetricaroundthe feed
location. This doesnot apply in general but follows sincewe have equalproductpurities,
andfeedcompositionzx = 0.5. Our conclusionto selectstagecombinatior8 /35 compares
well with (LeeandMorari, 1996)who foundthe choice7/35 to bethebest.

The resultsobtainedfrom the controllability analysisusing P; and P,, alsoagreesvery
well with the closed-loopresultsobtainedusing Pl-controllers. Somebenefitsand conclu-
sionsof two-pointtemperatureontrol (LV-configuration)are:

1) Improveddisturbanceejectionandrejectionof measurememtoise,comparedo open-
loop andone-pointemperatureontrol.

2) For the columnunderconsideratiorandwith the assumptiortaken, sufficient perfor
mancecanbe achiezedwith two-pointtemperatureontrol.

3) Thelarge valueof RGA-element\;; (G22) at steady-statéloesnotimply difficulties
for control,themainreasoris thatthesameRGA-elements moderaten thebandwidth
region.

4) Whencomparingthe dynamicsimulationsshowvn in this paperwith the onegivenin
(Wolff andSkogestad1996)(who studiedthe samecolumn)it is advisableo include
two temperaturéoops. This contradictgpoint 2 in thediscussionn (Wolff andSkoges-
tad,1996),wherethey statethata secondemperatureascadeén two-pointdistillation
controlis not advisable. They basetheir agumentson resultsobtainedfrom dynamic
closed-loopsimulations.

An analysissimilarto theonepresentedhereis still applicableto cascadedontrolsystems.
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Abstract

Therelative gainarray (RGA) andconditionnumberarecommonlyusedtools
in controllability analysis.In this paperwe preseninew resultsthatlink these
measureso control performancemeasuredn termsof the output sensitvity
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10.1 Intr oduction

Diagonalinput andoutputuncertaintyarealwayspresenin ary realsystem:diagonalinput
uncertaintyin termsof unknavn characteristicen the actuatorsanddiagonaloutputuncer
tainty in termsof imperfectmeasuremerdevices. It is thereforereasonabléo considerthe
effect of thesetwo typesof uncertaintyon performancdor a givencontrol system.In par
ticular, ill-conditionedplantswith alarge conditionnumberareoftenbelievedto be sensitve
to uncertainty and the objectie of the paperis to gain insightinto this by answeringthe
guestion:

e How canill-conditioningwhich resultsin poorrobustperformancdeidentified?
In the paperwe considelineartime invarianttransferfunctionmodelson theform

For simplicity of the proofswe assumehat(G is stable.However, asnotedin theconclusion
theresultsarealsovalid for unstableplants. Theresultsin thepaperarestatedn termsof the
plantandcontrollerconditionnumbers

7(G) a(K)
= —F- K = .
v(G) 2G) v(K) 2(K) (10.1)
andthefollowing minimizedconditionnumberdor the plantandthe controller
71(G) =nmin v(GDp);  75(K) =min 7(DoK) (10.2)

whereD; and Do arediagonalscalingmatrices. Theseminimizedconditionnumberscan
be computedasoutlinedby BraatzandMorari (1994). In the paperwe alsomake useof the
relatve gainarray(RGA) which wasintroducedby Bristol (1966). The RGA matrix canbe
computedat ary frequeng usingtheformula

(10.3)

wherethe x symboldenote®lemenby elemenmultiplication(Hadamarar Schurmproduct).
An importantpropertyof the RGA is thatit is scalingindependent.

The outline of the paperis asfollows. In section10.2 we introduceinput and output
multiplicative uncertainty Section10.3discussegheimplicationsof inputandoutputuncer
tainty on feedforward control. Section10.4 givesa similar discussioron feedbackcontrol.
Theresultsin this sectionaregivenasupperboundson perturbedsensitvity function. Sec-
tion 10.4.3shavsthatfor systemswith large RGA elementsn thebandwidthregion andwith
input uncertaintytherealwaysexist a perturbationwhich resultsin poor performance Sec-
tion 10.5givesexampleson the resultsderived. Finally the paperendswith the conclusion.
SectionA providesproofsof thetheoremsupperboundsandfactorizationgpresentedn the
paper

Therestof this sectionwe devoteto discusssomerelatedwork. FreudenbayandSaglik
(1991)considerobustperformancéor 2 x 2 systemdy usingaintegralrelationshigbetween
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Figure10.1: Systemwith multiplicative inputandoutputuncertainty

gainandphase.They usethe classicalsensitvity integral to derive an upperboundon the
averagevalueof the plantconditionnumberatlow frequenciesTheresultspresentedh this
papershow thatthefrequenciesn bandwidthregionaremoreimportantthanlow frequencies.

NettandManousiouthaki§1987)give relationshipbetweerRGA, Block Relatve Gain
andthe Euclideanconditionnumber TherelationshipbetweerRGA andminimizedcondi-
tion numberis alsogivenin (SkogestacandMorari, 1987).NettandManousiouthakigproved
thelower boundon the conditionnumber The upperboundwasprovenfor 2 x 2 by Gros-
didier, Morari andHolt (1985),but only conjecturedor the generakase .We notethatthese
resultshave no directconnectiorto performancen termsof the sensitvity function.

Chen,Freudenbeay andNett (1994)considerthe effect of modelinguncertaintieon the
open-loopproperties. They mainly considerdiagonaluncertainty and give estimatedor
the worst casedeviationsin termsof structuredsingularvaluesand minimized condition
numbers.The maindifferencebetweertheir work andthis work is thatthey consideropen-
loop andusethe structuredsingularvalue,whereaswve considerclosed-loopandthe largest
singularvalueof the sensitvity function.

Waller, SdgforsandWaller (1994a;1994b)considemominalandrobuststability of 2 x 2
systemsandlink the questionof robuststability to minimizedconditionnumberof the plant
androbustperformancéo theconditionnumberof theplant. They arguethatminimizedcon-
dition numberof the plantgivestight boundsfor robuststability whereaghe plantcondition
numbergivesconserative results.However, we will show thatplantconditionnumberalso
providesconsenrative resultsfor performancein particularif oneusea diagonalcontroller
we give anupperboundontheperturbedsensitvity which saysthatthereis no problemwith
inputuncertaintyandrobustperformanceslong asrobuststability is provided.

10.2 Uncertainty

In practice,the true perturbedplant G’ differs from that of the plant model G. This may
be causedy a numberof differentsourcesandin this paperwe focuson input andoutput
uncertainty On multiplicative form theinputandoutputuncertaintiesare(Figure10.1)

Outputuncertainty: G’ = (I + Eo)G or Ep = (G' - G)G™! (10.4)
Inputuncertainty: G'=G(I +E;) or E;=G 4G —G) (10.5)
Theseforms of uncertaintymay seemsimilar, but we will shaw thattheir implicationsfor

controlcanbevery different. In particular notethatfor squareplantsEp = GE;G~1. The
main reasonfor writing the uncertaintyin multiplicative (or relatve) form is becausehis
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makesit easierto quantify the uncertainty In mostcasesve assumehatthe magnitudeof
theuncertaintyat eachfrequeng canbe boundedn termsof its singularvalue

o(Er) < |wi|, (Eo) < |wol (10.6)

wherew; (s) andwo (s) arescalanweights.Typically the uncertaintybound,|w;| or |wo|, iS
0.2 atlow frequenciesandexceedsl at higherfrequencieslf we allow E; or E to beary
uncertaintymatrix satisfyingthebound(10.6),thenwe have full blodk uncertainty However,
in mary caseghe sourceof uncertaintyis in theindividual input or outputchannelsandwe
havethat E; or Ep arediagonalmatrices

E; = diag{er1,€12,...}, Fo = diag{eo1,€02,...} (10.7)

Thisis denoteddiagonalinput uncertaintyanddiagonal outputuncertainty We will assume
thatin eachinputchannelj andin eachoutputchannel theuncertaintyis boundedasfollows

erj| < |wrgl,  eoil £ |woil (10.8)

It is importantto stressthat diagonalinput uncertaintyis alwayspresentin real systems
(whereadull blockinputuncertaintyis presenbnly in somecases).

10.3 Effect of uncertainty on feedforward control

For the nominalmodelwith no disturbancesve have y = Gwu. The control error canbe
expresse@s

e=y—r=Gu-—r
Consider‘perfect” feedforward control,e = 0, assuminganinvertible plantG andsolving
for u givesthe manipulatednputsu = G~!r. However, for the actualplant G’ we have
y' = G'u andthe controlerrorbecomes

=y —r=GGr—r
We getfor thetwo sourcef uncertainty

Outputuncertainty: e = Eor (10.9)
Input uncertainty: ¢ =GE;G™r (10.10)

From (10.9)we seethatwith outputuncertaintythe relative error 'hj""'; is equalto therela-
tive uncertainty|| Eo ||,. However, for input uncertaintythe sensitvity may be muchlarger
becauséhe elementsn thematrix GE;G~! canbe muchlargerthantheelementsn E;. In
particularfor diagonalinput uncertaintythe elementof GE;G~! aredirectly relatedto the

RGA of G, SkogestacandMorari (1987)

Diagonaluncertainty: [GE;G™ '], = Z)\ij(G)ej (10.11)

j=1

Sincediagonalinput uncertaintyis alwayspresenive canconclude
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¢ If theplanthaslarge RGAelementsvithin thefrequencyange whee effectivecontrol
is desiled, thenit is not possibleto achieve goodrefeencetradking with feedforward
control becausef strongsensitivityto diagonalinput uncertainty

We canquantifytheresultfurtherby thefollowing theorem.

THEOREM 10.1 (DIAGONAL INPUT UNCERTAINTY AND FEED FORWARD CONTROL).
Considera plant G with diagonalinput uncertaintyof magnitude

\Wi| = diag{|wn|, |wral,...}

Assumaveapplya “perfect” feedforward contoller u = G~1r. Thenthere existsa combi-
nationof inputuncertaintiesud that at ead frequency

[l€]]2

[17{]2

whee || A(G) |Wi] ||, IS themaximunrow sumofthematrix A(G) |Wy|.

= |GE:G™H |, > [| MG) Wi [li0e (10.12)

REMARK 1. If all input channelshave the samerelative uncertainty|W;| = |w;|I. Thenwe simply
have .
€'l

e = IGE:G™1 |, > |wi| [|AG) ], (10.13)

REMARK 2. Theoreml0.1lalsoappliesto full-block uncertaintyof the samemagnitudesincethis also
allows for diagonaluncertainty

REMARK 3. The RGA-matrixis scalingindependentywhich makesthe useof condition(10.11)and
(10.12)attractie.

REMARK 4. We foundthatlarge RGA-elementsmply difficultiesfor feedforward control. However,
thereversestatements not true, thatis, if the RGA hassmall elementsave cannot concludethatthe
sensitvity to inputuncertaintyis small Thisis seenfrom thefollowing expressiorfor the2 x 2 case

Al1€1 + Ai2€2 —Z;—;An(fl —€2)

g21
97)\11(61 —€2) A21€1 + A2z2€2

GE/G™' = (10.14)

Theresultsabore arebasedon consideringhe diagonalelementsn this matrix, but the off-diagonal
elementganalsobelarge. For example considematriangularplantwith g;2 = 0. In thiscaseA = I so
thediagonakelementf GE; G~ aree; ande,. Still, thesystemmaybesensitve to inputuncertainty
sincefrom (10.14)the (2, 1)-elemenbf GE;G~' maybelargeif go1/g11 is large.

REMARK 5. Upperboundsfor the effect of uncertaintyon performancdor feedforward control can
beobtainedform singularvalueinequalities For full block anddiagonalinputuncertaintywe have

Full-blockuncertainty: || GE:G™|, < v(G)&(Er) (10.15)
Diagonaluncertainty: IGE:G™ |, < 4i(G)&(Er) (10.16)

10.4 Effect of uncertainty on feedbackcontrol

Oneof themainreasongor applyingfeedbackcontrolratherthanfeedforward controlis to
reducethe effect of uncertainty In particular with integral actionin the controllerwe can
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achieve zerosteady-stateontrol errorevenwith quitelarge modelerrors.Neverthelessyun-
certaintyposedimitationsontheachiezablefeedbaclkcontrolperformanceandthe objective
of this sectionis to shav how the conditionnumberand RGA canbe usedastoolsto de-
tectpotentialproblems.We will baseour argumentson the singularvaluesof the perturbed
sensitvity function

S'=IT+GK)™! (10.17)

whichis directly relatedio performanceneasureatthe outputof theplant. For example we
have that

= 5(9) (10.18)

/ / ||el||2
e =-S5, and max
v lrfl2

We will derive upperboundson &(S’) which involvesthe condition numberand a lower
boundon &(S”) which involvesthe RGA. The lower boundis usefulfor identifying plants
which aredifficult to control. Proofsof someof the resultsin this sectionaregivenin Sec-
tion A.

10.4.1 Factorizations of the sensitvity function

Theupperboundsarebasedn thefollowing factorizationf the sensitvity function

Outputuncertainty: S"'=8(I+ EoT)™ ! (10.19)
Inputuncertainty: S’ = S(I + GE;G~'T)~! = SG(I + E;T;)~*G~!  (10.20)
S'=(I+TK'E;K)'S=K 'I+T;E;)"'KS (10.21)

We assumehatthe plants,G andG’, are stable. We also assumeclosed-loopstability, so
thatboth S andS’” arestable.We thengetthat (I + EoT)~! and(I + E;T;)! arestable

(equialently (I + TEo)~! and(I + T7rE;)~! arestable).Whenderiving boundsve make
useof propertiedike

a((I+ ErTr)™)

— 1 1 1 1

- Q(I‘l‘EITI) S 1—6’(E1TI) S 1—5’(E1)5’(T1) S 1—|w1|6'(T1)
wherewe have madeuseof (E;) < |w;|. Of coursetheseinequalitiesonly apply if we
assume& (E;Tr) < 1,a(Er)a(Tr) < 1 and|wy|a(Tr) < 1. For simplicity, we will notstate
theseassumptiongachtime.

10.4.2 Upper boundson the sensitvity function

Output uncertainty.

5(S") < 5(S)((I + EoT) ™) < 1=(atstry < Tocrstm (10.22)
From (10.22)we seethatoutputuncertaintybeit diagonalor full block, poseso particular
problemwhenperformances measuredt the plantoutput. Thatis, if we have areasonable
maugin to stability (||(I + EoT)~"||, is not to muchlarger than1) thenthe nominaland
perturbedsensitvity do notdiffer very much.
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Input uncertainty. Thesensitvity functioncanbe muchmoresensitveto inputuncertainty
thanoutputuncertainty

1. Geneal case (full blockor diagonalinput uncertaintyandary controller).

YC) =aEbmy < V6 =pramy (1023)
7(8") <v(K)3(S)a((I + TrEr)~") < W(K)% < W(K)W (10.24)

From (10.24)we have the importantresultthatif we usea “round” controllerwith y(K)
closeto 1, thenthesensitvity functionis notsensitveto inputuncertainty In mary caseshe
bounds(10.23)and (10.24)are not very usefulbecausehey yield unnecessariarge upper
bounds.Toimprove onthis,we presenbelov bounddor somespeciakcasesywherewe either
restrictthe uncertaintyto be diagonalor restrictthe controllerto be of a particularform.

2. Diagonaluncertaintyanddiagonalcontwol. Inthiscasewehave K~'E;K = E; and
we get

_ _ _ a(S a(S
7(8") < 7(S)a((I+ TE;)™) < 1_5(T()5)<E,) < 1_|w<1|;(T) (10.25)

Thus,in thisimportantcaseS’ is notsensitve to inputuncertainty

3. Diagonaluncertaintyanddecouplingcontol. Consideadecouplingcontrolleronthe
form K(s) = D(s)G~'(s) whereD(s) is a diagonalmatrix. In this caseK G is diagonal
soT; = KG(I + KG)~! is diagonal(andwe have that E;Tr = T;E;). With diagonal
uncertaintywe get

5(8') <71 (G)a($)a((T + ErTr)™") <71 (C) =5z yemmy < (@ =roraemny (10.26)

Er)e(Ty) wr|e(Tr)
3(S") <v6(K)a(S)a((I +T1Er)~") < ’)’B(K)% < ’YB(K)% (10.27)

Theboundg10.26)and(10.27)applyto ary decouplingcontrollerontheform K = DG—1.

In particular they applyto inversebasectontrol, K = I(s)G~!(s) whichyieldsinput-output
decouplingwith T; = T = t - I wheret = 1%1 A diagonalcontrollerhas~g (K) = 1,

so from (10.25)we seethat (10.27) appliesto both a diagonaland decouplingcontroller

Neverthelessit doesnot seemlike (10.27)appliesgenerallyfor ary controller However,

anothemboundwhich appliesto any controlleris givenin (10.29).

4. Diagonaluncertainty (Any controller).

— / a(S) a(S)
7(5) < Tr@)e (Enem) < T=Turlv: (@5(T) (10.28)
7(S") < 2(5) < ACH (10.29)

= 1-95(K)a(Er)o(T) = 1—|wi|v5(K)o(T)

Again notethat~yf (K) = 1 for adiagonalcontrollerso (10.29)confirmsthat diagonalun-
certaintyposedittle problemswvhenwe usea diagonalcontrollet
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10.4.3 Lower bound on the sensitvity function
Considetthe specialcaseof diagonalinput uncertaintyandinversebasedontrol
K(s) =1(s)G7'(s)

(whichisaspeciakaseof decouplingcontrolwhichyieldsT = T; = ¢t-I andS = Sy = s-I).
In this casewe cangeneralizeghe lower boundon the sensitvity functionfor the2 x 2 case
givenin Gjgseaete(1995).

THEOREM 10.2 (LOWER BOUND WITH INPUT UNCERTAINTY AND DECOUPLING CON-
TROL). Considera decouplingcontoller K (s) = I(s)G~!(s) which resultsin a nominally
decoupledesponsavith sensitivityS = s - I andcomplementargensitivityl’ =t - I whee
t(s) = 1 — s(s). Supposehe plant hasdiagonalinput uncertaintyof relative magnitude
lwr(jw)| in eadh input channel. Thenthere existsa combinationof input uncertaintiessud
thatat eadh frequency

() 2 o() (1+ L2 MG (10.30

whee ||A(G)||; ., is themaximunrow sumof theRGAanda (S) = |s|.

It is importantto noticethat(10.30)providesalower boundona(S’), whereaour previous
resultsdiscussedn Sec.10.4.2gave upperbounds.A lower boundis mote usefulbecausat
allowsusto male definiteconclusionsaboutwhenthe plantis not controllable. Specifically
from (10.30)we seethatwith aninversebasedcontrollerthe worst casesensitvity will be
much larger thanthe nominalat frequenciesvherethe plant haslarge RGA-elements.At
frequenciesvherecontrolis effective (|s| is smalland|t| ~ 1) thisimpliesthatcontrolis not
asgoodasexpectedput it maystill beacceptableHowever, at crosseer frequenciesvhere
|s| and|t| = |1 — s| arebothcloseto 1, we find thata (S”) in (10.30)may becomemuch
largerthanl if the planthaslarge RGA-elementsitthesefrequencies.

By comparingthe resultsfor feedbackcontrol (10.30)andthat of feed forward control
(10.13)with sameuncertaintyin all channelspnemay clearly seethe benefitsof feedback.
For frequenciedelon thebandwidthwe havethats (S) < 1. Theeffectof feedbacks thento
reduceheinfluenceof uncertaintyonthecontrolerror, remembethat|t| ~ 1 for frequencies
w < wp, Wherewp is thebandwidthof theclosed-loogsystemij.e. 5(S (jwg)) = 1/v/2. For
feedforwardcontroltheeffectof uncertaintyonthecontrolerroris presentor all frequencies.
For frequenciesw > wp wehaves(S) = 1 and|t| < 1, sotheresultis similar, the effect of
uncertaintyfor feedbaclcontrolis reduceccomparedo feedforwardcontrol. For frequencies
aroundthe bandwidthwe have thatboth o (S) and|t| canbe muchlargerthanoneandthe
situationcanbeworsefor feedbackhanfeedforward control.

Worst-caseerrors. For simulationst is usefulto know which combinatiorof inputerrors
givespoorperformancelf all ¢, have the samemagnitudethenthe largestpossiblemagni-
tudeof ary diagonalelementin GE;G~! is givenby |w;| - || A(G)|l,.,- To obtainthis value
onemayselecthephaseof eache, suchthatZe, = —Z\;x wherei denotesherow of A(G)
with thelargestelementsin particular if A(G) isreal(e.g.,at steady-statethe signsof the
ex’' S shouldbethe sameasthosein therow of A(G) with thelargestelements.
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Relationshipto structured singular value, u. Theappropriataneasureo analyzeexactly
the worst-casesensitvity underinfluenceof input uncertainty|w;| is skewed (u°). This

wITI QU]KS] and
M%SG #%S
varying 4 until 4(N) = 1, whereA,, is full block. Theworst-casgerformancet a given
frequeng isthena (S') = p°.

involves computingu 5 (N) with A = diag(Af, A,) whereN = [

10.5 Examples

EXAMPLE 10.1 DISTILLATION COLUMN, LV-CONFIGURATION. In this examplewe considerthe
following model of anill-conditioneddistillation column, taken from Skogestad Morari and Doyle
(1988).

G = GLv(S) =

1 [ 87.8 —86.4 35.1 —34.1] (10.31)

Ts+1[108.2 —109.6]’ A(G):[—?A.l 35.1

We considerdiagonalinput uncertaintyof magnitude|lw;| = 0.2 at all frequencies.We have that
IA(G(jw))||;oo = 69.14, 7" (G) = 75 (G) = 138.3 andy(G) = 77 (G) ~ 141.7 atall frequencies.
So,we may expectproblemswith input uncertaintyfor bothfeedforwardandfeedbackcontrol.

1. Feedforward contmol. For feedforward controlwe have from Theorem10.1the lower bound
lwr| - ||AMG)]],,, = 0.2-69.14 = 13.83. Theoreml10.1saysthatthereexistsa combinationsf input

uncertaintywherehi’% is largerthanthebound.By introducinginputuncertaintyin thesamedirection

astheinput directioncorrespondingo the largestsingularvalue[ 0.707 —0.707]", with magnitude
|wr (jw)| = 0.2 in eachchannelE; becomesEr = diag{0.2, —0.2}. With thisinputuncertaintyone
obtains||GE;G™"||, = 28.35. Thedifferencebetween13.83 form (10.13)and28.35 which is the
actualvaluefor the worstinput uncertaintyillustratesthatthe boundin termsof RGA is generallynot
tight, but it is nevertheleswery useful.

2. Inversebasedieedbak contmoller:

Kina(s) = PLG1(s) =

S S

ki(rs+1)[0.3994 —0.3149 B .1
03043 —sg200 | Fr = O7[min]

The peakvaluefor thelower boundin (10.30)is 6.81 for w = 0.79. As acomparisonthe actualpeak

valuewith theinverse-basedontrollerwith 20%gainuncertaintyis (Skogestacetal., 1988)

—_— 0.7 ,[1.2 S\
18], = H<I+ - G[ 0_8]0 )

andoccursfor w = 0.69. Thedifferencebetweers.76 and14.2 illustratesthatthe boundin termsof
theRGA is generallynottight, but it is nevertheleswery useful.

Next we look at the upperbounds.Unfortunatelyin this casey; (G) = 5 (K) =~ 141.7, sothe
upperboundin (10.26)and(10.27)arenot very useful (they areof magnitudel41.7, at high frequen-
cies).

= 14.21
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Figure10.2: Boundson sensitvity functionfor distillation columnwith DV configurationJowerbound
L, from (10.30),upperboundsl/; from (10.28)andU> from (10.26)

3. Diagonalfeedbak contoller:

kQ(TS -+ 1)

Kgio(s) = .

[(1] _01] k» = 2.4-107% [min~ ]
We have v(K4ia) = 76 (Kaia) = 1 sinceboth loops are tunedequally Tight upperboundson
perturbedsensitvity functionsare thereforeprovided by (10.24),(10.25)and (10.29). We find that
the actualpeakin the perturbedsensitvity functionis || S’||, = 1.05 for w = 1.30 [rad/min] when
E; = diag{0.2, —0.2}, whereashepeaksn theupperboundq10.24),(10.25)and(10.29)areall 1.26
for w = 0.56 [rad/min].

EXAMPLE 10.2 DISTILLATION COLUMN, DV-CONFIGURATION. In this examplewe considerthe
following modelof adistillation columnwith DV configurationalsotakenfrom Skogestacktal. (1988)

1 [ —87.8 14 0.448 0.552]

G = Gpv(s) = rs+1|-108.2 _1_4]’ AG) = [0.552 0.448

(10.32)
We have that [[A(G(jw))|l,.. = 1, 7"(G) = 1.00 and~;(G) = 1.11 and~(G) ~ 70.76 and
vo(G) =~ 69.24 atall frequencies.We do not expectproblemswith input uncertaintyandtherefore
designaninversebasedcontroller similar to the one consideredy Skogestacdetal. (1988). The con-
trolleris Kino(s) = £.G7'(s), k1 = 0.7 [min™"]. Sincewe useaninversebasectontrollerwe have
v(K) = 4(G), andv5(K) = 47 (G). Also sincey(G) is muchlargerthan~; (G) we find thatthe
boundsin (10.23)and(10.24)are more conserative thanthe boundsin (10.26),(10.27),(10.28)and
(10.29). In Figure 10.2we shaw the lower boundgiven by (10.30)andthe two upperboundsgiven
by (10.26)and(10.28)for two differentuncertaintyweights. Fromthesecurveswe seethatthe upper
boundgqdenoted/; andU-) canbeclosein somecasesandconcludethatthe systemis robustagainst

inputuncertainty

10.6 Conclusionson robust performancewith input uncer-
tainty

Thesensitvity to modeluncertaintyis reducedy applyingfeedbaclkcontrolratherthanfeed
forward control. We find for feedbaclkcontrolthat plantswith large RGA-elementarediffi-
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cultto controldueto sensitvity to diagonalinputuncertainty Thesituationis notquiteasbad
asfor feedforwardcontrol,becauseontrolproblemsareexpectedonly if theRGA haslarge
elementzloseto the crosseer region (whereo; (L) is aboutl in magnitude).For example,
with integral control, large RGA-elementsn the plant at steady-statelo not by themseles
poseary limitation on performancdor feedbackcontrol (but they do for feedforward con-
trol). Our conclusionson input minimized conditionnumbey conditionnumberand RGA
aresummarizedelov. The statementspply to the frequeng-rangearoundcrosseer. By
“small’, we meanabout2 or smaller By “large” we meanaboutl0 or larger.

1) Conditionnumbers~(G) or~v(K) small: Rokustto bothdiagonalandfull-block input
uncertainty

2) Minimized conditionnumbers 7 (G) or v¢, (K) small: Rolustto diagonalinput un-
certainty Notethata diagonalcontrollerhasyg, (K) = 1.

3) RGA(G) haslarge elements:Inverse-basedontrolleris not robustto diagonalinput
uncertaintyand shouldthereforenot be used(sincediagonalinput uncertaintyis un-
avoidable). Furthermore a diagonalcontrollerwill mostlikely yield poor nominal
performanceor a plant with large RGA-elementsso we concludethat plantswith
large RGA-elementarefundamentallydifficult to control.

4) v3(G) is largewhile atthe sametime the RGA hassmallelementsCannotmake ary
definite conclusionaboutthe sensitvity to input uncertaintybasedon the boundsin
this paper

The resultsalsoapply to unstableplantsG, however, the proofs are then somevhat more
complicatedhanshawn in this paper
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Appendix A Proofsof the results

Proofof Theoem10.1 Sincethetwo-normis largerthanthe magnitudeof ary of theelementsve have
for ary 1,
||GEIG_1||2 > | [GEIG_l ]11, |

To getthe leastconserative resultwe selectelemen GE;G~* 1;; which hasthe largestmagnitude.
By using(10.11)ande; = |wy,;|e? i, we get

[GEIG i =Y Aij(G)wrle?“ =3 A (G)] - |wr ;]
j=1 7j=1

The lastequality follows sincewe arefree to adjustthe phaseof ¢; (Z¢;) to getthe largestpossible
sum.Notethat|w; ;| scalesall elementsn columnj of A. Whenmaximizingover all rows i, we get

max [|[[GEiG™" ]|, = max > (@ Jwr gl =11 AG) Wi [];0

j=1
andtheresultfollows. O
Proofof (10.19) We have
I+G@K=I4+(I+Eo0)GK =1 +EoGK(I+GK) "I +GK) =+ EoT)(I+ GK)
m|

Proofof (10.20) We have

I+GK = I+GU+E)K=GI+(I+E)KG)G"
= GU+ET)I+KG G =G+ ETG '(I+GK)
N———
G—1(I+GK)
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Proofof (10.21) Startfrom I + G'K = I + G(I + E;)K andfactorout (I + GK) totheleft to obtain
I+G'K = (I+GK)I+(I+GK) 'GE/K)
= (I+GK)I+GK(I+GK) 'K 'EIK)
T
= (I+GK)K'(I+KGUI+KG) 'EK

Ty

O

Proofof (10.22),(10.23)and(10.24) Apply singularvalueinequalitiego (10.19)andto thelastidentity
in (10.20)and(10.21). |

Proofof (10.25) SetK E; K~! = FE; in (10.21)firstidentityto obtainS’ = (I +TE;)~'S andapply
singularvalueinequalities. O

Proof of (10.26)and (10.27) SinceE; andT; arediagonalwe have E; = DE;D~' = D™'E;D
andT; = DT;D~' = D~'T; D for ary diagonalmatrix D. Then(10.20)first identity canbewritten

S = SU+GE/G'T)""'=8UI+ (GD:)E((GD;)"'T)™"
= S(GD;)(I+ E;D;'T:D;) " (GD;)™!
= S(GD;){I + E/T;) " (GD;)™! (10.33)

Since(10.33)appliesto ary diagonalDy, (10.26)follows by applyingsingularvalueinequalitiesto
(10.33).Similarly (10.27)follows from (10.21). O

Proofof (10.28)and(10.29) Apply singularvalueinequalitiesto seconddentityin (10.33),similarfor
(10.29)form equivalentequatiorwith controller O

Proof of Proof of Theoem10.2 Write the sensitvity functionas
S'=(I+GK)""=SGUI+ET;)"'G™' =SGDG™", E; = diag{e:}

Since,D is adiagonalmatrix, we have from (10.11)thatthediagonaklementof S’ aregivenin terms
of theRGA of theplantG as

1

e A=Gx (G (10.34)

Sii = SZ Airdr;  di(s) =
k=1

The singularvalue of a matrix is larger thanary of its elements;so 3(S’) > max; |s;|, andthe

objective in thefollowing is to choosea combinationof inputerrorse; suchthattheworst-caseés;;| is

aslarge (poor)aspossible Considera giveni andwrite eachtermin thesumin (10.34)as
Aik Airter

Nirdy, = = Aip —
A I, T 1 ¥ ter

(10.35)

We chooseall ¢, to have the samemagnitude|w; (jw)|, sowe have ex (jw) = |wr|e?“*. We also
assumehat|te,| < 1 atall frequenciessuchthatthe phaseof 1 + te;, lies between—90° and90°.!

1Theassumptionjte;| < 1 is notincludedin thetheoremsinceit is actuallyneededor robuststability, soif it
doesnothold we mayhave 5(.S”) infinite for somealloweduncertaintyand(10.30)clearly holds.
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It is thenalwayspossibleto selectZe; (the phaseof €;) suchthatthe lasttermin (10.35)is realand
negative,andwe have at eachfrequeng with thesechoicesfor e,

7 n

Sid |Aike| - [tel |t6k| |Aix]| - Jwrt] |wrt|

=2 dwdi =1 Z =1 Al (10.36
5 k= K= |1+ tex| — +Z 1+ |wrt +1+|wt|zl el (€ )

wherethefirst equalitymakesuseof thefactthattherow-elementof theRGAsumto 1, 37 _; Aix =
1) andtheinequalityfollows, since,|ex| = |wr| and|1 + tex| < 1+ |tex| = 1+ |wrt|. Thisderivation
holdsfor ary ¢ (but only for oneatatime),and(10.30)follows by selecting to maximize)_; _, |Ai|
(themaximumrow-sumof the RGA of G). |



Chapter 11

Conclusionsand dir ectionsfor futur e
work

11.1 Discussion

Themainobjective with thiswork hasbeento provide new resultsandtoolswhich canhelp
to reducethe gapbetweercontroltheoryandprocessontrolapplicationsThis hasbeenand
still is a challengingtask. The approachtakenis to obtaingoodinsightsinto linear system
andcontroltheory andto look for “relatively simple” but relevant practicalprocessontrol

problemswhichactuallycanbesolvedanalyticallyby applyingtheinsightsobtained.Unfor-

tunately mostengineeraill regardthis thesisastheoreticalandmary may have problems
with seeinghepracticalimplicationsof theresultsgivenin thisthesis.Thereforemuchwork

hasbeenputinto examplesandcasestudiesto exemplify andillustratethe useof theresults,
with the consequencthatthethesisis ratherlong.

Thedirectionalitiesof zerosandpolesin multivariablesystemsarestudiedin Chapter2.
Thechapteshavshow thedirectionalityof zerosandpolescanbecomputedrom eigervalue
problems.Thesalirectionsareusedn thefactorization®f RHP zerosandpolesin multivari-
ablesystemqAppendixA), to quantify the performancdimitationsimposedby RHP zeros
andpolesin multivariablesystemgChapter$8-5),andto quantifytheminimuminputenegy
(H2-norm)neededo stabilizea plantwith oneunstablemode. It is the authorsopinionthat
theseconceptdhave importantrolesto play bothin linearsystemandcontroltheory Rosen-
brock(1966;1970)andKalman(1966)bothnotedthatstatecontrollability andobsenrability
containinformationaboutthe physicalstructure.This structuralinformationis alsoreflected
in thedirectionalityof the poles.However, the sameis not truefor themorecommonlyused
rank testsfor statecontrollability and obserability. The usefulnesof conceptdike state
controllability and obsenrability in control structuredesign,is thus significantlyimproved
whenintroducingthe directionalityof the poles. However, the authornotesthe similarities
betweerthe poledirectionsandthe way of analyticallysolvinglineartime invariantdynam-
ical initial value problemsin termsof eigervaluedecomposition Furthermorenew results
on the controllability of repeategolescanbe statedin termsof the poledirections,andthe
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practicalsignificanceof thesearedemonstrated thedistillation DB-configurationexample
in Chapter6.

Chapter3—5studythe performancdimitationsimposedoy RHP zerosandpolesin mul-
tivariablesystemsy dering lower boundsonthe H .-normof variousclosed-loogransfer
functions.Commonto all the boundsis thatthey dependoninterpolationconstraintson the
sensitvities or complementangensitvities, which must (for internal closed-loopstability)
applyif theplanthasa RHP-zeroor a RHP-pole. Theuseof interpolationconstrainto derve
a lower boundon the H,-norm of a closed-looptransferfunction wasfirst consideredy
Zames(1981),who derived a lower boundon the weightedsensitvity whenthe planthasa
RHP-zero.

In Chaptel3 theperformancdimitationsarequantifiedn termsof peaksn thesensitvity
andcomplementargensitvity functions. The advantagesvith the expressiongresentedn
this thesiscomparedo earlier work, are that they caneasily be evaluatedin a computey
directinsightsto the limitations canbe obtainedfrom the expressionsandthe directionality
of zerosandpoles,andthe expressionsare givenin termsof algebraicratherthanintegral
relations.Oneadwantagewith the earlierwork involving sensitvity integral relationsis that
they generalizeéhe moreclassicaBodes sensitvity integral.

Chaptergl and5 presentowerboundsonH.,-normof generatlosed-loogransferfunc-
tions,whenthe planthasoneor moreRHP zerosor poles.Theauthorhasnotseenary results
similar to theseandwith the samegeneralitypresenteckarlierin the control literature,and
it is believed that the derived boundshave large engineeringmplications. Theseimplica-
tionsinvolve quantifyingthe effect of disturbancesandmeasurementoiseon performance
measuredbothat the input andat the outputof the plant. This meanghatonecansaysome-
thing aboutthe achievable control performancewithout actually designingthe controllers.
If the lower boundsarelarge thenone canconcludethatgoodcontrol performanceannot
be achieved, irrespectve of the controllerdesigned.Oneimportantapplicationof the lower
boundsis that one canquantify the minimum input magnitudesequiredfor stabilizationin
the presencef disturbanceandmeasurememoise. The controllersderivedin thesechap-
tersmaynotbeappliedin practicalcaseshowever, theimportanceof thesecontrollersis that
they provethatthelowerboundsaretight. A consequencef thelowerboundsbeingtight, is
thatonecanconcludethatthereareno otherfactors thanRHP zerosandpoleswhich limit
theachievablecontrolperformance.

Mostof theresultsn thisthesig(excepttheresultan Chaptei6 on stabilizingcontrolwith
minimuminput enegy) on performancdimitationsin multivariablesystemsarequantified
usingthe H ,-norm. Someresultsusingthe #.-normratherthanthe # ..-normaregivenin
(Morari andZafiriou, 1989). Theauthornotesthatthe “advantage’with the’H .-normrather
thanthe Hy-norm, is thatthe H ..-normonly involvesthe worstcasefrequeng, whereaghe
‘H»-norminvolvestheintegral overall frequenciesThis advantagemalkesit easierto obtain
resultsusingthe # ..-normratherthanthe H,-norm. Of coursejf theresultsusingthe H .-

1In this thesiswe considetineartime invariantdynamicalsystemswvhich canbe describecby rationaltransfer
functionmatriceg(or by state-spacedescription).This doesnotincludetime delayswhich alsolimit theachievable
control performance.However, by usingthe Pace approximationfor the time delay the performancdimitations
imposedcanbe quantifiedusingtheresultsgivenhere.
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normshallbeapplicable they mustallow weightsto beincluded.In generalonecoulduse
ary normto quantify the performancdimitationsimposedby instability andnon-minimum
phasebehaior.

In Chapter6 the focusmovesfrom theimplicationsof RHP zerosandpolesin multivari-
able systemsover to the more practicalproblemof control structuredesign. In this chapter
the minimum input usageneededor stabilizationis quantifiedbothin termsof the #, and
the’H, norms.Theresultsinvolving the H .-normrelatenicely to theboundsn Chapterst
and5 on performancdimitationsimposedby RHP zerosandpolesin multivariablesystems.
Resultsdirectly applicableto control structuredesign,are presented.The main advantages
are that theseresultsare basedon theoreticalconsiderationand can easily be quantified
mathematicallyln generalthedifferencebetweerthe #, andthe# ., nhormscanbeinfinite.
However, for SIso control minimizing the input usagefor a plantwith oneunstablemode,
thesenormsarecloselyrelated. It alsoturnsout thatthe bestinput andthe bestoutputare
independenof the norm. This chapteralsocontainsseveralrealisticexampleson the useof
thepolevectorsin controlstructuredesign.Amongothers,anunstablechemicalreactoythe
Tennesse&astmarproblemandthedistillation columnDB-configurationareconsidered.

Chapters7/—9 dealwith partial control, its relationto indirect and cascadesontrol, and
implicationson control structuredesignon the regulatory control layer. In particular two
approachefor selectingsecondaryneasurementsr indirectandcascadeontrol,aregiven.
Somenew insightsinto thetrade-of betweerrejectingmeasurementoiseanddisturbances,
areobtainedirom theseresults.Chapter9 containsa realisticcasestudy in which thetools
(dervedin Chapter8) for selectingsecondaryneasuremenis indirectandcascadeontrol,
areappliedto theproblemof selectingsecondaryemperatureneasurementsr indirecttwo-
point controlof productcompositionsn a binarydistillation column. Furthermorethetools
(dervedin Chapter7) for addressinghe controllability of partialcontrol,areusedto analyze
indirectcontrolof productcompositiondy controllingtemperatureat two selectedstages.

Chapterl0 presentsesultsquantifyingthe effect of inputandoutputuncertaintyon per
formancen multivariablesystemsFor now it is justnotedthatthe effect of inputuncertainty
on performanceneasureat the outputof the plantis similarto the effect of RHP-zeros.

Mathematicaldescriptionsof chemicalprocessplantsarein generalnonlinear In this
thesis,nonlinearitiesareonly takeninto accountin simulationsandnotin the analysis.The
reasons thatthereis a needfor conceptuallyandsimpletools which caneasilybe applied
in the analysisandto control structuredesign,and thesetools exist so far only for linear
systems.

11.2 Main contributions

Themaincontributionsof this thesisaresummarizedelow:

Chapter 2 shavs how to computethe zeroandpole directionsin multivariablesystemsn

termsof eigervalue computations.The secondpart of the chapterdealswith statecontrol-
lability andobsenability in termsof poledirections.Restatinghe Popw-Belevitch-Hautus
eigervectortestsin termsof the pole vectors(directions)make the resultson statecontrol-
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lability andobsenrability moreusefulin control structuredesign.If the planthasarepeated
modewith linearlyindependengigervectors theresultsin Chapter2 canbe usedto identify
the minimum numberof inputsand outputsneededo control the mode. Theseresultsare
alsoapplicableto two closelylocatedpoleswith (nearly)orthogonapoledirections.

Chapter 3. Theresultsin Chapter3 quantify the fundamentalimitationsimposedby RHP

zerosandpolesin termsof lower boundson the peaksin the weightedsensitvity andcom-

plementarysensitvity functions. Previously derived lower boundson the sensitvity func-

tion involvessensitvity integral relations. The resultsgivenin this chaptey arederived us-

ing algebraicratherthanintegral constraints.A tight lower boundon the #,-norm of the

weightedsensitvity is derived. This boundis similar to the boundspresentedn (Boyd and

Desoer1985)and(Chen,1993;Chen,1995). However, the boundspresentedh this chapter
extendthe boundsby Boyd andDesoer(1985)andChen(1993;1995)to the casewherethe

plantG hasmorethanoneRHP-pole. A similarresultin termsof theweightedcomplemen-
tary sensitvity wrT'(s) for the casewherethe plantG hasoneor more RHP-polesandary

numberof RHP-zeros,arealsogivenin this chapter

Chapter 4. Thebasisfor theresultsin this chapteris theimportantwork by Zames(1981),
who madeuseof theinterpolationconstraintS(z) = 1 andthe maximummodulustheorem
to derive boundson the H.-normof S for plantswith one RHP-zero. Subsequent|ythese
resultswereextendedo unstableplantswith oneRHP-pole andthento plantswith combined
RHP zerosandpoles(e.g.Doyle etal., 1992; SkogestachndPostlethvaite, 1996). However,

thesegeneralization$o unstableplantsdid not considertheinput usagewhich involvesthe
closed-loogransferfunction K S. In thischaptelgeneralowerboundson# ..-normof SIso

closed-loopransferfunctionson theforms 7V and SV aregiven. By applyingtherelation
KS = G~1T, it is possibleto derive lower boundson the input usagepy usingthe general
lower boundon | TV (s)||,, with V' = G~!. Butwhen@ is unstable(with RHP-pole p),

thenV = G~! hasa RHP-zerofor s = p. Onecontrikution of this work, is the ability to

includeRHP zerosandpolesin the “weight” V. An additionalimportantcontributionis the
derivation of analyticalH .,-optimal controllerswhich achieve an H ,,-norm of the closed-
loop transferfunction equalto the lower bound. One importantapplicationof the lower
boundsis to quantify the minimum input usageneededor stabilizationin the presenceof

worstcasemeasuremenmnioiseanddisturbances.

Chapter 5 generalizesheresultsof Chapterd to MiMO-systems.This chapterextendsthe
work of Zameg1981)andthework givenin Chapters$ and4, andquantifiegshefundamental
limitationsimposedby RHP zerosandpolesin termsof lower boundson the H ., -norm of
importantclosed-looptransferfunctions. Fromthe resultsin this chapter lower boundson
‘H-normof otherclosed-loopransferfunctionsthansensitvity andcomplementargensi-
tivity canbederived. Furthergeneralizationgclude:

1) Multivariableweights.
2) Unstableandnon-minimumphaseweights.

An additionalimportantcontritution of this paperis thatthelowerboundsaretightin alarge
numberof cases.Thatis, analyticalexpressiongor controllerswhich achieve an ,,-norm
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of the closed-looptransferfunction (which is) equalto the lower bound,aregiven. Again,
oneimportantapplicationof thelowerboundss to quantifytheminimuminputusageneeded
for stabilizationin the presencef worstcasemeasurememtoiseanddisturbances.

Chapter 6 considergontrolstructuredesignusingtheinformationgivenin thepolevectors.
It is shavn how the input and outputpole vectorsare relatedto the minimum input usage
neededo stabilizea plantwith oneunstablemodeusinga Siso controller The minimum

inputusages quantifiedbothin termsof the’H,-norm(inputenegy) andtheH ,,-norm. The

bestchoiceof oneinputandoneoutputfor Siso stabilizingcontrolis thesameor bothnorms
andcorrespondso the elementsn the pole vectorswith largestmagnitude.Stablebut slow

modeswhichneedo beshiftedfurtherinto theLeft Half Plane(LHP) usingfeedbackcontrol,

arealsoconsidered.Moving stableslowv modesare accomplishedvith modalcontrol, and
theresultsareinterpretedn termsof Linear QuadraticGaussiaf{LQG) control. Theresults
givenin this chapteraredirectly applicableto controlstructuredesign.

Chapter 7 introduceghecontrollabilitymeasurespartialdisturbanceain,partialreference
gainandthe partial gainfor measurememioise,to addresgshe controllability of a partially

controlledsystem. The partial disturbancegain is the sameasthe partial disturbancegain

introducedby SkogestacandWolff (1992). The relative gainarray(RGA) andthe singular
valuedecompositior{fSVD) areintroducedasusefultoolsto assistwvhenselectingnputsand

outputsto beusedin partialcontrol.

Chapter 8 considersndirectcontrolandcascadeontrol. It is shavn how thetrade-of be-
tweenmeasurememtoiseanddisturbanceejectionin indirectcontrolcanbeanalyzediusing
thetoolsderivedfor partialcontrol. Two simpletoolsfor selectiorof secondaryneasurement
in indirectandcascadeontrolaregivenin this chapter

Chapter 9 exemplifiestheuseof thetoolsderivedin Chapters and8. Theproblemconsid-
eredis to selectemperatureneasurements beusedn two-pointindirectcontrolof product
compositionsn a binary distillation column. The trade-of betweemmeasurementoiseand
disturbanceejectionis demonstratedAlso one-pointemperatureontrolis considered.

Chapter 10. Therelative gainarray(RGA) andconditionnumberarecommonlyusedtools
in controllability analysis.New resultsthatlink thesemeasure$o controlperformancemea-
suredin termsof the outputsensitvity functionwith inputandoutputuncertaintyaregiven
in this chapter

11.3 Directionsfor futur e work

Somedirectionsfor futurework include:

Chapter 2. Theinputandoutputzeroandpoledirectionscaneasilybedefined andvaluable
insightsinto thegeometricainterpretation®f zerosandpolescanbeobtainedy using
the Smith-McMillan form. The authorsuggestso definethe zeroandpole directions
for rationaltransferfunctionmatricesusingthe Smith-McMillan form andto look into
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thework by Kwakernaak(1995),on polynomialmatrix methodsn linear systemand
controltheory
Chapters 3-5. Extensiondo theresultson performancdimitationsimposedby RHP zeros
andpolesin linearsystemsmayinclude:
1) Improvedboundson ||W SV (s)||, and||WS;V (s)||,, whichtakesinto account
morethanoneRHP-zeroatime.
2) Improvedboundson ||[WTV (s)|| ., and||WT;V (s)||,, whichtakesinto account
morethanoneRHP-poleatime.
3) Find analytical expressionsfor the controllerswhich achieve theseimproved
lowerbounds.

At the moment,it seemddifficult to provide thesegeneralizationgor multivariable
systems.However, someresultshave beenobtainedon minimizing the A ,,-norm of
the input usage(i.e. minimizing | KS(s)||,, = [|G™'T(s)||,,) for Siso systems,
when the plant has more than one unstablemode. Although, theseresultsare not
reportedn thisthesis.

4) The controllersgivenin Chapters4 and5, which prove tightnessof the lower
boundsaresimilarto the controllersobtainedoy usingtheearlyinterpolatiorthe-
oretic methodgDoyle, 1984),andit is alsorelatedto the polynomialapproach
of Kwakernaak(1986;1993;1996). Mainly dueto thelack of time, no attempts
have beenmadein this thesisto compareandutilize the similaritiesin theseap-
proacheslt couldthereforebewiseto gothroughtheearlierresultsto seeif some
benefitfrom theseapproachesanbeappliedin theapproactgivenhere.

5) Findanalyticalcontrollerswhich minimizethe X ,-normof stacledclosed-loop
transferfunctions,for examplefind K (s) which solves:

min
K(s)

Al

Chapter 6. Several attemptshave beenmadeto generalizeandto interpretthe resultson
moving (stabilizing)morethanoneunstablepoleusingSiso controller however, these
arestill openissuedor research.

Chapter 8. Relatetheresultsin Chapter8 to optimizing controlusinga standardjuadratic
criterionfrom optimalcontroltheory

Chapter 10. A straightforvard extensionof the work in Chapterl0, would be to consider
outputuncertaintyandmeasurehe performanceattheinputof the plant.

As notedin the discussionthis work quantifiesthe performancdimitationsimposedby in-

stability andnon-minimumphasebehaior usingthe #..-norm. In general,one could use
ary normfor this quantification.One particularsystemnormwhich hasgainedsomefocus
lately, is thel;-norm(inducedinfinity norm). Furtherwork canbeto quantifythelimitations
imposedby instability andnon-minimumphasebehaior usingthel;-norm.
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A.1 Intr oduction

Theobjectve with this papers to derive analyticalstate-spaceealizationdor factorizations
of zerosandpolesin multivariablesystemsanto Blasdke products. Factorizationf zeros
and polesboth on the input andthe outputare given. Thesefactorizationscanbe usedon
ary zerosand poles(both in the openLeft Half Plane(LHP) andin the openRight Half
Plane(RHP)) of arationaltransferfunction matrix (which canbe non-square)However, the
benefitof applyingthemto zerosandpolesin the openLHP seemdo be limited sincethe
factorizationgyiventhenintroduceserosandpolesin theopenRHP in therepresentationf
thefactorizedplant. So,our usehave beenrestrictedo factorizezerosandpolesin theopen
RHP, seeChapters3-5. We will thereforewrite this text assuminghatthefactorizationsare
appliedto zerosandpolesin the openRHP.

The main propertyof the factorizationds that the factor containingthe singularpoints
(the zerosor poles)hasall exceptonesingularvalueequalto onefor all valuesof s in the
comple plane andfor complex numberontheimaginaryaxis(s = jw) thefactoris all-pass
(hasall singularvaluesequalto one). This propertyis usedextensvely in the Chapters3—
5, wherethe factorizationsare usedto derive lower boundson the #H .-norm of important
closed-looptransferfunctions. Someadditionaluseful propertiesof the factorizationaused
in Chapter5 arealsogivenin this paper

An alternatve to the factorizationsof RHP-zerospresentedn this paperis the “inner-
outer”factorizatiorusedn (MorariandZafiriou,1989 page303andgivenin Theorenl2.6.4
on page309). However, this factorizations givenin termsof a stabilizingsolutionto anal-
gebraicRiccatiequation sothe connectiorto the zerodirectionsarenot obvious. Also this
factorizationis all-passfor complex numberson the imaginaryaxis, however, for comple
numberss € CT ands € C~ morethanonesingularvalueis differentfrom one. Whenus-
ing thesefactorizationsn thederivationof thelowerboundsonthe# ,,-normonclosed-loop
transferfunctions,theboundsdervedweregenerallynottight.

Factorizationsof RHP-zeros/polesn Single Input Single Output (SIso) into Blastke
productshave beenusedextensvely in the control literature. Factorizationsof RHP-zeros
in Multiple Input Multiple Output(Mimo) have alsobeenknown for a period (Wall et al.,
1980;Zhouet al., 1996),andfactorizationsof RHP-polesin MiMO-systemsobtainedfrom
zerofactorizationsof theinverseplantG—! have beenusedby Chen(1995). However, ana-
lytical state-spaceealizationsof factorization®f RHP-polesin termsof the polesandpole
directionshaveto our knowledgenotbeenpresentedh theliteraturebefore.Themainreason
for this maybethelack of properdefinitionsof poledirections.

Themainresultin thispapeiis to providethesestate-spaceealizationdor factorizatiorof
RHP-polesinto Blasdke productsandto prove someof the propertiesof the factorizations.
All factorizationgjivenin this paperareapplicableto non-squareystems.

The conceptof zerosandpolesandtheir directionsin multivariablesystemsareessen-
tial in this paper andarethereforebriefly reviewedin SectionA.2. The zero-directionsre
well known from the control literature,but the definitionsof pole-directiongnay be some-
what more obscure. Resultsregardingthe definitionsand computationsof pole directions
aregivenin Chapter2. SectionA.3 containsinput and outputfactorizationsof zerosand
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poles.SectionA.4 looksatthefactorization@soperationsvhich canbe appliedto arational
transferfunctionmatrix, andrevealsomeof the propertief theseoperations.

For simplicity we will assumehroughoutthe paperthatthe zerosandpoleser distinct,
i.e. multiplicity one. All the proofsaregivenin SectionA at the end of the paper This
appendixcontainghe backgroundnaterialfor Chapters3-5.

Notation. We considetineartime invariantsystemson statespaceorm

= Ax + Bu (A.1)
y=Cx+ Du (A.2)

whered € R**", B € R*™*™, C € R*™ andD € R”*™, n is thenumberof states] is the
numberof outputsandm is the numberof inputs. The short-handotation

o443

for (A.1)—(A.2)is frequentlyusedto describea state-spacmodelof asystem. Thetransfer
functionof G definedby (A.3) canbe evaluatedasa functionof thecomplec variables € C

G(s)=C(sI—A)'B+D (A.4)

We oftenomit to shav the dependencen the complex variables for transferfunctions.

We usetheletteru to denoteinput directionsandthelettery to denoteoutputdirections.
The subscripte andz areusedto distinguishthe pole directionfrom the zerodirection. If
therearemorethanonezeroor onepolewe useanadditionalsubscripto denotethedirection
of that particularzeroor pole. For the statedirectionsthe letter x is usedwith subscriptz
or p asabove. To distinguishinput statedirectionfrom the outputstatedirectionwe usean
additionalsubscript for inputor o for output.

With thetermdirectionwe meana unit basisvectorfor the direction. Whenwe usethe
termvectorthelengthis generallynotnormalized.For example theterm“input polevector”
denotesa vectorin C™ andthelengthof this vectoris generallynot equalto one. Theterm
“input poledirection” (a vector)is usedto denotethe samedirectionastheinput pole vector
but thelengthof the vectoris normalized.

A.2 Zerosand polesin multivariable systems

For amoredetaileddiscussiorof zerosandpolesin multivariablesystemseferto Chapter2.

A.2.1 Zeros

For asystemG(s) with state-spacaaalization[ Al B

C| D
zerodirectionsu, andtheinput zerostatevectorsz,; € C" canall be computedrrom the

generalizeceigervalueproblem

o 3z

] , thezerosz of thesystemtheinput
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Thescalingof thevector[z); «. ]in (A.5)isimportantfor the expressionsn thefactoriza-
tions. Thevectoris scaledsuchthatu, is normalizedj.e. uu, = 1.

Similarly, onecancomputethe zerosz, the outputzerodirectionsy, andtheoutputzero
statevectorsz,, € C" throughthegeneralizecetigervalueproblem

(o . D} ~[0 0] (A6)

z0 yZ

wherethevector[z 4] is scaledsuchthatyy, = 1. By takingthetransposef (A.6)

oneobtains . I oor
—z T,,| |0
e o) 5= o] A7)

wherethebar~ denoteshecomplex conjugate Fromthiswe seethattheinputzerodirections
of thetransposedystemG? areequalto the conjugateof the outputzerodirectionsof G. In
MATLAB thegeneralizeeigervalueproblem(A.6) canbesolvedviathetransposegroblem.

A.2.2 Poles

For asystemG(s) with minimal state-spaceealization[%’%] theinput (u,) andoutput
(yp) poledirectionsfor adistinctpolep canbe computedrom! (seeChapter2)

Up = Bpri/ ||BH$pi||2 ) Yp = Cpo/ [|Cpol|, (A.8)

wherethe input pole statedirectionz,; € C* andthe outputpole statedirectionz,, € C*
aretheleft andtheright eigervectorscorrespondingo thetwo eigervalueproblems

T A= app; Ao = P,
We alsodefinetheinputandoutputstatevectorsfor poles
Lpi = Tpi/ ||Bpri||2§ Tpo = Tpo/ [|CZpolly (A.9)

Thenwe have that
u, = BH x,; yp = Czp, (A.10)

Theinputandoutputstatevectorsfor thepolep areusedn thefactorization®f polestogether
with the input andoutputpole directions. For the casewherethe pole p is not distinctrefer
to Chapter2.

A.3 All-passfactorizations of RHP-zerosand poles

A transferfunction matrix B(s) is all-passif BT (—s)B(s) = I, which implies that all
singularvaluesof B(jw) areequalto one.

Lit requireghatthemodep is obsenableandcontrollable whichis thecaseor aminimalrealization.If themode
p is notobserablethenCzp, = 0, i.e. ||Czpo ||, = 0, andif themodep is notcontrollablethenBH z,,; = 0, i.e.
B 2p; ||, = 0.
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G(s) G(s)

r - - - - - - - = ] r- - - - - - - = ]
Ll Bui(G) > Gmils) :—ﬁ Ll Gimol(s) > BeolG) :_ﬁ
L - - - - — — - _ L — - — _ _ — — _ _
(a) Inputfactorizationof RHP-zeros (b) Outputfactorizationof RHP-zeros
G(s) G(s)
________ - A
L BHG) > Guils) b Lm Guols) | Bl (G)
L - - - - — — - _ L — - — _ _ — — _ _

(c) Inputfactorizationof RHP-poles (d) Outputfactorizationof RHP-poles

FigureA.1: Structureof input/outputfactorization®f RHP-zeros/poles

Righthalf planezerosandpoles(zeros/pole# theopenright half plane,C*) of arational
transferfunctionG(s) canbefactorizedn eitherof thetwo Blasdke productdabeled‘input
factorization”(subscript) or “output factorization”(subscripb) asfollows (seeFigureA.1)

Input Output
RHP-zeros: G(S) = GmZ(S)BzZ(G(S))7 G(S) = BZO(G(S)) Gmo(s) (All)
RHP-poles:  G(s) = G4i(s)B,; (G(s)); G(s) =B, (G(s)) Gso(s)  (A12)
where

Gmi» Gmo — Minimum phaseversionsof G(s) with the RHP-zerosmirrored acrossthe
imaginaryaxis.

B..(G), B,;(G) — Stableall-pasgrationaltransferfunctionmatriceqall singularvaluesare
equalto 1 for s = jw) containingthe RHP-zeros(subscriptz) of G(s).

Gsi, Gso — Stable(subscripts) versionsof G(s) with the RHP-polesmirroredacrossthe
imaginaryaxis.

B, (G), B,i(G) — Stableall-pasgrationaltransferfunctionmatrices(all singularvaluesare
equalto 1 for s = jw) containingthe RHP-poles(subscriptp) of G(s) asRHP-zeros.

A REMARK ON NOTATION. Thefilters B.;(G), B..(G), B,:(G) andB,,(G) representactorizations
of all RHP-zeros/poledn the rationaltransferfunction G. Thefilter is of coursedependenbn the
RHP-zeros/poleandtheirinput/outputdirectionsin G. Thisis reflectedn thenotationB,..(G), where
zx € {zi, zo, pi, po}. On the otherhand,the filters are rational transferfunction matricesand
are thereforefunction of the comple variables. A strict notationwould be B, (G, s), which we
simplify to B, (G(s)). As thereademay have noticed,we sometimesvoid to shav the dependeng
of comple variables, andwrite B, (G) instead. Whenwe want to evaluatethe rational transfer
functionatacomplex numbere for thecomplex variables, i.e. s = ¢, we usethenotation.. (G)|,_...
Whenthe focusis on the rational transferfunction containingthe RHpP-zeros/polesand someof its
propertiesvhich areindependentf the zeros/polesindtheir directionswe write B(s). To summarize,
the notationis twofold:

1) Operator:B.,(G(s)) is usedto denotethefactorizatiorof RHP-zeros/polein G. In thesecases
B..(-) may be viewed asoperatorsand for exampleB.;(G), meansfactorizethe RHP-zeros
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of G into the all-passrationaltransferfunction denoteds. ; (G). Someof the propertiesof the
operatoraresummarizedn SectionA.4.

2) Therationaltransferfunctionmatrix B, (G(s)): Sometimeshe singularpointsandthe direc-
tionsareof minorimportancejn thesecasesve write B(s).

In asimilarway (-)m:, (*)mo, (-)si @and(-)s, may both denotethe operatorswvhich return“minimum
phase”or “stable” versionsof arationaltransferfunction, wherethe RHP-zerosor the RHP-polesare
factorizeceitheratthe“input” or atthe “output”.

WhenfactorizingRHP-zeros thefilters B,;(G) andB,,(G) consistof N, (N, isthenumber
of RHP-zeros)seriesconnectedirst orderfilters B;(s) of sizek x k, eachfactorizingone
RHP-zeroz;. If anoutputfactorizationis consideredhenk = [ andif aninputfactorization
is consideredhenk = m. In asimilarmannerwhenfactorizingRHP-polesthefilters B,,; (G)

andB,, (G) consisof N, (IV, is thenumberof RHP-poles)seriesconnectedirst orderfilters
B;(s) of sizek x k eachfactorizingoneRHP-polep;.

A.3.1 All-passfilter B(s)

The generalfilter B(s) describingB.;(G), B..(G), Bpi(G) and B,,(G) andsomeof it's
propertiesaresummarizedn LemmaA.1.

______ Bls) - _ _ _ _ _
M 1
—:> Bi(s) > By(s) - - - — > Bn(s) :—>-
Lo - - _

FigureA.2: All-passfilter

LEMMA A.1 (ALL-PASS FILTER). Letc; € Ct, v; € C* withvfv; = 1,Vie 1,...,N,
andlet thefilter B(s) bedefinedas(seeFigure A.2)

N-1
B(s) = Bn(s)By_1---Bi(s)= [[ Bn-i(s) whee (A.13)

=0
Bi(s) = I-— 2Re(fi)uwﬁ (A.14)

S+ ¢;
Considerthefactor B;(s) in B(s):
1) B;(s) hask — 1 eigervaluesequalto oneandtheremainingeigervalueis
S —C;
i = Al

M(Bi(s) = (A.15)

2) B;(s) hask — 1 singularvaluesequalto oneandtheremainingsingularvalueis
s — ¢ o(Bi(s)) <1 forseCt

ok (Bi(s)) = [Ak(Bi(s))| = stal a(Bi(s)) > 1 ;Ors €C”  (A16)
¢ 1 or s = jw.
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3) B;(s) hasRHP-zelo for s = ¢; with inputandoutputzero directionsw;.
4) B;(s) hasLHpP-polefor s = —¢; with inputandoutputpoledirectionsw;.

Theinverseof B(s) is givenby

B7l(s) = By'(s)By'(s)---By'(s) = HB,L-_I(S) whee (A.17)

Bls) = 14 22el@), u (A.18)

’ s — ¢
5) B[l(s) hask — 1 eigervaluesequalto oneandtheremainingeigervalueis
(B (s)) = 15 (A.19)

s —C;

6) B;l(s) hask — 1 singularvaluesequalto oneandtheremainingsingularvalueis

(Bi'(s))>1 forsecCt
(Bi'(s)) <1 forseC
for s = jw.

(A.20)

s —ci|

=Q Q

or(B; 1 (s)) = [Xe(B; M (s))| = e {

7) B;l(s) hasRHP-polefor s = ¢; with inputandoutputpoledirectionsy;.

8) B; '(s) hasLHpP-zew for s = —¢; with inputandoutputzeio directionsv;.
Furthermoe, a minimalrealizationof B(s) has N RHP-zeosfor s = ¢; and N LHP-poles
for s = —¢;. Definethetwo rational transferfunctions

N

Bnij+i(s) = ][] Bwjr1-i(s) = Bn(s)Bn-1(s) - Bjri(s)  (A21)
i=j+1
j—1

Bj-11(s) = H Bj—i(s) = Bj—1(s)Bj—2(s) - - - B1(s) (A.22)
=1

sothat

B(s) = Bn:j+1(5)B;(s)Bj—1:1(s) (A.23)

9) If B;_1.1(s) hasno RHP-zeosfor s = ¢;, thentheinputzeio directionof B(s) for the
RHP-zel s = c; becomes

Uz=c; = Bj_—ll:l(cj) v; / ||Bj__11:1(cj) Vil (A.24)

10) If By.j+1(s) hasno RHP-zeosfor s = ¢;, thenthe outputzeio directionof B(s) for
the RHP-zeo c; becomes

Yz=c; = BRI:I§+1(CJ') Uj/ ||BRI:I§+1(CJ') Uj”z (A.25)

11) If B;_1.1(s) hasno LHP-polesfor s = —¢;, thentheinput pole directionof B(s) for
theLHP-poles = —¢; becomes

Up=—t; = Bf—l:l(_éj) v; / ||B§I—1:1(_Ej) Vi |, (A.26)
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12) If Bn:j+1(s) hasno LHP-polesfor s = —¢;, thenthe outputpoledirectionof B(s) for
theLHP-poles = —¢; becomes

Yp=—c; = Bnij1(=C) v / | Bijr1(=85) vjl, (A.27)

REMARK 1. InLemmaA.1it is assumedhatc; € C*, however, mostof thestatements LemmaA.1
still apply? for ¢; € C. The mainreasonfor the assumptiorz; € C* is thatour useof the results
have beenrestrictedto ¢; € C*. If theassumptions relaxedto ¢; € C thenit is possiblefor thefilter
B(s) to have botha poleanda zeroatthe sameocation,for examplelet ¢; beacomplec numberwith
Re(c1) > 1 andcy = —¢; thenthefilter B(s) haszerosandpolesfor ¢; and—¢; . If thosezerosand
polescancelin aminimal realizationor not, depend®nthedirectionsy; andws.

REMARK 2. Theeigervectorsof B;(s) equalghesingularinputvectorswhich againequalshe singu-
lar outputvectors.Also notethatthesevectorsareindependensdf frequeng.

REMARK 3. Sincetheinputandoutputsingulardirectionsof B;(s) areequalit followsthatthereis no
rotationof thezeroandpoledirectionsfrom theinputto the outputin 5;(s).

A.3.2 Right half planezeros

Input factorization of RHP-zeros.

r- - - - - - - - = O 7
- - — — = = — — — — — — — — — |

u |:_ B.i(G(s)) —: |y
1 B » By — —--- % DBn, — Gmi l—»
b - - - - - - = - = = = = = = - 4

FigureA.3: Inputfactorization®f RHP-zeros

THEOREM A.1 (INPUT FACTORIZATION OF RHP-ZEROS). A systenG with N, RHP-zes
z; € C4, canbefactorizedin a minimum-phassystenG,,; andan all-passfilter B.,;(G)

G(s) = Gmi(s)B.i(G(s)) (A.28)

G hasall RHP-zewos of G mirroredinto the LHP, andit is givenby

Gomils) = [%’%] (A.29)

2The statementsvhich generallydo notapplywhenc; € C areitems9)-12),in additionthefollowing changes
areneeded:

c;,s €CtH ¢; € Ctands € C~
1) In(A.16):5(B;(s)) < 11if or andg(B;(s)) > 11if or
ci,s € C™ c; € C ands € Ct
ci,s € Ct ¢; € Ct ands e C~
2) In(A.20):5(B; ' (s)) > 1if or ands(B; ' (s)) < 1if or
ci,s € C ¢; € C ands € Ct
3) B;(s), Bi_l(s) andB(s) mayall have both LHP andRHP zerosandpoles.
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whee B’ can be calculatedby applying the following two formulasrepeatedlyfor i =

1,....N,
) [2]- [
H

B; = Bi_1 — 2Re(z:),, 0 (A.31)

withthevector[ & 4., ] scaledsudthatafa,, =1, By = BandB’ = By .

The(all-pass)filter Bzz (G) containsthe RHP-zeos of G with the sameinput zeio direc-
tionsasin G. It hasall singularvaluesc;(s) and absolutevalueof all eigervaluesa;(s)
equalto onefor s = jw. Thefilter hasthe sameform asthe geneal all-passfilter givenin
LemmaA.l,andit is givenby

Ba(G(s) = By, (9B () Bi(s) = [ Br.sls)  (A32)
whee
Bi(s)=1— Qﬁ(z) i, 07 (A.33)

REMARK 1. Theexpressionsbove arevalid for all z € C. Forthecasewith Im(z) # 0 thefactoriza-
tion yield comple realizationsof B, ; (G).

REMARK 2. WhenG containamorethanoneRHP-zero,differentsequencesf factorizationgield the
sameoverall B,;(G) andG.,.;, however, theindividualfilters B; aredifferentdueto differentdirections.
As an example,considera systemG with two RHP-zerosz; andz». Factorizingfirst z; andthen z,
yields B.i(G) = Bi(G)B:(GBy ) and Gr,;. Factorizingin the oppositesequence|zs, 21} gives
B.i(G) = B2(G)Bi(GB;") and Gy it thenturnsout that Gr; = Grmi andB.i(G) = B.:(G).
However, By # B, andB; # Bs.

Recusiveformulasfor themodifiednputzeo directionsandmodifiednputzero statevectos
for distinct zeos. The input zerodirectionsi,; changeasthe factorizationproceed. The
input zerodirection (4, ) of the first RHP-zero (z;) factorized,is equalto the input zero
directioncalculatedfrom (A.5), i.e. 4,, = u,,. Letu,, denotethe “original” input zero
directionfor the secondRHP-zeroto be factorized,andG; the systemwith the first RHP-
zerofactorized We thenhave

G1(s)Bi(G(5)) = G(s) & Gi(s) = G(s)B'(G(s)) (A.34)

1,4, 1S theinputdirectionof thesecondRHP-zeroto befactorizedor thesystemwith thefirst
RHpP-zerofactorizedj.e. G;. Wethenhave

G1(22) 0z, = G BT, sy, = 0 (A.35)
N——
Uz,

which givesthe (normalized)modifiedinput zerodirection

Bilo—sy (A.36)
HBl s=22uz2 H2 .

Uzy =
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To generalizethe j’th (normalized)modifiedinput zerodirectioni,,, becomes

i—1
. [[i=) Bj-i ‘s:zj Ug;

UZj = j_]-B
Hi:l j—i|s=zjuzj 9

(A.37)

Note,we mustassumehatthe RHP-zerosz; aredistinctto usetheformula(A.37).

The recursve formulasfor the modified input zero statevectorsfollow from the first
equationin (A.30) andby usingthealreadycalculatednodifiedinputzerodirectionii,, from
(A.37). We get

&,, = —(A— 2z 1) " Bj_1i,, (A.38)
providedthatz; is notaneigervalueof A.

Output factorization of RHP-zeros.

r T T T T T G (_s) _________ 1

| T B (G ——
u—:> Gmo :: BNZ > BNz—l F— — — — Bl +£/—

R T

FigureA.4: Outputfactorization®f RHP-zeros

THEOREM A.2 (OUTPUT FACTORIZATION OF RHP-ZEROS). A systemG with N, RHP-
zeos z; € C,, canbefactorizedinto a minimum-phassystem,,,, and an all-passfilter
BZO(G)

G(S) = Bzo(G(S)) Gmo(s) (A39)

Gmo hasall RHP-zeos of G mirroredinto theLHP, andit is givenby

Gomols) = {%%} (A.40)

whee C’ can be calculatedby applying the following two formulasrepeatedlyfor i =
1,...,N,

A—zI B
~H ~H 7
U el

2 Us } =[0 0] (A.41)
Cz' = Ci—l — 2Re(zi)gzi .’/ilg (A42)
withthevector[#f §%]scaledsudthatjy,, =1,Co = CandC’ = Cy,.
The (all-pass)filter B,,(G) containsthe RHP-zeos of G with the sameoutputzeo di-
rectionsasin G. It hasall singularvalueso;(s) andabsolutevalueof all eigenvaluesi;(s)
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equalto onefor s = jw. Thefilter hasthe sameform asthe geneal all-passfilter givenin
LemmaA.l,andit is givenby

B.o(G(5)) = Bi(s)Ba(s) - - Bw. (s) = | [ Bi(s) (A.43)
1=1
whee
Bits) = 1- 2 g (n.44)

REMARK 1. Theexpressionsbove arevalid for all z € C. For thecasewith Im(z) # 0 thefactoriza-
tion yield comple realizationf B,,(G).

Recusive formulasfor the modifiedoutputzeo directionsand modifiedoutputzeio state
vectosfor distinctzeos. The j'th (normalized)modifiedoutputzerodirectionbecomes

A

i1 "
(Hi:l Bi ‘s:zj) Yz;
Yz; =

- (A.45)
H (Hf;ll B; \s:zj) " Yz,

2

wherey., . is the “original” outputzero direction definedby (A.6). The modified output
zerostatevectorbecomegfrom the upperequationin (A.41) andusingthe modifiedoutput
directiongivenin (A.45))

&, = —(A—zI)""CL, 4, (A.46)

providedthatz; is notaneigervalueof A.

A.3.3 Right half plane poles

Output factorization of RHP-poles.

- T T T T T T T G (_S) _________ 1
| 1 = By (G(s) —— |
u | | -1 -1 1 Iy
_r Gso |= BNP - BNp—l — — — — > Bl T>-
Lo - o ke - - - - - - ==

FigureA.5: Outputfactorization®f RHP-poles

THEOREM A.3 (OUTPUT FACTORIZATION OF RHP-POLES). A systemG' with N, RHP-
polesp; € C,, canbefactorizedin a stablesystent, andan all-passfilter B,,(G) con-
taining the RHP-polesof G asRHP-zelns

G(s) = B;H(G(s)) Gso(s) (A.47)
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G, hasall RHP-polesof G mirroredinto the LHP, andit is givenby

A B } (A.48)

Guolo) = |61

whee A’ and B’ can be calculatedby applyingthe following four formulasrepeatediyfor
i=1,...,N,

(Aicr —pl)@p, =05 Gp, = Cy, (A.49)
A = A;_1 — 2Re(p;) &, §EC (A.50)
B; = Bi_1 — 2Re(p;) &, 51 D (A.51)

with thevector[ &, 47, ] scaledsud thatg g, = 1, Ag = A, Bo = B, A’ = Ay, and
B' = By,.

The (all-pass)filter B,,(G) containsthe RHP-polesof G as RHP-zes, with input zeo
directionsequalto the output pole directionsfor the RHP-polesof G. It hasall singular
valueso;(s) andabsolutevalueof all eigervalues);(s) equalto onefor s = jw. Thefilter
hasthe sameform asthe geneal all-passfilter givenin LemmaA.1,andit is givenby

N,—1
Bpo(G) = By, (s)Bn,—1(s) - Bu(s) = [] Bu,—i(s) (A.52)
=0
whee 2Re(p)
e\vi) . .
Bi(s) =1 = il (A53)

r - - - - - - = = G_(s) _________ B
e =S T T T T | |
B, (G(s) —
u |l 1 _1 1 | | Y
\ By > B, | --- % By, > Gsi |—>
e i e I J_ _ _ _

FigureA.6: Inputfactorization®of RHP-poles

THEOREM A.4 (INPUT FACTORIZATION OF RHP-POLES). A systentG with N,, RHP-poles
p; € C4, canbefactorizedin a stablesystemG; and an all-passfilter B,;(G) containing
the RHP-polesof G asRHP-zeos

G(s) = Gui(5)B,; (G(5)) (A.54)

D

G; hasall RHP-polesof G mirroredinto theLHP, andit is givenby

Guls) = [%’%} (A55)
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where A’ and C’ can be calculatedby applyingthe following four formulasrepeatedlyfor
i=1,...,N,

e (A —pid)=0; 1, = B, (A.56)

Ai = Ai—l - 2Re(pi)Bﬁpi Ali,l (A57)

Ci = Ci—1 — 2Re(p;) Dy, &) (A.58)

with thevector[ &, 4! | scaledsudh thatala,, = 1, Ag = A, Cy = C, A’ = Ay, and

C'=Cy,.

The(all-pass)filter B,;(G) containsthe RHP-polesof G as RHP-zelos, with outputzeio
directionsequalto theinputpoledirectionsfor the RHP-polesof GG. It hasall singularvalues
0;(s) andabsolutevalueof all eigervalues);(s) equalto onefor s = jw. Thefilter hasthe
sameform asthe geneal all-passfilter givenin LemmaA.1,andit is givenby

Np

Byi(G(s)) = Bi(s)Ba(s) - - B, (s) = | [ Bi(s) (A.59)

=1
2 y
G(Pz) Qi H

Bi(s)=1 - s+p, PP

(A.60)

A.3.4 Singleinput singleoutput systems

For Siso transferfunctionsthe orderin multiplicationis irrelevant,sotheall-pasdilter con-
tainingthe RHP-zerosor polesareidenticalfor inputandoutputfactorizations.

RHP-zeros. By settingthe zerodirectionsto 1 in eitherTheoremA.1 or TheoremA.2 one
getsthefactorizationof RHP-zerosz; € C, for Siso-systems

G(S) = Gmi(S)Bzi(G(s)) = Bzo(G(S)) Gmo(s) = Gm(S)BZ(G(s)) (A.61)
where
B.(G(s) 2 ] S5 = BulG(s) = BuolG(s) (A62)

If G is givenin termsof the rationaltransferfunctionwith polynomialse, g anda (where
all rootsof & have realpartlessthanzero)

Lo _ (oo am)il) _ 60 [T(s
G(s) = 305 305) ) Zl;[l s — z;) (A.63)
thenG,, is givenby
_(s+2)(s+2) - (5 + 2Zn. )als) _ds oL
Gn(s) = 305) (s (s + z;) (A.64)

s
I
-
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If G is representety the state-spaceealization(whereA € R**", b € R**!, ¢ € RIX"
andd € R**1)

Alb ]
G(s) = { cd| (A.65)
Thenone“input” realizationG,,,; of G, is givenby
Alb ]
Cimi = [4’7
whereb’ canbecalculated by applyingthefollowing formularepeatediyfor i = 1,..., N,

bi = (I — 2Re(zi) (ZiI — A)_l) bi—l

with by = b andd’ = by, . Similarly, one“output” realizationG,,, of G, is givenby

Alb
Gmo_[c’ d]

wherec’ canbecalculated by applyingthefollowing formularepeatediyor i = 1,..., N,
Ci = Ci—1 (I — 2Re(zz-) (ZZ'I - A)_l)

with ¢y = candd = ¢y, .

RHP-poles. By settingthe pole directionsto 1 in eitherTheoremA.3 or TheoremA.4 one
getsthefactorizatiorof RHP-polesp; for SIso-systems

G(s) = Gui(s) B, (G(5) = By (G(s)) Guols) 2 Gu(9)B, ' (G(s)  (A66)
where §
By(G(s) 2 [ 2 = Brl(G(s) = BpolGls) (A67)

If G(s)is givenin termsof therationaltransferfunctionwith polynomialse, 8 andg (where
all rootsof 8 have real partlessthanzero)

G(s) a(s) a(s) a(s) 1 | (A.68)

P

Moo
A.69
Hs—i-ﬁi ( )

=1

S

s(s) == =

_afs)
(s+p1)(s+P2) - (s +pn,)B(s)  Bls)

3We mustassumehat z; is notan eigemvalueof the state-spacenatrix A. However, this assumptioris fulfilled
if we have anminimal state-spaceealization.
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If G isrepresentedly the state-spaceealization(A.65), one“input” realizationG; of G is
givenby
A b}

GSi:[ cd | d

where A’ and¢’ canbe calculatedby applyingthe following formulasrepeatedliyfor i =
1,...,N,

& (Aiy —piI) =0 with &, scaledsuchthat: b7, =1,

Ai = Ai—l — 2Re(pz)b:i:]f and C; = Cj—1 — 2Re(pz)d:i:£
with Ag = A, cp = ¢, A’ = Ay, andc’ = cy,. Similarly, one“output” realizationG, of
G, is givenby

/ /
Gso:|:A b}

c | d

where A’ andb’ canbe calculatedby applyingthe following formulasrepeatedliyfor i =
L...,N,

(A1 — pil)@,, = 0 with &, scaledsuchthaf: cz,, =1,
A; =A;_1—2Re(p;)p,c and b; = b;—1 — 2Re(p;)Zp,d

with AO =A, Co = C, A = ANP andc = CN,, -

A.3.5 Factorizationsof rational transfer function vectors

As for rationaltransferfunctionsthe factorizationsof rationaltransferfunction vectorscan
alsobe simplified. Considerthe input factorizationof RHP-zerosin W whereW is of size
nw X 1

W(s) = WpiBB,i(M(s))

Clearly, B,; (W) is givenby (5.19)for all multivariablé® RHP-zerosof W, sinceWV is single
input. We usethe notation

W(s) = Wp,B,(W), for multivariableRHP-zerosof W.

By changingheorder of W,,, andB, (W) we get

And we obtain

Wino(s) = Win(5) = Wini(s),  Bao(W) = By (W) - I, and Bui(W) = B,(W)

4Requireghatthemodep; is controllable.

SRequireghatthemodep; is obsenable.

SMultivariablezerosof a rationaltransferfunction vectormustappearasa zeroin all elementsof the transfer
functionvector

"Changingorderof ascalartransferfunctionanda multivariabletransferfunction matrix is allowed.
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In asimilar way we canshow thatfor the RHP-polesof W
Wao(s) = Wils) = Wai(s),  Bpo(W) = Bp(W) - I, and Byi(W) = B,(W)
For V of sizel x ny we obtainfor the multivariableRHP-zerosof V/
Vini(8) = Vin(8) = Vino(s), Bai(V) =B.(V) - In, and B (V) =B.(V)
andfor the RHP-polesof V/

Vii(s) = Vi(s) = Vio(s),  Bpi(V) = Bp(V) - Iny,  @and Bpo(V) = By (V)

A.4 Viewing the factorizations asoperations

Definethefollowing eightoperatorsvhichreturnsandtakesasanargumentarationaltransfer
functionmatrix:

B.;(-) — Returngheall-pasdilter definedby theinputfactorizationof RHP-zeros.

B..(-) — Returngheall-pasdilter definedby the outputfactorizationof RHP-zeros.

B,;(-) — Returngheall-pasdilter definedby theinputfactorizationof RHP-poles.

B,.(-) —Returngtheall-passfilter definedby the outputfactorizationof RHP-poles.

(1)mi — Returngheinput minimumphaseaepresentationf theamgument.

(-)mo — Returnghe outputminimumphaseepresentatioof theargument.
(-)si — Returngheinput stablerepresentationf theargument.
(-)so — Returnsthe outputstablerepresentationf theamgument.

)
)

A.4.1 Someproperties

Operations applied to identity.

By (I) =1, wherexz € {zi, zo, pi, po} (A.70)
(I)yy =1, whereyy € {mi, mo, si, so} (A.71)

Yieldsidentity. If G hasno RHP-zerosthen

Bzi (G) = I; BzO(G) =1 (A72)

Bu(@) =1  Byol(G) =1 (A73)



A.4 VIEWING THE FACTORIZATIONS AS OPERATIONS 267

Repeatedapplication.

B.i(B.i(G)) = B.i(G);  Bo(B:o(Q)) = B.o(G) (A.74)
B.i(B:o(G)) = B.o(G);  Bao(B.i(G)) = B.i(G) (A.75)
Byi(B,(G) = Byi(G);  Bpo(By, (G)) = Bpo(G) (A.76)
sz (Byo (@) = Bypo(G);  Bpo(B,'(G)) = Byi(G) (A.77)
B.i(Bpo(G)) = Bpo(G); B.o(Bpi(G)) = Bpi(G) (A.78)
Bpi(B, (G) = B:o(G);  Bpo(B;' (G)) = B.i(G) (A.79)

Note,all of thesepropertiesay: Repeating factorizatioron aall-pasdilter only givesback
whatis alreadyobtained.Still it maybe very usefulto repeata factorizationaswe shall see
below.

Proof of (A.74)—(A.79). All of thesepropertiesfollow easilyfrom the state-spaceealizationfor the
generahll-pasdilter, seeLemmaA. 1. |

Similarly, we have

(Gmi)mi = Gmi;  (Gmo)mo = Gmo (A.80)

(Gmo)mi = Gmo;  (Gmi)mo = Gmi (A.81)

(Gsi)si = Gsi;  (Gso)so = Gso (A.82)

(Gso)si = Gisis (Gpi)po = Gpi (A.83)

Proofof (A.80)—(A.83).Followsfrom (A.72) and(A.73). i

Pole factorization of minimum phaserepresentations. The following relationshipsare
useful

Bpo(Gmi) = Bpo(G); Bpi(Gmo) = Bpi(G) (A.84)
G = Bpo(G) Giso B.i(G); G = B:o(G) Gmosi Bpi(G) (A.85)
A REMARK ON NOTATION. With G iso We mean(Gmi)so. Similarly, Grosi = (Gmo)si-

Proof of (A.84). Whenfactorizingthe RHP-zerosof G, only the input matrix B in the state-space
descriptionchangegA.29). The outputfactorizationof RHP-polesin G depend®n the polesandthe
outputpoledirections(A.52) and(A.53). Sincetheoutputpoledirectionsonly dependnthe A andthe
C matrixin thestate-spacdescriptiorit followsthatthepoledirectionsdo notchangavhenfactorizing
thezerosattheinput, andthefirst partof (A.84) follows. The secondoartfollows similarly, sinceonly
theoutputmatrix C in the state-spacdescriptiorchangesvhenfactorizingthe RHp-zeroatthe output,
andtheinputfactorizatiorof RHP-polesonly depend®nthepolesandtheinput poledirectionswhich
do notchangenvhenfactorizingthe zeros. |

Proofof (A.84).
G = Gm1 Bzz(G) = Bpo(Gmi) Gmiso Bzz(G) = Bpo (G) Gmiso Bzz(G)

and
G= Bzo(G) Gmo = Bzo(G) Gmosi Bpi(Gmo) = Bzo(G) Gmosi sz(G)
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Applied to the inverse. AssumethatG—! exists,then

B.i(G) = Bpo(G™Y);  Gmi= (G135, (A.86)
B.o(G) = Bypi(G™Y); Gmo = (G_l)_il (A.87)
B.i(G™Y) = Bpo(G); (G Nmi = (Gso) ™" (A.88)
B.o(G™) = Bi(G); (G )mo=(Gso) ™" (A.89)
B.(G)G =G GTB,.(G)=G,L (A.90)
BNG) G =G GT'BHG) =Gy} (A.91)
Bsz;é) =Bpo(G);  Beo(Grb) = Bpi(G) (A.92)

A REMARK ON NOTATION. With G} we mean(Gn.:) ™', i.e. G,.} = (Gmi)~". Similarly, G4 =
(Gmo) ™, Gyt = (Gso) ™' andG! = (Gsi) ™.

Proofof (A.86)—(A.92).
G =GniB.i(G) and G™' =B, (G™") (G )so

invertthelatterto obtainG = (G™');.! B, (G™'), and(A.86) follows from inspection.Eq. (A.87)
follows similarly from the outputfactorizationof RHP-zerosandinput factorizationof RHP-polesfor
G~'. Eq. (A.88) and(A.89) follow from (A.86) and(A.87) by replacingG with G~*. Eq. (A.90)
follows from G = G,:B.:(G) andthe IatterpartfromG B.o(G)Gmo- EQ. (A.91) follows from
G = GsiB,, (G) andthe Iatterpartfrom G = B;,'(G)Gs,. Thefirst partof (A.92) follows from
(A.88) by substltutlngG with G, andapplylng(A 84). Thelatterpartfollows similarly by substi-
tuting G~* in (A.89) with G, andusing(A.84). O

Applied to products. Considetthe productN M betweerthe two rationaltransferfunction
matricesN and M, seeFigureA.7. Four additionalrulesfor casesvhenthereareno RHP-

Y

N —

FigureA.7: ProductN M of thetwo transferfunctionsN and M.

zero/polecancellationdbetweerthetwo transferfunctionsM andN are:

B.i(NM) = Bi(B.i(N)M) (A.93)
B.o(NM) = Byo(NB.o(M)) (A.94)
Bpi(NM) = Bpi(By'(N) M) (A.95)
Byo(NM) = Byo(NB,, (M) (A.96)

Proof of (A.93)—(A.96) Caneasilybe verified by drawing the correspondingdplock diagrams Equation
(A.93) canbeprovedby considering-igureA.8(a), we get

B.i(NM) = B.i(B.:(N)M)

sinceN,,,; hasno RHP-zeros.EquationgA.94)—(A.96)follow similarly by considering-igureA.8(b)—
(d). O
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— M > B.i(N) > Npi > —» Moo > B.o(M)f—» N |—»
(@Q)NM = Np,;B,i(N) M () NM = NB,o(M) My,

—» M > B;il(N) » N, —» —» M, :B;ol(M) > N [—>
(€©) NM = NyiB,'(N) M (d) NM = NBp,' (M) Ms,

FigureA.8: Proofof (A.93)—(A.96)

Let N beunstablea counterexampleon (A.93) couldbe

I = Bzi(NN_l) = B.i(B.i(N) N_l) = Bzi(N_l) = Bpo(Nmi) = Bpo(N) # I

mi

So, we needthe assumptiorof no RHP-pole/zerocancellatiorbetweenN and M (i.e. we
needto considera minimal realizationof the productN M).
Next, assumehat M —! existsandthat M (s) hasminimalrealization then

Bzz(Bzz(M) M_lN) = Bzi(Bpo(M) N) (A97)
B.o(NM™1B,,(M)) = B,o(NB,i(M)) (A.98)

Proofof (A.97)and(A.98) Equation(A.97) follows from
B.i(B.i(M) M™'N) = Boi(Mpi N) = Bei(Bei (M) N) = Bei(Bpo(Mmi) N) = Bei(Bpo(M) N)

Thefirst equalityfollows from first part of (A.90), the secondequalityfollows from (A.93), the third
equalityfollows from (A.86) andthe fourth equalityfollows sincethe outputpole directionsof M do
notchangewith inputfactorizationof RHP-zeros.Theproof of (A.98) follows similarly

Bio(NM ™' B:o(M)) = Bio(NMpg) = Bio(NBio(M7)) = Beo(NByi(Mimo)) = Beo(NByi(M))

by using(A.90), (A.94), (A.87) andthatthefactthattheinput poledirectionsof M do notchangewith
outputfactorizationof RHP-zeros. |
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Appendix A Proofsof the results

Proofof LemmaA.L1 B;(s) canbewritten

2 D(s) —yH
Ay T1 0 0 17T af
Bi(s)=VD()WVE =Tuy - wpy ]|+ = ¢ ¢ ; A.99
(s) (s) [u1 1 ]o---1 ; ull (A.99)
0 - 0 vf!

wherewe selectthe setof vectors{u,, us, - - - ux_1} suchthatthey form anorthonormabasisfor C*
togethemwith v;. Equation(A.99) gives

Bi(s)V =V D(s)

consequently3;(s) hask — 1 eigervaluesequalto 1 andoneeigervalueequalto

S — C;
A\, =
k s+ ¢;
Furthermorepn afrequeng-by-frequeng basis
1 0 0
(RH () — H Hy,H _ BOVE — H
Bi(s)B;" (s) VD(S)VIV(D(S)) \% VD(s)D(s)V |4 0 1 0 2 |4
= [s—cil
L P

andit followsthatB; hask — 1 singularvaluesequalto 1 andonesingularvalueequalto

7 Buls)) = e

To prove
|)\k(81(8))| = Q(Bz(s)) = :z;?: <1 for S,C; € (C+ ors,c; € CcC
Ci
assumes + ¢;| < |s — ¢;| andsets = zs + jys ande; = z. + jy.. Then|s + &| < |s — ¢;|, implies
(s +2)? + (ys —ye)? < (zs — ) + (ys — ye)? Whichgivesdz .z, < 0. It followsthatwhens

andc; arein thesamehalf planethen -1 < 1, otherwisel*=<d > 1. Wheneithers or c; is onthe

imaginaryaxisthen ¢4 = 1.

It follows from (A.99) that B; haszerofor s = ¢; with input andoutputdirectionwv; andthat B;
haspolefor s = —¢; with inputandoutputdirectionsw;.

Theinverseof B;(s) is givenby

1 0 0 ul?
Bi_l s) = VD 'GWH =[u ... Uk—1 Ui
(s) (s) [u1 1 vi] 0 - uh
0 o 0 | | f
_ oy g Relw) gy Rele) om (A.100)

S —C; § —C;
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It followsthatB; ! (s) hask — 1 eigervaluesandsingularvaluesequalto 1,

A (B (s) = 21 o (B ' (s)) = [\ (B ()]

b
s — ¢

andwhens,c; € C* ors,c; € C~ thena(B;'(s)) = X4 > 1 andotherwiseg (B (s)) =
lsteil <1,

[s—ci| —

It follows from (A.100) that B; ' haspolefor s = ¢; with input andoutputdirectionw; andthat
Bi‘1 haszerofor s = —¢; with inputandoutputdirectionsu;.

By splittingup B(s) into threepartsasgivenin (A.23)

B(s) = Bn:j+1(s)B;j(s)Bj-1:1(s)

whereBy.j+1(s) is givenin (A.21), B;(s) is givenby (A.14) with ¢ = j andB;_1.1(s) is givenby
(A.22). Since,B;(s) hasazerofor s = ¢; it follows that B(s) hasazerofor s = ¢; sincethereis no
poleto cancelthiszero(no polein C.). Sinces = ¢; is azeroof B; with inputdirectionv;, it follows
that

B(cj)u = Bn:j+1(c;j)Bj(cj) Bi-1:1(cj)u =0
N ——

wherev; = B;j_1.1(cj)u sinceB;_1.1(c;) is hon-singula(by assumptionandv; is the only singular
directionfor B;(c;). We getthenormalizedinputzerodirectionfor ¢;

Uo—e; = By 11 (ci) vi [ 1Bl (cs) vslly

In asimilarway we have y By .j+1(c;) = vJH for the outputdirection,andwe getnormalizedoutput
zerodirectionfor c;
—-H —-H
Yz=c; = BN:j—l—l(cj) v; [ ||BN;j+1(Cj) Uj ||2

Since—¢; is apoleof B(s) it is azeroof B~'(s) with input zerodirectionequalto the outputpole
directionandoutputzerodirectionequalto theinput poledirection.Inverting (A.23) gives

B~ (s) = B;Z1.1(s)B; " (5)Bysj41(s)
Wethenhave
UHBJ'_—llzl(_Ej) = UJH and Bz:r:lj+1(_5j)y =7
Which givesthe normalizedinputandoutputpoledirectionsfor —¢;

H - —
Up=—z; = Bj_1.1(=¢)v; and yp=—z; = Bn:j41(—C;) v;

O

Proof of TheoemA.L The proofis only givenfor N, = 1 (in this caset, = u, andZ, = x.;).

Theprooffor N, > 1 is to apply the proof of N, = 1 repeatedly To seethatthe minimum phase
representatiol,,; canbewrittenasgivenin (A.29) with thematrix B’ givenby (A.31) onehasto use
thegeneralizectigevalueproblem(A.5). For G(s), s = z isazeroso(A.5) becomes

[Ag‘zl g] [3] - [8] (A.101)
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For the minimum phasesystem,G..; (s), thezeros = —z = —Re(z) + Im(z); hasthe sameinput
directionandthe samestatedirectionasG(s) for s = z. Thegeneralizeeigervalueproblembecomes
A+zI B'|[2.] _[0]

[ " D] H - [0_ (A102)

By subtracting/A.102) from (A.101) oneobtains

A—A-zI-21 B-B'[z]_][o0
0 0 i, | |0

Uz

(A.103)

from thefirst equationonegets
—2I&, — 2I%, + Bi, — B'4, =0
By extractingii, ontheright andsolvingfor B’ oneobtains
B' = B — 2Re(2)&. 0.

which proves(A.29) and (A.31). The all-passfilter with RHP-zerofor s = z with input and output

zerodirectionsu,, and LHP-pole for s = —Zz with input and output pole directionsi.. is given by
LemmaA.1, (A.13) and(A.14) with N, = 1, v; = 4, andc; = z. Fromthe constructiorof G, (s)
we know thereis a zerofor s = —z with input direction4... We may thereforecancelthe pole for

s = —zin B.;(G) with thezeroin sameéocationin G, (s) andit followsthatG,,;B.:(G) = G. O

Proof of TheoemA.2 Sincez; is a RHP-zerofor G(s) it followsthatz; is a RHP-zerofor
AT | o”
T —_—
<= ior]

FromTheoremA.1 we have

G = (GNmiB:(G") & G=B4(G") (G )mi

AT | cm " A|B
— T\T P — =
Gmo - (G )mz [ BT DT ] |: Cl D :|

Therelationbetweermodifiedzero-inputdirectionsy; andthe modifiedzero-input-stateectorz; for
thetransposedystemG” andthe correspondingutputdirectionsfor G, follows from

AT - ZiI C;T_l I; T T A — ZiI B
BT DT][yJ__O & = %]{ Ci_, _D]_O

We get

whichimplies
gzz' =Yi and 5721' =
The modifiedinput matrix C’ canbe calculatedby applyingthe following formularepeatediyfor ; =
1...,N,
C; = (ClT_l — 2Re(zi):1:iyf{)T =Ci_1 — 2Re(zi)gi:ciT =Ci_1 — 2Re(z,)g}zzﬁzg
with Co = C andC’ = Cy, . Theall-pasdilter becomes

N, ) )
B.o(G) = BL(G") = [[ Bils) with By =1— 2R g o 2Re(z), gn
=1

S+ z; s+ Z;
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Proof of TheoemA.3. Assumewithout lossof generality(seediscussiorbelov) that G is squareand
thatthe statespacematrix D is non-singularThenD ™! existsandG ™" is givenby (2.33)

A-BD™'C | -BD™*

-1
¢ = p~'c | D!

Furthermorep; is a RHP-zero of G~ which can be factorizedin an “input” factorization(Theo-
remA.1)
G = (G miB:i(GTY) & G=B (G (G )

Therelationsbetweerthe input zerodirectiony;, theinput zerostatevectorz; for G=' (dueto RHP-
polep; in G) andthe outputpoledirectiong,, , the outputpole statevectorz,, are(2.37)
T = —&p, and y; =gy,

We thenhave that
Bpo(G) = B.o(G™Y) and Gpo = (G~ )i

where

N, —1
_ 1y , _ 2Re(p) uw 2Re(p) . .o
By (G) =B,i(G™") = E) Bn,—i(s) with Bi(s)=1-— P yiy; =1 — prpiypi

_ -1 _ -1
(G = A BD C | BD_1+A
p~'c | D

whereA is thechangen theinput matrix dueto thefactorizatiorof RHP-zerosin G~*. We obtain

-1 _1 _1
Gpo = (G—l);;:[A‘BD C—(-BD"'+A)DD"'C | -B+AD
C ‘ D
_ [A—AC\—B+AD]_[A’\B’]
- c | D “c|D

ThechangeA becomes

Ny, Np
A =-BD - 2Re(pi)xziy; +BD = 2Re(p;)dp;iy;

=1 =1
themodifiedmatricesd’ and B’ canbefoundby applyingthefollowing formulasrepeatedly

(Ai—1 —pil)dp; =0, Up; = Oy,
A; = A;i_1 — 2Re(pi)ip; )'C  and B; = B;_1 — 2Re(p;)2p, §pr D

fori =1,..., N, with Ag = A, By = B, A’ = Ay, andB' = By, . Notethatthevector[zI. §T ]

is scaledsuchthatg;’ g,, = 1.

Non-square and strictly proper systemsG (singular D matrix). The outputpole directionsare
independentf the matrix D in the statespacedescription. Also the relation betweenoutput pole
directionsof G andtheinput zerodirectionsof G~ is independenof D, this meanghatwe canadd
non-zercelementgo D without affectingthethe poledirections.So,if D is singularwe addnon-zero
elementsalongthediagonalof D sothatit becomeson-singularConsidemext the casewhereG has
moreoutputsthaninputs. Thenfictitiousinputswith zeroeffectony canbeincludedby addingcolumns
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with zerosin B and D sothat D becomesquare.The next stepis thento addnon-zeroelementgo
D, sothat D becomeson-singularSimilarly if G hasmoreinputsthanoutputsonecanaddrows with
zerosto the C and D matrices.Note, thataddingcolumnswith zerosto the B matrix androws with
zerosto the C matrix do not changehedirectionof the pole,it only expandshedimension. O

Proof of TheoemA.4. Sincep; areRHP-polesof G(s) it followsthatp; alsoare RHP-polesof

AT CT
<" - [ 5rior]

FromTheoremA.3 we have
G" =B, (G")(GC")se & G=(GNLB (G

We get

Gsi:(GT)ZO:[A'T\C'T]:[A'\B]

B | DT C'|D
Theoutputpoledirectionu; andtheoutputpolestatevectorz; for thetransposedystemG” arerelated
to theinputpoledirections,; andthetheinputpolestatedirection,,, (2.31)and(2.29)

u; = Up, and T = &y,

The modifiedmatricesA’ andC’ canbe computedby applyingthe following formularepeatedIyfor
i=1,...,N,

A; = (AL — 2Re(p)miul B")" = A;_1 — 2Re(p) Bz = Ai—1 — 2Re(p) By, ﬁ;ﬁ

C; = (CL, — 2Re(p)ziuf’ DT)T = Ci—1 — 2Re(p)Dusz! = Ci—1 — 2Re(p) Diiy, &

with Ag = A, Co = C, A’ = Ay, andC’ = Cy,,. Theall-pasdilter becomes

with
Bi(s) = (I - %(?uiuff _po Re) g r g 2Re(pi), om
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Eigenvalue problemsand Jordan form

B.1 Left andright eigervalue problems

Assumaen thefollowing thatthedimension®f A isn x n. Thestandarcigervalueproblem
(referredto in this context astheright eigervalueproblem)is to find theeigervalue A andthe
eigervector(referredto astheright eigervector)z g which satisfy

A.Z'R = )\SL‘R (Bl)

In asimilar way, the left eigervectorproblemis to find eigervalue A andtheleft eigervector
xr, which satisfy
oA =28\ (B.2)

It is well known thatary scalars € C timesaneigervectoralsois an eigervectorandthat
eigervectorsey, . . ., x correspondindo differenteigervaluesi, . . ., Ax, thenthoseeigen-
vectorsarelinearlyindependentThesepropertiesareof coursevalid for bothtypesof eigen-
valueproblems.

Thefollowing propertyrelatesheright eigervectorz i 1, correspondingo aneigervalue
A1, to theleft eigervectorz, o, correspondingo aneigervaluez, wheni; # As.

PROPERTY B.1 Leftandright eigervectos which correspondgo differenteigenvalues,are
orthogonalto oneanother

Proof. Letx r,1 bearight eigervectorcorrespondingo theeigervalueA, andz . » bealeft eigervector
correspondingo theeigervalue A, we thenhave

A.’L‘RJ = )\111:3,1 and xf,QA = )\Q.Z'g,g
Multiplying thelatterontherightby z 1 gives
)\233?,21512,1 = -'L'g,QAmR,l = wf,z)\lmR,l

whichimpliesz ;zr,1 = 0 sincels # As. o
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TheeigevalueproblemgB.1) and(B.2) canbewrittenonmatrixform by arranginge z ;
andzy, ; sothatthey bothcorrespondo eigervalue ;. We thenform thematrices

Xr=[2r1 ZTr2 - ZTRrn]

Xr=|xL1 Zr2 -+ Zrn]

andthediagonalmatrix A = diag{\;}. Thenwe have thefollowing relationships
AXr=XgA and XZA=AXE (B.3)
Theright eigervalueproblemof thetranspos®f A becomes
ATX = XA (B.4)
Takingthetranspos®f (B.4) gives
XTA=AXT (B.5)

Comparing(B.5) andthe lastequationin (B.3) givesthat X; = X. Thatis, theleft eigen-
vectorsare equalto the conjugateof the right eigervectorsto A”. In MATLAB the left
eigervectorscanthereforebe computedasthe conjugateof theright eigervectorsof AT

B.1.1 Scaling

Sinceary scalartimesan eigervectoris aneigervector the eigervectorscanbe scalednde-
pendently It is usualto scalethe eigervectorsso thatthe norm of the vectorsare equalto
one. Note thatthe eigervectorsarestill not uniquethey canbe multiplied with a comple
numberwith magnitudeoneandarbitraryphase.In this work we assumehatboth left and
right eigervaluesarescaledsothattheir normareone. Considemext a pair of left andright
eigervectors(zr, ;, xr,;) correspondindo the eigervalue );, definethescalars; = a:f{ixR,i
andthediagonalmatrix S = diag{s;}. In thecaseof n linearlyindependengigervectorswe
canwrite thediagonalizatiorof A in termsof X, X1 andS asgivenin (B.9).

B.1.2 n linearly independenteigervectors

It is well known thata matrix A with n linearly independengigervectorsz z ; canbediago-
nalizedby thematrix X p

Xp'AXp=A or A=XgpAXy' (B.6)

In asimilarway A canbediagonalizedy X, if A hasn linearlyindependenieft eigervec-
tors.
XFAX;H =N or A=X;PAXE (B.7)

From(B.6) and(B.7) we have
X, =Xg" (B.8)
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whenA hasn linearlyindependentight eigervectors.Whencomputingtheleft eigervectors
accordingto (B.8) it follows thatthe left eigervectorsarescaledsothata:fiixL’i =1. To
seethis multiply X, ontheleft with X toobtainX¥ X} = XHX " = I. It istherefore
necessaryo normalizethe left eigervectors, X = X} S, whereS containsthe inverseof
thenormof thecolumnsin X; onthediagonal Multiplying X, ontheleft by Xf{ reveals

XEX,=X8XS=XEXs=8

which is desired. Multiplying (B.3) on the left by XZ, using(B.8) and X;, = X} S we
obtain

XHAXp = SHA = ASH (B.9)

The last identity follows sincetwo diagonalmatricescommute. In a similar way we can
multiply (B.3) ontherightwith X' = S~# X to obtain

A= XpAS~HXE = XpS—HAXE (B.10)

B.1.3 n distinct eigervalues

In the caseof n distincteigervaluesthereexistsn linearly independengigervectorsandwe
have

XExXp=XHX; =65 = diag{xﬁix&i}

B.2 Jordan form

It is notourintentionto shav how to computethe Jordanform or to derive it. However, the
intentionis to shov how we canusethe Jordarform to obtainbothleft andright generalized
vectorswhich canbe usedto describethe directionalityof thosepolesor eigervalueswhich
do not have sufficientnumberof linearly independengigervectors.

A defectve matrix A is a matrix which doesnot possess: linearly independeneigen-
vectorsandcanthereforenot bediagonalizedThosematriceswhich cannotbe diagonalized
canbebroughtinto Jordarform.

If amatrix hasv linearly independengigervectorsthenit is similarto a matrixwhichis
in Jordanform with v squareblocksonthediagonal:

- J1 -

J=MT1TAM = Jy
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Eachblock hasoneeigervector oneeigervalue,andl1’sjustabove thediagonal:
A 1

Je

A 1
Ae

It followsthatAM = M J, thesingleeigermvectorfor eachblock satisfy Aw; = A;w;, andfor
eachblock J, of sizegreateithanonethereexistsv — 1, wherev is thesizeof .J,, additional
vectorsw; whichsatisfyAw; = \;w; +w;_1. Theseadditionalvectorsarecalledgenealized
vectos. Theeigervectorstogethemwith thegeneralizedectorsform thematrix M whichhas
rankequalto n. SinceM hasrankequalton, M~ existsandJ = M~ AM.

From this point we changenotationanduse M in the meaningof M above, since M
multiplies A ontherightin AMp = MgJ. Following the sameargumentdor constructions
of Mp andJ (seeStrang,1986)it followsthattherealsoexistsa My, suchthat

MEA=JME (B.11)
Sinceboth Mz and My, arenonsingulamwe canwrite
J=Mp'AMr or A= MpJMg" (B.12)
J=MFAM;® or A=M;HIMF (B.13)
From(B.12)and(B.13)it followsthat
M} = MpH" (B.14)

REMARK 1. WecansplitupbothAMyr = MgJ andM# A = JMF . Todothislet Mg, and M7,
denotethethecolumnsin Mz and M, correspondingo J;. Fromtheright Jordanform we get

Ji

A[Mg, -+ Mgy -+ Mgo]=[Mgy - Mgy --- Mgy] 7,

whichgivesAMg, ¢ = Mg J¢, andfrom theleft Jordarform we get

My, " J1 1| Mps
M{, | A= Ji M7,
| ML, | L ol | M, |

whichgivesM{, A = J,M[.,.
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REMARK 2. From AMzr = MgJ andfor Jordanblock numberl, AMgr , = Mg J; it follows that
thefirstcolumnmg ; in Mg ¢ is theeigervectorandtheremainingcolumnsn Mg . arethegeneralized
vectors.Let mg,; bethefirst columnin Mg , andassumehatthe sizeof the Jordarblockis three we

get

|')\z 1 0 '|

A [mR,i MR,i+1 mR,i+2] = [mR,i MR,i+1 mR,i+2] 0 A 1

|_ 0 0 AZJ
orAmpg,; = AMmpr,i, Amp,iv1 = Aemp,it1 +mr,; aNdAmMR ;412 = A¢gmR,it2 + MR it+1.
REMARK 3. Importantly, for the left Jordanproblemthe orderingof the vectorsin M, arereversed
comparedo thatof theright Jordanproblem. Thatis, thelastcolumnin M7, , is the eigervectorand
the remainingcolumnsarethe generalized/ectors.We have M A = JM{ andfor Jordanblock ¢,
M{',A = J;M[,. Letm ; bethefirst columnin M, , andassumehatthesizeof the Jordanblock

is three,we get
mfll A 1 0 mILfl
[mg,i—i-l] A= l 0 A 1 ] [mf,m]
mg,i+2 0 0 X mf,i+2

H H H H H H H H
ormp ;A= Xmp; +mp 11, ML 1A= Xemy 1 +mp 0 @andmy ;0 A= Aemyp ;4o

B.2.1 Scaling

We know thateacheigervectorcanbescaledndependentlyhowever, thegeneralizedectors
describedby Aw; = Apw; + w;_1 mustbe scaledwith the samescalarasthe eigervector
which startsor endsthe chain. As an example,supposehatwe have found an eigervector
wy andtwo generalizedrectorswy, andws sothat Aw, = Awy, Aws = Awy + wy and
Aws = Aws + w4 areall satisfied Next, assumehatwe scalethe eigervectorw; to become
w) = swy; wheres € C. In orderto satisfy Awy, = Aws + w} we mustscalews with the
samescalars to obtainw), = sws and Awj, = Awj + wj which againimply thatwe must
scalews with s. So,for eachJordanblock we have onedeggreeof freedonfor scaling. The
structureof the scalingmatrix for amatrix A with v linearly independengigervectors

81-[1/1

S = sel,, (B.15)

Svly, |

wheres, € C andthesizesof theidentity matricesl,,, .. ., I,,, areequalto the sizesof the
correspondingordarblocksJy, ..., J,,i.e.vq, ..., . It followsfrom (B.14)thatselecting
My, = M;S,

MEM, = MEM}S = MEMZ" =S (B.16)

Usually, we selectthe scalingssy, - . ., s,, to berealandequalto theinverseof the normsof
the columnsin M correspondindo the left eigervectors. This impliesthatall sy, ..., s,
arereal,andby takingthe complex conjugateransposef (B.16) we obtain

MEMg=8" =8 =MEM;, whens, eR, Ve {1,...,v} (B.17)
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Multiplying (B.11)ontheright with My gives

MEAMg = IMEMp = JSH

(B.18)

which is valid for all diagonalscalingmatricesS with the predescribedtructuregivenin

(B.15). In asimilar way we canmultiply AMyr = MgJ ontheleft by M to get

M{ AMg = S"J = JS¥

So,S andJ commutewhich canalsobeseenfrom

J1 sily,
JS — l'. s

J131L/1

[ s11,, J1 s1ly Ji

S’UII/U J’U SUIllv

Multiplying AMpr = MgJ ontheleft with Mp' = MH = S~ ME gives

A= MpJS HME = MpS—HJME

B.2.2 Inverseof Jordan block J

Theinverseof J consistingof v squareblocksalongthe maindiagonalis the matrix

_J1—1 -
J—l _ Jz_l
i | Jit
andtheinverseof aJordanJ; block of sizev with p = X,
p 1 -~ 00
0 p --- 00
Jr = S v
0 0 p 1
0 0 0 p
is 2 v—2/ v—1 v—1y_ v
1/p —1/p (=D)""/p (=" /p
0 1/p (=) /72 (=) p
= 5 5
0 0 1/p —1/p?

0 0o - 0 1/p

JU S’UIV,_, JUSUIIIU

(B.19)

=5J

(B.20)

(B.21)

(B.22)
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