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ABSTRACT

As chemicalprocessestendto becomemoretightly integrated,the control structuredesign
becomesmoreimportantandamoredifficult task.Most (if notall) availablecontroltheories
anddesignmethodsassumethatthecontrolstructureis givenprior to thedesign.Thatis, they
donotexplicitly addressthestructuraldecisionsinvolvedin thecontrolstructuredesign.This
hasresultedin a gapbetweencontroltheoryandchemicalprocesscontrolapplications.The
mainobjectiveof thisthesisis to providenew theoryandtoolsin orderto reducethisgap.The
approachtakenhasbeento derive andapplytoolswhich addresstheinherentcontrollability
of theplant. It is importantthatthesetoolsareindependentof thecontrollerin orderto reflect
theperformancelimitationsof theplant. In this thesis,existing controllability measuresare
usedandnew controllabilitymeasuresareintroducedto:� Obtaininsightsinto thedirectionalityof zerosandpoles. ThePopov-Belevitch-Hautus

eigenvectortestsfor statecontrollabilityandobservability have beenrestatedin terms
of thepoledirections.Theserestatementsmake theconceptsstatecontrollability and
observability moreusefulin thetaskof controlstructuredesign.� Quantifyperformancelimitationsimposedby instability andnon-minimumphasebe-
havior (polesand zeros in the right half plane) in the plant. Thesequantifications
aregivenascontrollerindependentlower boundson the

���
-normof variousclosed-

looptransferfunctions.Analytical
���

-optimalcontrollerswhichprovethatthelower
boundsaretight (in many cases),aregiven.� Quantifytheminimuminput usage neededto stabilizea plant with oneunstablemode
in thepresenceof measurementnoiseor disturbances,andto findthebestinput–output
pairing to stabilizea plant with oneunstablemode. The quantificationsof the input
usage,aremadebothin termsof the

���
-norm(energy) andthe

���
-norm.Theresults

show thatthebestinputandthebestoutputfor stabilizationof anunstablemodeusinga
SISO controllerareindependentof thenorm,andthatthetwo normsarecloselyrelated
in thisparticularproblem.� Quantifytheeffectof disturbances,measurementnoiseandreferencechangesin par-
tially controlled systems. Partial control is introduced,its relationto indirectandcas-
cadecontrol, and implicationson control structuredesignon the regulatorycontrol
layer, areconsidered.� Quantifythe effect of input and outputuncertaintyon the performanceat the output
of theplant. New resultsthat link therelative gainarrayandtheconditionnumberto
control performance,measuredin termsof the outputsensitivity function with input
andoutputuncertainty, aregiven.� Throughoutthe thesis,several realisticcasestudiesdemonstratingthe topicsconsid-
ered,aregiven.
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Notation and nomenclature

Thereis no standardnotationto cover all thetopicsin this thesis.Attemptshave beenmade
to usethemostfamiliar notationfrom theliterature.Themostimportantnomenclatureused
in this thesisis summarizedin thefollowing lists:� Main notation,containsall symbolsexcept:Greekletters,symbolsusedto denotezero

andpoledirectionsandvectors,andall-passfactorizationsof RHP zerosandpoles.� Greekletters.� Indicesandsubscripts.� Vectorsanddirectionsof zerosandpolesin multivariablesystems.� All-passfactorizationsof RHP zerosandpoles.� Norms.� Abbreviations.

Theselistsarenotcomplete,andadditionalnotationis introducedin thetext. For furtherde-
tailsseealsoSections1.4and2.2.Note,in thetext it is oftenomittedto show thedependence
on thecomplex variable � for rationaltransferfunctionsandtransferfunctionmatrices.The
hat �KJ L�� is usedto denoteunscaledtransferfunctionmodels,i.e. M� , M�N< , andunscaledsignals,
i.e. JO , JP , JQ , JH and JR . It is alsousedin somefew casesto denoteestimatedvariables.

Main notationS – symbolusedto denotesizesof matrices.S – element-by-elementmultiplication(Hadamardor Schurproduct).T L – complex conjugate.U�;LV� – timederivative,i.e.
UW�X <�Y<%Z .�;L�� � – transposed.�;LV�;[ – complex conjugatetransposed,i.e. thehermitian.\ �;L^]$LV� – anglebetweentwo vectors._

– H S H state-spacematrix in thestate-spacerealizationof � .`
– H Sba inputmatrix in thestate-spacerealizationof � .c
– d S H outputmatrix in thestate-spacerealizationof � .e
– field of complex numbers.egf

,
ehf

– open,closedright half plane.i
– d S�a matrixwith thedirecteffect from P to O in thestate-spacerealizationof� .i *j] ilk – diagonalscalingmatrices.i < – diagonalscalingmatrix for disturbances.im
– diagonalscalingmatrix for controlerror.i > – diagonalscalingmatrix for measurementnoise.ion
– diagonalscalingmatrix for references.i�p
– diagonalscalingmatrix for inputs.



x q�r L^s – expectationoperator.q *5] qtk – input,outputuncertainties.������ – d Sua rational transferfunction matrix describingthe plant (process). We
sometimeswrite ���#���wvXyx _ `c i z
to meanthat the transferfunction ���#��� hasa state-spacerealizationgivenby
thequadruple� _ ] ` ] c ] i � .��<{����� – d S H6< rationaltransferfunctionmatrix describingthedisturbanceplant(pro-
cess).�}|V~������ – denotestheelementin row � andcolumn� in � .�{� ] ��� – geometricmultiplicity of agivenpole,zero.�

, � � >�� – identitymatrix (size H S H ).�
– field of integers.�;� �;LV� – imaginarypartof complex numbers.I – matrix in Jordanform.I – performanceobjectivein linearquadraticGaussiancontrolof all outputsusing

all inputs.ID���E]0�{� – performanceobjective in linear quadraticGaussiancontrol of output � using
input � .I������A���{� – performanceobjectiveusedin linearquadraticregulator, usinginput � .�

– statefeedbackgainmatrix in linearquadraticGaussiancontrol.� ����� – controller,
�

is usedto denoteboththeonedegree-of-freedomfeedbackcon-
troller andthetwo degrees-of-freedomcontroller.� � ����� – feedforwardpartfrom thereferencesin thetwo degrees-of-freedomcontroller.��� ����� – feedbackpartfrom measurementsin thetwo degrees-of-freedomcontroller.� ���6� ����� – linearquadraticGaussiancontrollercontrollingall outputsusingall inputs.�b�

– constantfeedbackgainfrom measurementof theoutputsto thestates.�b��� | – constantfeedbackgainfrom measurementof output � to thestates.� ~ – constantstatefeedbackgainto input � .� ~�|������ – SISO controllerlinking output � to input � .� ����� – loop transferfunction
��� � � , where

�
is thefeedbackcontroller.� *������ – input loop transferfunction

� * ��� � , where
�

is thefeedbackcontroller.��� ] ��� – matricescontainingtheleft, right generalizedvectorsfrom theJordanform.� ����� – noisemodel,mostoften usedto scalethe measurementnoiserelative to the
maximumallowedcontrolerrorin theoutputs.� � ] � � – multiplicity of agivenpole,zero.�&p ] �&  – selectionmatricesfor inputs,outputs.:w����� – rationaltransferfunctionmatrixusedin thecontrollersproving tightnessof the
lowerbounds(seeChapters4 and5).:C< – partialdisturbancegain.



xi

:=> – partialgainfor measurementnoise.: n – partialreferencegain.:   – partialgainfrom secondaryoutputsO � to primaryoutputsO � .¡
– positivesemidefinite� ¡£¢�¤ � weightingmatrix in thelinearquadraticregula-

tor problem.¡ ����� – rationaltransferfunctionmatrixusedin thecontrollersproving tightnessof the
lowerbounds(seeChapters4 and5).¥

– field of realnumbers.¦ �#�'� – referencemodel,mostoftenusedto scalethereferencesrelative to themaxi-
mumallowedcontrolerrorin theoutputs.§ ¨ �;LV� – realpartof complex numbers.� – diagonalscalingmatrix in Jordanform. Notethat themainuseof � is sensi-
tivity.� ����� – sensitivity, i.e. � � � �G©�� � ��� .��*������ – inputsensitivity, i.e. ��* � � �G©ª� *�� ��� .�����6� ����� – sensitivity whenthefeedbackcontrolleris

� ���6� , i.e. � � � �G© � � �j�«�¬� ��� .�|®|¯����� – sensitivity in output � , i.e. ��|^| � � �G© ��|�~ � ~�|0� �?� .��Y2����� – ��Y � � �G©�� �#� �N° _ � �?� ` � ��� , where
�

is theconstantstatefeedbackgain.� – similarity transformation.Notethat themainuseof � is complementarysen-
sitivity.� – timehorizonin linearquadraticGaussiancontrol.Notethatthemainuseof �
is complementarysensitivity.�±����� – complementarysensitivity, i.e. � ��� � �}©ª� � �?� X �N° � .��*������ – inputcomplementarysensitivity, i.e. ��* ��� *�� �t©�� *'� ��� X ��° �+* .²

– matrixcontainingtheoutputsingulardirections.²C³
– constantmatrix usedin thecontrollersproving tightnessof the lower bounds

(seeChapters4 and5).²Cn
– matrixcontainingtheoutputsingulardirectionscorrespondingto nonzerosin-

gularvalues(economysizedsingularvaluedecomposition).´
– matrixcontainingtheeigenvectors.´
– matrixcontainingtheinputsingulardirections.´�³
– constantmatrix usedin thecontrollersproving tightnessof the lower bounds

(seeChapters4 and5).´�n
– matrix containingthe input singulardirectionscorrespondingto nonzerosin-

gularvalues(economysizedsingularvaluedecomposition).´ ����� – “weight” usedin thelowerbounds.µ
– power spectraldensitymatrix of thedisturbance� , in linearquadraticGaus-

sian control. Note,
µ �#�'� is also usedto denotethe “weight” in the lower

bounds.µ ����� – “weight” usedin thelowerbounds.



xii µ *������ – diagonalrationaltransferfunctionmatrixwith boundsontheinputuncertainty
in thedifferentchannels.µ �¶����� – performanceweighton thesensitivity.µ � ����� – performanceweighton thecomplementarysensitivity.µ·p ����� – performanceweighton theinputusage

� � .¸
– solutionto thealgebraicRiccatiequationin thelinearquadraticregulatorprob-

lem.¸�� ] ¸l� – matricescontainingtheleft, right eigenvectors.¹
– solutionto thealgebraicRiccatiequationin thelinearquadraticestimatorprob-

lem.º�»j¼ �;LV� – cosine.Q
– disturbances.½ ¨¿¾ �;LV� – determinant., – controlerror , � O ° R .,$|�]À,Á~ – unit vectorof length dB] a with zerosin all positionsexceptposition ��]�� , which

containsÂ . Notethat ,(| is alsousedto denotethecontrolerrorin output � .� – usedto denoteaparticularoutput.� – index.� – thecomplex numberÃ ° Â .� – usedto denoteaparticularinput.� – index.Ä
– usedto denoteaparticulardisturbance.d – numberof outputs.Å%� ] Å�� – numberof linearly independenteigenvectorscorrespondingto a given pole,

zero.a – numberof inputs.�Æ�Ç �;LV� – maximum.��È®É �;LV� – minimum.H – denotesbothmeasurementnoisein theoutputsO scaledrelative to thecontrol
error, andthenumberof states.ÊH – normalizedmeasurementnoise.H6< – numberof disturbances.� – pole.R – normalrankof ���#��� . Notethat R is alsousedto denotereferences.R – referencesto outputsO , scaledrelative to thecontrolerror , .ÊR – normalizedreferences.R � – rankof ��
	�� .Ë�Ì �;LV� – rank.� – complex number.������� – sensitivity, scalarcase.



xiii

¼ È^É �;LV� – sine.¼�Í{Î �;LV� – supremum,leastupperbound.Ï
– time.Ï ����� – complementarysensitivity, scalarcase.¾ Ë �;LV� – trace,i.e. thesumof thediagonalelements.P – inputs, P | is alsousedto denotethe � ’ th outputsingulardirection.P | – usedto denotethe � ’ th outputsingulardirection.Ð ����� – scalar“weight” usedin thelowerbounds,Ð | – usedto denotethe � ’ th inputsingulardirection.Ð5Ñ – right eigenvectorof the

_
matrix in thestate-spacedescription,corresponding

to theeigenvalue Ò Ñ .� – randommeasurementnoiseusedin linearquadraticGaussiancontrolproblem.������� – scalar“weight” usedin thelowerbounds,�"*������ – boundon inputuncertainty.� k ����� – boundonoutputuncertainty.�"�¶����� – scalarperformanceweighton thesensitivity.� � ����� – scalarperformanceweighton thecomplementarysensitivity.� Ñ – left eigenvectorof the
_

matrix in thestate-spacedescription,corresponding
to theeigenvalue Ò Ñ .� p ����� – scalarperformanceweighton theinputusage

� � .�AÓ�Ô¿Õ5����� – scalaruncertaintyweight.W – states.JW – estimatedstates.W ³ – initial stateat time
Ï X Ï ³ , i.e. W ³ XÖW � Ï ³ � .O – outputs.O9× – measuredoutputs,i.e. O5×ØXÙO © H , scaledrelative to thecontrolerror , .	 – zero.

GreeklettersÚ
– diagonalmatrixcontainingtheeigenvalues.

Ú
– relativegainarray

Ú �
�&� X � S � �2� .Û
– matrixcontainingthesingularvalueson thediagonal.ÛÜn
– matrixcontainingthenonzerosingularvalueson thediagonal(economysized

singularvaluedecomposition).Ý ~ Ñ – relative (open-loop/closed-loop)disturbancegain for input � anddisturbanceÄ
.Þ – free variableusedin the convex optimizationwhen searchingfor the

���
-

optimal controllerusing Þ -iteration(state-spacemethods). It is equalto the���
-normor theinverseof the

���
-normof theclosed-looptransferfunction.Þ �0LV� – conditionnumber, Þ �
�&� �àßá�â�ã=äá â�ã=ä .
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Þ�å �;LV� – minimizedconditionnumber, Þ�å �
�&� � ��È®ÉæCç � æéè Þ � iok � i *9� .Þ å* �;LV� – inputminimizedconditionnumber, Þ å* �
�&� �Ù��È®ÉæCç Þ ��� i *'� .Þ åk �;LV� – outputminimizedconditionnumber, Þ åk ���&� ����È®Éæéè Þ � iok �&� .Ò – eigenvalue.Òê|V~ – relative(open-loop/closed-loop)gainbetweeninput � andoutput � .ë � ���E]0�{� – performancedegradationdueto SISO controlquantifiedin termsof
���

-norm.ë � ���E]0�{� – performancedegradationdueto SISO controlquantifiedin termsof
���

-norm.T7!�;LV� – largestsingularvalue.7 �;LV� – smallestsingularvalue.72|%�;LV� – � ’ th singularvalue.ì – frequency.ì?í ] ì=í � – bandwidthof primary, secondary(outer, inner)loop.

Indicesand subscripts� – output �¬� O |î� : controlerror ,$| measurementnoiseH+| , measuredoutput O5× � | .� – pole �é���À|0� .� – input ��� P ~'� .� – zero �l�
	Á~'� .Ä
– disturbance

Ä � Q Ñ � .
Vectorsand dir ectionsof zerosand polesin multi variable systems

Notethatbold font is usedto denotethevectors(zeroandpolevectors),whereasthenormal
font is usedto denotedirections(zeroandpoledirections).ï �

– matrixcontainingtheinputpolevectors.² �
– matrixcontainingtheinputpoledirections.ïA�
– matrixcontainingtheinputvectorswith infinite gain.²g�
– matrixcontainingtheinputdirectionswith infinite gain.ð � | – matrixcontainingthestateinputpolevectors.¸ � | – matrixcontainingthestateinputpoledirections.ð �(ñ
– matrixcontainingthestateoutputpolevectors.¸ �'ñ
– matrixcontainingthestateoutputpoledirections.ð � | – matrixcontainingthestateinputzerovectors.¸ � | – matrixcontainingthestateinputzerodirections.ð �¯ñ
– matrixcontainingthestateoutputzerovectors.¸ �¯ñ
– matrixcontainingthestateoutputzerodirections.ò �
– matrixcontainingtheoutputpolevectors.¹ �
– matrixcontainingtheoutputpoledirections.òÜ�
– matrixcontainingtheoutputvectorswith infinite gain.



xv¹+�
– matrixcontainingtheoutputdirectionswith infinite gain.ó � – inputpolevector.P � – inputpoledirection,i.e. P � X ó ��ô � ó � � � .ó � – inputvectorwith infinite gain.P � – inputdirectionwith infinite gain.ó � – inputzerovector.P � – inputzerodirection,i.e. P � X ó �9ô � ó � � � .õ � | – stateinputpolevector.W � | – stateinputpoledirection,i.e. W � | X õ � | ô � õ � |(� � .õ �'ñ – stateoutputpolevector.W �'ñ – stateoutputpoledirection,i.e. W �(ñ X õ �(ñ(ô � õ �(ñ � � .õ � | – stateinputzerovector.W � | – stateinputzerodirection,i.e. W � | X õ � | ô � õ � |$� � .õ �¯ñ – stateoutputzerovector.W �¯ñ – stateoutputzerodirection,i.e. W ��ñ X õ ��ñ(ô � õ ��ñ � � .ö � – outputpolevector.O � – outputpoledirection,i.e. O � X ö ��ô � ö � � � .ö � – outputvectorwith infinite gain.O � – outputdirectionwith infinite gain.ö � – outputzerovector.O � – outputzerodirection,i.e. O � X ö ��ô � ö � � � .

All-pass factorizations of RHP zerosand poles

In thenotationgivenhere,thefactorizationsareviewedasoperatorswhichreturnandtakeas
anargumenta rationaltransferfunctionmatrix:�;LV� × – minimumphaserepresentationof SISO transferfunctions.�;L�� ×h÷ – minimumphasestablerepresentationof SISO transferfunctions.�0LV� × | – inputminimumphaserepresentationof M IMO transferfunctionmatrices.�;LV� × ñ – outputminimumphaserepresentationof M IMO transferfunctionmatrices.�;L�� ÷ – stablerepresentationof SISO transferfunctions.�;LV� ÷ | – inputstablerepresentationof M IMO transferfunctionmatrices.�;L�� ÷ ñ – outputstablerepresentationof M IMO transferfunctionmatrices.�;L�� �?�Y$Y – means���;L��;Y$Y�� ��� whereWÀWùø r a ] a �%] abú ]2�j]����]� ú s .�;LV�0Y$Y  ¿  – means���;L��;Y$Y��  Á  whereO�O ] WÀWûø r a ] a ��] a�ú ]�j]����]2� ú s .�;LV� �?�Y$Y  ¿  – means�����;L��;Y$Y��  Á  � ��� whereO�O ] WÀWùø r a ] a �%] a�ú ]2�j]����]� ú s .F � �;LV� – all-passfilter definedby theSISO factorizationof RHP-poles.F � |��;LV� – all-passfilter definedby theinput factorizationof RHP-poles.F �(ñ �;LV� – all-passfilter definedby theoutputfactorizationof RHP-poles.F � �;LV� – all-passfilter definedby theSISO factorizationof RHP-zeros.
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F � |��;LV� – all-passfilter definedby theinput factorizationof RHP-zeros.F ��ñ �;LV� – all-passfilter definedby theoutputfactorizationof RHP-zeros.F ���Y$Y �;LV� – means��FCY$Y�;LV�E� �?� whereWÀWûø r a ] a ��] abú ]��5]2����]� ú s
Thefollowing all-passfiltersarespecial:Ft�#��� – generalall-passfilter (seeAppendixA).F � ����� – simplifiednotationfor F � �
���#�'��� .F � ����� – simplifiednotationfor F � �
���#�'��� .
Norms�êL¯� � – Systems:

���
-normof stablerationaltransferfunctionmatrix

� �#��� , i.e.� � �#�'�j� � � ¼�Í{Îü T7g� � �^� ì ���
Signal:peakvaluein time,i.e.�(,�� Ï �j� � ���Æ�Çý þ ��Æ�Ç| ÿ ,$|����2� ÿ ��êL¯� � – Systems:

���
-normof a strictly properstablerationaltransferfunctionmatrix� �#�'� , i.e.

� � �#�'�j� � � Â)���� �� � ¾ Ë � � [ �^� ì � � �^� ì ��� Q ì
Signal:integralsquareerrorISE(signalenergy), i.e.

�(,�� Ï �j� � � � �� ��� | ÿ ,(|%���2� ÿ � Q �
Vector:Euclideannorm,i.e.

�
	C� � � � | ÿ 	�| ÿ �
�êL�� | � – (matrices)inducedinfinity norm– maximumrow sum(sumof elementmag-

nitudes),i.e. � _ � | � ���Æ�Ç| � ~ ÿ 	�|V~ ÿd � – inducedmaxnorm,i.e.

���6� Ï �j� � X �Æ�Ç< â Z ä ��,�� Ï �5� �� Q � Ï �j� �
where�6� Ï � is thesystemimpulseresponse.
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Chapter 1

Intr oduction

The title of this thesisis “Studieson controllability analysisandcontrol structuredesign”.
At this point it seemsappropriateto definethe termscontrollability andcontrol structure
(SkogestadandPostlethwaite,1996):

Controllability (input-output) is the ability to achieve acceptablecontrol performance;
that is, to keepthe outputs � O � within specifiedboundsor displacementsfrom their
references� R � , in spiteof unknownbut boundedvariations,such asdisturbances� Q �
andplantchanges,usingavailableinputs � P � andavailablemeasurements� O5× or

Q × � .
A plant is controllableif andonly if thereexistsa controller, interconnectingthe measure-
mentsand the manipulatedvariables,that yields acceptableperformancefor all expected
plantvariations.Thecontrollability of aplant is independentof thecontroller, andis a prop-
ertyof theplant. It followsthatthecontrollabilityonly canbeaffectedby changingtheplant,
i.e. designchanges.

Control structure (control strategy)design refers to all structural decisionsincludedin
thedesignof a control system.

For furtherdetailsoncontrolstructuredesignseeSection1.3.

1.1 Moti vation

Increasingdemandstoefficientoperationandutilizationof energy andraw materialsin chem-
ical processesresultin moreintegratedprocesses.Unreactedraw materialsarerecycledand
hot processstreamsareheatexchangedagainstcold processstreams.The increasinginte-
grationhasa pronouncedeffect on thedynamics,controlandoperationof chemicalprocess
plants.Theimpactsonthecontrolstructuredesignarethatbetterknowledgeandunderstand-
ing of the complex dynamicandsteady-statebehavior of theseprocessesarenecessaryin
orderto designcontrolsystemswhich resultin efficient andreliableoperation.In addition,
thereis a needto usemoresophisticatedcontrollerdesignproceduresto operatetheprocess
closerto theoptimaloperatingpoint in spiteof disturbancesandenvironmentalchanges.

Indeed,the moderncontrol theory hasprovided more sophisticatedcontroller design
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methods,i.e. with the introductionof: optimal control theory in the 1960’s,
���

-optimal
controlandmodelpredictivecontrol in the1980’s. However, most(if not all) availablecon-
trol theoriesanddesignmethodsassumethata controlstructureis givenprior to thedesign.
Thatis, they do not considerthestructuraldecisionsinvolvedin thecontrolstructuredesign
in an explicit manner. They thereforefail to answersomeof the following basicquestions
which a controlengineerregularly meetsin practice:which variablesshouldbecontrolled,
which variablesshouldbemeasured,which inputsshouldbemanipulated,andwhich links
shouldbemadebetweenthem?

Controlstructuredesignwas(amongothers)consideredby Foss(1973)in hispaperentit-
led“Critique of chemicalprocesscontroltheory”. Fossconcludedby challengingthecontrol
theoreticiansto closethegapbetweencontrol theoryandapplications.LaterMorari, Arkun
andStephanopoulos(1980)presentedan overview of control structuredesign,hierarchical
controlandmultilevel optimizationin theseriesof papersentitled“Studiesin thesynthesis
of controlstructuresfor chemicalprocesses”.SkogestadandPostlethwaite(1996)notethat
thegapstill remainsto someextenttoday.

Themainobjectiveof this thesisis to try to closesomeof thegapbetweencontroltheory
and applications. The approachtaken in this thesisis to develop and apply tools which
addressthecontrollabilityof theplant. It is importantthatthesetoolsareindependentof the
controllerin orderto reflecttheperformancelimitationsof theplant. In this thesis,existing
controllability measuresareusedandnew controllability measuresareintroduced,with the
objective to:� Obtaininsightsinto thedirectionalityof zerosandpoles,andstatecontrollability and

observability of poles(Chapter2).� Quantifyperformancelimitationsimposedby instabilitiesandright half planezerosin
theplant(Chapters3–5).� Quantify theminimuminput usageneededto stabilizeanunstableplantwith oneun-
stablemode,andto find thebest(in termsof minimuminput usage)input andoutput
to stabilizeaplantwith oneunstablemodeusinga SISO controller(Chapter6).� Quantify theeffect of disturbances,measurementnoiseandreferencechangesin par-
tially controlledsystems(Chapter7).� Addressthe input/outputselectionfor partialcontrol,andin particularlook at these-
lectionof secondarymeasurementsin indirectandcascadecontrol(Chapters6–9).� Quantifytheeffectof inputandoutputuncertaintyon theperformanceat theoutputof
theplant(Chapter10).

1.2 Relationsto previouswork

Thebookby SkogestadandPostlethwaite (1996)givesa goodoverview of themain issues
which form the basisfor this thesis. Actually, someof the main topicsof this thesiswere
initiatedduringthetime of writing thebook,andsomeof theearlierresultsfrom this thesis
alsomadeits way into thebook. Although,SkogestadandPostlethwaite(1996)givea quite
throughoutreview of previouswork, someof it is repeatedherefor completeness.
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ZieglerandNichols(1943)definedcontrollability as“the ability of theprocessto achieve
and maintainthe desired equilibrium value”. However, in the 1960’s “controllability” be-
camesynonymouswith “statecontrollability” introducedby Kalman,and the term is still
usedin this mannerin systemtheory. Statecontrollability is the ability to bring a system
from a given initial stateto an arbitraryfinal statewithin finite time. As notedby Skoges-
tad andPostlethwaite, statecontrollability doesnot addressthe quality of the responsebe-
tweenandafter thesetwo states,andthe requiredinputsmay be excessive. Later Morari
(1983) introducedthe term dynamicresilienceto addressthe input-outputcontrollability
of the plant, and to avoid any confusionwith statecontrollability. In a seriesof articles
Morari and coworkershave studied: the effect of RHP zeroson dynamicresilience(Holt
andMorari, 1985b;Morari, Zafiriou andHolt, 1987), the effect of deadtime on dynamic
resilience(Holt andMorari, 1985a),the effect of modeluncertaintyon dynamicresilience
(SkogestadandMorari, 1987). In the work (Morari, 1983),he madeuseof the conceptof
“perfectcontrol”. A drawbackwith thename“dynamicresilience”is thatit doesnotreflectits
relationto control.This thesisfollowsSkogestadandPostlethwaite(1996),andusetheterm
“input-outputcontrollability” or simply “controllability” whenit is clearthat the text does
not referto statecontrollability. New controllabilitymeasureswhichcanbeusedto quantify
the control performanceboth at the input andat the outputof the plant andto addressthe
structuralissuesin controlstructuredesign,areintroduced.In addition,poledirectionsare
introducedandtheir relationsto statecontrollabilityandobservability, aregiven.

Bode(1945),in his bookonnetwork analysisandfeedbackamplifiers,wasprobablythe
first to studyapriori constraintsontheachievableperformanceof SISO-systems.His analysis
focusedon gain-phaserelationshipsin thefrequency domainwhich resultedin many useful
interpretationsapplicableto feedbackcontrol. Horowitz (1963)summarizesandgeneralizes
Bode’s work to control systems. The well-known Bodesensitivityintegral (Bode,1945)
statesthat for stableSISO-systemswith pole-zeroexcessof two or larger, the integral of
the logarithmicmagnitudeof the sensitivity function over all frequenciesmustequalzero.
This impliesthata peakin ÿ � ÿ larger than Â is unavoidable.LaterBode’s criterionhasbeen
extendedto plantswith RHP zerosandpolesby Freudenberg andLooze(1985;1988).

With the introductionof moderncontrol in the beginning of the 1960’s, the poles in
multivariablesystemsgainedmuchfocus,which resultedin several useful resultson state
controllability, observability andmodalcontrol.Althoughthepolescanbemovedwith state
feedback,it becameprettyclearthattheopen-loopzeroscannotbemovedby state-feedback.
About thesametime, optimalcontrol theoryin termsof LinearQuadraticGaussian(LQG)
control, reachedmaturity. From thesestudiesit becameclear that the open-looptransfer
function from the inputs to the statescontainsno zeros. This may have hada misleading
role in multivariablefeedbackdesign,which resultedin that very little attentionwasgiven
to multivariablezerosduring the1960’s and70’s. In the1970’s multivariablezerosstarted
to gain focus. Rosenbrock(1966;1970)definedzerosin multivariablesystemsusing the
Smith-McMillan form. For multivariablesystemsKwakernaakandSivan(1972,pages306–
307)statethatperfecttrackingwith statefeedbackcanbeachievedif andonly if therational
transferfunctionmatrix from theinputsto theoutputshasno RHP-zeros.

The importantwork by Zames(1981),introducedthe
���

-norm into thecontrol litera-
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ture,andin particularit focuseson theengineeringimplicationsof the
���

-norm. That is,
thework emphasizestheuseof the

���
-normfrom ananalysispoint of view. Zames(1981)

deriveda lower boundon theweightedsensitivity functionwhich is basedon the interpola-
tion constrainton thesensitivity functionvalid for RHP-zerosin � . Latermostof thework
on
���

-control theoryhave focusedon finding the
���

-optimal controllerminimizing the���
-normof generalclosed-looptransferfunctions.This includes(amongothers)theearly

work of Doyle (1984)andthework by Doyle, Glover, KhargonekarandFrancis(1989),the
lattercontainsthestate-spacesolutionto the

���
-problem.

Boyd andDesoer(1985),Freudenberg andLooze(1988),Boyd andBarratt(1991)and
Chen(1993;1995)have studiedthelimitationsimposedby RHP zerosandpolesin termsof
sensitivityintegral formulasfor multivariablesystems.A breakthroughwasmadeby Boyd
andDesoerwhoobtainedinequalityversionsof thesensitivity andPoissonintegralformulas.
The work by Chendiffers from the work by Boyd andDesoerin that Chenseeksequality
versionsof thesensitivity andPoissonintegral formulas.Basedon theresultsby Boyd and
Desoer, Freudenberg and Looze,and Boyd and Barratt generalizethe integral constraints
on the sensitivity (like Bode’s sensitivity integral) to multivariablesystems.In this thesis
controllerindependentlower boundson the

���
-normof closed-looptransferfunctionsare

derived,usingalgebraicratherthanintegral constraints.Theseboundsarebasedon interpo-
lation constraintsimposedby RHP zerosandpolesandtheapproachtaken is similar to the
approachusedby Zames(1981)in thederivationof thelowerboundontheweightedsensitiv-
ity functionwhentheplanthasaRHP-zero.A furtherobjectiveis to provethat(andin which
cases)the lower boundsaretight, i.e. to find analyticalcontrollerswhich achieve an

���
-

normof theclosed-looptransferfunctionequalto the lower bounds.Theapproachtakento
derive thesecontrollers,is similar to theearlyinterpolationtheoreticmethods(Doyle, 1984)
andit is alsorelatedto thepolynomialapproachof Kwakernaak(1986;1993).

Thelatterpartof this thesisdealswith controlstructureselectionandintroducescontrol-
lability measuresto addressthe structuralissuesin control structuredesign. In Chapter6
the pole vectorsareusedto find the bestinput andthe bestoutputto stabilizea plant with
oneunstablemodewith minimuminput usage.Relatedwork on this topic arethe theories
within optimalandthemodalcontrol. In addition,thiswork is alsorelatedto thework in the
earlierchapters,sincewhenquantifyingtheminimuminput usagein termsof the

���
-norm

the resultsderived in Chapters4 and5, areused.Partial control is alsousedto addressthe
controlstructuredesign.Relatedwork on partialcontrolincludes:Manousiouthakis,Savage
andArkun (1986),SkogestadandWolff (1992),andHäggblom(1994). For further details
seeChapters7–9.

1.3 Control structur edesign

Oneimportanttaskin thedesignof a controlsystemis thespecificationof thecontrolstruc-
ture. SkogestadandPostlethwaite(1996)summarizethestepsin controlstructuredesignto
be:
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1) The selectionof controlledoutputs(a setof variableswhich are to be controlledto
achieveasetof specificobjectives).

2) Theselectionof manipulationsandmeasurements(setsof variableswhich canbema-
nipulatedandmeasuredfor controlpurposes).

3) The selectionof a control configuration (a structureinterconnectingmeasurements,
references(commands)andmanipulatedvariables).

4) The selectionof a controller type(control law specification,e.g. PID-controller, de-
coupler, LQG, etc.).

Onemayeasilyrecognizethatthedesignof acontrolstructureis morecomplex thanthetask
of synthesizingacontrollerfor givensetsof measurementsandactuators.With a largenum-
berof candidatemeasurementsand/ormanipulations,the numberof possiblecombinations
of inputsandoutputshaveacombinatorialgrowth,soanapproachconsistingof performinga
controllabilityanalysisand/orcontrollerdesignfor eachpossiblecombinationbecomestime
consuming.Thework in this thesison controlstructuredesignmainly considerssteps1), 2)
and3) andintroducescontrollabilitymeasuresto addresstheinput/outputselectionproblem
(seeChapters6–9).

1.4 Scaling

Properscalingof the variablesis importantin order to apply the resultsin this thesis. In
addition, properscalingmakes the model analysisand the controller design(selectionof
weights)mucheasier. Consideringthescalingof variablesearlyin thecontrolsystemdesign
forcesthe control engineerto make a judgementabout: the requiredperformanceof the
system,themaximumallowedchangein the inputs(input constraints),andthe influenceof
externalsignalslikedisturbancesandmeasurementnoise.

The variablesinvolved are: outputs O , inputs P , disturbances
Q
, measurementnoise H ,

measuredoutputsO5× X�O © H andreferencesR . Let theunscaledlinearmodelof theprocess
be JOoX M� JP © M��< JQ� J, X JO ° JR  JO5× X JO © JH (1.1)

wherethe hat � J LV� is usedto show that the variablesarein their original unscaledunits. As
a basicrule, the variablesare scaledby dividing each variable by its maximumexpected
or allowedchange (variation). Let JP ~ � ����� , JQ Ñ � ����� , JR | � ����� , JH+| � ����� and J,$| � ����� denotethe
maximumallowedchangein input JP ~ , disturbance JQ Ñ , referenceJR | , measurementnoise JH+|
andcontrolerror J,$| in output JO | . NotethatthevariablesJO | , J,(| , JR | , JO5× � | and JH+| arein thesame
units,sothesamescalingfactorshouldbeappliedto each.We scaletheoutput JO | relative to
themaximumallowedcontrolerror J,$| � ����� . By introducingthescalingmatrix for thecontrol
error

im X ½ ÈKÆ��êr J,$| � ����� s , weobtainOoX i ���m JO ] , X i ���m J,�] R�X i �?�m JR ] O5×ØX i �?�m JO5× and H X i ���m JH (1.2)

We alsointroducethescalingmatricesfor inputs
i�p X ½ È®Æ���r JP ~ � ����� s , disturbances

i < X½ È®Æ���r JQ Ñ � ����� s , references
i�n X ½ È®Æ���r JR | � ����� s andmeasurementnoise

i > X ½ ÈKÆ��êr JH+| � ����� s .
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Weobtain JP�X iop P ] JQ X i < Q ] JR�X i�n ÊR and JH X i > ÊH (1.3)

Introducingthescaledvariablesinto (1.1)givesOoX i �?�m M� iop� ��� �ã P ©�i �?�m M��< i <� ��� �ã�� Q� , XÙO ° i ���m i�n� ��� �� ÊR  O5×ØX�O ©ªi �?�m i >� ��� �� ÊH (1.4)

where
¦ X ½ ÈKÆ����! n#"%$ &�')( m*"+$ &,'�(.- ,

� X ½ È®Æ����! > "%$ &�')( m/"%$ &�')(0- andwe notethat R�X ¦ ÊR and H X � ÊH . By

introducingthescaledtransferfunctionsin themodel(1.4),weobtainthescaledmodelOoX � P © �N< Q� , X�O ° R�X�O ° ¦ ÊR  O5× X�O © H X�O ©ª� ÊH (1.5)

Hereeachinput P ~ , controlerror ,$| , disturbance
Q Ñ , reference

ÊR | andmeasurementnoise
ÊH+|

shouldbe lessthanonein magnitude.The diagonalelementsof
¦

aretypically greateror
equalto one,i.e.

¦ |®| X  n#"+$1&�')( m/"+$1&�')( ¢ Â , andrepresentthelargestexpectedchangein thereference
for output � relative to theallowedcontrolerrorin output � . Thediagonalelementsof

�
are

typically lessor equalto one, i.e.
� |^| X  > "+$ &,'�( m*"+$ &,'�(32 Â , and representthe largestexpected

changein measurementnoisefor output � relative to the allowed control error in output �
(inverseof signalto noiseratio). Theblock diagramrepresentingthescaledmodelis given

4P 5 476
+
+ 4O 6

+
- 4 ,8

5 Q8
Q

8 R
9 8
ÊR

:
86
+

+; O5× ; H < ; ÊH
Figure1.1: Model in termsof scaledvariables

in Figure1.1,for which following controlobjective is relevant:� In termsof scaledvariableswe have that ÿ Q Ñ � Ï � ÿ 2 Âj]>= Ï ]?= Ä , ÿ ÊH+|�� Ï � ÿ 2 Âj]?= Ï ]?=2�
and ÿ ÊR |�� Ï � ÿ 2 Âj]@= Ï ]@=2� , andthe control objective is to manipulateP with ÿ P ~�� Ï � ÿ 2Âj]A= Ï ]A=�� suchthat ÿ ,$|¯� Ï � ÿ X ÿ O |%� Ï � ° R |¯� Ï � ÿ 2 Âj].= Ï ]B=2� .

REMARK 1. A numberof theinterpretationsusedin thisthesisdependoncorrectscaling.For example,
for M IMO-systemsonecannotcorrectlymake useof thesensitivity function CEDGF+H>IKJ?LNM�O7P unless
thecontrolerrorsareof comparablemagnitude.
REMARK 2. With theabove scalings,theworst-casebehavior of a systemis analyzedby considering
disturbancesQSR , referencesTU�V andmeasurementnoise TW,V of magnitudeX .
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REMARK 3. Thecontrolerroris Y D[Z]\ U D^J@_�I�JÜ1`Qa\EbcTU (1.6)

andwe seethata normalizedreferencechangeTU canbeviewedasa specialcaseof a disturbancewithJD1dDe\@b , where b usuallyis aconstantdiagonalmatrix.
REMARK 4. The scalingof eachoutputrelative to the control error is usedwhenanalyzinga given
plant. However, if the issueis to selectthe bestoutputto stabilizean unstablemode,seeChapter6,
thenoneshouldscaleeachoutput relative to the best(minimum) achievablecontrol error, which at
steady-stateis similar to theexpectedvariationin themeasurementnoise.
REMARK 5. If theexpectedor allowedvariationof a variableabout f (its nominalvalue)is not sym-
metric, thenthe largestvariationshouldbeusedfor gQ R�h1ikjml and gW,V h1ikjml , andthesmallestvariationforg_�n h1ikjml and gY V h ikjml .
A furtherbrief discussionof scalingis givenin eachof thechapters,andin someof theresults
specialscalingsarerequired.

1.5 Thesisoverview

Theresultsin this thesiscanbedividedinto thefollowing two maintopics(parts):

1) Limitationsimposedby RHP zerosandpoleson performancein (multivariable)feed-
backsystems.Thisfirst partinvolvesChapters3–5.Chapter2 andAppendixA provide
thenecessarytechnicalbackgroundfor thesechapters.

2) Controlstructureselectionwhich involvesChapters6–9. Chapter2 providesthenec-
essarytechnicalbackgroundfor Chapter6.

Chapter10 is to somedegreedisconnectedfrom the restof the thesis,however, the effect
of input uncertaintyis similar to the effect of RHP-zeroson performancein multivariable
systems.Themainchaptersarewrittenasselfcontainedpapers,soit is notnecessaryto read
thebackgroundmaterialbeforereadingthemainchapters.Somemoreinformationon each
of thechaptersfollows:

Chapter 2 containsa review of zeros,polesandtheir directionsin multivariablesystems.
In particular, it shows how to computethe zero and pole directionsin multivariablesys-
temsin termsof eigenvaluecomputations.Thesecondpartof thechapterdealswith state-
controllabilityandobservability in termsof poledirections.

Partsof thischapterwerepresentedat: AIChEannualmeeting,10-15November, Chicago,
USA,1996.Theresultsoncomputingthepoledirectionsin termsof eigenvaluecomputations
arealsoincludedin (SkogestadandPostlethwaite,1996).

Chapter 3 canbe viewed asan introductionto the effect of RHP zerosandpolesin mul-
tivariablesystems.Theresultsquantify the fundamentallimitations imposedby RHP zeros
andpolesin termsof lowerboundson thepeaksin theweightedsensitivity andcomplemen-
tarysensitivity functions.Thiswork wascarriedout in collaborationwith SigurdSkogestad,
duringavisit to Universityof California,Berkeley, in thespringof 1995.
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Thispaperis acceptedfor publicationin Journalof ProcessControl. It wasfirst presented
at: UKACC,Control’96,2-5 September, Exeter, UK, 1996,andtheresultsarealsoincluded
in (SkogestadandPostlethwaite,1996).

Chapter 4 is thesecondchapterwhich dealswith theeffect of RHP zerosandpoles,how-
ever, this chapteronly considersSISO-systems. The resultsin this chaptergeneralizethe
resultsof Chapter3 to alsoconsiderotherclosed-looptransferfunctionsthansensitivity and
complementarysensitivity. This meansthat lower boundson the

���
-normof two general

classesof closed-looptransferfunctionswhentheplanthasRHP-zerosand/orRHP-poles,are
given.Furthermore,analytical

���
-optimalcontrollerswhichshow thatthelowerboundsare

tight in a largenumberof cases,aregiven. Instabilitiesin theplantrequireactive useof the
plant inputs. An applicationof the lower boundswhich getsmuchfocus,is to quantifythe
inputmagnitudesrequiredfor disturbanceandmeasurementnoiserejectionin unstableSISO

systems.
Partsof this papertogetherwith the M IMO generalizationin Chapter5, werefirst pre-

sentedat: EuropeanControlConference,ECC97,1-4July, Brussels,Belgium,1997.

Chapter 5 is the third chapterstudyingthe effect of RHP zerosandpolesin multivariable
systems.It generalizestheresultsof Chapter4 to M IMO-systems.Thatis, it provideslower
boundsonthe

���
-normof generalclosed-looptransferfunctions.It is provedthatthelower

boundsaretight by giving analyticalcontrollers,which achieve thelower boundsin a large
numberof cases.Previously derivedlower boundson weightedsensitivity andcomplemen-
tary sensitivity (Chapter3) aregeneralizedto thecasewith matrix valuedweights.Further-
more,new boundswhich quantify the minimuminput usageneededfor stabilizationin the
presenceof measurementnoiseanddisturbances,arederived. A separateboundapplicable
to two degrees-of-freedomcontrol, is alsoderived. Controllerswhich prove that this bound
is tight whentheplanthasoneRHP-zeros,arealsogiven.

Theauthornotesthatthischapteris theoreticalandthenotationis complicated.However,
the boundscaneasilybe computedusingMATLAB. The controllersminimizing the

���
-

norm of a particularclosed-looptransferfunction, can in many casesbe found by using
MATLAB with state-spacecomputations.In particular, this is thecasewhenminimizing the���

-norm of the input usage(i.e. minimizing � ��� � �#�'�j� � ), sincethe feedbackcontroller���
minimizing the

���
-normof

��� � is semi-properandcanberepresentedon state-space
form. The main reasonfor writing the SISO paper(Chapter4) is to show the implications
of thelowerboundsandto simplify thenotationsothattheengineeringusefulnessbecomes
morevisible. Theseimplicationsandtheusefulnessof thelowerboundscarryover to M IMO

systemsconsideredin Chapter5. Theauthorthereforeadvicesthereaderto readChapter4
beforereadingChapter5 andto look at theexamplegivenin Section5.7.

Furthermore,thetheoremswhichgivethelowerboundsandthecontrollerswhichachieve
theselower bounds,aresimilar. All thesetheoremsarestatedandall the proofsaregiven,
mainly for completeness.So,thereadermayat leastskip readingsomeof theproofs.

Partsof this paperwerefirst presentedat: EuropeanControl Conference,ECC97,1-4
July, Brussels,Belgium,1997.
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Chapter 6 considerscontrol structuredesignusingthe informationgiven in the pole vec-
tors. It is shown how the input andoutputpole vectorsarerelatedto the minimum input
usageneededto stabilizea plantwith oneunstablemodeusinga SISO controller. Theinput
usagedueto measurementnoiseis quantifiedboth in termsof the

���
-norm(input energy)

andthe
���

-norm.Thebestchoiceof oneinputandoneoutputfor SISO stabilizingcontrolis
thesamefor bothnormsandcorrespondsto theelementsin thepolevectorswith largestmag-
nitude.Stablebut slow modeswhichneedto beshiftedfurtherinto theLeft Half Plane(LHP)
usingfeedbackcontrol, arealsoconsidered.Moving stableslow modesareaccomplished
with modalcontrol, and the resultsare interpretedin termsof Linear QuadraticGaussian
(LQG) control.

With this chapterthe focus (in the thesis)moves from control theory over to control
structuredesign(althoughcontroltheoryis still presentin thelaterchapters).Thecasestudy
concerningtheTennesseeEastmanproblem,shows that theresultsgivenin this chaptercan
easilybeapplied(providedthatonehasa modelof theplant) to obtaina stabilizingcontrol
structurefor a relatively complex plantusinglimited physicalprocessknowledge.Themain
advantageof selectingthe inputsandoutputsaccordingto theresultsin this chapter, is that
theapproachtakencanbejustifiedfrom acontroltheoreticalpointof view.

Thereadermayskip readingsomeof thematerialonmodalcontrolgivenin AppendixA
in this chapter, sincethis materialis not too important(thereasonfor includingthis is that it
canbeusefulfor laterwork).

Parts of this paperwere first presentedat: AIChE annualmeeting,10-15 November,
Chicago,USA, 1996.

Chapter 7 givesan introductionto control structuredesign,andin particularit addresses
theissueof selectingmeasurementsandmanipulationsfor partialcontrol.Partialcontrolata
givenlevel involvescontrollinga subsetof theoutputswith anassociatedcontrolobjective.
Therelativegainarray(RGA) andsingularvaluedecomposition(SVD) areusefulmeasures
for selectinginputsandoutputs.

This paperwas first presentedat: 13th IFAC World Congress,30 June- 5 July, San
Francisco,USA, 1996.

Chapter 8. Integratedchemicalprocessplantsarein practicecontrolledusingahierarchyof
controlloops.Thebasisis to implementinnercontrolloops,resultingin apartiallycontrolled
system.The ideais that the primary outputs,with theseinner control loopsclosedshould
be lesssensitive to disturbances.In addition, it is desirablethat the control error in the
primary outputsshouldnot be sensitive to control errorsin the inner control loops. Two
simpletoolsfor efficiently analyzingsuchproblemsarepresentedin thischapter. Thesetools
areapplicableto input/outputselectionfor indirectandcascadecontrol.

Partsof this paperwerefirst presentedat: UKACC, Control’96,2-5 September, Exeter,
UK, 1996.However, thecontentis completelyrewritten.

Chapter 9 considersindirect control of productcompositionsby controlling the tempera-
ture at two selectedstagesin a binary distillation column. The two approachesderived in
Chapter8, areappliedin orderto find thebeststagesto measurethetemperatures.Themost
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obvious(direct)approachis to minimizethecombinedeffect of (temperature)measurement
noiseanddisturbances(changesin feedrateandfeedcomposition)on the productcompo-
sitions. Thesecond(indirect)approachis to maximizethegainin theweakdirectionof the
selectedsubsystemto becontrolled.

This casestudywasfirst presentedat: UKACC,Control’96,2-5 September, Exeter, UK,
1996.

Chapter 10. Therelativegainarray(RGA) andconditionnumberarecommonlyusedtools
in controllabilityanalysis.New resultsthatlink thesemeasuresto controlperformance,mea-
suredin termsof theoutputsensitivity functionwith input andoutputuncertainty, aregiven
in thischapter.

Thispaperwasfirst presentedatESCAPE-6,26-29May, Rhodes,Greece,1996.

Chapter 11. Conclusionsandsuggestionsfor futurework aregivenin thischapter.

Appendix A. Analyticalstate-spacerealizationsfor factorizationsof zerosandpolesin mul-
tivariablesystemsinto Blaschke productsaregivenin this appendix.Someusefulproperties
of thesefactorizationsarealsoconsidered.Thesefactorizationsareusedin Chapters3–5.

Appendix B considersthe left andthe right eigenvalueproblemsandthe left andthe right
Jordanform. Theseareusedto computethepoledirectionsandthedirectionswith infinite
gainsin Chapter2.
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Chapter 2

Dir ectionsof zerosand polesin
multi variable systems

2.1 Intr oduction

With theintroductionof moderncontrolin thebeginningof the1960’s,thepolesin multivari-
ablesystemsgainedmuchfocus,whichresultedin severalusefulresultsonstatecontrollabil-
ity, observability andmodalcontrol. Themainfocusof thework in modalcontrol is to find
astatefeedbackgainmatrixwhichresultin somedesiredprespecifiedclosed-looppoles.Al-
thoughthepolescanbemovedwith statefeedback,it becameprettyclearthattheopen-loop
zeroscannotbemovedby state-feedback.Thatis, theclosed-looptransferfunctionfrom the
referencesto theoutputscontainstheopen-loopzeros.About thesametime,optimalcontrol
theoryin termsof LinearQuadraticGaussian(LQG) controlreachedmaturityandwassuc-
cessfullyappliedto aerospaceapplicationssuchasrocket maneuveringwith minimumfuel
consumption.It is well known thattheSeparationTheoremsplitstheLQG probleminto the
deterministicLinearQuadraticRegulator(LQR) problemandthestochasticLinearQuadratic
Estimation(LQE) problem.Theconstantstatefeedbacksolutionto theLQR problemandthe
fact that therationaltransferfunctionmatrix from theinputsto thestatescontainsno zeros,
may have hada misleadingrole in multivariablesystemtheory, with result that very little
attentionwasgivento multivariablezerosduringthe1960’s.

In the1970’s multivariablezerosstartedto gain focus. Rosenbrock(1966;1970)intro-
ducedthefollowing definitionsof zerosandpolesin multivariablesystemsusingtheSmith-
McMillan form: “The zerosof s aretherootsof thenon-zeronumeratorpolynomialsin the
Smith-McMillanform of s ” and“The polesof s aretherootsof thedenominatorpolynomi-
alsin theSmith-McMillan form of s ”. Thesedefinitionsof zerosandpolesin multivariable
systemsarecommonlyusedandthey arealsoadopted(amongmany others)byKailath(1980)
andmorerecentlyby Zhou,Doyle andGlover (1996).However, in this paperwe will make
useof thefollowing definitionsof zerosandpoles.

DEFINITION (ZEROS, MacFarlaneandKarcanias,1976). t
u0vxw is a zero of szym{}| if therank
of sNy)t
u*| is lessthanthenormalrankof sNym{}| .
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DEFINITION (POLES, Bode,1945).Thepoles~,udv�w of a rational transferfunctionmatrixszym{�| are the points in the complex plane where one or more elementsof szym{�| becomes
infinite.

We will returnto thesedefinitionslater, but for now notethatthey generalizesRosenbrock’s
definitionsto alsoincludenon-rationalsystems,e.g.systemwith time-delays.

Thereareseveralotherdefinitionsof zerosin multivariablesystems,themostimportant
oneis dueto DesoerandSchulman(1974)which definethezerosfrom coprimepolynomial
matrix factorizationof s .

A secondsteponthewaytowardsthedefinitionandcomputationof zerosandtheirdirec-
tions,is to recognizethatcomputingthezerosis numericallyequivalentto solvethegeneral-

izedeigenvalueproblemon theform tz�� ���� �� �� where �� � ���*� �� ��� and �� � ��� ���� ����� .
This factwasfirst pointedoutby Kaufman(1973)for SingleInputSingleOutput(SISO) sys-
tems.Kaufmanalsopresentanalgorithmto computethezeros.Thisalgorithmis extendedto
multivariablesystemsin (Patel,1976).Today, a reliablenumericalcomputationalschemefor
solvinggeneralizedeigenvalueproblemsexist in termsof theQZ-algorithm.MacFarlaneand
Karcanias(1976)pointoutthatthezeroscomputedfrom generalizedeigenvalueproblemcor-
respondsto thetransmissionzerosif thestate-spacerealizationis minimal. Having realized
thatthezeroscanbecomputedfrom generalizedeigenvalueproblem,thedirectionalityof the
zerofollowsasthegeneralizedeigenvectorsandtheimplicationsof zerosin termsof thewell
known transmissionblockingpropertiesfollows(see,MacFarlaneandKarcanias,1976).One
couldarguethat thedefinitionsandthecomputationsof zerosandtheir directionsin multi-
variablesystemhasbeenestablishedfor sometime now. However, thesameis not true for
thepoledirections.

It is easyto recognizethe“symmetric”definitionsof zerosandpolesof s , i.e. thezeros
of s arethepolesof s��B� andthepolesof s arethezerosof s��B� . Indeed,therearesome
authorswhodefinethepoledirectionsin termsof thezerodirectionsof s!��� (see,Zhouetal.,
1996;Chen,1993;Chen,1995). In this paperwe show how to computethepoledirections
andpolevectors in termsof standardeigenvalueproblems,therebyavoiding theinversionofs . Surprisingly, thecomputationof poledirectionsin termsof standardeigenvalueproblems
seemsto be new, or at leastit hasnot beenclearly stated.More importantly, many of the
previousresultsoncontrollabilityandobservability canberestatedin a naturalway in terms
of thepolevectors.Our conclusionis that theserestatementsalsoprovidesmoreinsight to
controllabilityandobservability, andthatthepoledirectionsaretoolswhichcansuccessfully
beappliedto the taskof control structureselection.Theserestatementsarealsoequivalent
with modalcontrollabilityandobservability.

The intentionwith this paperis thereforeto give an introductionto multivariablezeros
andpoles,with particularemphasizeon thedirectionalityandcomputations.

Finally, wemakesomeremarksontheuseof thetermsvectoranddirectionin thispaper.
Weusethetermdirectionin connectionwith zerosor poleswegenerallymeananormalized
basisvectorfor the zeroor pole spaces1. Whenwe usethe term vector in connectionwith
zerosor poleswealsomeanbasisvectorsfor thezerosor polespaces,however, thevectoris

1Weshallseethatthezeroandpoledirectionscanin certainspecialcasesbeof zerolength.
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not forcedto beof unit length.In particularwe find thepolevectorsto beimportanttoolsin
thetaskof input/outputselection(see,Chapter6), whereasthezeroandpoledirectionsplay
importantroleswhenstudyingtheeffectof RHP zerosandpolesonclosed-loopperformance
(seeChapters3 to 5). We thereforechooseto distinguishbetweenzero/poledirectionsand
zero/polevectors.

2.2 Basicsfr om linear control theory

Themostcommonway to describea continuouslinear time-invariantdynamicalsystemsis
thestate-spacedescription ���� � � ©^�q� (2.1)���G��� ©^�N� (2.2)

In (2.1)–(2.2),
�

aretheexternalinputs � arethestatesand � aretheoutputs.
�

,
�

, � and�
arerealmatricesof dimensions�K�E� , �[�E� ,  ¡�E� and  0�E� where� is thenumberof

states,� is thenumberof inputsand   is thenumberof outputs.The time domainsolution
to (2.1)–(2.2)for a giveninitial state�£¢¤�¥� y§¦ ¢ | anda giventrajectoryof theexternalinput� y§¦¨| is � y%¦©| � ª¬«£®�7¢ ©°¯ §± ª¬«�²³ �7´�µ �q� y§¶·|#¸¹¶ (2.3)� y§¦¨| � �º� y%¦©| ©^�N� y§¦¨| (2.4)

By inserting� y§¦¨| from (2.3)into (2.4)weobtain� y§¦¨| �G�cª¬«£®�£¢ © ¯ §± �cª¬«�²³ �7´�µ �q� y§¶·|#¸¹¶ ©^�N� y§¦¨| (2.5)

Applying theLaplacetransformto (2.1)–(2.2)with initial state�7¢ yieldsym{
» ° � | � ym{�| � �q� ym{}| © �£¢ (2.6)� ym{�| � �º� y¼{�| ©^�N� ym{}| (2.7)

By inserting � ym{}| from (2.6) into (2.7) we get therationaltransferfunctiondescriptionof a
LTI dynamicalsystem� y¼{�| � � ym{
» ° � | �B� �q� ym{}| ©^�N� ym{�| © � ym{`» ° � | �B� �£¢� � ym{
» ° � | �B��½ �£¢ ©¾�q� y¼{�|À¿ ©^�N� ym{}| (2.8)

With zeroinitial stateweobtainsNym{}| �G� ym{`» ° � | �B� � ©Á� (2.9)
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wheretherationaltransferfunctionmatrix s (of size  ¡�E� ) givenby (2.9)canbeevaluated
asa functionof thecomplex variable{ . Theinput/outputbehavior of thesystemsystems in
thefrequency domainis thendescribedby� y¼{�| � szym{�| � ym{}| (2.10)

Theshort-handnotations s Â�ÄÃ � �� � Å and y �qÆ � Æ � Æ � | (2.11)

arefrequentlyusedto describea linearstate-spacemodelof a continuossystems givenby
(2.1)–(2.2).

Givenasystems with state-spacerealizationy �qÆ � Æ � Æ � | where
�

canbediagonalized
(
�

has � linearly eigenvectors).Then szym{�| canbe written in the following partial fraction
expansion sNym{}| � ÇÈÉ¬Ê � ��Ë É Ì{ ° ~ ÉkÍÏÎÉ � ©^� (2.12)

In (2.12) Í É and Ë É areleft andright eigenvectorscorrespondingto thepole ~ É , where Í É
and Ë É arescaledsuchthat Í ÎÉ Ë É � Ì . Thereareseveralwaysto prove this result,oneway
is givenin (DouglasandAthans,1995).
REMARK 1. Ð@Ñ}Ò is a vectorof dimensionÓ.ÔEÕ , DouglasandAthans(1995)notethat Ð>Ñ}Ò indicates
how muchthe Ö ’ th modeis observedin theoutputs.
REMARK 2. ×>ØÒ?Ù is a vectorof dimension ÕcÔEÚ , andDouglasandAthans(1995)notesimilarly
that ×?ØÒdÙ indicateshow muchthe Ö ’ th modeis exited by the inputs. Oneproblemwith this view on
controllability andobservability, is thatwe arefreeto scale×ÛÒ and Ñ}Ò arbitrarily, sothelengthof the
vector×?ØÒ Ù canbemadeaslargeasonewantsby multiplying ×@Ò with anon-zeroconstantÜ . However,
thenthelengthof thevector Ð@Ñ}Ò becomescorrespondinglysmall,since×?ØÒ Ñ¬ÒaÝ°Õ is required.

The following result is statedin several books(seefor example;Zhou et al., 1996), it
concernsthedynamicresponsedueto certaintypeof inputsignals.

LEMMA 2.1. Let sNym{}| bea strictly or semi-properrational transferfunctionmatrix of size Þ�a� , andlet y �qÆ � Æ � Æ � | bea minimalstate-spacerealizationof s . Considerthedynamic
responseat theoutputof s dueto theinitial state� y§¦ ¢ | �ß�7¢ andthefollowing input� y§¦¨| �áà � ¢
ª�â ±� ¦>ãe¦ ¢ Æä ¦>åe¦ ¢ (2.13)

where
� ¢ vEw0æ and { ¢ vEw ° ½Þç u©y � |À¿ . Then� y§¦¨| �Gª¬«£ ½ �£¢ ° ym{ ¢ » ° � | �B� �q� ¢ ¿ © szym{ ¢ | � ¢�ª â ±� (2.14)

andfor thespecialinitial state �7¢�� ym{ ¢ » ° � |À�B� �q� ¢ , theonly visiblemodeat theoutput� y§¦¨| is { ¢ , resultingin � y§¦¨| � sNym{ ¢ | � ¢`ª â ±� (2.15)
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2.3 Zerosand zero dir ectionsin multi variable systems

Zerosof a systemmayarisewhencompetinginternaleffectsaresuchthattheoutputis zero
evenwhenthe inputs(andthe states)arenot themselvesidenticallyzero. For SingleInput
SingleOutput(SISO) systems,the zerosarethe solutions { � t to szym{}| � ä

, andthus it
couldbearguedthat they arevaluesof { at which sNym{}| loosesrank(from rank1 to rank0).
FromtheSmith-McMillan form szym{}| �éè ym{}|*êëy¼{�|*ìzym{}| (seeKailath,1980),thezero { � t
is a root in oneof thenumeratorpolynomialsí¨uîym{}| , then ê (andtherebyalso s ) loosesrank
dueto thezero { � t . This decreasein rankfor thecomplex number{ � t is thebasisfor
the definitionof zerosgivenby DesoerandSchulman(1974),who considera left coprime
polynomialmatrix factorizationof sNym{}| , szym{}| � � ���ï ym{}|*ð ï ym{}| anddefinesthezerosasthe
complex numberst wherethe rankof ð ï y)t¹| is lessthanthenormalrankof ð ï ym{}| . This is
similar to the definition of zerosusedin this paper, given in the introductionandrepeated
here.

DEFINITION 2.1 (ZEROS, MacFarlaneandKarcanias,1976). t
u�vñw is a zero of szym{}| if
the rank of sNy)t
u/| is lessthan the normal rank of szym{}| . Thezero polynomialis definedast,ym{}| �ñòôó�õu Ê � ym{ ° t¬u®| where ð!ö is thenumberof finitezerosof szym{}| .
The normalrank of sNym{}| is definedasthe rank of sNym{}| at all { excepta finite numberof
singularities(which arethezeros).This definitionof zerosis basedon thetransferfunction
matrix,correspondingto aminimalstate-spacerealization.Thesezerosaresometimescalled
“transmissionzeros”(seeMacFarlaneandKarcanias,1976),but we shall simply call them
“zeros”.

If sNy¼{�| hasa zerofor { � t , then thereexist non-zerovectorslabeledthe input zero
direction

� ö andtheoutputzerodirection � ö , suchthat
� Îö � ö � Ì , � Îö � ö � Ì andsNy)t¹| � ö � ä Æ szym{}| � ö�÷� ä ø {�÷� t (2.16)� Îö sNy�t¹| � ä Æ � Îö sNym{}|]÷� ä ø {�÷� t (2.17)

Kaufman(1973)wasfirst to pointoutthatzeros(of SISO systems)canbecomputedusingthe
generalizedeigenvalueproblem.For a plant s with a givenminimal state-spacerealization,
theinputandoutputzerodirectionscanbesupplementedwith thestateinputandoutputzero
vectorsthroughtheuseof generalizedeigenvalues.For asystems , thezerost of thesystem,
theinputzerodirections

� ö andthestateinputzerovectorsùúö©u canall becomputedfrom the
generalizedeigenvalueproblemÃ � ° t�» �� � Å Ã ùúö©u� ö Å � Ã ää Å (2.18)

In thissetupwenormalizethelengthof
� ö , i.e.

� Îö � ö � Ì . This imply thatthelengthof ùúö©u
is differentfrom one. Note that if t is not aneigenvalueof the

�
matrix then y)t�» ° � |©���

exists,andfrom thefirst equationin (2.18)wehave thatùûö©u � y)t�» ° � | ��� �q� ö (2.19)
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This is exactly theinitial stateat ¦ � ¦ ¢ whichmakesthedifferentmodesof thesystems to
disappearin (2.14)so that the systemresponseis (2.15). By inserting ùúöÀu from (2.19) into
thesecondequationin (2.18)weobtainä �G� ùúöÀu ©^�N� ö � ½ � y)t�» ° � | �B� �Ø©^�ü ý�þ ÿ� ² ö µ ¿ � ö � sNy�t¹| � ö � ä

(2.20)

Since
� ö is in theright nullspaceof sNy)t¹| , eq. (2.20),theresponsedueto� y%¦©| � à � ö ª ö  ¦@ãe¦ ¢ Æä ¦@åe¦ ¢

andtheinitial state�7¢Ï� ùúö©u , is identicallyequalto zerofor ¦>ã ä .
Similarly, onecancomputethezerost , theoutputzerodirection � ö andthestateoutput

zerovectorsùúö��ºv w Ç throughthegeneralizedeigenvalueproblem� ù Îö�� � Îö�� Ã � ° t�» �� � Å � � ä ä � (2.21)

Whereagainthe length of � ö is normalized,so that � Îö � ö � Ì . By combiningthe two
equationsin (2.21),onecaneasilyobtainä � ù Îö�� �Ø© � Îö � � � Îö ½ � y)t�» ° � | ��� � ©Á�ü ý�þ ÿ� ² ö µ ¿ � � Îö szy)t¹| � ä

(2.22)

andit followsthat � ö is in theleft nullspaceof sNy�t¹| .
REMARK 1. By takingthetransposeof (2.21)oneobtains�
	������� Ð �Ù � ����� ���������� � � Ý �
�� � (2.23)

Fromthis we seethattheinput directionsof thetransposedsystem� � is equalto theconjugateof the
outputdirectionsof � . In MATLAB thegeneralizedeigenvalueproblem(2.21)canthereforebesolved
via thetransposedproblem.
REMARK 2. Let  	"! Ù ! Ð ! �$# beaminimal realizationof �% '& # , computingthezerosfrom theeigen-
valueproblems(2.18)and(2.21)yieldsthe“transmissionzeros”(MacFarlaneandKarcanias,1976).

Whencomputingthe input andoutputdirectionswe have normalized
� ö and � ö . Thus,the

lengthof theinputandoutputstatevectorsaregenerallydifferentfrom one.Note,weusethe
term“vectors”to indicatethatthesestatevectorsarenotnormalized.Insteadof normalizing
theinputandoutputdirections,wecouldhavenormalizedthestatevectorsto obtaintheinput
andoutputzerovectors,(,ö and ) ö , sinceany eigenvectormultiplied by a non-zeroconstant
is still aneigenvector.

A zerowith numericalvalue t mayappearmorethanonce. We definethemultiplicity2y+*�ö}| of azero t asthenumberof timesthezeroappearsin aminimalstate-spacerealization

2Themultiplicity of azerodefinedhereissimilarto thedefinitionof algebraicmultiplicitydefinedin (MacFarlane
andKarcanias,1976)andis equalto thenumberof zeroswith numericalvalue , computedfrom theSmith-McMillan
form.
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of s . This impliesthat thegainof sNy)t¹| canbezeroin morethanonedirectionat the input
and the output. Let s (with minimal state-spacerealization)have normal rank - and letszy)t¹| have rank -¬ö , thenwe definethe geometricmultiplicity3 of the zero t asthe integer. ö�/0-�12-¬ö . We definethe input andoutputzerospacesas the additionalleft andright
nullspacesof sNy)t¹| dueto { � t . It follows thatwe need

. ö linearly independentdirections
to describethe input andoutputzerospaces.A third importantpropertyconnectedto the
zero t , with multiplicity *Eö , is thenumberof linearly independenteigenvectors y43`ö}| in the
eigenvalueproblems(2.18)and(2.21). For a systems with minimal state-spacerealization
we have 3`ö65 . ö758*�ö . Zeroswhere 3
ö � *Eö aresaidto have a simplestructure, while
zeroswhere 3`ö�å9*Eö aresaidto have a non-simplestructure.Systemswhereall the zeros
havea simplestructurearesaidto haveasimplezero structure. Systemswherethezerosare
distincthasa simplezerostructure.Fromtheeigenvaluecomputations(2.18)and(2.21)we
compute3
ö linearly independentzerodirections.In thispaperweconsiderzeroswith simple
structure.For a furthertreatmentof zeroswith non-simplestructurereferto MacFarlaneand
Karcanias(1976). The transmissionblocking propertiescanbe extendedfor systemswith
non-simplezerostructure,seeMacFarlaneandKarcanias(1976).To dothis, they expandthe
generalizedeigenvalueprobleminto generalizedJordanchainsin asimilarmannerasfor the
Jordanform. In Section2.7.1,weusetheJordanform of thestate-spacematrix

�
in asimilar

mannerto find all directionswith infinite gains.However, theadditionaldirectionsobtained
usingtheJordanform arenotof suchfundamentalimportanceasthedirectionsobtainedfrom
eigenvectors.

2.3.1 Zero dir ectionsfr om singular valuedecompositionof :<;>=@?
The zerodirectionscanalsobe calculatedfrom the singularvaluedecompositionof sNy)t¹| .
Let s havenormalrank - , thensNy�t¹| �8A ö�B>öDC Îö � EÈ u Ê � � uGF,u Ë Îu � � � F � Ë Î�IH �KJ F J Ë ÎJ HML
L
L�H � E F E Ë ÎE
Whenthesystemhasnormalrank - andgeometricmultiplicity

. ö , thelast NPORQ.y�  Æ �E|S1T- H . ö
singularvaluesarezero.Thetaskis to sortout which of thelast �U1V- H . ö columnsin C,ö
and  W1X- H . ö columnsin A ö thatspantheleft andright nullspacesdueto thezero { � t . Ifs is squareandhasfull normalrank,thenthereareonly

. ö zerosingularvalues,andthe
. ö

zerodirectionsfollowseasily.

2.4 Polesand poledir ectionsin multi variable systems

Rosenbrock(1970),MacFarlaneandKarcanias(1976),Callier andDesoer(1982)andZhou
et al. (1996)all definethe polesasthe rootsof the denominatorpolynomialsin the Smith-
McMillan form. Bode(1945)statesthatthepolesarethesingularpointsat which thetransfer
functionfails to beanalytic. Thepartialfractionexpansion(2.12),wherethe

�
matrix in the

3Thisdefinitionof multiplicity is identicalto thedefinitiongivenby MacFarlaneandKarcanias(1976).
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state-spacerealizationhas � linearly independenteigenvectors,shows that s canbewritten
asa sumof � first orderrankonesystems.For SISO systems,theterms �¤Ë É and Í ÎÉ � are
scalars.Whenwe considerthepartial fractionexpansionof sNy¼{�| for thecomplex numbers~ É , we seethat the singularitiesoccursin the denominator, and the function sNym{}| is not
analyticat { � ~ É . The valueof sNy¼{�| as { approaches~ É becomesinfinite. In this work
we thereforereplace“f ails to be analytic” with “is infinite”, which certainly implies that
the transferfunction is not analytic. Multivariablesystemsrepresentedby rationaltransfer
functionmatricesalsofail to beanalyticin thepoles,in thesensethatoneor moreelements
becomesinfinite for thecomplex values{ � ~ .

DEFINITION 2.2 (POLES, Bode,1945). Thepoles ~,u�v w of a rational transferfunction
matrix sNy¼{�| arethepointsin thecomplex planewhereoneor moreelementsof szym{}| becomes
infinite. Thepolepolynomialis definedas Y�ym{}|�/ ò ó[Zu Ê � ym{\1E~,u/| where ð^] is thenumberof
polesof sNym{}| .
Thisdefinitionof polescorrespondsto therootsin thedenominatorpolynomialsin theSmith-
McMillan form. For a rationaltransferfunctionmatrix s with a minimal state-spacereal-
ization y �qÆ � Æ � Æ � | the polesare the eigenvaluesof the

�
matrix, i.e. the roots in the

characteristicequationY�ym{}|_/a`cb>d�ym{`»�1 � | , for a proof refer to (Callier andDesoer, 1982,
pages75–78).

Sinceoneor moreelementsbecomesinfinite for { � ~ (or as { approaches~ ), it appears
thatthegainin certainlinearcombinationsof theinputsandtheoutputsbecomeinfinite. This
canalsobeseenfrom thepartialfractionexpansion(2.12)of sNym{}| wherethegainin theinput
direction

� Î Í É andtheoutputdirection ��Ë É becomeinfinite.
For a systemon state-spaceform with a pole locatedat { � ~ , we define(compute)the

inputandoutputpolevectors as(e] � � Î � ]¬ugf )�] �G�º� ]�� (2.24)

where� ]
u Æ � ]��Ïv w Ç arenormalizedeigenvectorscorrespondingto thetwo eigenvalueprob-
lems � Î]
u � � ~ � Î]
u and

� � ]�� � ~ � ]�� (2.25)

In theeigenvaluecomputations(2.25)thelengthof � ]
u and � ]h� arenormalized,wetherefore
usethe termsinput andoutputpolestatedirectionsfor thesevectors.This implies that the
lengthof the input andoutputpolevectorsaregenerallydifferentfrom one,i.e. ij(e]ki J ÷� Ì
and iS)�]li J ÷� Ì . Theorem2.2 in Section2.6 statesthat themode~ is uncontrollableif and
only if (m] � ä

andunobservableif andonly if )�] � ä
. A minimalstate-spacerealizationwill

notcontainuncontrollableand/orunobservablemodes.Thecorrespondingpoledirectionsare
obtainedby normalizingthepolevectors(if oneor moremodesareuncontrollablewesetthe
correspondinginputpoledirectionsequalto zero,andif oneor moremodesareunobservable
wesetthecorrespondingoutputpoledirectionsto zero):� ] � à (e]mn_iS(m]ki J if oSp�qWo p@rÝ �ä

if oSp�qWo p Ý � (2.26)
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� ] � à )�]mn_iS)�]li J if o�stquo p^rÝ �ä
if o�stquo p Ý � (2.27)

A pole ~ mayappearmorethanonce. We definethemultiplicity y+*P]¹| of the pole ~ asthe
numberof timesthe pole ~ appearsin the minimal state-spacerealizationof s . Whenthe
multiplicity of thepole~ is largerthanone,morethanonedirectionattheinputandtheoutput
mayget infinite gain. For a systems with a minimal statespacerealization,we definethe
input andoutputpolespacesasthespacesin w æ and w ï which getsinfinite gainfor { � ~ .
Wedefinethegeometricmultiplicity y . ]ú| of thepole ~ asthenumberof linearly independent
vectorsin w¡æ and w ï requiredto describetheinputandoutputpolespaces.A third parameter
connectedto thepole ~ is thenumberof linearly independenteigenvectors y43v]¹| in thestate-
spacematrix

�
correspondingto the pole ~ . It follows that 3w]x5 . ]y5<*P] . If 3v] � *z]

thenthepoleis saidto have a simplestructure, while poleswhere3w] åy*z] aresaidto have
a non-simplestructure.Systemswhereall thepoleshave a simplestructurearesaidto have
a simplepolestructure. Systemswhereall thepolesaredistincthasa simplepolestructure.
It follows thatwe compute3v] linearly independentdirectionswith infinite gainusing(2.26)
and(2.27). In Section2.7 we treatthecasewherethestate-spacematrix

�
is defective (the

state-spacematrix
�

doesnotcontain� linearly independenteigenvectors)andweshow how
to computetheremaining

. ]%1�3w] directionswith infinite gain.

2.4.1 Partial fraction expansionof :<;�{|? in terms of the polevectors

Systemwith simplepole structure(systemswherethe state-spacematrix
�

has � linearly
independenteigenvectors)canbeexpressedasa sumof � rankonesystemsin termsof the
inputandoutputpolevectorsandthecorrespondingstatedirectionsszym{�| � ÇÈÉ¬Ê � ��� ]��~} É y � Î]¬u�} É � ]��~} É |À�B�{�1 ~ É � Î]
u�} É � H � � ÇÈÉ¬Ê � )h]h� y � Î]
uG} É � ]��~} É |À���{�1�~ É ( Î]D� H � (2.28)

where � ]¬u�} É and � ]��~} É arethenormalized(i.e. i � ]
uG} É i J � Ì and i � ]��~} É i J � Ì ) left andthe
righteigenvectors,)�] � is theoutputpolevectorand (e] � is theinputpolevectorcorresponding
to themode~ É .
Proofof (2.28). Both Ñ Ò in (2.12)and � q ��� Ò areright eigenvectorsof the

	
matrixcorrespondingto the

eigenvalue� Ò . Similarly, × Ò in (2.12)and � q�� � Ò areleft eigenvectorsof the
	

matrixcorrespondingto
theeigenvalue � Ò . Assumethat Ñ Ò is normalized,i.e. Ñ Ò ÝM� q ��� Ò , thenthe lengthof × Ò is generally
not equalto one and we have that × Ò Ý Üw� q�� � Ò for someconstantÜ���� . Since × ØÒ Ñ Ò Ý Õ is
requiredin (2.12) andthe eigenvectors � q�� � Ò and � q ��� Ò arenormalized,we get the additionalfactorÜ�Ý2 4� Øq�� � Ò � q ��� Ò #���� in (2.28)comparedto (2.12). �
2.4.2 Relation betweenthe pole-directionsof : and :I�
Thestateinput andoutputpoledirections� ]¬u and � ]�� of s correspondingto thepole ~ are
givenby � Î]
u y � 1�~,»�| � ä

and y � 1 ~,» | � ]�� � ä
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Similarly, for thetransposedsystems�� Â� � 	�� Ð �Ù � � � �
thestateinput andoutputpoledirections�W�]¬u and �W�]�� correspondingto thepole ~ aregiven
by � � Î]¬u y � ��1 ~,» | � ä

and y � �61�~,» | � �]�� � ä
which implies y � 1�~,» |h�� �]
u � ä

and � � �]�� y � 1�~,» | � ä
The relationsbetweenpoledirections(

� ] , � ] , � ]
u , � ]�� ), for s andthe poledirections(
� �] ,�m�] , �W�u�] , �W���] ) for s � become: � ]
u � �� �]�� � ùD]
u � �ù �]�� (2.29)� ]�� � �� �]
u � ùD]�� � �ù �]
u (2.30)(e] � � Î � ]¬u � �� � �� �]�� � �) �] � � ] � �� �] (2.31))h] �é��� ]h� � y �� � | Î ��W�]
u � �( �] � � ] � �� �] (2.32)

2.4.3 Poledir ectionsfr om singular valuedecompositionof :<;���?
Let sNym{}| havenormalrank - . Fromthesingularvaluedecompositionof sNy ~£| wehave

sNy ~£| �8A ]�B�]mC Î] � EÈ u Ê � � uGF,u Ë Îu � � � F � Ë Î� H �KJ F J Ë ÎJ HML
L
L�H � E F E Ë ÎE
Thedirectionswith largestgainareassociatedwith F � , the input direction

� ] is Ë � andthe
output direction � ] is

� � . However, since szy ~£| � ] � � and � Î] sNy ~£| � � we can not
evaluate sNy ~£| . Instead,we canconsidersNy ~ H íî| when í�� ä

, but this is moredifficult
numerically.

For a squaresystem,s , with minimal state-spacerealization y �qÆ � Æ � Æ � | where
�

is
nonsingular, theinverseis givenby (Zhouetal., 1996,p. 67)

s �B� Â�ÄÃ � 1 �q� �B� � 1 �q� ���� �B� � � �B� Å (2.33)

Theoutputpoledirectionis thengivenby s��B��y ~£| � ] � ä
, similarly the input poledirection

is given by
� Î] s ��� y ~£| � ä

. The pole directionscan thereforebe found as the the zero
directionsof s��B��y ~£| , s��B��y ~£| �UA B\C Î , with � ] asthezerodirectionin C and

� ] asthe
zerodirectionin A . However, to calculatethepoledirectionsfrom SVD of sNy ~£| or s �B� y ~£|
hasratherpoornumericalproperties.So,thecomputationof poledirectionsfrom SVD is not
recommended.
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2.4.4 Relationsbetweenzero and poledir ectionsfor : and :��@�
To find arelationshipbetweenpoledirectionsfor s (outputpoledirection � ] andoutputstate
vector ùD]�� ) andzerodirectionsfor s��B� (input zerodirection

� ö andinput zerostatevectorùúö©u ), assumethat s is squarewith anon-singular
�

matrix. Theinputzerodirectionsof s ���
aregiventhroughtheuseof (2.33).Ã � 1 �q� �B� � 1 ~,» 1 �q� ���� �B� � � �B� Å Ã ùúö©u� ö Å � Ã ää Å (2.34)

From(2.34)wehave y � 1�~,» |ÀùúöÀu[1 �!� �B��y � ùûö©u H � ö�| � ä
(2.35)� �B��y � ùúö©u H � öÞ| � ä
(2.36)

Clearly, ùúö©u � 1 � ]��hn_i ��� ]��ui J � 1ºùD]�� and
� ö � � ] (2.37)

is asolutionto (2.34).
Next, assumethat s �B� existswith

�
squareandnon-singular. It is theeasyto provethat

thezerosof s canbecomputedfrom thepolesof s �B� . For thezerost wehave (2.18)Ã � 1�t�» �� � Å Ã ùúö©u� ö Å � Ã ää Å
Fromthebottomequationweobtain � ö � 1 � ��� � ùúö©u (2.38)

Inserting(2.38)in theupperequationin (2.18)givesy � 1 �q� ��� � 1�t�» |Àùúö©u � ä
(2.39)

Thematrix
� 1 �!� �B� � is thestate-matrixin s �B� givenin (2.33). So,thezerosof s can

becomputedfrom theeigenvalueproblem(2.39)when
�

is non-singular.

2.5 Uniquenessof input/output zero and poledir ections

It follows thatzeroandpoledirectionsgenerallyarenon-unique,i.e. any zero/poledirection
multipliedby acomplex numberwith magnitudeoneandany phaseis alsoazero/poledirec-
tion. However, thedirectionalityof the input andoutputpoledirectionsareindependentof
thestate-spacerealization,seeRemark3 on page28. Thesameappliesfor input andoutput
zerodirections,sincethey canbecalculatedasthepoledirectionsof s �B� .

If the dimensionsof the zero/polespacesaregreaterthanone,i.e. the geometricmul-
tiplicity is greaterthanone,any normalizedlinearcombinationof a setof input andoutput
directionscorrespondingto a zero/polearezero/poledirections.However, we notethat the
orderof thezero/poleis generallydifferentin thedifferentdirections.
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The input/outputzero and pole directionsare dependenton the input/outputscaling,
which is reasonable.In general,we prefer to scalethe inputs so that maximumallowed
changefor eachinputstaysbetween� Ì andtheoutputssothatthemaximumallowedcontrol
errorcorrespondsto � Ì . However, somespecialapplicationsmayrequiredifferentscalings
to beapplied.

2.6 Controllability and observability fr om poledir ections

The criteria for statecontrollability andobservability discussedin this sectionwere intro-
ducedindependentlyby severalpeople,amongthem:Popov (1973),Belevitch (1968),Hau-
tus (1969),Rosenbrock(1970). The testswerefirst givenby Gilbert (1963)for thespecial
casewhenthestate-spacematrix

�
is diagonalizable.Dueto thegeneralizationprovidedby

Popov andBelevitch andthefactthatHautuswasthefirst to notetheirwideapplicability, it is
commonto referto thesetestsfor statecontrollabilityandobservability asPopov-Belevitch-
Hautus(PBH) tests(Kailath,1980).

THEOREM 2.1 (PBH EIGENVECTOR TESTS). Givena LTI-systems with state-spacereal-
ization y �qÆ � Æ � Æ � | , thenthefollowing is true:

1) Thepair y �qÆ � | is controllable if andonly if for all poles~� Î � ]
u � ä   � ]¬u � ä
where � Î]
u � � ~ � Î]
u (2.40)

2) Thepair y � Æ�� | is observableif andonly if for all poles~��� ]�� � ä   � ]�� � ä
where

� � ]�� � ~ � ]�� Æ (2.41)

REMARK 1. Condition(2.40)saysthatthepair  	"! Ù # is controllableif andonly if no left eigenvector
of the

	
matrix is completelyin theleft nullspaceof the Ù matrix. Thatis, no left eigenvectorof the

	
matrix is orthogonalto all thecolumnsof the Ù matrix.
REMARK 2. Condition(2.41)saysthatthepair  �Ð !¡	 # is observableif andonly if noright eigenvector
of the

	
matrix is completelyin theright nullspaceof the Ð matrix. Thatis, noright eigenvectorof the	

matrix is orthogonalto all therowsof the Ð matrix.
REMARK 3. If thecondition(2.40)is not fulfilled for somemode� , thenit is commonto saythatthe
mode� is notcontrollable(uncontrollable),andif thecondition(2.41)is not fulfilled for somemode� ,
thenit is commonto saythat themode� is not observable(unobservable). For a definitionof modal
controllabilityandobservability referto (Zhouetal., 1996).

Next, we will statePBH eigenvectortestsin termsof poledirections.This applicationof the
poledirectionsturnsout to beuseful.

THEOREM 2.2 (PBH EIGENVECTOR TESTS IN TERMS OF POLE DIRECTIONS). Givena
LTI-systems with state-spacerealization y �qÆ � Æ � Æ � | , thenthefollowing is true:

1) Thepair y �qÆ � | is controllable if and only if all input pole vectors (directions)are
differentfromzero, i.e. (e]�÷� ä y � ]�÷� ä | Æ ø ~ (2.42)
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2) Thepair y � Æ�� | is observableif and only if all outputpole vectors (directions)are
differentfromzero, i.e. )h] ÷� ä y � ] ÷� ä | Æ ø ~ (2.43)

Proof of Theorem2.2. The statement(A ¢ B) is equivalentto (not B ¢ not A), so the first part of
Theorem2.1canberestatedas:“The pair  	"! Ù # is controllableif andonly if for all ��jq�� rÝ � ¢ Ù Ø �eq�� rÝ � where � Øq�� 	 Ý��m� Øq�� .”
Whenweintroducethepolevector p�q Ý Ù Ø �jq�� weimplicitly assumethat �eq�� rÝ � andthatit satisfies� Øq�� 	 Ý6�m� Øq�� , sotheseassumptionsdonotneedto bestated.Thefirst partof Theorem2.2thenfollows.
Thesecondpartis derivedin ananalogousmanner. �
FromTheorem2.2, themode~ is uncontrollableif andonly if (e] � ä

andunobservableif
andonly if )h] � ä

. Theorem2.2 is just a restatementof PBH eigenvectortests.However,
it is mucheasierto understandandremembersincetheeigenvalueproblemsarehidden.So,
ourconclusionis thatit is ausefulrestatement.

Thepolevectorscontaina lot of informationaboutthestructure.Considerselectingthe
transferfunctionelements¤u¤£ correspondingto output ¥ andandinput ¦ . We cando this in
termsof multiplying s with ª �u on theleft and ª £ on theright, whereª u is avectorof length   with zerosin all positionsexceptposition ¥ whichcontainsÌ .ª £ is avectorof length � with zerosin all positionsexceptposition ¦ whichcontainsÌ .
Weobtain s�u+£ûy¼{�| �Gª �u szym{�| ª £ Â� § � � ª £ª �u � ª �u � ª £X¨ (2.44)

Theinput yD©(m]ú| andtheoutput yt©)�]¹| polevectorsof s�u+£ correspondingto thepole ~ become©(m] � y � ª £}| Î � ]
u �Gª �£ � Î � ]
u �Gª �£ (m] � (m]ª} £ (2.45)©)�] � ª �u ��� ]�� �Gª �u )�] � )�]ª} u (2.46)

where (m]ª} £ denotesthe ¦ ’ th elementof inputpolevector (m] and )�]j} u denotesthe ¥ ’ th element
of outputpolevector )�] of s correspondingto themode~ . By usingTheorem2.2 we may
conclude:

COROLLARY 2.1. For a plant s with pole ~ , input polevector (e] (input poledirection
� ] )

andoutputpolevector )�] (outputpoledirection � ] ), thefollowing is true:

1) Themode~ is uncontrollablein input ¦ if andonly if the ¦ ’ th elementof (e] (
� ] ) is zero(e]ª} £ � ä y � ]ª} £ � ä |

2) Themode~ is unobservablein output ¥ if andonly if the ¥ ’ th elementof )�] ( � ] ) is zero)�]ª} u � ä y � ]ª} u � ä |
Proofof Corollary 2.1. Replacethe Ù matrixwith Ù_«�¬ and Ð with « �� Ð andapplyTheorem2.2. �
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2.6.1 Decouplingzerosand uncontrollable/unobservable modes

Thereis a link betweenpolesandaclassof zerosdefinedby Rosenbrock(1970;1973;1974).
Rosenbrock(1970)defines4 inputandoutputdecouplingzerosasfollows

Inputdecouplingzerost
u : �® � t¬u)»�1 � � � åÄ�
Outputdecouplingzerost�� : �® Ã th��»�1 �1 � Å åÄ�

Theinput decouplingzerosconcernthesituationwheresomefreemodalmotionof thesys-
tem stateis uncoupledfrom the input. Similarly, the outputdecouplingzerosconcernthe
situationwheresomefreemodalmotionof thesystemstateis uncoupledfrom theoutputs.It
follows that theonly potentialcandidatevaluesfor input or outputdecouplingzerosarethe
eigenvaluesof the state-spacematrix

�
, sincethesearethe pointswhere {
»z1 � becomes

singular. In additionfor inputdecouplingzerostheleft nullspacet
um»T1 � mustoverlapwith
the left nullspaceof

�
. For outputdecouplingzerosit follows similarly that th� mustbean

eigenvalueof the
�

matrix andthenullspaceof th�`»$1 � mustoverlapwith thenullspaceof� . Notethattheseconditionsareexactly theconditionsunderwhich themode~ (equalto t
u
or t�� ) is uncontrollableor unobservable. Thesimilaritiesbecomeevenmoreobviousin the
PBHranktests(Kailath,1980).

THEOREM 2.3 (PBH RANK TESTS). Givena LTI-systems with state-spacerealizationy �qÆ � Æ � Æ � | , thenthefollowing is true:

1) Thepair y �qÆ � | is controllable if andonly ifv® � {`»T1 � � � � � ø { (2.47)

2) Thepair y � Æ�� | is observableif andonly ifv® Ã {`»T1 �1 � Å � � ø { (2.48)

REMARK 1. Condition1) and(2.47)saysthat  	"! Ù # is controllableif andonly if thereareno input
decouplingzeros.
REMARK 2. Condition2) and(2.48)saysthat  �Ð !m	 # is observableif andonly if thereareno output
decouplingzeros.

Theconclusionsare:¯ Inputdecouplingzerosareuncontrollablepoles.¯ Outputdecouplingzerosareunobservablepoles.

4Obtainedby setting°²±4³w´�µ�³ ���a� , ¶²±·³w´Wµ � , ¸�±4³w´uµ � � and ¹V±·³w´uµ � in Rosenbrock’ssystemmatrix.
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2.7 Repeatedpoles

2.7.1 All dir ectionswith infinite gains

In Section2.4wedefinedthepoledirectionsfrom theleft andright eigenvectors,andshowed
that the gainsin thesedirectionsbecomeinfinite for { � ~ . For systemswith simplepole
structurethesedirectionsare sufficient to describethe input andoutput pole spaces.The
pole spaceshave dimension

. ]º5»*P] andin the generalcasewe only have 3w]º5 . ] pole
directions.This suggeststhatmorethan 3v] directionswith infinite gainsexist. Thequestion
is then:¯ Wheredo theadditional

. ]�1�3v] directionscomefrom, andwhich roledo they play?

It turnsout that whena systems haspoles~ with multiplicity *z] , geometricmultiplicity. ] and 3v]�å . ] linearly independenteigenvectors,thenthestate-spacematrix
�

is defective
andcannot bediagonalized.We areableto computetheadditional

. ]�1V3w] directionswith
infinite gainsby usingtheJordanform. Theadditional“pseudo”statevectorsobtainedfrom
theJordanform arelinearly independentof theeigenvectors.BeforeusingtheJordanform
to computeall directionswith infinite gains,somewarningremarksareappropriate:¯ Thenotationbecomesmessy, mainly becausewe needto combinetwo Jordanforms,

theleft andtheright Jordanform.¯ As wehaveseen,many usefulinterpretationscanbemadein termsof thepolevectors
anddirections.However, thesameis nottruefor thegeneralizedvectorsobtainedfrom
the Jordanform, so one may concludethat thesedirectionsare not of fundamental
importanceasis thecasewith thepoledirections.

Themostusefulresultobtainedby consideringall directionswith infinite gainsis thatwecan
prove that the input andoutputpoledirectionscorrespondsto thedirectionswith maximum
order5 of thepole.

SectionB.2 in AppendixB definesandshowshow theleft andtheright Jordanformscan
becombinedinto ê Î¼ � êx½¿¾ � Î � ¾ � Î ê Î¼ � êÀ½ �8Á (2.49)

whereêÀ½ and ê ¼ arethenon-singularsimilarity transformationswhichgivesê �B�½ � êx½ �8Á Æ ê Î¼ � ê � Î¼ ��Á
andthecolumnsin êx½ and ê ¼ which areeigenvectorsarescaledsuchthattheir normsare
equalto one.Furthermore,¾ hasthestructuregivenin (B.15)andê ¼ � ê � Î½ ¾
Note,boththeleft andtheright Jordanform hastheonesin the Á matrixabove thediagonal
asdefinedin SectionB.2,AppendixB. This is thenormaldefinitionof theright Jordanform.
For the left Jordanform onecould arguethat the onesshouldbe below the main diagonal

5Theorderof a pole in the input andoutputdirectionsÂ and Ã is definedastheorderof thepole in thescalar
function Ã ØÅÄ ±·³w´4Â .
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in Á . However, thenit is not possibleto combinetheleft andtheright Jordanform into the
equation(2.49). Defining the left Jordanform with the onesabove the main diagonalin Á
implies that theorderingof thevectorsin thematrix ê ¼ correspondingto Jordanblock ÁjÆ
is oppositeof the normalordering. This meansthat the last vector in ê ¼ } Æ (where ê ¼ } Æ
containsthevectorscorrespondingto Jordanblock ÁjÆ ascolumns)is theeigenvectorandthe
othervectorsarethegeneralizedvectors.For furtherdetailsseeSectionB.2 in AppendixB.

LEMMA 2.2 (POLE DIRECTIONS AND DIRECTIONS WITH INFINITE GAINS). Let szym{}| be
a rational transferfunctionmatrix,with minimalstate-spacerealization y �qÆ � Æ � Æ � | . Let~ bea poleof szym{}| with multiplicity *P] andgeometricmultiplicity

. ] . Thenthere exist *z]
input and outputdirections,

�KÇ } £ and � Ç } £ , which approachesinfinity as { approaches~ .
Thesedirectionsaregivenby�[Ç } £ � � Î � ¼ } £hn_i � Î � ¼ } £ui J f � Ç } £ �G� ��½|} £Dn_i � �È½|} £�i J (2.50)

where � ¼ } £ and ��½|} £ correspondsto thecolumnsin ê ¼ and êx½ associatedwith thepole~ .
. ] of thesedirectionsare linearly independentandthe 3w] directionscorrespondingto the

eigenvectorsare thepoledirections.

REMARK 1. If
	

has É linearly independenteigenvectors,eachJordanblock is of size Õ]ÔEÕ , Ê6Ë ÝÌ Ë , Ê6Í Ý Ì Í , Î�Ý�Ï , thematrix
	

is diagonalizableandall directionsarepoledirections.

REMARK 2. If
	

hasdistincteigenvalues,then
	

has É linearly independenteigenvectorsand
	

can
bediagonalized.
REMARK 3. Thedirectionalityof thepolevectors,poledirectionsandthevectorswith infinitegainsare
independentof thestate-spacerealization.To provethisdefineanew statevectorwith thenon-singular
similarity transformationÐ � Ý�ÐÑ�
Thenew state-spacerealizationbecomesÒ� Ý�Ð 	 Ð �W�Ó Ô�Õ Ö×cØ �ÑÙ Ð ÙÓ~ÔvÕ~ÖÚ Ø$ÛWÜ � Ý^ÐÑÐ ���Ó Ô�Õ ÖÝ Ø �ÑÙ � Û
Fromthetheconstructionof theJordanform wehave Ê ���Í 	 Ê6ÍNÝÀÎ . Inserting

	 Ý�Ð ����	ÑÞ Ð givesÊ �W�Í Ð ��� 	 Þ Ð�Ê6ÍÓ Ô�Õ Öß Øà ÝyÎ
andwehave Ê ÞË ÝÀÊ Þá� ØÍ Ý�Ð � ØâÊ � ØÍ Ý�Ð � ØÑÊ6Ë orÚ Þ Í � � Ý�Ð�ÚãÍ � � Ü Ú Þ Ë � � Ý�Ð � Ø ÚzË � �
Thenew outputvectorwith infinite gainbecomess Þr Ý^Ð Þ Ú Þ Í � � ÝÁÐÅÐ ��� Ð�ÚãÍ � �·ÝÁÐ@ÚãÍ � �7ÝIs r
andthenew inputvectorwith infinite gainbecomesp Þr Ý Ù Þ Ø Ú Þ Ë � � Ý Ù Ø Ð Ø Ð � Ø ÚãË � �,Ý Ù Ø ÚzË � �·ÝIp r
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REMARK 4. Thelengthof thepolevectorsandthevectorswith infinite gainsdependonthestate-space
realization. This follows sincemultiplying the Ð matrix with a non-zeroconstantÖ andmultiplying
the Ù matrix with Õ~ä¬Ö yieldsthesamerationaltransferfunction,but theinput andoutputvectorswith
infinite gainsof themodifiedsystem� Þ with state-spacerealization 	"!��Ò Ù ! Ö¹Ð ! �$# becomep Þr Ý ÕÖ Ù Ø ÚãË � �·Ý ÕÖ p r ! and s Þr Ý�Ö¹Ð>ÚzÍ � �,Ý�Öcs r
EXAMPLE 2.1 SYSTEMS IN SERIES AND PARALLEL . This exampleillustratethedifferencein struc-
tureinvolvedwhensystemhasa repeatedpole � with two linearly independenteigenvectors,andonly
oneeigenvector. Weconsiderthefollowing two structures:

Systemsin parallel. Systemsin series.

Û pÛ � åå æ³ �Wç � � �æ³ �Wç p � p åå� p� � Û pÛ �
å æ³ �Wç p åè é� p

+
+

åê å æ³ �uç � å� � � �� p
�^ '& # Ý � �ë � q~ì �� �ë � q�í � �% '& # Ý � �ë � q~ì �î ë � qtì�ï î ë � q�íwï� �ë � q�í �

�% '& #�ðÝ0ñòòó � � � Õ �� � p � ÕÕ � � �� Õ � �Xôöõõ÷ �% '& #øðÝ0ñòòó � � Õ Õ �� � p � ÕÕ � � �� Õ � �Xôöõõ÷
When� � Ý°Õ and� p Ýúù wegetpoledirections:û q Ý � Õ �� Õ � !ýü qaÝ � Õ �� Õ � û q Ý �Xþ pp � þ pp Õ � ! ü qaÝ � Õ þ pp� þ pp �
When� � Ý°Õ and� p ÝeÕ�ÿ Õ wegetpoledirections:û q Ý � Õ �� Õ � !ýü qaÝ � Õ �� Õ � û q]Ý � � ÿ ������� �Ñ� ÿ ����� Õ � ! ü q Ý � Õ � ÿ ������ � ÿ ������� �
When� � Ý6�qÝ Õ and���0Ý�� Ý Õ wegetpoledirections:û q Ý � Õ �� Õ � !ýü qaÝ � Õ �� Õ � û q Ý � � � Õ Õ � ! ü qaÝ � Õ Õ� � �

For the systemsin parallel, the � matrix in the state-spacedescriptionhastwo linearly independent
eigenvectorsfor all valuesof � � and��� . So,for thecasewhen� �	� ��� � � thegeometricmultiplicity
of thepole � for thesystemin parallelis two.
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For thesystemsin series,the � matrix hastwo linearly independenteigenvectorswhenever 
����
�� . For thespecialcase
�� � 
�� � 
 the � matrix only hasonelinearly independenteigenvector. In
thiscase� is ������� ��� ������ �� �������! " ������$#
It is interestingto seehow element%&�'������� in ������� dominatesover thediagonalelementswhen 
(� �
�� � 
 and )*�,+-
.)0/21 for thesystemsin series.Thereasonis of coursethatelement%&�'� hasapoleof
ordertwo andthereforeapproachesinfinity muchfasterthanthediagonalelementsas � approaches
 .
Themainpointhereis thatthis is reflectedin theeigenvaluecomputationandthereforealsoin thepole
directions.It is alsointerestingto notethatelement%&�'� representstheonly possiblepairingwhichcan
stabilizethe plant �3�4�5� with oneSISO control loop, andthat the pole directionsidentify this control
loop in thiscase.However, thepoledirectionsfail to identify all directionswith infinite gain(they only
identify the linearcombinationof inputsandoutputswherethepoleappearsin theordertwo). To get
all directionswith infinite gainsfor � � 
 weneedto usetheJordanform. Wethengetthedirections6.7 ��� 1 "" 1 # and 8 7 �9� 1 "" 1 #
2.7.2 Controllability and observability of repeatedpoles

Thefollowing resultfollowseasilyfrom thePBHranktest.

COROLLARY 2.2 (CONTROLLABILITY AND OBSERVABILITY OF REPEATED MODES). Given
a LTI-system: with state-spacerealization ;4<>=�?@=�A3=CBED , a repeatedpoleF , multiplicity GIH
and JKH linearly independenteigenvectors. Thenthefollowing is true:

1) Thepole F is controllable if andonly ifLKMON FCP-QO< ?SR(TVU
2) Thepole F is controllableonly if ? containsJWH or more linearly independentcolumns.
3) If ? haslessthan JKH linearly independentcolumnsthenthepole F andthepair ;4<>=C?XD

is uncontrollable.
4) Thepole F is observableif andonly ifLKMZY FCP-QO<Q[A \ TVU
5) Thepole F is observableonly if A containsJKH or more linearly independentrows.
6) If A haslessthan JKH linearly independentrowsthenthepole F andthepair ;�A3=�<�D is

unobservable.

Proof. Theproof is givenin SectionA.

Someusefulinsightson controllability andobservability of repeatedpolescanbeobtained
by lookingatpole/zerocancellationswhenreducingthesizeof : .
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PROBLEM 2.1 POLE/ZERO CANCELLATIONS WHEN REDUCING SIZE TO LESS THAN JWH .
Considertheplant : of size]_^[` with state-spacerealization ;4<>=�?@=�A3=�BED , a repeatedpoleF , multiplicity GIH and JKHba�c linearly independenteigenvectors. We want to predictwhen
pole/zero cancellationsoccursothat whena polewhich appears in a minimalrealizationof: doesnot appearin a minimal realizationof a selectedsubsystem:3d�e f of : , where the
integer multiples g and h describesthe inputsand theoutputsof : which are preservedin:3d�e f .

To illustratetheuseof the integermultiples h and g let usconsiderthe ij^ki subsystemof: , consistingof theinputs c and l andtheoutputsi and m . Weget gnTo�p1�qsr�� and htTo�4u_qwvx� .
Weneedto introducesomemorenotation:

- Let U.d and Uyf denotethenumberof elementsin theintegermultiples h and g .
- Definethematrix z{f of size `|^}Uyf wherecolumn ~ in z{f correspondsto element~

in g , andis equalto theunit vector ��� of size ] , with zerosin all positionsexceptfor
position� whichcontainsc andwhere� is thevalueof the ~ ’ th elementin h .

- Definethematrix z>d of size ]�^�U.d , wherecolumn ~ in z>d correspondsto element~
in h , andis equalto theunit vector ��� of size ] , with zerosin all positionsexceptfor
position� whichcontainsc andwhere� is thevalueof the ~ ’ th elementin h .

With theuseof z>d and z{f weget:�d�e f�;'�0D��Vz��d :3z{f��T Y < ?�fA�d B�d�e f \ (2.51)

where?�fIT�?>z{f , A�d�T�z �d A and B�d�e f�TVz �d B@z{f .

To illustratetheuseof z{f , z>d and(2.51)let hST$�4u_qpv_� , g2T9��1�qsr�� andlet thesizeof : bemX^tl then z{fIT ��&������� �
�� = z>d�T ���� �|�����|����

�����
and :�d�e f�;'�0D�T¡  � ���|��������&¢ ����¤£ �w� £ �'¥ £ ��¦£ ¥�� £ ¥w¥ £ ¥p¦£ ¦K� £ ¦§¥ £ ¦w¦£�¨ � £�¨ ¥ £5¨ ¦

� ��� �� ����|����
��I©   £ ¥�� £ ¥p¦£ ¨ � £ ¨ ¦ ¢

With thenotationintroducedwehave thefollowing result.

LEMMA 2.3 (POLE/ZERO CANCELLATIONS WHEN REDUCING SIZE TO LESS THAN JKH ).
Letthesystem: of size]�^ª` with minimalstate-spacerealization ;4<>=C?@=�A�=�BED , haveapoleF with multiplicity GIH and JWH linearly independenteigenvectors ( JKH¬«` and JKHE«] ). Con-
sidera subsystem:3d�e f of : , definedby (2.51),where ®I¯±°²;4Uyf(=WU.d³Dµ´¶JWH , i.e. :3d�e f contains
lessinputsor lessoutputsthan JWH . Thenat least JWH�Q·®I¯±°²;4Uyf(=WU.d³D pole/zero cancellations
occurin :3d�e f .
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Figure2.1: Systemsin parallelwith inputandoutputrotations

Proof. Theproof is givenin SectionA.

Note,additionalpole/zerocancellationsoccurif the selectedsubsystem:�d�e f containsless
thanGjHÍQ�JKHÏÎb®I¯!°Ð;4Uyf.=WU.d³D at ��TSF . If for exampleaminimal realizationof :�d�e f contains
no polesat �@T�F , we get GjH pole/zerocancellations.By studyingthe poledirectionsit is
possibleto predictthenumberof theseadditionalpole/zerocancellationsin :3d�e f .

The implicationsfor control andinput/outputselectionis summarizedin the following
theorem.

THEOREM 2.4. Considera system: with state-spacerealization ;4<>=C?@=�A�=�BED , a repeated
pole F , multiplicity GjH and JKH linearly independenteigenvectors. In order to affectthepole F
in all JWH directionsoneneedto control at least JWH outputsusing JKH inputs.

Proof. Theproof is givenin SectionA.

EXAMPLE 2.2 IDENTICAL SYSTEMS IN PARALLEL . Considerthesystemshown in Figure2.1,with
�� � 
�¥ � 
 � 1 wehave

�3�4����Ñ�ÓÒÔÔÕ 
 " ¼¾½�¿�À + ¿wÁÃÂÄÀ" 
 ¿wÁÃÂÖÀ ¼¾½�¿³À¼Å½�¿&Ê + ¿wÁÃÂ�Ê " "¿§ÁÃÂ�Ê ¼¾½�¿�Ê " "
×ÙØØÚ

Thestate-spacematrix � hastwo linearly independentleft andright eigenvectorsfor thepole 
 � 1Û �¾Ü � Û �WÝ �9� 1 "" 1 #
Inputandoutputpoledirectionsare6 � ��� ¼Å½�¿�À ¿wÁÃÂÖÀ+ ¿wÁÃÂ�À ¼¾½�¿�À # and 8 � �9� ¼¾½�¿�Ê + ¿wÁÃÂÖÊ¿wÁÃÂÄÊ ¼¾½�¿�Ê #
Thetwo inputandoutputpoledirectionsareorthogonal.Thetransferfunction ������� is givenby���4�5� � �CÞ4ßwà �âá�ãÌä � � �������� �����Å�  + à!åçæ �Ùá�ãÌä � � �������� �����Å�  à!åçæ �Ùá�ãÌä � � �������� �����Å�  Þ4ßwà �âá�ãÌä � � �������� �������  # � � Þ�ßwà �âá�ãÌä ������ + à!åçæ �Ùá�ãÌä ������àèåéæ �âá�ãÌä ������ Þ4ßwà �âá�ãÌä ������ #
We have two linearly independenteigenvectorscorrespondingto 
 � 1 . Lemma2.3 thenpredictsthat
onepole/zerocancellationoccurswithin any subsystemof � , so that no elementscontainthe term�4��+n15� ¥ in thedenominator. In orderto controlthepole 
 weneedto usebothinputsandbothoutputs
to affect thepole 
 in bothdirections.
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2.7.3 Limitations on the useof poledir ections

Wehavealreadyseenonelimitation in theuseof poledirectionsto selectinputsandoutputs.
This limitation is demonstratedin Example2.2 wherethe system:@;���D hasa repeatedpoleF , multiplicity two, andtwo linearly independenteigenvectors.As statedin Example2.2this
systemcannot bestabilizedby controllingoneoutputandusingoneinput. This is thecase
despitethe fact that both input pole directionshasa componentin oneof the inputsfor allêZëTíì�îxï&ð�ñ_=Ïìnòôó andbothoutputpoledirectionshasa componentin oneof theoutputs
for all g ëTZì�î�ï&ð ñ =ªìEòbó . This problemis causedby onepole/zerocancellationin eachof
theelementsin : . However, thesituationcanbeidentifiedby thefact that thesystemhasa
repeatedpole F , multiplicity two, andtwo linearly independenteigenvectors.

EXAMPLE 2.3 ALMOST IDENTICAL SYSTEMS IN PARALLEL . In thisexampleweconsideragaintwo
systemsin parallelbut in thiscasewehave 
��Í� 
�¥ sonopole/zerocancellationoccursfor valuesof À
and Ê between

"�õ
and ö "�õ . Thus,in theorytheplantcanbestabilizedusingoneinput andoneoutput.

However, in practicethismaybeimpossiblewith astablecontroller, dueto thepresenceof a RHP-zero
in � Ü�÷ �4�5� which is closeto thetwo RHP-poles(seeChapter3). Wehave

�3�4��� Ñ�ÓÒÔÔÕ 
(� " ¼¾½�¿�À + ¿wÁÃÂÄÀ" 
�¥ ¿wÁÃÂÖÀ ¼¾½�¿³À¼Å½�¿&Ê + ¿wÁÃÂ�Ê " "¿§ÁÃÂ�Ê ¼¾½�¿�Ê " "
×ÙØØÚ

Theleft andright eigenvectorscorrespondingto thepoles
�� and
�¥ areÛ �¾Ü � Û �WÝ �9� 1 "" 1 #
Inputandoutputpoledirectionscorrespondingto themodesøw
��¾q�
�¥�ù are6 � ��� ¼¾½�¿³À ¿wÁÃÂ�À+ ¿wÁÃÂ�À ¼¾½�¿�À #ûú 8 � �ü� ¼¾½�¿&Ê + ¿wÁÃÂÖÊ¿wÁÃÂ�Ê ¼¾½�¿�Ê #

Thetransferfunction ���4�5� is givenby���4�5� �ü� ý È�È � �w�� ����� È � � �����  � ý È  � �w�� ����� È � � �����  �ý  È � �w�� ����� È � � �����  � ý  � � �w�� ����� È � � �����  � #
where þ �w�¤����� � �4�	+�
�¥¾� ¼¾½�¿ � À � ¼¾½�¿ � Ê �(+b���	+�
���� ¿§ÁÃÂ � À � ¿§ÁÃÂ � Ê �� ¼¾½�¿ � À�ÿ}Ê �w�	+�
�¥ ¼¾½�¿ � À � ¼¾½�¿ � Ê � ÿ 
�� ¿§ÁÃÂ � À � ¿wÁÃÂ � Ê �þ �'¥������ � +Í�4��+�
�¥W� ¿wÁÃÂ � À � ¼¾½�¿ � Ê �(+O�4�Ö+�
��s� ¼¾½�¿ � À � ¿wÁÃÂ � Ê �� + ¿wÁÃÂ � À�ÿ Ê �§� ÿ 
�¥ ¿§ÁÃÂ � À � ¼¾½�¿ � Ê � ÿ 
�� ¼¾½�¿ � À � ¿wÁÃÂ � Ê �þ ¥��¤����� � �4�	+�
�¥¾� ¼¾½�¿ � À � ¿wÁÃÂ � Ê � ÿ ���	+�
���� ¿§ÁÃÂ � À � ¼¾½�¿ � Ê �� ¿wÁÃÂ � À�ÿtÊ �w��+�
�¥ ¼¾½�¿ � À � ¿wÁÃÂ � Ê �(+�
�� ¿wÁÃÂ � À � ¼¾½�¿ � Ê �þ ¥w¥������ � +Í�4��+�
�¥W� ¿wÁÃÂ � À � ¿wÁÃÂ � Ê � ÿ �4�	+�
���� ¼¾½�¿ � À � ¼¾½�¿ � Ê �� ¼¾½�¿ � À�ÿ}Ê �w� ÿ 
�¥ ¿wÁÃÂ � À � ¿wÁÃÂ � Ê �(+�
�� ¼¾½�¿ � À � ¼¾½�¿ � Ê �
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Zerosin theindividual transferfunctionelementsare� �w� � 
(� 
�¥ � 
(� ¼¾½�¿ � À � ¼¾½�¿ � Ê ��+ ¿wÁÃÂ � À � ¿§ÁÃÂ � Ê �¼¾½�¿ � ÀXÿ Ê �� �'¥ � 
(� 
�¥ � 
(� ¿wÁÃÂ � À � ¼¾½�¿ � Ê � ÿt¼Å½�¿ � À � ¿§ÁÃÂ � Ê �¿wÁÃÂ � ÀXÿ Ê �� ¥�� � 
(� 
�¥ � 
(� ¼¾½�¿ � À � ¿wÁÃÂ � Ê � ÿt¿§ÁÃÂ � À � ¼Å½�¿ � Ê �¿wÁÃÂ � ÀXÿ Ê �� ¥w¥ � 
(� ¼Å½�¿ � À � ¼¾½�¿ � Ê ��+�
�¥ � 
�� ¿wÁÃÂ � À � ¿§ÁÃÂ � Ê �¼¾½�¿ � ÀXÿ Ê �
When
�� � 
�¥ � 
 all elementsof ������� hasa RHP-zerofor � � 
 andwehavepole/zerocancellation.
Set
(� � 1 andconsider 
�¥��¬ø�1�ÿÃ1�q�1�ÿ " 1�q(1�q " ÿéö�öxq " ÿéöxù
Thezerosof thetransferfunctionelementsfor À � r " õ and Ê ��ø¤r " õ q�� " õ ù aregivenin Table2.1.We

Table2.1: Zerosof thetransferfunctionelements.À Ê 
�¥ � �w� � �'¥ � ¥�� � ¥w¥1�ÿÃ1 1hÿÃ1�� 1�ÿ " � 1�ÿ " � " ÿéö��1�ÿ " 1 1�ÿ " 1�� 1�ÿ "�" � 1�ÿ "�" � " ÿéö�ö��r " õ r " õ 1 1 1 1 1" ÿéö�ö " ÿéö
	�� " ÿéö�ö�� " ÿéö�ö�� 1hÿ "�" �" ÿéö " ÿ�	�� " ÿéö�� " ÿéö�� 1�ÿ " �1�ÿÃ1 1�ÿér�u_1 1�ÿ " r�u 1�ÿ "
�� " ÿ �
� ö1�ÿ " 1 1�ÿ " r�u 1�ÿ "�" r 1�ÿ "�"�� " ÿéö � 	r " õ � " õ 1 1 1 1 1" ÿéö�ö " ÿéö  	 " ÿéö�ö � " ÿéö�ö�r 1hÿ " u�u" ÿéö " ÿ �� ö " ÿéö �� " ÿéö�r�r 1hÿçu�u_1
observe thatall elementshasRHP-zeros.Table2.2summarizesthepoledirections,andthecontrolla-
bility/observability resultsfor thecasewith systemsin parallel.Exceptfor À q Ê � "�õ and À q Ê � ö "0õ ,
thereis no warninggivenin this tableaboutthe fact thatstabilizationusingoneinput andoneoutput
maybedifficult dueto thepresenceof nearbyRHP-zeros.

This exampledemonstratesonelimitation on theuseof poledirectionsfor input/outputse-
lection. Thereasonfor this is that theinformationaboutthezerosis not takeninto account.
Theexamplecanalsobeviewedasacounterexampleontheusefulnessof thecontrollability
andobservability measuresdefinedin Tarokh(1992),whichalsofails to signaltheproblems
with SISO “controllability” for ê =Kg differentfrom ð�ñ and ï&ð�ñ .
2.8 Discussion

We have definedandshown how to computethezerosandpoledirectionsin termsof eigen-
valueproblems.Many of theusefulresultsonstatecontrollabilityandobservability canthen
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Table2.2: Controllability, observability andpoledirections.

ObservabilityÊ 8 � � � a � ¥ b" õ   � �� � � ¢ No Nor "�õ   � ����� � ���� � ��� � ����� ¢ Yes Yesv�� õ   � ����� � � ������ ����� � ����� ¢ Yes Yes�"�õ   � ��� � � ������ ����� � ��� ¢ Yes Yesö " õ   ������ ¢ No No

aObservablewith � � only.
bObservablewith � ¥ only.

ControllabilityÀ 6 � � � c � ¥ d" õ   ������ ¢ No Nor "�õ   � ����� � ���� � ��� � ����� ¢ Yes Yesv�� õ   � ����� � ������ � ����� � ����� ¢ Yes Yes�"�õ   � ��� � ������ � ����� � ��� ¢ Yes Yesö " õ   ������ ¢ No No

cControllablewith � � only.
dControllablewith � ¥ only.

bestatedin termsof thepoledirections.Theserestatementsareprettyobvious,but they are
still useful. Fromthepoledirectionswe cangive definiteconclusionsaboutstatecontrolla-
bility andobservability in thedifferentinputsandoutputsfor distinctpoles.

For repeatedmodes,theremay exist morethan JKH linearly independentdirectionswith
infinite gainfor �3T¶F . It is shown thattheinput andoutputpoledirections( ¹ H and Ë H ) cor-
respondingto themodeF arethedirectionswhichmaximizestheorderof thescalartransfer
function Ë��H :I;��0D ¹ H . Furthermore,theresultsonstatecontrollabilityandobservability (PBH
eigenvector test)arestill in termsof the eigenvectorsof the < matrix andnot in termsof
the “pseudo”statevectorsobtainedfrom the Jordanform. This is the reasonwhy we de-
fine (name)the directionswith infinite gainscorrespondingto the eigenvectorsasthe pole
directions.

The closerelationshipbetweeninput/outputdecouplingzeros(definedby Rosenbrock,
1970)anduncontrollable/unobservablemodesin LTI multivariablesystems,shows that the
term “input andoutputdecouplingzeros”is poorly chosensinceuncontrollableandunob-
servable hasnothing to do with what is usually ment by “decoupling”. When thereis a
uncontrollablemodethereis alsoan“input decouplingzero”whichcanceltheuncontrollable
modesothatboth thepoleandthezerodisappearin a minimal realization.Thesituationis
similarwith unobservablemodesand“outputdecouplingzeros”.

This could take us to the conclusionthat uncontrollable/unobservable modesand in-
put/outputdecouplingzerosdo not play any role in control structuredesignand control-
lability analysis. In many casesthis is true, and it suffice to make surethat the model is
a minimal realization. However, as notedby Rosenbrock(also notedby Kalman,1966)
andstatedin Corollary 2.1, thereis informationaboutthe physicalstructurein uncontrol-
lable/unobservablemodes.To show whatwemean,considera largelinearmodelof achem-
ical processplant. As controlengineerswe have got thejob of designinga controlstructure
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for theplant. That is, we aregoing to selectoutputsto becontrolled,inputsto beusedfor
controlandmake thedesiredlinks betweenthe selectedoutputsandinputs. Let us assume
that theoverall linearmodelis a minimal realizationof thewholeplant. Whenwe consider
selectingsomeinputsandoutputsto controlsomesmallpartof theplantit appearsthata lot
of modesarenot observableandcontrollablein the“smaller” modelwe areworkingwith at
themoment.Thisstructuralinformationis availablein thepoledirectionsbut notin statecon-
trollability andobservability in termsof someranktest.For example,considerthepresence
of anunstablemodewhichwewantto stabilize.An importantquestionis: Doesthisunstablemodeappearin thepart of theplantweare lookingat?

Theanswerto this andsimilar questionslies in theoreticaltoolsdevelopedin systemtheory
overseveraldecades.Despitethis, it doesnotseemto berecognized. Let usgiveananswerto
thequestion.Look into theoutputpoledirectionfor theunstablemode,if thepoledirection
hassignificantcomponentsin one or more of the outputsassociatedwith the part of the
plant underconsideration,thenthe answerto the questionabove is: Yes. However, if the
poledirectionhaszeroelementsin theoutputsconsidered,we canconcludethatthemodeis
unobservablein thepartof themodelweareworkingwith. In asimilarwaywecananswerif
it is possibleto affect(stabilize)theunstablemodeby usingsomecandidateinputsby looking
into inputpoledirection.Thisandsimilar ideasareexpressedin Chapter6.

To conclude,we cansignificantlyimprove usefulnessof conceptslike statecontrollabil-
ity andobservability by introducingtools like the pole directionsandpole vectors,rather
thanapplyingthe rank tests. Unfortunately, the latter is the commonway of viewing state
controllabilityandobservability.
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Appendix A Proofsof the results

A.1 Proof of Lemma 2.1

Inserting� �4���"! �$# ������&% into (2.8)gives� �4���"!('����*)Í+,+µ� � � É # ÿ '3�4�*)Í+,+µ� � �.- �$# 1��+�� # ÿ0/ �$# 1��+t� #
using �4��)Ï+1+µ� � � ���	+}� # �2!3)Í+b�4��)Í+,+µ� � � �4� # )[+4+µ�5�4��)Ï+1+µ� � � ! �4� # )[+4+µ� � � +O�4�*)Í+,+µ� � � �4��+t� # �¾�4� # )[+4+µ� � �
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yields� �4��� ! '��4��)[+4+µ� � � É # +6'��4��)Í+,+µ� � � �4��+t� # �W�4� # )Í+,+µ� � � - ��# 1�Ö+t� #ÿ ø7'��4� # )Í+,+µ� � �.- ÿ8/ ù �$# 1��+�� #! '��4��)[+4+µ� � � ø É # +b�4� # )[+,+µ� � �.- ��# ù ÿ �3�4� # � �$# 1��+t� #
whichyieldstheresponsegivenin (2.14),andfor theinitial stateÉ # !V�4� # )[+4+µ� � � - �$# weget� �4�5�9! ���4� # � �$#�	+}� # :
A.2 Lemma 2.2: Poledir ectionsand dir ectionswith infinite gains

From(B.19), +;!=< �$>? @ >BA < � �C , thenwehave���*)[+,+µ� ! �4��)Í+4< �$>? @ > A < � �C �"! �D< �E>? @ > < � �C ��+4< �E>? @ > A < � �C �! < �E>? @ > ���*)Í+ A �F< � �C (2.52)

and �3�4��� canbewritten���4�5� ! '3�4�*)[+4+µ� � �.- ÿ8/ !='B< C �4��)[+ A � � � @ �$> < >? - ÿ8/! G 7 �4��)Í+ A � � � @ �E>IHJ>7 ÿ0/ (2.53)

asanalternativewecouldextractthescalingson theothersideof ���*)Í+ A � � ����4�5�9!K'B< C @ �E> ���*)Í+ A � � � < >? - ÿ8/ !LG 7 @ �$> �4��)[+ A � � � HJ>7 ÿM/ (2.54)

Consider�4��)[+ A � � � for �N!t

�4��)Ï+ A � � � ! ÒÔÕ �4��)Í+ A �K� � � . .. �4��)Ï+ A�O � � �

× ØÚ
whereP is thenumberof Jordanblocks.For theJordanblocksinvolving 
 weget

�4�*)�Q²+ A Q¾� � � ! ������� �
��RTS �VUXWY� � ��RZS �[U�W ¥]\^\_\ R � � Wa` � ¥ �7RTS �VUXWa` � � R � � Wa` � � �7RTS �[UXWa`� � �7RTS �VUXW \^\_\ R � � W ` � ¦ �7RTS �VUXW ` � ¥ R � � W ` � ¥ ��RZS �[U�W ` � �...

...
. . .

...
...� � \^\_\ � �7RTS �VU�W � � �7RTS �VU�W ¥� � \^\_\ � � ��RZS �bUXW

� ������
(2.55)

where c is thesizeof Jordanblock d . Wheninserting �J!2
 we seethat theuppertriangularpartof�4��)*Q�+ A QK� � � becomese . We partition < C and < ? into blockssothatthecolumnsin < C and < ?
correspondingto Jordanblocknumberd , arecollectedin < Cgf Q and < ?hf Q . Then(2.53)canberewritten

���4�5�9!='[i^< Cgf � j�j�j6< Cgf O"k ÒÔÕ �4��)��Ð+ A �K� � ��l��� . .. �4�*) O + A�O � � ��l� O
× ØÚ ÒÔÕ < >?hf �...< >?hf O

× ØÚ - ÿ8/
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Assumethatblocknumberoneis theonly block involving 
 , inserting �m!}
 in ���4�5� gives

���4��!}
��n!K'8i.< Cgf � j�j�jo< Cgf Onk ÒÔÕ epj*q.� l� �
. . . r j*q O l� O

× ØÚ ÒÔÕ < >?hf �...< >?hf O
× ØÚ - ÿ8/

where q�Q is usedto signalanuppertriangularmatrix compatiblein sizewith
A Q , e is usedto signal

infinite gainand
r

is usedto signalfinite gain.Thedirectionsassociatedwith infinite gainat theoutput
arethosecontainedin < Cgf � , or if Jordanblock d is involved,thedirectionsarecontainedin < Cgf Q . The
outputvectorsbecome G 7 !('B< Cgf Q�q]s�d whoseJordanblock involves
 .

andtheinputvectorsbecomeH 7 ! - > < ?hf Q q]shd whoseJordanblock involves
 .

Fromtheconstructionof theJordanformsit follows thatthecolumnsof < ? and < C arelinear inde-
pendent,i.e.

þ
linearly independentdirectionsin thestate-space.TheJordanchainsfor theleft andthe

right Jordanform aret >?hf Üè� � �u+b+�
h)��n! t >?hf Ü and �u+ +X
h)�� t Cgf Ü ! t Cgf Ü � �
wheretheleft Jordanchainendswith theleft eigenvectorandtheright Jordanchainstartswith theright

eigenvector. This impliesthatthefirst columnin < Cgf Q is theright eigenvectorfor Jordanblock
A Q and

that the last columnin < ?hf Q is the left eigenvectorfor Jordanblock
A Q . From (2.55)we seethat the

inputandoutputpolevectorswith largestorderfor Jordanblock d , A Q , correspondsto
- > < ?hf Q_v ` and'B< Cgf Q_v�� , i.e. theinputandoutputpoledirections.

:
A.3 Corollary 2.2: Controllability and observability of repeatedmodes

If the pole 
 has d � linearly independenteigenvectors,then 
h){+(+ hasrank

þ +3d � . A necessary

condition for the pole 
 to be controllableis that the matrix
-

hasat least d � linearly independent
columns.A sufficientconditionfor controllabilityof themode
 is thatthereare

þ
linearly independent

columnsin thematrix i!
h)[+,+ - k
. Sufficient conditionfor themode
 beinguncontrollableis that-

haslessthan d � linearly independentcolumns.Theproofof observability is similar.

:
A.4 Lemma 2.3: Pole/zero cancellationswhenreducingsize.. .

Thesubsystem�xw f ä of � , with state-spacerealization�Nw f ä �4�5� Ñ! � + - ä' w / w f ä #
canbewrittenasa rationaltransferfunctionmatrix�Nw f ä �4���"!(' w �4��)Ï+,+µ� � �.- ä ÿM/ w f ä ! ' w�y
z�{ �4��)Ï+,+µ� - ä ÿM/ w f ä}| �4�5�| �4�5� (2.56)
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where| �4�5�9~ zX�*� �4��)Ï+4+µ� . Since| �Ù
��9! " , it is sufficient to show thatthesystemdescribedby�N�w f ä ����� Ñ! � + - ä' w " # (2.57)

at leasthasd � +�� ÁÃÂ � þ ä q þ w � zerosfor �m!}
 andthatthesezeroscancelwith thecorrespondingpoles,
i.e. thepolesareeitheruncontrollable,unobservableor bothat thesametime. Thezeros� of � �w f ä �4�5�
arethevaluesof � wherethematrix� ��)Í+,+ - ä' w " # is singular, i.e. zX�*� � � )Ï+4+ - ä' w " # ! "
Thezerosandthedirectionalityof the input/outputzerodirectionsareindependentof thestate-space
realizationso let usdefinea new statevector � !�< � �C É where < C is thematrix which brings + to
Jordanform, i.e. < � �C +�< C ! A . Consider� �����n~ � < � �C "" ) ý�� # � �4��)[+4+µ� -b�ä' �w " # � < C "" ) ý�� # ! � ��)[+ A < � �C - ä' w < C " # (2.58)

Wheninserting�N! 
 in (2.58), d � columnsand d � rowsin 
h)Ö+ A becomeequalto zerosince
A

hasd �
Jordanblockswith 
 on themaindiagonal,sotherankof 
�)�+ A is

þ +�d � . Thematrices< � �C - ä and'B< C contains

þ ä linearly independentcolumnsand

þ w linearly independentrows. An upperbound
on therankof

� �Ù
�� when � ÁÃÂ � þ ä q þ w ���8d � isþ +�d � ÿ u�� ÁÃÂ � þ ä q þ w ��� þ ÿ � ÁÃÂ � þ ä q þ w �9! Normalrankof
� �4���

which leavesuswith azeroat leastof multiplicity d � +�� ÁÃÂ � þ ä q þ w � .
Weneedto show thatthemode
 is uncontrollable,unobservableor bothat thesametime.

1.

þ ä /Md � , then�.� i!
�)Ï+1+ - ä k / þ � themode
 is uncontrollable.

2.

þ w /0d � , then �.� � 
�)Ï+4++x' w # / þ � themode
 is unobservable.

3.

þ ä /Md � and

þ w /0d � thenthemode
 is bothuncontrollableandunobservable.

:
A.5 Proof of Theorem2.4

From Corollary 2.2, in any subsystem�Nw f ä of � with size lessthan d ��� d � thereareoneor more
modesfor ��! 
 which areuncontrollable,unobservableor both uncontrollableandunobservableat

thesametime.

:
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3.1 Intr oduction

It is well known that the presenceof RHP (“unstable”)zerosandpolesposefundamental
limitationson theachievablecontrolperformance.This wasquantifiedfor SISO-systemsby
Bode(1945)morethan �_ð yearsago,andmostcontrolengineershaveanintuitive feelingof
the limitations for scalarsystems.Rosenbrock(1966;1970)pointedout that multivariable
RHP-zerosposesimilar limitations. Nevertheless,the quantificationof the effect of RHP

zerosandpolesonclosed-loopperformancehasbeenmuchmoredifficult for M IMO thanfor
SISO systems.Importantreasonsare:

1) Thedefinitionof phaseis difficult to generalizeto M IMO-systems.
2) Thedirectionalityof zerosandpolesin multivariablesystemshasnotbeenwell under-

stood.

Thegoalof thispaperis thereforeto addressthefollowing questions:

1) How is closed-loopperformanceinfluencedby thelocationof theRHP zerosandpoles
in M IMO-systems?

2) How is closed-loopperformanceinfluencedby thedirectionalityof theRHP zerosand
polesin M IMO-systems?

3) How is closed-loopperformanceinfluencedby thecombinedeffect of RHP zerosand
polesandtheirdirections?

We will mainly quantify the fundamentallimitations imposedby RHP zerosand polesin
termsof lowerboundsonthepeaks( ��� -norm)in theclosed-looptransferfunctions� (sen-
sitivity) and   (complementarysensitivity).

3.1.1 Why considerpeaksin ¡ and ¢ ?

£ ¤¦¥ ¤- § ¨ ¤© ª ¤E¥ «
¬

¤ ®
«¥ ¯ °

±+

- +

+

+ +

Figure3.1: Onedegree-of-freedomfeedbackcontrolconfiguration

Figure 3.1 shows a one degree-of-freedom( ² -DOF) feedbackcontrol configuration. The
closed-loopsystemis drivenby thereferencecommands£ , disturbances

¬
andmeasurement

noise° . Theoutputsto becontrolledare  , and © arethemanipulatedvariables.We assume
that the performanceis measuredat the outputof the plant

ª
in termsof the error signal§[³ �´ £ . For theclosed-loopsystemwehave thefollowing importantrelationships:9µ·¶�¸ ¹   µ·¶�¸ £ µ·¶�¸�º � µ·¶�¸ ¬ µ·¶�¸"´   µ·¶�¸ ° µ·¶�¸ (3.1)



3.1 INTRODUCTION 43

§ µ»¶�¸ ¹ ´ � µ·¶�¸ £ µ·¶�¸¼º � µ·¶�¸ ¬ µ·¶�¸"´   µ»¶�¸ ° µ»¶�¸ (3.2)© µ·¶�¸ ¹ ¨ µ·¶�¸ � µ·¶�¸9µ £ µ·¶�¸2´ ° µ·¶�¸2´ ¬ µ»¶�¸½¸ (3.3)

wheresensitivity andcomplementarysensitivity functionsaredefinedby� µ·¶�¸ ³ µu¾¿º=À[µ·¶�¸½¸_Á�Â (3.4)  µ»¶�¸ ³ À[µ»¶�¸9µu¾Vº=À[µ·¶�¸½¸½Á�ÂN¹ÃÀ[µ·¶�¸ � µ·¶�¸�¹Ã¾J´ � µ»¶�¸ (3.5)

andÀ ³ ª ¨
is thelooptransferfunction.Therelationships(3.1)–(3.3)imply severalclosed-

loop objectives, in addition to the requirementthat
¨

shouldstabilize
ª

(e.g. Doyle and
Stein,1981):

1) For disturbancerejectionmake ÄÅ µ � ¸ small.
2) For noiseattenuationmake ÄÅ µ   ¸ small.
3) For referencetrackingmake ÄÅ µ   ¸ÇÆ Å µ   ¸ÇÆ ² .
4) For control energy reductionmake ÄÅ µ ¨ � ¸ small.

If theunstructureduncertaintyin theplantmodel
ª

is representedbyanadditiveperturbation,
i.e.

ªÉÈ ¹ ª ºËÊ , thena furtherclosed-loopobjective is

5) For robuststability in thepresenceof anadditiveperturbationmake ÄÅ µ ¨ � ¸ small.

Alternatively, if theuncertaintyis modeledby a multiplicativeoutputperturbationsuchthatªÌÈ ¹Íµa¾¿ºÎÊ�¸ ª , thenwehave:

6) For robuststability in thepresenceof a multiplicativeoutputperturbationmake ÄÅ µ   ¸
small.

Thecondition � º   ¹�¾ holdsfor M IMO-systems,andit thenfollows thatwe cannothave
both � and   smallsimultaneously, andthat ÄÅ µ � ¸ is largeif andonly if ÄÅ µ   ¸ is large.

Typical plots of the maximumsingularvalues ÄÅ µ � µÐÏXÑN¸½¸ and ÄÅ µ   µÐÏÒÑN¸½¸ are shown in
Figure3.2. For thosefrequencieswhere ÄÅ µ � µÐÏÒÑN¸½¸�ÓpÔ , we have morethan ²
ÕXÕ % control
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errorandfor thosefrequencieswhere ÄÅ µ   µÐÏXÑN¸½¸mÓÃÔ , wehavemorethan ²
ÕXÕ % amplification
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of the noise. The peaks è�� µ·¶�¸ è � and è�  µ·¶�¸ è � thereforetell us a greatdeal aboutthe
performanceof thefeedbacksystemfor theworstcasedirectionandtheworstcasefrequency.
Although, � and   dependonthecontroller

¨
, thelowerboundson è�� µ·¶�¸ è � and è�  µ·¶�¸ è �

derived in this paper, areindependentof
¨

. If the lower boundsarelarge (typically larger
than é ) thenthe plant

ª
is fundamentallydifficult to control, i.e. the “controllability”1 of

the plant
ª

is poor. In this paperwe look at the combinedeffect of RHP zerosandpoles,
andweshow thatthelowerboundson è�� µ·¶�¸ è � and è�  µ·¶�¸ è � canbecomequitelargewhen
the plantcontainsboth RHP zerosandpoles. Finally, it shouldbenotedthat therearealso
otherfundamentallimitationson performancethanthoseimposedby RHP zerosandpoles.
In Chapter10 we look at the effect of uncertainty, in particularat input uncertainty, on the
peakin thesensitivity function.

3.1.2 Notation and outline

Notation. We considerlineartime invariantdynamicalsystemsonstate-spaceformêë ¹Ãì ë º=í © (3.6)�¹ïî ë º=ð © (3.7)

In (3.6)–(3.7),© aretheexternalinputs, ë arethestatesand  aretheoutputs. ì , í , î andð arerealmatricesof dimensions°òñ4° , °3ñ4ó , ô ñ4° and ô ñ4ó where° is thenumberof
states,ó is thenumberof inputsand ô is thenumberof outputs.Theshort-handnotationsª õ¹÷ö ì íî ð ø and µaì�ùEíúù¦îûùEð�¸ (3.8)

arefrequentlyusedto describea linearstate-spacemodelof thecontinuossystem
ª

givenby
(3.6)–(3.7).Therationaltransferfunctionmatrix

ª µ»¶�¸ (of size ô ñ1ó ) definedby (3.8),can
beevaluatedasa functionof thecomplex variable ¶ª µ·¶�¸Ç¹ïîúµ·¶�¾J´üìû¸ Á2Â íýº(ð (3.9)

We oftenomit to show thedependenceon thecomplex variable ¶ for transferfunctions.We
considerthefeedbackcontrolconfigurationshown in Figure3.1with theclosed-looptransfer
functionsgivenin (3.1)–(3.3),wherethesensitivity andthecomplementarysensitivity func-
tions µ � and   ¸ aredefinedby (3.4) and(3.5). With the term “peak of a rational transfer
functionmatrix” wemeanits ��� -norm,definedas(seealsoFigure3.2)è7þ µ·¶�¸ è � ³Ãÿ����� ÄÅ µ þ µÐÏXÑx¸_¸ (3.10)

RHP zeros� andpoles� arein this paperdefinedto bein theclosedRHP, denoted�	� , i.e.��
 ��� implies ������ Õ , and��
 �	� implies ������ Õ . However, for someof theresultsin
thispaperthelocationsof someRHP-zerosor RHP-polesarerestrictedto bewithin theopen
RHP, denoted��� , i.e. ��
���� implies 	��� Ó Õ , and��
���� implies 	��� Ó Õ .

1Theterm“controllability” is hereusedin a widersensethanthemeaningof state-controllability, seeSkogestad
andPostlethwaite(1996,Definition5.1page160andthediscussiononpage123).
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Outline. Theoutlineof thepaperis asfollows. Firstwe givea literatureoverview, andthen
we discusszerosandpolesof multivariablesystemsand their directions. We thenderive
constraintson the sensitivity andthe complementarysensitivity functionsimposedby RHP

zerosandpoles.Next, we considerthelowerboundson thepeakin theweightedsensitivity
andcomplementarysensitivity functions.At theendwegivetwo examplesandaconclusion.
All proofsaregivenin SectionA.

3.2 Previouswork

Bode(1945),in hisbookonnetwork analysisandfeedbackamplifiers,wasprobablythefirst
to studya priori constraintson the achievableperformanceof SISO-systems.His analysis
focusedon gain-phaserelationshipsin thefrequency domainwhich resultedin many useful
interpretationsapplicableto feedbackcontrol. Horowitz (1963)summarizesandgeneralizes
Bode’s work to control systems. The well-known Bodesensitivityintegral (Bode,1945)
statesthat for stableSISO-systemswith pole-zeroexcessof two or larger, theintegral of the
logarithmicmagnitudeof thesensitivity functionoverall frequenciesmustequalzero� �� ����� � µÐÏXÑN¸ � ¬ Ñ3¹ Õ (3.11)

This impliesthata peakin � � � larger than ² is unavoidable.LaterBode’s criterionhasbeen
extendedto plantswith RHP zerosandpolesby Freudenberg andLooze(1985;1988).From
theseresultsit is clearthatevenlargerpeaksareexpectedwhentheplantcontainsRHP-zeros
and/orRHP-poles.

A relatedresultfrom optimalcontroltheoryis theKalmaninequality(Kalman,1964)ÄÅ µ � � µÐÏXÑN¸½¸�! ² ù "¦Ñ (3.12)

where � �ï³ µa¾ º ¨ µ·¶�¾,´ïìû¸ Á�Â í�¸ Á�Â and
¨

is the optimal statefeedbackgain matrix.
The Kalmaninequality is valid for both stableandunstableM IMO-systemsunderoptimal
statefeedbackcontrolwith diagonalweighton themanipulatedvariablesin theperformance
objective (SkogestadandPostlethwaite,1996,pages357–358).This inequalityis neitherin
conflictwith theBode’ssensitivity integralnorwith theextendedversionvalid for RHP-zeros.
Thereasonfor this is thatoptimalcontrolwith statefeedbackyieldsa loop transferfunction
with a pole-zeroexcessof one,soBode’s sensitivity integraldoesnot apply. Secondly, there
areno zeroswhenall thestatesaremeasuredsotheextendedBode’s sensitivity integral can
notbeapplied.

Thecombinationof nozeroswhenall thestatesaremeasuredandtheresultsfromoptimal
controltheory(i.e. theKalmaninequality),mayhave hada misleadingrole in multivariable
feedbackdesign,which resultedin thatvery little attentionwasgivento multivariablezeros
during the1960’s and70’s. As oneexample,in their bookAndersonandMoore(1971)do
not mentionthe effect of zeroson closed-loopperformancefor multivariablesystemat all.
However, somequantificationof theeffect of RHP-zeroshasbeenmadeduring the1970’s.
For M IMO-systemsKwakernaakandSivan(1972,pages306–307)statethatperfecttracking
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with statefeedbackcanbeachievedif andonly if therationaltransferfunctionmatrix from
theinputsto theoutputshasno RHP-zeros.

Zamesandcoworkers(Zames,1981;ZamesandFrancis,1983;ZamesandBensoussan,
1983;FrancisandZames,1984;O’YoungandFrancis,1985)considerminimizing the ��� -
normof thesensitivity matrixmultipliedby suitableweightingmatrices.In (Zames,1981)it
is shownhow feedbackcanreducetheweightedsensitivity andin particularhow theweighted
sensitivity canbe madearbitrarily small whenever the plant hasno RHP-zeros. In (Zames
andBensoussan,1983)an alternative approachis developedwhich is not dependenton a
priori parameterization,but specializedto diagonalfeedback.Zames(1981)derivesa lower
boundon theweightedsensitivity function(seeTheorem3.1 below), which is basedon the
interpolationconstrainton the sensitivity function valid for RHP-zerosin

ª
. The results

in this paperarebasedon this anda similar interpolationconstrainton the complementary
sensitivity functionvalid for RHP-polesin

ª
. We thenfollow muchof thesameapproachas

Zamesto derive thelowerbounds.
Boyd andDesoer(1985),Freudenberg andLooze(1988),Boyd andBarratt(1991)and

Chen(1995)havestudiedthelimitationsimposedby RHP zerosandpolesin termsof sensi-
tivity integral formulasfor M IMO-systems.A breakthroughwasmadeby Boyd andDesoer
who obtainedinequalityversionsof thesensitivity andPoissonintegral formulas,basedon
the recognitionthat the logarithmof the largestsingularvalueof an analytictransferfunc-
tion matrix is a subharmonicfunction. The work by Chendiffers from the work by Boyd
andDesoerin that Chenseeksequalityversionsof the sensitivity andPoissonintegral for-
mulas. Basedon the resultsby Boyd andDesoer, Freudenberg andLooze,andBoyd and
Barrattgeneralizetheintegral constraintson thesensitivity (like Bode’s sensitivity integral)
to M IMO-systems.Althoughtheseintegral relationshipsareinteresting,it seemsdifficult to
derive any concreteboundson achievableperformancefrom them. However, for the case
when

ª
hasoneRHP-zero � with outputdirection $# andoneRHP-pole � with outputdirec-

tion  È , thefollowing boundis givenby Boyd andDesoer(1985):

è�� µ·¶�¸ è � � � � º Ä� �� � ´ � �&%(' ÿ ) µa È ù*$#�¸ (3.13)

The following similar but improvedboundfor the samecase(oneRHP-zeroandoneRHP-
pole),is givenin (Chen,1993;Chen,1995):

è�� µ·¶�¸ è � � §+*�, #.-0/21 ÿ�3 � 4 ) µu È ù*$#�¸ûº � � º Ä� � 4� � ´ � � 4 %(' ÿ 4 ) µa È ù*$#�¸ (3.14)

where 5 µ � ¸ ³ ²Ô ���687 � '$9;::::
ë ºMÏÒûº Ä�ë ºMÏÒ�´ � ::::

< 4 � '$9 ÄÅ µ �>= µ ë ºòÏ $¸½¸ ¬ ë ¬  (3.15)

and

5 µ � ¸ � Õ (seethe text following proof of Corollary5.1 on page1712in Chen,1995).
Notethatthefactor

5 µ � ¸ cannotbeevaluatedwithoutknowledgeaboutthecontroller̈ , and
evenwhen

¨
is known it is hardto evaluate

5 µ � ¸ . In any case,it appearsfrom the results
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in Chapter5 that

5 µ � ¸}¹ Õ for theoptimalcontrollerminimizing è
� µ»¶�¸ è � . Usingalgebraic
ratherthan integral constraints,we derive in this papera tight boundwhich is similar to
(3.14)with

5 µ � ¸É¹ Õ . However, theboundspresentedhereextend(3.14)to thecasewhere
the plant

ª
hasmore thanone RHP-pole (Theorem3.3). Furthermore,we derive similar

resultsin termsof theweightedcomplementarysensitivity è@?BA2  µ·¶�¸ è � for thecasewhere
theplant

ª
hasoneor moreRHP-polesandany numberof RHP-zeros(Theorem3.4).

3.3 Zerosand polesof multi variable systems

3.3.1 Zeros

Rosenbrock(1970),Kailath (1980)andZhou et al. (1996)all definethe zerosasthe roots
of the non-zeronumeratorpolynomialsin the Smith-McMillan form. A slightly different
approachwhich yield thesamesetof zeros,is takenby DesoerandSchulman(1974).They
considera left coprimepolynomialmatrix factorizationof

ª µ»¶�¸ , ª µ·¶�¸�¹ ð Á�ÂC µ»¶�¸ED C µ»¶�¸ and
definethezerosasthecomplex numbers� wherethe rankof D C µ � ¸ is lessthanthenormal
rankof D C µ·¶�¸ . This is similar to thedefinitionwe use,which is takenfrom MacFarlaneand
Karcanias(1976):

DEFINITION 3.1 (ZEROS). �@F�
G� is a zero of
ª µ·¶�¸ if the rank of

ª µ �@F ¸ is lessthan the
normalrankof

ª µ»¶�¸ .
The normalrank of

ª µ·¶�¸ is definedasthe rank of
ª µ·¶�¸ at all ¶ excepta finite numberof

singularities(which are the zeros). This definition of zerosis basedon the transferfunc-
tion matrix, correspondingto a minimal realizationof a system.Thesezerosaresometimes
called“transmissionzeros”(MacFarlaneandKarcanias,1976),but weshallsimplycall them
“zeros”.

DEFINITION 3.2 (ZERO DIRECTIONS). If
ª µ·¶�¸ hasa zero for ¶�¹ ��
�� thenthere exist

non-zero vectors labeledtheoutputzero direction $# 
H� C andtheinputzero direction © # 
� = , such that �I# $#[¹ ² , © I# © #[¹ ² andª µ � ¸ © #V¹ Õ�J  I# ª µ � ¸m¹ Õ (3.16)

Thedefinitionsof inputandoutputzerodirectionscanfurtherbeextendedwith thestateinput
andoutputzerovectorsthroughtheuseof generalizedeigenvalues.For a system

ª µ·¶�¸ , the
zeros� of thesystem,theinput zerodirections© # andthestateinput zerovectorsK # FL
M�ON
canall becomputedfrom thegeneralizedeigenvalueproblemö ì ´ � ¾ íî ð ø ö K # F© # ø ¹÷ö ÕÕ ø (3.17)

In this setupwe normalizethe lengthof © # , i.e. © I# © #I¹ ² . This impliesthat the lengthofK # F is differentfrom one2.

2That
Ý�PRQ2SFÝ ¥ is generallydifferentfrom T is theprimaryreasonfor denoting

PRQ2S
vectorandnotadirection.
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Similarly, onecancomputethezeros� , theoutputzerodirections$# andthestateoutput

zerovectorsK #VU 
��ON throughthegeneralizedeigenvalueproblemW K I#VU  I#YX ö ì ´ � ¾ íî ð ø ¹ W Õ Õ X (3.18)

with the lengthof $# is normalized,so that ZI# $#;¹ ² . Let µaì�ù¦í ùEî¿ùEð�¸ be a minimal
realizationof

ª µ·¶�¸ , computingthe zerosfrom the eigenvalue problems(3.17) and (3.18)
yieldsthe“transmissionzeros”(MacFarlaneandKarcanias,1976).

3.3.2 Poles

Rosenbrock(1970),MacFarlaneandKarcanias(1976),Callier andDesoer(1982)andZhou
et al. (1996)all definethe polesasthe rootsof the denominatorpolynomialsin the Smith-
McMillan form of

ª µ·¶�¸ . For a linear time invariantsystemwith minimal state-spacede-
scription(3.6)–(3.7),theserootscorrespondto theeigenvaluesof the ì matrix (Callier and
Desoer, 1982,pages75–78).Thus,thepolesaretherootsof thecharacteristicequation[ µ·¶�¸Ç¹]\ �R^ µ·¶�¾ ´üìû¸Ç¹ N_Fa` Â µ·¶x´ �bF ¸}¹ Õ (3.19)

Bode(1945)statesthatthepolesarethesingularpointsatwhichthetransferfunctionfails to
beanalytic.Thesingularitiesappearin thedenominatorsowhenthesystem

ª
is evaluated3

at ¶¿¹ � ,
ª µ � ¸ is infinite in somedirectionsat theinput andtheoutput.This is thebasisfor

thefollowing definitionof inputandoutputpoledirections.

DEFINITION 3.3 (POLE DIRECTIONS). Let ¶É¹ ��
�� bea distinctpoleof
ª µ·¶�¸ , thenthere

existuniqueinputandoutputdirections© È 
�� = and  È 
c� C such thatª µ � ¸ © È ¹ed J  IÈ ª µ � ¸Ç¹fd (3.20)

Moreprecisely
ª µ � ¸ © È ¹ï Èhg d and  IÈ ª µ � ¸}¹ © IÈ g d .

Thefollowing resultshowshow to computethepoledirectionsfor asystemwith state-space
realization.

LEMMA 3.1 (POLE DIRECTIONS). For a system
ª

with a minimalstate-spacerealizationØai	jlk;j�mnj8o�Ú , thepole directionsassociatedwith thedistinctpole �p
p� canbecomputed
from © È ¹ïí I ë È Frqbè í I ë È F�è 4 J  È ¹ïî ë È U qbè î ë È U è 4 (3.21)

where ë È F�
s�tN and ë È U 
s�ON are the eigenvectors correspondingto the two eigenvalue
problems ë IÈ F ìý¹ ë IÈ F ��J ì ë È Ub¹ � ë È U

3Strictly speaking,thetransferfunction u ßTà*á cannot beevaluatedat
à�v�w

, since u ßZà*á is notanalyticat
à�v�w

.
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3.3.3 Constraints on ¡ and ¢
To have internalstability, we cannotallow right half planepole-zerocancellationsbetween
theplantandthecontroller. Thismaybeformulatedas“interpolationconstraints”onclosed-
loop transferfunctions,suchas � and   . For M IMO-systemstheseinterpolationconstraints
havedirections.

CONSTRAINT 3.1 (RHP-ZERO). If
ª µ·¶�¸ hasa RHP-zero at ¶b¹ � with outputzero direction$# , thenfor internal stability of thefeedback system,thefollowing interpolationconstraints

mustapply  I#   µ � ¸m¹ Õ�J  I# � µ � ¸Ç¹ý I# (3.22)

In words,(3.22)saysthat   musthave a RHP-zeroin thesamedirectionas
ª

andthat � µ � ¸
hasaneigenvalueof ² with correspondingleft eigenvector $# .
CONSTRAINT 3.2 (RHP-POLE). If

ª µ·¶�¸ hasa RHP-poleat ¶ ¹ � with outputdirection  È ,
thenfor internalstabilityof thefeedback system,thefollowinginterpolationconstraintsmust
apply � µ � ¸F È ¹ Õ�J   µ � ¸. È ¹Ã È (3.23)

Similar constraintsapplyto theinput sensitivity �>x andtheinput complementarysensitivity >x , but thesearein termsof input zeroandpoledirections,© # and © È .
3.3.4 All-pass factorizations of RHP zerosand poles

A transferfunction matrix í�µ·¶�¸ is all-passif í�µ.´V¶�¸ A í�µ·¶�¸M¹ ¾ , which implies that all
singularvaluesof í�µÐÏXÑx¸ areequalto one.

A plant
ª µ·¶�¸ with RHP-poles�bF�
y��� andRHP-zeros�Rz{
H��� , canbefactorizedat the

outputasfollows4ª µ·¶�¸Ç¹]| Á�ÂÈ U µ ª µ·¶�¸½¸ ª{} U�µ·¶�¸ J ª µ·¶�¸Ç¹]|t#~U µ ª µ·¶�¸_¸ ª = UXµ·¶�¸ (3.24)

where
ª = U is minimum phase,

ª{} U is stable,and | È U µ ª ¸ and |t#~U µ ª ¸ arestableall-pass
rationaltransferfunctionmatrices. | È U µ ª ¸ containsthe RHP-polesof

ª
asRHP-zerosand|t#~U µ ª ¸ containsthe RHP-zerosof

ª
. | È UXµ ª ¸ is obtainedby factorizingat the outputone

RHP-poleata time,startingwith
ª µ»¶�¸}¹]| Á2ÂÈ�� µ ª ¸ ªÌÈ�� µ·¶�¸ where

| Á2ÂÈ�� µ ª ¸}¹Ã¾¿º Ô 	� µ � Â ¸¶B´ � Âf� È�� � IÈ��
and � È�� ¹ï È�� is theoutputpoledirectionfor � Â . Thisproceduremaybecontinuedto factor
out � 4 from

ªÉÈ�� µ·¶�¸ where � È+� is theoutputpoledirectionof
ªÉÈ��

(which neednot coincide

4Note that the notationon the all-passfactorizationsof RHP-zerosandpolesusedin this paperare reversed
comparedto thenotationusedin (GreenandLimebeer, 1995;SkogestadandPostlethwaite,1996;Havre andSko-
gestad,1996).Thereasonfor thischangeof notationis to getconsistentwith whattheliteraturegenerallydefinesas
anall-passfilter.
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with  È+� , the pole direction of

ª
), and so on. A similar proceduremay be usedfor the

RHP-zeros.Weget(AppendixA):

| È U µ ª ¸}¹ Â_Fa`>��� µa¾J´ Ô �� µ �bF ¸¶Nº Ä�bF � È+� � IÈ+� ¸ J | Á�ÂÈ U µ ª ¸}¹ ���_F�` Â µu¾[º Ô 	� µ �bF ¸¶B´ �bF � È+� � IÈ�� ¸ (3.25)

|t#~U µ ª ¸}¹ �&�_zV` Â µa¾J´ Ô 	� µ �Rz ¸¶mº Ä�Rz �$#E� � I#�� ¸ J | Á�Â#~U µ ª ¸}¹ Â_zV`>�&� µa¾[º Ô 	� µ �.z ¸¶�´ �Rz �$#�� � I#�� ¸ (3.26)

If D�#,¹ Õ we define |t#~U µ ª ¸�¹p¾ andif D È ¹ Õ define | È UÒµ ª ¸ ¹p¾ . For further details
regardingthestate-spacerealizationsof thefactorizationsandpropertiesof theall-passfilters,
seeAppendixA. Theoutputfactorizationof RHP-zerosis alsogivenin (Zhouet al., 1996,
p.145)andin (Chen,1993;Chen,1995). It canbe tracedbackto Wall, Doyle andHarvey
(1980).Wenotethatsimilar factorizationsof RHP-zerosandpolesapplyat theplantinput.

Alternative all-passfactorizationsare in use,e.g. the inner-outer factorizationusedin
(Morari andZafiriou, 1989)which is the sameas(3.26)except for the multiplication of a
constantunitarymatrix. Reasonsfor usingthefactorizations(3.25)and(3.26)are:

1) Thefactorizationof RHP-zerosgivenhereis analyticandin termsof thezerosandthe
zerodirections,whereastheinner-outerfactorizationin (Morari andZafiriou,1989)is
givenin termsof thesolutionto analgebraicRiccatiequation.

2) To factorizeRHP-polesusingthe inner-outerfactorization,oneneedsto assumethatª Á�Â exist.

3.4 Lower boundson �L�������b���	�L� and ������� �����	�L�
3.4.1 Limitations imposedby RHP-zeros

The following result is originally from Zames(1981),and it is basedon the interpolation
constraintsimposedby RHP-zerosin

ª
.

THEOREM 3.1 (RHP-ZERO AND èR?���� µ·¶�¸ è � ). Supposethe plant
ª µ·¶�¸ hasa RHP-zero

at ¶ ¹ � . Let ? � µ·¶�¸ bea scalarstabletransferfunction. Thenfor closed-loopstability the
weightedsensitivityfunctionmustsatisfyè@? ��� µ»¶�¸ è � � � ? � µ � ¸ � (3.27)

Condition (3.27) shows that thereare inherentperformancelimitations imposedby RHP-
zeros.It involvesthemaximumsingularvalue, èR?���� µ·¶�¸ è � ¹ ÿ���� � ÄÅ µ ? � µ � µçÏÒÑN¸½¸½¸ , which
is the “worst” direction, and the RHP-zero may thereforenot be a limitation in the other
directions.

3.4.2 Limitations imposedby RHP-poles

Thefollowing “symmetric” resultis basedon theinterpolationconstraintsimposedby RHP-
polesin

ª
. It extendstheSISO resultgivenin (Doyle, FrancisandTannenbaum,1992).
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THEOREM 3.2 (RHP-POLE AND è(? A"  µ»¶�¸ è � ). Supposethe plant
ª µ·¶�¸ hasa RHP-pole

at ¶ ¹ � . Let ?BA µ»¶�¸ bea scalarstabletransferfunction. Thenfor closed-loopstability the
weightedcomplementarysensitivityfunctionmustsatisfyè(?BA2  µ·¶�¸ è � � � ?BA µ � ¸ � (3.28)

3.4.3 RHP-zeroscombinedwith RHP-poles

By consideringtheeffectof oneRHP-zeroandoneRHP-poleseparately, wederivedin (3.27)
and(3.28)theconditions è@? �N� µ·¶�¸ è � �p¡ Â � ? � µ � ¸ � (3.29)è@?BA2  µ·¶�¸ è � �¢¡ 4 � ? A µ � ¸ � (3.30)

with ¡ Â ¹ ¡ 4 ¹ ² . Theseconditionsmaybeoptimistic in that the lower boundmaybe too
small,andindeedwe show below that ¡ Â Ó ² and ¡ 4 Ó ² for thecasewhenwe have botha
RHP-zeroanda RHP-polewith somealignmentin thesamedirection.

THEOREM 3.3 (M IMO SENSITIVITY PEAK). Supposethe plant
ª µ»¶�¸ has D�# � ² RHP-

zeros �.z with outputdirections�#E� and D È � Õ RHP-poles�bF£
¤��� with outputdirections È+� . Let theperformanceweight ?�� bea scalarstableminimumphasetransferfunction.De-
finetheall-passtransferfunctionmatrixin (3.25).Thenfor closed-loopstabilitytheweighted
sensitivityfunctionmustsatisfyè(? �N� µ·¶�¸ è � �¦¥¨§ª©#�� ¡ Â¬« z g � ? È µ �Rz ¸ � where ¡ Â¬« z ¹ è  I#E� | Á2ÂÈ U µ ª ¸ � } ` #E� è 4 ��² (3.31)

THEOREM 3.4 (M IMO COMPLEMENTARY SENSITIVITY PEAK). Supposethe plant
ª µ·¶�¸

has D�# � Õ RHP-zeros �.z
®��� with outputdirections$#E� and D È �6² RHP-poles�bF with
outputdirections  È+� . Let the performanceweight ?BA be a scalar stableminimumphase
transferfunction.Definetheall-passtransferfunctionmatrix in (3.26).Thenfor closed-loop
stability theweightedcomplementarysensitivityfunctionmustsatisfyè(? A"  µ»¶�¸ è � �¦¥¨§ª©È+� ¡ 4 « F g � ?BA µ �bF ¸ � where ¡ 4 « F ¹ è | Á�Â#~U µ ª ¸ � } ` È+�  È+� è 4 ��² (3.32)

Note that ¡ Â¬« z and ¡ 4 « F are independentof the feedbackcontroller
¨

andonly dependon
the locationof RHP-zeros,polesandtheir directions.As we shall seein the examples,the
valuesof ¡ Â¬« z and ¡ 4 « F canbemuchlargerthanonewhentheplanthasbotha RHP-zeroanda
RHP-pole locatedcloseto eachotherandwith somealignmentin theirdirections.

One RHP-zero and oneRHP-pole.

COROLLARY 3.1 (ONE RHP-ZERO AND ONE RHP-POLE). Giventhesystem
ª µ·¶�¸ with one

RHP-pole and oneRHP-zero. In this casethe constants¡ Â and ¡ 4 in (3.31)and (3.32)are
givenby theequation

¡ ¹ ¡ Â ¹ ¡ 4 ¹ ÿ23 � 4 µ [ ¸9º � � º � � 4� � ´ � � 4 %(' ÿ 4 µ [ ¸ � ² (3.33)
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where

[ ¹ %(' ÿ Á2Â µ �  I#  È � ¸ .
From the condition(3.33)we clearly get a large valueof ¡ ¹ ¡ Â ¹ ¡ 4 if the zeroandthe
pole arealignedin the samedirection

[ Æ Õ , and if the zero is locatedcloseto the pole.
Conversely, if the zeroandthe pole arealignedorthogonallyto eachother, then

[ ¹°¯ Õl±
and ¡ ¹ ¡ Â ¹ ¡ 4 ¹ ² , andthereis no additionalpenaltyfor having botha RHP-zeroanda
RHP-pole.

SI SO-systems.Theorems3.3and3.4become:

COROLLARY 3.2 (SISO SENSITIVITY PEAK). Let the plant
ª µ·¶�¸ be a SISO-systemwithD�# � ² RHP-zeros �.z and D È �oÕ RHP-poles �bF²
³��� . Let the performanceweight ? �

be a stableminimumphasetransferfunction. Thenfor closed-loopstability the weighted
sensitivityfunctionmustsatisfy

èR? �N� µ·¶�¸ è � �¦¥¨§ª©#E� ¡ Â¬« z � ?�� µ �.z ¸ � where ¡ Â¬« z ¹ ���_F�` Â � �.z º Ä�bF �� �.z ´ �bF � � ² (3.34)

COROLLARY 3.3 (SISO COMPLEMENTARY SENSITIVITY PEAK). Let the plant
ª µ·¶�¸ be

a SISO-systemwith D�# � Õ RHP-zeros �.zf
´��� and D È � ² RHP-poles �bF . Let the
performanceweight ?BA bea stableminimumphasetransferfunction.Thenfor closed-loop
stability theweightedcomplementarysensitivityfunctionmustsatisfy

è(?BA2  µ·¶�¸ è � �¦¥¨§ª©È+� ¡ 4 « F � ?BA µ �bF ¸ � where ¡ 4 « F ¹ �µ�_z.` Â � Ä�.z º �bF �� �.z ´ �bF � � ² (3.35)

Equations(3.34)and(3.35)follow easilyfrom Theorems3.3and3.4by settingthezeroand
poledirectionsequalto ² andassumingthatall RHP-polesareobservableandall RHP-zeros
are“transmissionzeros”.

Peaksin ¶ and � . FromTheorem3.3we getby selecting? � µ·¶�¸�¹ ²è�� µ·¶�¸ è � � ¥¨§ª©
RHP-zeros« #E� ¡ Â¬« z (3.36)

andfrom Theorem3.4wegetby selecting? A µ·¶�¸�¹ ²è�  µ·¶�¸ è � � ¥¨§ª©
RHP-poles« È+� ¡ 4 « F (3.37)

Thus,a peakfor ÄÅ µ � µÐÏXÑx¸_¸ and ÄÅ µ   µÐÏXÑx¸_¸ largerthan1 is unavoidableif theplanthasbotha
RHP-zeroanda RHP-pole(unlesstheir relativeangle

[
is ¯ Õl± ).
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Figure3.3: Balancinga rod in uprightposition

3.5 Examples

EXAMPLE 3.1 BALANCING A ROD. This exampleis taken from Doyle et al. (1992),andconsiders
theproblemof balancinga rod in thepalmof one’s hand(onedimension).Theobjective is to keepthe
rodupright,by smallhandmovements,basedonobservingtherodeitherat its farend(output ÄlÅ , case
A) or the endin one’s hand(output Ä ¥ , caseB), seeFigure3.3. A linearizedmodelof the systemis
givenby ÈÉ{Ê i É	Ë k · Ë k�Ì ÇZÍ Ä Ê m É
where

i ÊÏÎÐÐÑ�Ò T Ò ÒÒÓÒ Ô�ÕRÖh×ÙØ ÒÒÓÒ Ò T
ÒÓÒ ß ØÛÚ�Ö á�ÜÝ£Þ Ò

ßáààâ j k Ê°ÎÐÐÑÛÒT ×EØÒã ÅÝ£Þ
ßáààâ j k�Ì ÊÓÎÐÐÑ ÒT ×EØÒÝhäæåÝ£åOÞ

ßáààâ and m Ê ÎÑ T Ò ç�ÒT ÒÓÒÓÒÒèÒ T Ò
ßâ

Thetransferfunctionfrom · to ÄÆÅ (caseA) isé ê Ø0ë�Ú Ê ìîíë ¥ Øðï Á ë ¥ ì Ø0ï ËcÀ Ú í Ú
andfrom · to Ä ¥ (caseB) is é ñ Ø0ë�Ú Ê Á ë ¥ ìòíë ¥ Ø0ï Á ë ¥ ì Ø0ï Ë�À Ú í Ú
where

–
Á
[m] is thelengthof therod,

– À [kg] is themassof therod,
– ï [kg] is themassof thehandand
– í [ ópô.õ m/s¥ ] is theaccelerationdueto gravity.

In bothcases,theplanthasthreeunstablepoles:two at theorigin andoneat ö Êf÷ ø Ý�ä�åtù ÜÝ£Þ . A short
rod with a large massgivesa large valueof ö , (the pole is far from the imaginaryaxis in the RHP),
andthis in turn meansthat the systemis moredifficult to stabilize. For example,with ï ÊeÀ andÁ Ê ô [m] we get ö ÊûúÆüþý [rad/s], andwe desirea bandwidthof about ÿ [rad/s], correspondingto
a responsetime of about õ ü ô [s]. In general,to stabilizean unstableplant with the pole ö��Ûõ and
to getgoodperformance,we desirea closed-loopbandwidthof approximately�Ùö (e.g.Skogestadand
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Postlethwaite,1996,eq. (5.46)page185). If oneis measuringÄlÅ (looking at the far endof the rod,
caseA), thenachieving this bandwidthis the main requirement.However, if onetries to balancethe
rod by looking at one’s hand( Ä ¥ , caseB) thereis alsoa RHP-zeroat � Ê�� Ü Þ . If the massof the
rod is small ( À�� ï is small), then ö is closeto � andstabilizationis in practiceimpossiblewith any
controller. However, evenwith a largemass,stabilizationis very difficult becauseö��	� whereaswe
would normallypreferto have the RHP-zerofar from theorigin andthe RHP-pole closeto theorigin
( �
�Mö ). So,althoughin theory, therod canbestabilizedby looking at one’s hand(caseB), it seems
doubtfulthatthis is possiblefor ahuman.To quantifytheseproblemsuse(3.34)or (3.35),weget� Å Ê�� ¥ Ê� � Ë ö  � ì ö  Ê� ô Ë��  ô ì �  j ��Ê�� ï ËcÀï

Let í � Á Ê ÿ ü���� � ¥�� andconsidera light weight rod with À�� ï Ê õ ü ô , for which we expectstabi-
lization to bedifficult. Weobtain � Å Ê�����ÊMú � , andwemusthave�! ñ#" ë�$ �&%(' ú � )+*-, ��. ñ#" ë�$ �&%/' ú �
so poor control performanceis inevitable if we try to balancethe rod by looking at our hand( Ä � ).
To illustratethe difficulties with stabilizationof caseB comparedto caseA, we design0 % -optimal
controllersfor thetwo casesby solving132 *4 5555

687:9  " ë;$7=<?>  " ë;$A@ 5555 % with
7=< Ê ô.õ ã ¦ Í 7B9 Ê ë � ï Ë 7DCñë (3.38)

where ï Ê ô and
7DCñ Ê ô . The weight

7B9
for the weightedsensitivity meansthat we require�E " ë;$ �F% lessthanone,andrequiretight control up to a frequency of

7GCñ Ê ô [rad/s]. Also notice
thesmallweighton thecontrolusage,

7=< Ê ôRõ ã ¦ , which in practicemeansthat we areminimizing� 7B9  " ë�$ � % . Table3.1 summarizesthe resultsfrom the 0 % -designs.In Figure3.4 the sensitivity

Table3.1: Resultsfor Example3.1.

CaseA CaseBH I-JLKNM I-JOKNMP - I-JRQEISAT:UVSXW Q YZK[E\D]_^A`a[�b KZJLc?c d?I-JeYfQg b
-designs

[+h8]i^!`?[ b I-JjQEd daYfJkIlc
using(3.38) Stablem ? Yes Non ]i\po m \=` KZJqd-Q daYfJkrlK

functionsfor bothcasesareplottedtogetherwith theinverseof theperformanceweight
7:9

. Noticethe
largepeakvaluein s  s , of tEuavxwzy in case{ . An unstablecontrolleris neededto stabilizetheplant in
caseB, which hasa RHP-zeroat |�}�~ �?�E�p�	uavOy�u . In Figure3.5we alsoconsidertheresponseto a
unit impulsein � of size �av��?y , which correspondsto a smallpushin thetop endof therod. Fromthe
impulseresponsewe seethatcontroller

>��
fails to keeptherod in uprightpositionwhenalsotaking

into accountconstraints(theminimumandmaximumvaluesof theangle�_¦ in caseB are �0¦B}��=wN�X�!�
and �0¦�}�y � �!� ). Evenwhenignoring theconstraintson theangle �0¦ , themovementsarevery large;
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Figure3.4: Sensitivity functionsandperformanceweight
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within �av��!u [sec]we needto move pretty near � [m] forwardandthenduring thenext �avOy;� [sec]we
needto movebackwardsabout y;� [m] (endingat �#w [m]). However, by lookingatthetopend(caseA),
weseefrom thesimulationsthatit is possibleto balancetherod in uprightposition.

By increasingtheweight
7=<

at high frequencies,we haveverifiedthatwe canobtainsmallerhand
movements� � , but at thecostof moreoscillatoryresponsesandlargerpeaksin

 
for bothcases.By

settingtheweight
7B< }����e����� ��������¡� y��a¢ ¨ and

7:9 }�y , we have managedto get thepeakin
 �

down towN�Nve�Xt which shows that the lower bound wN� is pretty close(rememberthat therearetwo polesat the
origin in thiscase,sothelowerbound

�E "�� $ � % doesnot reallyapply. To avoid thepolesatorigin, we
movedthemslightly into theRHP, i.e. at

� }	y�� ¢ ¨ ).Thedifferencebetweenthetwo cases,measuring� � (thetopend,caseA) andmeasuring� � (posi-
tion of thehand,caseB), highlightstheimportanceof sensorlocationon theachievablecontrolperfor-
mance.
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EXAMPLE 3.2 RHP ZERO AND POLE WITH ALIGNMENT. Weconsiderthefollowing plant£¤"�� $ } 6 �� ¢l¥ �� ���� ¥ @
6;¦F§E¨l© � ¨ 2 * ©¨ 2 * © ¦F§!¨z© @ª «¬ ®¯A°

6 � ¢-±���e����� � �� ��� ±��k�����¡� @³² |´}��Nµ·¶�}¸u
whichhasa RHP-zeroat |¹}º� anda RHP-poleat ¶»}¸u . For

© }�� � therotationmatrix ¼¡½¾}À¿ , and
theplantconsistsof two decoupledsubsystems£ ��Á "�� $ } 6 � ¢f±Â ���e����� �_Ã Â � ¢l¥ Ã �� ��� ±Â ��k�����¡�_Ã Â ��� ¥ Ã @
Thesubsystem� ��� hasbotha RHP-zeroanda RHP-pole,andclosed-loopperformanceis expectedto
be poor. On the otherhand,thereareno particularcontrol problemsrelatedto subsystem� ��� . With© }�ÄE�A� , ¼¡½Å}ÇÆ_ÈÊÉ·ËËÇÈ³Ì , whichgives£ÎÍ ��Á "�� $ } 6 � � ��� ±Â ���e����� �_Ã Â � ¢l¥ Ã� ¢-±Â ��k�����¡�_Ã Â ��� ¥ Ã � @
We have againtwo decoupledsubsystems,but this time in theoff-diagonalelements.Themaindiffer-
enceis that thereis no interactionbetweenthe RHP-zeroandthe RHP-pole in this case,sowe expect
thisplantto beeasierto control.For othervaluesof

©
wedonothavedecoupledsubsystems,andthere

will besomeinteractionbetweentheRHP-zeroandtheRHP-pole.Sincethepoleis locatedattheoutput
of theplant, its outputdirectionis fixed,andwe find � ¥ }ÇÏ�y �¡ÐjÑ for all valuesof

©
. On theother

hand,thezerodirectionchangesfrom Ïy �¡ÐjÑ for
© }�� � to ÏÒ� yÓÐRÑ for

© }	ÄE� � . Thus,theangle
betweenthepoleandzerodirection,Ô , will alsovarybetween� � and ÄE� � as

©
variesfrom � � to ÄE� � , as

seenfrom Table3.2,wherewe alsogive Õ � and Õ � for four rotationangles,
© }�� � µÖu!� � µÒtE� � and ÄE� � .

Thetablealsoshows thevaluesof
�! "�� $ � % and

�;. "�� $ � % using 0 % -optimalcontrollersminimizing

Table3.2: Resultsfor Example.× rlØ I?rlØ d?rlØ Ù?rlØ
Ú?Û Ü QrÞÝ Ü r-JqI?Iß r-JkÙaYàÝ Ü r-JRQ?Qß r-JqÙ?ÙÞÝ Ü r Q�Ýá Uãâ+ä?å+æ Tèç Ú-éÛ ÚXê ç rlØ ëNr-JqÙlØ M?I-JkYZØ Ù?rlØSDUVSATÎUVS+W cZJqr Q?JqM?Ù Q?JRQAc Q?Jqrg b

-
[!\G]i^A`a[�b ëZJqr?r KZJqd?r Q?JOcNÙ Q?JqÙ?M

designs
[+h8]i^!`?[Fb ëZJkYzr KZJLëNd Q?Jkd?r Q?JqI-Q

using StableK? No No Yes Yes
(3.39) n ]i\po m \=` Ù-JLc?c I-JLcNI KZJkr-Q Q?JLcNÙ
1�2 *4 5555

6 7B9  7=<a>  @ 5555 % with
7B< }�y ² 7:9 } " � �Fìîíðï C�� $ (3.39)

where ì }ñ� and ï C� }��ave� . The weight
7B9

for the weightedsensitivity meansthat we require�E "�� $ � % lessthan2, and requiretight control up to a frequency of about ï C� }ñ�ave� [rad/s]. The
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Figure3.6: Sensitivity andcomplementarysensitivity functionsfor four angles
©

minimum 0 % -norm for the stacked
 � >  problem(3.39), is given by the valueof ù in Table3.2.

Plotsof thesensitivity
 

andthecomplementarysensitivity
.

aregivenin Figure3.6. Theresponses
to thestepchangein thereferenceú8}�Ï�y �GyÓÐ Ñ areshown in Figure3.7. Several thingsareworth
noting:

1) We seefrom thesimulationfor Ô�}�� � in Figure3.7 thattheresponsefor � � is very poor. This
is asexpectedbecauseof theclosenessof theRHP zeroandpole( |D}º�Nµû¶8}¸u ).

2) The bound Õ � on
�E "�� $ � % in (3.36) is tight in this case. This canbe shown numericallyby

selecting
7=< }��?v��ay , ï � }¸�av��ay and ì � }üy (

7=<
and ï � aresmallsothemainobjective is to

minimizethepeakof
 

). Wefind thatthe 0 % -designsfor thefour anglesyield© � � uE� � tE� � Ä!� ��! "�� $ � % �Nv��+w yEv�Ä!�!� yEvOy;�!� yEv��E�A�Õ � �Nv�� yEv�ýEÄ yEvOy;� yEv��
3) TheangleÔ betweenthezeroandthepoledirections,is quitedifferentfrom therotationangle

©
at intermediatevaluesbetween� � and ÄE� � . Thereasonfor this is theinfluenceof theRHP-pole
in output y , whichyieldsa stronggainin thisdirectionandthustendsto pushthezerodirection
towardoutput � .

4) For
© }�� � we have Õ � }ñÕ � }þ� so

�E "�� $ � % ' � and
��. "�� $ � % ' � , so it is clearly

impossibleto get
�E "�� $ � % lessthan � , asrequiredby theperformanceweight

7B9
.

5) The 0 % -optimalcontrolleris unstablefor
© }ã� � and uE� � . This is not surprisingbecausefor© }�� � , the plant is two SISO-systems,where � ��� needsan unstablecontrollerto stabilizeit,

since¶»ÿÀ| .
3.6 Conclusion

We have presentedlower boundson the peakin weightedsensitivity and complementary
sensitivity functionsfor systemswith RHP zerosand poles. Peaksin the sensitivity and
complementarysensitivity functionsareunavoidableif theplanthasbotha RHP-zeroanda
RHP-polewith somealignment.Theselowerboundsonthesensitivity functionsdemonstrate
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Figure3.7: M IMO-plantwith angleÔ betweentheRHP-zeroandtheRHP-poledirections.Responseto
stepin referencewith 0 % -controllerfor four differentvaluesof Ô . Solid line: � � ; Dashedline: � �
the fundamentallimitations imposedby open-loopcharacteristicsasRHP zerosandpoles.
Theintentionswith thederivationof theselowerboundsare:� To derive measureswhich quantify the effect of open-loopRHP zerosandpoleson

closed-loopperformance.Thesemeasuresareindependentof the feedbackcontroller
andthecontrolconfiguration,andthey thereforereflectthecontrollabilityof theplant.� To getbetterunderstandingof thedirectionalityof RHP zerosandpoles.

We alsoexpectthat the derivedboundswill beusefulwhenselectingperformanceweights
for controllerdesignandanalysis.
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Appendix A Proofsof the results

Proof of Lemma3.1. For
� }�¶ we have,

£�� ¶��´}�� � ¶·¿�������¢ � {	í�� . Since¶ is an eigenvalue
of � and � ¥! is theeigenvectorcorrespondingto thepole ¶ ,

� ¶Z¿ø�"���#� ¥$ } � . Therefore� ¥! is the
outputstatedirectionwith infinite gainfor

� ¶Z¿#�%����¢ � . Thenormalizedoutputpoledirectionbecomes� ¥ }&�'� ¥$ �)(*�+� ¥$ (�, aslong as ($�%( is finite. The input poledirection - ¥ follows similarly asthe
conjugateof theoutputdirectionof thetransposedsystem

£ Ñ . .
Proof of (3.22). The outputdirectionis given by �0/± £�� |1�¤} � . For internalstability the controller
cannotcancelthe RHP-zeroandit follows that 2 } £ >

hasa RHP-zero in the samedirection,i.e.�0/± 2 � |3�Þ}�� . Then,we have that 4�} � ¿³í526��¢ � is stableandthushasno RHP-poleat
� }º| . It then

follows from 7À}�264 that �8/± 7 � |3�p}¸� and �0/± � ¿G��4 � |3�9� }��5: �0/± }À�0/± 4 � |1� . .
Proof of (3.23). Thesquarematrix 2 ��� �G} £ > ��� � hasa RHP-pole at

� }ü¶ , andif we assumethat2 ��� � hasno RHP-zero at
� } ¶ , then 2à¢ � � ¶;� exists, and the output pole direction � ¥ is given by2è¢ � � ¶��_� ¥ }	� . Since7 is stable,it hasno RHP-poleat

� } ¶ , so 7 � ¶;� is finite. It thenfollows from4 }<7'2è¢ � that 4 � ¶;�_� ¥ }<7 � ¶;�92è¢ � � ¶;�_� ¥ }�� andthat 7 � ¶;�_� ¥ } � ¿´��4 � ¶;�9�i� ¥ }�� ¥ . .
Proofof Theorem3.1. Introducethescalarfunction

=>��� � }�� /± 7B9 ��� �94 ��� �_� ±
which is analyticin theRHP. We thenhave

( 7B9 4 ��� �*( �@? ( =>��� �*( �A? s =>� |3�FsA}�s 7B9 � |3�Fs (3.40)

The first inequality follows sincethe singularvaluemeasuresthe maximumgain of a matrix and is
independentof direction,so BC � ��� ? (	� 7 ( , and BC � ��� ? ( 7 ��( , for any vector

7
with ( 7 ( , } y .

Thesecondinequalityfollows from themaximummodulustheorem.Thefinal equalityfollows since7B9 ��� � is ascalarandfrom theinterpolationconstraint� /± 4 � |1� }À� /± weget � /± 4 � |1�_� ± }�� /± � ± }�y ..
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Proofof Theorem3.2. Introducethescalarfunction=D��� � }À� /¥ 7 Ñ ��� �E7 ��� �i� ¥
which is analyticin theRHP since

7 Ñ 7 ��� � is stable.Wethenhave

( 7 Ñ 7 ��� �*( � ? ( =D��� �*( � ? s =D� ¶��FsE}ãs 7 Ñ � ¶;�Fs (3.41)

Thefirst inequalityfollowssincethesingularvaluemeasuresthemaximumgainof amatrixindependent
of directionand (;� ¥ ( , }�y . Thesecondinequalityfollows from themaximummodulustheorem.The
final equalityfollowssince

7 Ñ ��� � is ascalarandfrom theinterpolationconstraint7 � ¶��_� ¥ }À� ¥ weget� /¥ 7 � ¶;�i� ¥ }À� /¥ � ¥ }�y . .
Proof of Theorem3.3. We consideroneRHP-zero | with outputdirection � ± at a time (thesubscriptF

is omitted). Factorizethe G ¥ RHP-poles ¶IH in
£���� �3}KJ=¢ �¥! ��£ � £ �  ��� � , where JB¢ �¥$ ��£ � is given

by (3.25). It follows that
£ �  ��� � is stable, J ¥$ ��£ � hasall singularvaluesandabsolutevalueof all

eigenvaluesequalto onefor
� } F ï and BC � JB¢ �¥$ ��£���� �9�L� ? y whenever MON ��� � ? � , seeLemmaA.1 in

AppendixA. Theloop transferfunctioncanthenbewritten

2 ��� � } £ > ��� �p}PJ ¢ �¥! £ �  > ��� �6Q<J ¢ �¥$ ��£ �826R ��� �
then 4 }<7'2 ¢ � }<7'2 ¢ �R ��� �SJ ¥$ ��£���� �9�TQU4;ROJ ¥$ ��£V��� �9�
Introducethescalarfunction

=D��� �à}º�0/± 7B9 ��� �94�R ��� �i� which is analytic(stable)in RHP. We wantto
choose� sothat s =D��� �Fs obtainsmaximumW ��� �p} XZY\[]S^	]E_$` � s =>��� �FsA} XZYa[]S^	]E_$` � s � /± 7:9 ��� �94;R ��� �_� s
Weget

( 7:9 4 ��� �*( � }b( 7B9 4;R ��� �*( � ? ( W ��� �*( � ? s W � |3�&sB} XcY\[]S^	]S_!` � s 7B9 � |3�Fsedas � /± J ¢ �¥$ ��£ �!s � ` ± � s}þs 7:9 � |1�Fs\d1(;� /± J ¢ �¥$ ��£ �Es � ` ± ( , (3.42)

Thefirst equalityfollowssinceJB¢ �¥$ ��£���� �9� is all-passfor
� } F ï . Thefirst inequalityfollowssincethe

singularvaluemeasuresthemaximumgainof a matrix independentof direction,so BC � ��� ? (	� 7 ($,
and BC � ��� ? ( 7 ��($, for any vector

7
with ( 7 (�, } y . The secondinequality follows from the

maximummodulustheorem.Thesecondequalityfollows from� /± 4�R � |3� }�� /± 4 � |3�#J ¢ �¥! ��£ �Es � ` ± }À� /± J ¢ �¥! ��£ �Es � ` ±
andthe fact that

7B9 ��� � is a scalar. The last equality follows from the fact that the largestsingular
valuemeasuresthelargestgainandis equivalentto thetwo-norm.Thefactthat Õ �9f g ? y follows fromC H � J ¢ �¥! ��£V��� �9�9� ? y;hji when MON ��� � ? � , LemmaA.1 in AppendixA. .
Proof of Theorem3.4. We consideroneRHP-pole ¶ with outputdirection � ¥ at a time (thesubscripti is omitted). Factorizethe G ± RHP-zeros |\H in

£���� �³}kJ ±L ��£ � £ R  ��� � , where J ±9 ��£ � is givenby
(3.26). It follows that

£ R  ��� � is minimumphase,J ±L ��£ � hasall singularvaluesandabsolutevalue
of all eigenvaluesequalto onefor

� } F ï , seeLemmaA.1 in AppendixA. Theloop transferfunction
becomes 2 ��� � } £ > ��� � }<J ±L ��£ � £ R  > ��� �6Q<J ±L ��£ �l2mR ��� �
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then 7À}n264 }PJ ±L ��£ �l2mRo4�Q<J ±L ��£ �37pR
Introducethescalarfunction

=>��� �B}ü�0/ 7 Ñ 7pR ��� �_� ¥ which is analyticin RHP. We want to choose�
sothat s =>��� �Fs obtainsmaximumW ��� �p} XcY\[]#^	]S_$` � s =D��� �Fs!} XcY\[]E^	]S_$` � s � / 7 Ñ ��� �E7pR ��� �i� ¥ s
Weget

( 7 Ñ 7 ��� �*( � }q( 7 Ñ 7�R ��� �*( � ? ( W ��� �*( � ? s W � ¶;�&sB} XcY\[]#^	]S_!` � s 7 Ñ � ¶��FsedNs � / J ¢ �±9 ��£ �Es � ` ¥ � ¥ s} s 7 Ñ � ¶;�Fsedr(\J ¢ �±9 ��£ �Es � ` ¥ � ¥ (�, (3.43)

The first equalityfollows since J ±9 ��£���� �9� is all-passfor
� } F ï . The first inequalityfollows since

thesingularvaluemeasuresthemaximumgainof a matrixandis independentof direction,so BC � ��� ?(	� 7 ($, and BC � ��� ? ( 7 ��(�, for any vector
7

with ( 7 (�,#}	y . Thesecondinequalityfollowsfrom the
maximummodulustheorem.The secondequalityfollows from 7�R � ¶;�_� ¥ }&JB¢ �±L ��£ �Es � ` ¥ 7 � ¶;�_� ¥ }J=¢ �±9 ��£ �Es � ` ¥ � ¥ . The last equality follows from the fact that the largestsingularvaluemeasuresthe

largestgainandis equivalentto thetwo-norm.Thefactthat Õ , f H ? y follows from C g � J=¢ �±9 ��£V��� �L�9� ?yIh F when MsN ��� � ? � . .
Proof of Õ
} Õ � }�Õ , in Corollary 3.1. Note that when G ± }KG ¥ }�y both | and ¶ arereal and
positive,so B|¹}�| and B¶Å}�¶ . ConsiderÕ ,

Õ , } tttt � ¿:í �\MON � |3�¶���| � ± � /± �_� ¥ tttt , } tttt Ï¼ � ± Ð 6 ¿ �� ¥ �6u±¥+¢f± @
6 ¼ /� /± @ � ¥

tttt ,} tttt ¼D¼ / � ¥ í ¶øívB|¶���| � ± � /± � ¥ tttt , } ¨9wyx , � Ô��Óí szB|:í¾¶�s ,s |G�Å¶�s , ¦F§E¨ , � Ô�� (3.44)

Thematrix ¼ containsa basisfor theorthogonalsubspaceto � ± , �0{± . Theanglebetween� ¥ and �0{± isÄE�´� Ô ,
¦&§E¨ � Ä!�´� Ô��Î} ¨Lwyx � Ô�� and(3.44)follows. We caninterpret(3.44)asa weightedprojection

of � ¥ on the subspaces� {± , with weight y , and � ± , with weight | u± � ¥ | _| ±F¢l¥ | _ . In (Boyd andDesoer, 1985,

eq.(3.15)onp. 164)it is theprojectionon theorthogonalsubspace� {± which lacks.
TheconstantÕ � canbewritten in asimilarway

Õ � } tttt � /± � ¿³í �\MON � ¶;�|Î�Å¶ � ¥ � /¥ � tttt , } tttt � /± ÏL} � ¥ Ð 6 ¿ �� ± �~u¥±F¢l¥ @
6 } /� /¥ @

tttt ,} tttt � /± }�} / í |=í�B¶|³�Å¶ � /± � ¥ � /¥ tttt , } ¨9wyx ,	� Ô��Óí s |=í�B¶ s ,s |³�
¶�s , ¦F§E¨ , � Ô�� (3.45)

.
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Abstract

This paperexaminesthe fundamentallimitations on closed-loopperformance
imposedby instability in theplant (Right Half Plane(RHP) poles). Themain
limitation is that instability requiresactive useof plant inputs,andwe quan-
tify this in termsof tight lower boundson the input magnitudesrequiredfor
disturbanceandmeasurementnoiserejection. Thesenew boundsinvolve the� � -norm,which hasdirectengineeringsignificance.Theoutputperformance
in termsof disturbancerejectionor referencetrackingis only limited if theplant
hasRHP-zeros,andfor aonedegree-of-freedomcontrollerthepresenceof RHP-
polesfurtherdeterioratetheresponse,whereasthereis noadditionalpenaltyfor
having RHP-polesif we usea two degrees-of-freedomcontroller. It is impor-
tant to stressthat the derived boundsarecontrollerindependentandthat they
aretight, meaningthatthereexist controllerswhichachieve thelowerbounds.
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4.1 Intr oduction

An unstableplantcanonly bestabilizedby useof feedbackcontrolwhich impliesactiveuse
of the plant inputs. If measurementnoiseand/ordisturbancesarepresent(which is always
thecasein practicalprocesscontrol),thentheinputusagemaybecomeunacceptable.

In this paper, theabove statementsarequantifiedby deriving tight lower boundson theg b
-normof theclosed-looptransferfunctions

\��
and

h��
, where

\
and

h
arethesensi-

tivity andcomplementarysensitivity functions. The transferfunction
�

canbe viewed as
a generalized“weight”, which for our purposeshouldbe independentof the feedbackcon-
troller m .

Somereasonsfor deriving suchboundsare:

1) Thelowerboundsprovidedirectinsightsto thelimitationsimposedby RHP zerosand
polesin SingleInputSingleOutput(SISO) systems.

2) The lower boundsderived are independentof the controller, so they canbe usedas
controllabilitymeasures.

3) In somecaseswecanshow thattheboundsaretight. Thisimpliesthatwein thesecases
canfind a controller m , analytically, which achievesan

g b
-normof theclosed-loop

transferfunctionequalto thelowerbound.
4) Wecanquantify, in termsof the

g b
-norm,the“bestachievable”closed-loopeffectof

theworstcasedisturbance,measurementnoiseandreferencesbothat theinput andat
theoutputof theplant.

Oneimportantapplicationis thatwe canquantifytheminimuminput usagefor stabilization
in thepresenceof worst casemeasurementnoiseanddisturbances.Even for SISO-systems
thishasbeena difficult task,whichhasnotbeensolvedanalyticallyuntil now.

To give thereadersomeappreciationof thebasisof theboundsandtheir usefulness,we
considerasa motivatingexample,anunstableplantwith a RHP-pole H . We want to obtain
a lowerboundon the

g b
-normof theclosed-looptransferfunction m \ from measurement

noise � to plant input � . We first rewrite m \ U �Åæ T h , which is on the form
h��

with� Ub�»æ T . The basisof our boundis the useof the maximummodulusprinciple andthe
“interpolationconstraint”

hÅ] H ` U Q , which must apply to achieve internal stability. We
obtain(seeTheorem4.1for details)[ m \D]_^A`a[�b U [ � æ T hÅ]i^!`?[Fb�� ç � æ T� ] H ` ç
where � � is the “stable” versionof � (with the RHP-polesmirroredinto the LHP). As an
example,considerthe plant � ]i^A` U T� æ T ô , which hasanunstablepole H�UþQEr . We obtain� � ]i^!` U T��� T ô . For any linearfeedbackcontroller m , wefind thatthelowerbound[ m \D]i^!`?[Fb�� ç � æ T� ] H ` ç U/KFH U/KNr
mustbesatisfied.Thus,if we requirethattheplantinputsareboundedwith

[ � [;b�� Q , then
wecannotallow themagnitudeof measurementnoiseto exceed

[ � [;b UÇQ o KNr�UVr-Jkrlc .
The basisfor our resultsis the importantwork by Zames(1981),who madeuseof the

interpolationconstraint
\D] P ` U�Q andthemaximummodulustheoremto derive boundson
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the
g b

-normof
\

for plantswith oneRHP-zero.Subsequently, theseresultswereextended
to unstableplantswith oneRHP-poleandthento plantswith combinedRHP zerosandpoles,
e.g.(Doyle etal., 1992,pp. 93–95)and(SkogestadandPostlethwaite,1996).

However, thesegeneralizationsto unstableplantsdid not considertheinput usagewhich
involvesthe closed-looptransferfunction m \ . An importantcontribution of this paperis
thereforeto usethe“trick” m \ U@�»æ T h , which enablesusto derive lowerboundson input
usage,by using the generallower boundon

[;h�� ]_^A`a[&b
with

� U��Åæ T . But when � is
unstable(with RHP-pole H ), then

� UK�Åæ T hasa RHP-zerofor
^ U�H . A secondimportant

contribution comparedto earlierwork, is the ability to includeRHP zerosandpolesin the
“weight”

�
(undertheassumptionthat

\��
and

h��
arestable).

A third importantcontribution is thatwe show that the lower boundsaretight. That is,
wegiveanalyticalexpressionsfor controllerswhichachievean

g b
-normof theclosed-loop

transferfunctionwhich is equalto thelowerbound.
Several authors,amongthemKwakernaak(1995),have notedthe symmetriesbetween

sensitivity and complementarysensitivity and the roles of RHP zerosand polesof � . In
this paper, the symmetriesarealso reflectedin whereperformanceis measured.We find
that RHP-zerosof � poselimitations on performancemeasuredat the outputof the plant,
whereasRHP-polesof � poselimitationson performancemeasuredat the input of theplant
(inputusage).

Theboundson
[A\D]_^A`a[&b

for plantswith RHP-zeroderivedby Zames(1981)arealsovalid
for multivariablesystems.It is importantto notethatall theresultsgivenin this paperhave
beengeneralizedto multivariablesystems(seeChapter5). However, the notationbecomes
complicatedin the multivariablecase,with the result that it is difficult to understandthe
implicationsof thebounds.In theSISO case,theboundsmayeasilybederivedby handfor a
particularplant. However, in themultivariablecase,we mustin generalevaluatethebounds
numerically.

The paperis organizedas follows: First we introducethe notationand presentsome
basicsfrom linear control theory. In Section4.3 we derive the generallower boundson[E\s��]i^!`?[&b

and
[;h��Ê]i^!`?[&b

, andin Section4.4we prove thetightnessof thelower bounds.
In Section4.5 we show someapplicationsand implicationsof the lower boundsboth on
outputperformance,inputusage,peaksin sensitivity andcomplementarysensitivity, andwe
givesomesimpleexamplesto illustratetheapplicationsandtheimplications.In Section4.6
we discussbriefly the relationshipto stabilizationwith input constraints.In Section4.7 we
derive a lower boundapplicableto two degrees-of-freedom(2-DOF) control. Theproofsof
theresultswhicharenot givenin themaintext, aregivenin SectionA.

4.2 Basicsfr om linear control theory

Weconsiderlineartime invarianttransferfunctionmodelson theformÚ ]i^!` U�� ]i^!` � ]i^!`�� ��� ]i^!`�� ]_^A` (4.1)

where � is the manipulatedinput,
�

is thedisturbance,Ú is the output, � is the SISO plant
modeland ��� is the SISO disturbanceplant model. The measuredoutput is Úr� U�Ú � �
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where� is themeasurementnoise.
The

g b
-normof a stablerationaltransferfunction � ]_^A`

is definedasthepeakvaluein
themagnitude

ç � ]��8�:` ç
overall frequencies.[ � ]i^!`?[FbK� å!�I�  ç � ]��l�:` ç

(4.2)

4.2.1 Zerosand poles

In a rational transferfunction � the zerosand polesare the roots of the numeratorand
denominatorpolynomials. That is, the zeros Pe¡ and the poles Hp¢ are the solutionsto the
following equations

� ] Pe¡ ` UVr and � æ T ] Hp¢ ` UVr (4.3)

Whenwe refer to zerosandpoles,we meanthezerosandpolesof theplant � unlessother-
wiseexplicitly stated.Thesetof complex numberŝ where £¥¤ ]i^A`�¦ r is denoted§ � , and
wereferto thissetastheopenright half plane(openRHP). Zerosandpolesin theopenRHP

arezerosandpoleswith realpartgreaterthanzero,i.e. £¥¤ ] P `'¦ r and £¥¤ ] H `O¦ r .
4.2.2 Factorizationsof RHP zerosand poles

A rationaltransferfunction � ]i^A`
with zerosPe¡ andpolesHp¢ in theopenRHP, ¨ P\¡r©aHp¢�ª�« § � ,

canbefactorizedin Blaschkeproductsasfollows1

� ]_^A` U ¬àÛ ] � ` � � ]i^!` (4.4)

� ]_^A` U ¬ æ Tê ] � ` � � ]i^!` (4.5)

� ]_^A` U ¬àÛ ] � ` ¬ æ Tê ] � ` � � � ]_^A` (4.6)

where

� � – Minimum phase(subscript ) versionof � with theRHP-zerosmirroredacrossthe
imaginaryaxis.� � – Stable(subscript̂ ) versionof � with theRHP-polesmirroredacrosstheimaginary
axis.� � � – Minimum phase,stable(subscript ^ ) versionof � with theRHP zerosandpoles
mirroredacrosstheimaginaryaxis.¬àÛ ] � `

– Stableall-passrationaltransferfunction
] ç ¬àÛ ] � ` ç ��ó ¡   UÇQl©j® �:` containingthe

RHP-zeros(subscriptP ) of � .¬pê ] � `
– Stableall-passrationaltransferfunction

] ç ¬pê ] � ` ç ��ó ¡   UÇQl©j® �:` containingthe
RHP-poles(subscriptH ) of � asRHP-zeros.

1Note that the notationon the all-passfactorizationsof RHP zerosand polesusedin this paperis reversed
comparedto thenotationusedin (SkogestadandPostlethwaite,1996;HavreandSkogestad,1997a).Thereasonfor
thischangeof notationis to getconsistentwith whattheliteraturegenerallydefinesasanall-passfilter.
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¯
°²±´³ R

� æ Û �\� Û
(a)on RHP-zeros|

µ°E±´³ �
T� æ ê T�¶� ê

(b) on RHP-poles¶

� æ Û� æ ê ��� Û��� ê·� d¸�¹R �
°²±´³ R

°E±�³ �
¯
µ

(c) on RHP zerosandpoles

Figure4.1: Operationson RHP zerosandpolesfor scalartransferfunctions

Theall-passfiltersare

¬àÛjº � º#»½¼!¼ ¾ ¿ÁÀÂ
¡ óÁÃ » ß<Ä ¡» �&ÅÄ ¡ (4.7)

¬TÆDº � º#»½¼!¼ ¾ ¿TÇÂ
¢ÉÈ Ã

»oÊËp¢» �ÌÅËp¢ (4.8)

whereÍ�Î is thenumberof RHP-zerosÄ ¡�« § � and Í Æ is thenumberof RHP-polesËp¢)« § �
in � . In mostcases� ¾A� andto simplify thenotationwe oftenomit to show thattheall-
passfilters aredependenton � , i.e. we write ¬TÆDº#»½¼ and ¬ Î ºS»3¼ in themeaningof ¬TÆÏºE�Ðº#»½¼!¼
and ¬ Î ºE�Ðº#»½¼!¼ .

Figure4.1 demonstratestheoperations,ºLÑy¼L� for RHP-zeros, ºLÑy¼ � for RHP-polesandthe
combinedoperator ºLÑy¼L� � of scalartransferfunctions. Theorderof the two operationsº9ÑÒ¼L�
and º9ÑÒ¼ � in thecombinedoperatorºLÑy¼L� � is arbitrary. It alsofollows that

º �KÓ Ã ¼L� � ¾Ôº � � � ¼ Ó Ã ¾ �KÓ Ã� � (4.9)

We use � Ó Ã� to denoteº � ��¼ Ó Ã , i.e. � Ó Ã� ¾Õº � ��¼ Ó Ã . Similarly we use Ö Ó Ã× ¾�º Ö × ¼ Ó Ã .
Wenotethat Ø Ö º#»3¼ Ø�Ù ¾ Ø Ö�Ú º#»3¼ ØeÙ ¾ Ø Ö�Ú × º#»½¼ ØeÙ (4.10)

Thefirst identity follows since Û Ü)Î º Ö ¼ Û × È�Ý!Þ ¾àßlájâpã , andthe latter identity follows sinceÖ is stable,i.e. ÖnÚ × ¾ Ö�Ú and Ü ÆÏº ÖnÚ ¼)¾ Ü ÆDº Ö ¼)¾äß .
To prove themainresultsin thispaper, wemakeuseof thefollowing Lemma.

LEMMA 4.1. Considera stableSISO transferfunction å�æ which can beexpressedby the
productof theSISO transferfunctionså and æ , where both å and æ maybeunstable. ThenØ å�æ Ø�Ù ¾ Ø º å�æ ¼ Ú Ø\Ù ¾ Ø å�Ú × æ�Ú × Ø\Ù (4.11)

4.2.3 Closing the loop

A typicalcontrolproblemis shown in Figure4.2. In thefigurepossibleperformanceweights
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Figure4.2: Onedegree-of-freedomcontrolconfiguration

aregiven in dashedlines. Mainly for simplicity, but alsobecauseit is mostpracticallyrel-
evant,we assumethat theperformanceweights ��� and ��� have no zerosandpolesin

�	�
.

If integrators(polesat 
	�� ) arepresentin ��� and ��� , thenwe needthe samenumberof
integratorsin ��� ñVï , to have a stableclosed-looptransferfunction. In Figure4.2 we
have includedboththereference� andthemeasurementnoise � , in additionto disturbances�

asexternalinputs. The transferfunctions, ñ�ó , í and Í canbeviewedasweightson the
inputs,andthe inputs:

��
,
�� and

�� arenormalizedin magnitude.Normally, Í is the inverse
of signalto noiseratio. For mostpracticalpurposes,wecanassumethat

í
and Í arestable.

However, from thetechnicalpointof view it sufficesthattheunstablemodesin Í and
í

can
bestabilizedthroughtheinput � .

We applynegativefeedbackcontrol��� ï�� � Ê�� Ú��	� ï�� � Ê��cÊ ��� (4.12)

Theclosed-looptransferfunction � from � !" �� �� ��
#$

to %&�(' %*)%,+.- �(' ��� �/�cÊ �*����0� -
is � � 
,�1�(' Ê ���32 í ���42 ñ�ó Ê ���65 Í���72 ï í Ê ��� ï 2 ñ�ó Ê ��� ï 2 Í - (4.13)

wherethesensitivity 2 andthecomplementarysensitivity 5 aredefinedas2 8 �Lß:9UñVï � Ó ) � ßß49Uñ�ï (4.14)5 8 ß�Ê 2�� ñVïß39nñVï (4.15)

To have goodcontrolperformance(keep %*) small)with a small input usage(keep %;+ small),
we needto have

Ø � � 
<� Ø�Ù small. That is we want all the SISO transferfunctionsin (4.13)
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small. In addition,therearerobustnessissues.For example,we wish to have
Ø ��=?>?@A5 � 
,� Ø�Ù

small,where��=?>B@ is themagnitudeof therelativeplantuncertainty.
Thefirst requirementfor beingableto satisfyall theseobjectives(e.g. having all seven

transferfunctionsmentionedabovesmall),is thattheweights��� , ��� and ��=?>?@ aresuchthat
the objectivescanbe achieved. For example,since 2 9 5C� ß we cannothave ��� í and��=?>?@ largeat thesamefrequencyif wewantto have

Ø ���:2 í � 
,� Ø�Ù (tight controlof setpoint
changes)and

Ø ��=B>?@A5 � 
<� Ø�Ù (the closed-loopresponseis insensitive to plant uncertainty)
small. However, the presenceof RHP zerosand polesin the plant ñ provide additional
limitations,whicharethefocusof thispaper.

4.2.4 Inter polation constraints

If ñ hasa RHP-zero % or a RHP-pole Ë , thenfor internalstabilityof thefeedbacksystemthe
following interpolationconstraintsmustapply(e.g.SkogestadandPostlethwaite,1996):5 � %D�	�E�GF 2 � %D�1� ß (4.16)2 � Ë �	�E�GF 5 �yË �1� ß (4.17)

Similar interpolationconstraintsapplyto 2 and 5 if thefeedbackcontrollerï hasRHP zeros
or poles.

4.3 Lower boundson the H I -norm of closed-looptransfer
functions

In this sectionwe will give the main results,which arelower boundson the J Ù -norm of
closed-looptransferfunctionswhichcanbewrittenontheforms 5LK or 2	K . Thegeneralized
“weight” K is assumedto beindependentof thefeedbackcontroller ï . K maybeunstable
but 5LK and 2	K mustbestable.Thatis, it mustbepossibleto stabilizeall transferfunctions
by controllingtheoutput � usingtheinput � .

Someexamples.Considerthesix transferfunctionsin (4.13).Thefirst two canbewritten
on the form 26K by selectingKM)A)N�C��� í and KO)P+Q����� ñ�ó . The remainingfour canbe
written on theform 5LK by selectingKM)SRT�U���)Í , K.+V)W�U��� ñ Ó ) í , K.+A+X�Y��� ñ Ó ) ñ�ó andKZ+[R\�]��� ñ Ó ) Í . Fromthis we seethat the“weight” K maybeunstable(if oneor bothofñ�ó and ñ Ó ) areunstable)andmaycontainRHP-zeros(if oneor bothof ñ�ó and ñ Ó ) contain
RHP-zeros).

In thefirst result,which is the lower boundon
Ø 5WK � 
<� Ø�Ù , we considerany numberof

RHP-zerosin theplant ñ andoneRHP-pole at a time. Then,by maximizingover all RHP-
polesin theplant ñ , wefind thelargestlowerboundon

Ø 5WK � 
<� Ø�Ù whichtakesinto account
oneRHP-poleandall RHP-zerosin theplant ñ .

THEOREM 4.1 (LOWER BOUND ON

Ø 5LK � 
<� ØeÙ ). ConsidertheSISO plant ñ with Í�ÎX^_�
RHP-zeros % Ý_` �	�

and Í Æ ^ ß RHP-poles Ëba . Let K be a rational transferfunction,
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andassumethat 5LK is (internally) stable. Thenthe following lower boundon
Ø 5LK � 
,� Ø�Ù

applies: Ø 5LK � 
,� ØeÙ ^ ced,f
RHP-poles,

Æ<g Û Ü Ó )Î �yËba �	Û Ñ ÛhK�Ú × �yËba �	Û (4.18)

where Ü)Î � 
<� is theall-passfactorcontainingtheRHP-zerosof ñi� 
<� .
SomeremarksonTheorem4.1aregivenfollowing Theorem4.2.

Proofof Theorem4.1.

1) Factor out RHP zerosand polesin j and k . Lemma4.1giveslVm�n�oqpVr�lAs õ lVm ùut n ùut oqpVr�lvs õ lVm ù n ùut o/pVr<lws
wherethelastequalityholdssince

m
is stable,i.e.

m ùut õ m ù .
2) Intr oducethe stablescalar function x1y{z*|3}Uj�~QySz�|wk�~��;y{z*| .
3) Apply the maximum modulus theoremto x1ySz�| at the RHP-poles �M� of � .l<�ZoqpVr�l s���� �.o��G��r �
4) Resubstitute the factorization of RHP-zeros in j , i.e. use

m ù o/pBr õ m�o/pBr��:� �� oqpVr
, where� � o/pBr containsthe RHP-zerosof � , which dueto internalstability alsomustbe RHP-zerosofm

. Thisgives �.o��G�/r õ mLo��G��r�� � �� o��G�qrSn ùut o��G�/r
5) Usethe interpolation constraint (4.17)for RHP-poles �M� in � , i.e. use

mLo��G�qr õ��
.

6) Evaluate the lower bound. � �.o����qr � õ � � � �� o��G�/r �B�;� n ùut o��G�qr �
Notethat

�.o����/r
is independentof thecontroller � if

n
is independentof � .

Sincethesestepshold for all RHP-poles
���

, Theorem4.1follows. �
In thenext result,which is the lower boundon

Ø 26K � 
,� ØeÙ , we considerany numberof
RHP-polesin theplant ñ andoneRHP-zeroat a time. Then,by maximizingover all RHP-
zerosin theplant ñ , wefind thelargestlowerboundon

Ø 2	K � 
,� Ø�Ù whichtakesinto account
oneRHP-zeroandall RHP-poles.

THEOREM 4.2 (LOWER BOUND ON

Ø 26K � 
<� Ø�Ù ). ConsidertheSISO plant ñ with ���&^ ß
RHP-zeros % Ý and �W��^(� RHP-poles � a�` �	�

. Let K be a rational transferfunction,
andassumethat 26K is (internally) stable. Thenthe following lower boundon

Ø 26K � 
,� Ø�Ù
applies: Ø 26K � 
<� Ø�Ù ^ ced,f

RHP-zeros,�{  Û Ü Ó )� � % Ý �*Û Ñ Û¡K�Ú × � % Ý �*Û (4.19)

where ÜO� � 
<� is theall-passfactorcontainingtheRHP-polesof ñe� 
<� .
RemarksonTheorems4.1and4.2:
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1) Theboundon
Ø 5LK � 
,� ØeÙ is causedby theRHP-poles� a in ñ , andtheterm

Û Ü Ó )� � � a �*Û;�£¢¥¤¦Ýv§ ) Û � aZ9�¨% Ý ÛÛ � aM© % Ý Û ^ ß (4.20)

givesanadditionalpenaltyfor plantswhich alsohave RHP-zeros.For thecasewhenñ hasno RHP-zeros,then Ü Ó )� � � a ��� ß . If oneor moreRHP-zerosarecloseto the
RHP-pole � a , then Û Ü Ó )� � � a �*Û is muchlargerthanone.

2) Theboundon
Ø 26K � 
,� Ø�Ù is causedby theRHP-zeros% Ý in ñ , andtheterm

Û Ü Ó )� � % Ý �*Û;� ¢Oª¦a�§ ) Û % Ý49]¨� a ÛÛ % Ý�© � a Û ^ ß (4.21)

givesanadditionalpenaltyfor plantswhich alsohave RHP-poles. For thecasewhenñ hasnoRHP-poles,then Ü Ó )� � % Ý �	� ß . If oneor moreRHP-polesarelocatedcloseto
theRHP-zero % Ý , then Û Ü Ó )� � % Ý �*Û is muchlargerthanone.

3) The bounds(4.18) and (4.19) are independentof the feedbackcontroller ï if the
weight K is independentof ï (wealwaysassumethat K is independentof ï ).

4) The assumptionsthat 5LK and 2	K areinternally stable,meansthat 5LK and 2	K are
stable,andwehaveno RHP pole/zerocancellationsbetweenñ and ï .

5) Thelowerboundson
Ø 5LK � 
<� ØeÙ and

Ø 26K � 
<� ØeÙ involve K�Ú × . Thus,wegetthesame
resultif the“weight” K is replacedby its stableminimumphasecounterpartwith the
samemagnitudeK;Ú × . Notethatfor KU�«K ) K + wehaveØ 5LK � 
,� ØeÙ � Ø 5ÏÚXK )Ú × K +Ú × Ø\Ù (4.22)

Whichmeansthatwecantreatthedifferentfactorsof K independently.

4.4 Tightnessof lower bounds

Theorems4.1 and4.2 provide lower boundson
Ø 5LK � 
,� ØeÙ and

Ø 26K � 
<� ØeÙ . Thequestion
is whethertheseboundsaretight, meaningthatthereactuallyexist controllerswhichachieve
thebounds?Theansweris “yes” if thereis only oneRHP-zeroor oneRHP-pole.Specifically,
wefind thattheboundon

Ø 5LK � 
<� ØeÙ is tight if theplant ñ hasoneRHP-poleandany number
of RHP-zeros,andthattheboundon

Ø 26K � 
<� ØeÙ is tight if theplant ñ hasoneRHP-zeroand
any numberof RHP-poles.First,weconsiderthecontrollerwhichminimizes

Ø 5LK � 
<� Ø�Ù .

THEOREM 4.3 ( ï WHICH M INIMIZES

Ø 5LK � 
<� Ø�Ù ). Considerthe SISO plant ñ with one
RHP-pole � and ���N^]� RHP-zeros % Ýe` �	� . Let K bea scalar rational transferfunction
where the RHP-polesof K in

�	�
alsoare RHP-zeros in ñ . A feedback controller ï which

stabilizes5LK , is givenby ï�� 
<�1� ñ Ó )Ú × � 
<�¬ � 
<�G® Ó ) � 
<� (4.23)



4.4 TIGHTNESSOF LOWERBOUNDS 73

where ¬ � 
,� � ÜoÓ )� � ���7K;Ú × � ���7K Ó )Ú × � 
<� (4.24)® � 
,� � Ü Ó )� � 
<� �Lß�© Ü1� � 
,�¬ � 
,�¯� (4.25)® � 
,� is stablesincetheRHP-zero for 
��°� in ßM© Ü1� � 
<�{¬ � 
,� cancelstheRHP-polefor 
L�°�
in Ü Ó )� � 
,� , in a minimalrealizationof ® � 
<� . With thiscontroller wehaveØ 5WK � 
<� Ø�Ù ��Û Ü Ó )� � ���*Û Ñ ÛhK;Ú × � ���	Û (4.26)

which showsthat theboundgivenin Theorem4.1is tight whentheplanthasoneRHP-pole.

Someremarksaregivenfollowing thenext theorem,whereweconsiderthecontrollerwhich
minimizes

Ø 2	K � 
<� Ø�Ù .

THEOREM 4.4 ( ï WHICH M INIMIZES

Ø 26K � 
,� Ø�Ù ). Considerthe SISO plant ñ with one
RHP-zero % and �W�±^]� RHP-poles� aL` �:� . Let K bea scalar rational transferfunction
where the RHP-polesof K in

�	�
alsoare RHP-polesin ñ . A feedback controller ï which

stabilizes26K , is givenby ï�� 
<�u� ñ Ó )Ú × � 
,�¬ � 
,�G® Ó ) � 
,� (4.27)

where ® � 
,� � Ü Ó )� � %D�bK;Ú × � %D�7K Ó )Ú × � 
<� (4.28)¬ � 
,� � Ü Ó )� � 
,� �Lß�© ÜO� � 
,�G® � 
,�¯� (4.29)¬ � 
,� is stablesincetheRHP-zero for 
��E% in ßM© Ü1� � 
<�{¬ � 
,� cancelstheRHP-polefor 
��E%
in Ü Ó )� � 
,� , in a minimalrealizationof ¬ � 
,� . With thiscontroller wehaveØ 26K � 
<� ØeÙ ��Û Ü Ó )� � %D�	Û Ñ ÛhK�Ú × � %D�*Û (4.30)

which showsthat theboundgivenin Theorem4.2is tight whentheplanthasoneRHP-zero.

Someremarkson thecontrollersgivenin Theorems4.3and4.4:

1) We stressthat theboundsgivenin Theorems4.1 and4.2 aregenerallynot tight if the
planthasmorethanoneRHP-poleandoneRHP-zerorespectively.

2) Thecontroller ï�� 
<� in Theorem4.3maybeunstablesince® � 
,� in (4.25)maycontain
RHP-zeros,but ï�� 
<� containsno RHP-zerosin

�	�
.

3) Thecontroller ï�� 
,� in Theorem4.4maycontainRHP-zerossince¬ � 
<� in (4.29)may
containRHP-zeros,but ï�� 
,� containsno RHP-polesin

�:�
. Notethat ï�� 
<� hasapole

at 
��E� (integrator)if ñ K � 
<� containsanintegrator.
4) The controllersin Theorems4.3 and4.4 yield constant(“flat”) frequency responsesÛ 5WK �³²8ã �*Û and Û¡2	K �´²lã �*Û for all ã . Kwakernaak(1986;1993)namesthefact that theJ Ù -optimalclosed-looptransferfunction is constant(independentof frequency) for

“equalizingproperty”.



74 CHAPTER4. PERFORMANCELIMITATIONSFORUNSTABLE SISOPLANTS

5) We note that no propernessrestrictionhasbeenimposedon the controllers,so the
controllersgivenin Theorems4.3and4.4maybeimproper.

6) It may seemsurprisingthat the controller ï�� 
,� in Theorem4.4 is strictly stable(no
polesin

�	�
) sinceit is known thatsomeplantswith RHP zerosandpolesrequirean

unstablecontrollerto achieve closed-loopstability (Youla,BongiornoandLu, 1974),
e.g. for theplant ñe� 
<�µ� × Ó +¶ × Ó Rv· ¶³¸?¹ ) × � )P· . However, this assumesthat the loop transfer
function ñVï is strictly proper, anddothereforenotapplyin ourcasewhereï maybe
improper. In practice,our controllersmaybemadeproperby addinghigh-frequency
dynamics,e.g. by multiplying with )ºi» g × � ) where Û ¼ a Û is small. A negative ¼ a may
be needed,e.g. for plantswherean unstablecontroller is neededaccordingto the
theoremof Youla et al. (1974). A short (but not complete)explanationto this is as
follows. It followsthatRHP-polesin thefeedbackcontrollerappearsaszerosin 2 and
increasethe lower bound(4.19)on

Ø 26K � 
<� ØeÙ . The extra factor in (4.19)becomesÛ Ü Ó )� �²ï �lÛ × § � ^ ß . AssumethatweneedoneRHP-pole � in thecontrollerto make 2	K
stable,then Û Ü Ó )� � ï �rÛ × § � �¾½ � � � ½½ � Ó � ½ . In thedesignof thefeedbackcontrollerwearefree
to move the RHP-pole. By maximizingthe distancebetweenthe RHP-zero % of the
plant ñ andtheRHP-polein thecontroller ï , i.e. let �Q¿ À , then Û Ü Ó )� �²ï �lÛ × § � ¿ ß .
Indeed,this is confirmedby Example4.1.

7) In Theorem4.3 we assumethat the RHP-polesof K � 
,� alsoareRHP-zerosin ñe� 
<� .
This is not a very restrictive assumption.First, it is satisfiedin all thecaseswe have
considered.Second,it mayin facteasilyberemovedif we let Ü1� � 
,� in Theorems4.1
and 4.3 contain,in addition to the RHP-zerosin ñi� 
<� , also the RHP-poles in K � 
<�
which arenot RHP-zerosin ñi� 
,� . This follows by consideringstep4 in theproof of
Theorem4.1 wherewe shouldincludeall RHP-zerosof 5 . That is, the RHP-zerosinñ andtheRHP-zerosin ï . RHP-zerosin ï areneededto canceltheRHP-polesof K ,
whicharenotcanceledby RHP-zerosof ñ .

8) Similarly, in Theorem4.4 we assumethat the RHP-polesof K � 
,� alsoareRHP-poles
in ñi� 
,� . First, thisassumptionis satisfiedin all thecaseswehaveconsidered.Second,
the assumptionmay easilybe removed by addingto ÜO� � 
<� , the RHP-poles in K � 
<�
whicharenot RHP-polesin ñi� 
<� . TheadditionalRHP-poleswill appearasRHP-poles
in thecontroller ï�� 
<� in Theorem4.4.

EXAMPLE 4.1. Themotivationfor thisexampleis to show how to useandthelimitationsof theresults
in Theorems4.3 and4.4. Theexampledemonstratesthedifferencebetweenstabilizingcontrolusing
properandimpropercontrollersandstressthe importanceof the resultsby Youla et al. (1974). We
considertheplant � o/pBr õ p6Á üo�ÂÄÃ � p¥Å � rAo/p1Á��7r with ü õÇÆ and

� õ°È
.

Wefind �.ÉDoqpVr õ p1Á ÈpÊÅ È�Ë � � o/pBr õ puÁ Æp�Å Æ and � ùut o/pBr õ p¥Å Æo�ÂÄÃ � p¥Å � rAo/pÊÅ È r
Accordingto the resultsby Youla et al. (1974)the plant � needsan unstablefeedbackcontroller to
yield a stableclosed-loopsystem,sincethe unstablepole (odd number)is locatedto the right of the
RHP-zero.Weconsiderstabilizingthisplantby deriving threedifferentcontrollers.
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1) Minimizing the peak in the complementarysensitivity. Fromthelower bound(4.18)in The-
orem4.1with

n õ��
, weobtain lVm�oqpVr�l s���� � � �� o��7r � õÇÌ

By usingTheorem4.3 with
n õU�

we find a feedbackcontrollerwhich minimizes
lVmLo/pVr<l s

.
WeobtainÍ õ � � �� o��7r õÇÌ Ë Î oqpVr õ � � �É o/pBr�o � ÁQ� � o/pBr Í r õ pÊÅ Èp1Á È«Ï � Á Ì p6Á Æp¥Å Æ7Ð õ Á6Ñ p�Å Èp�Å Æ
Thefeedbackcontrollerbecomes� o/pVr õ � � �ùut Í Î � � oqpVr õ o/ÂÄÃ � p¥Å � rwo/p�Å È rp�Å Æ Ï Á ÌÑ Ð p�Å Æp�Å È õ Á ÌÑ o�Â*Ã � p¥Å � r
which is stablebut improper. With this feedbackcontrollerwegetm�o/pBr õ � � o/pBr Í õÒÌ puÁ Æp�Å Æ which is stable,and

lVm�o/pBr�l s õÇÌ Ã
Making thecontroller � o/pVr semi-properby addingthefirst orderlag

�Ó tSÔ � , where Õ õ Â*ÃhÂ�Â �
,

to � o/pBr yieldsanunstableclosed-loopsystem.However, when Õ�Ö Â we obtaina semi-proper
unstablecontroller � which makestheclosed-looptransferfunction

m
stable.For Õ õ Á4ÂÄÃhÂ�Â �

we obtain
lVm�o/pBr�lAs õYÌ ÃhÂ�× Ì

andby furtherdecreasingthe valueof Õ , lVmLo/pBr�lAs approaches
thelowerbound

Ì
. At thesametime theunstablepolemovesto Ø .

By usingstate-space2 Ù s -controllerdesignmethods,we designan Ù s -optimalcontroller �
by solving Ú�ÛÝÜÞ ßßßß à m�o/pBrúOû �eá oqpVrÄâ ßßßß s with úsû õ�� Â ��ã
Note the small weight úsû õ�� Â ��ã

on the input usage,which in practicemeansthat we are
minimizing

lBm�o/pBr�l s
. We obtaina strictly properunstablecontroller, with: RHP-pole aboutÑ�ÃhÂ�Â � � Â�ä

, LHP-pole about
Á	Ñ�Ãhå?Ñ � � Â<æ

, LHP-zeroat
Á � Â

andsteady-stategain
Á Ì�ç Ñ

. This
controlleris verysimilar to thecontrollerderivedfrom Theorem4.3. Theclosed-loopsystemis
stableand

lVmLo/pBr�l s õÇÌ ÃhÂ�Â
.

2) Minimizing è�é -norm of the input usage.By rewriting �eá õ m � � � andsetting
n õ � � �

in Theorem4.1weobtainl �eá o/pBr�l s���� � � �� o��7r �V�;� � � �ùut o���r � õÌ�ê ÃhëÌ õ ê Ãhë
By usingTheorem4.3with

n õ � � � wefindafeedbackcontrollerwhichminimizes
l �eá oqpVr�l s .

Weobtain Í o/pVr õ ê Ãhë � ùut o/pBr Ë Î o/pBr õ ÂÄÃ � p6ÁìåÄÃ ÆÂÄÃ � p¥Å �
Thefeedbackcontrollerbecomes � o/pBr õ ê Ãhë ÂÄÃ � p¥Å �ÂÄÃ � p6ÁìåÄÃ Æ
which is semi-properandunstable.With this feedbackcontrollerwegetá o/pBr õ o/p6Á È rAo/ÂÄÃ � p6ÁìåÄÃ Æ ro/p¥Å È rwo�ÂÄÃ � p¥Å � r Ë �eá oqpVr õ ê Ãhë p6Á Èp¥Å È and

l �eá o/pBr�lvs õ ê Ãhë
2MATLAB- í toolsareusedin thisexample.
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By usingstate-spaceÙ s -controllerdesignmethods,wedesignan Ù s -optimalcontroller � by
solving ÚXÛÝÜÞ l �eá o/pBrwl s
The controllerachieved is strictly properandunstable,with: RHP-pole at

å Æ
, LHP-pole aboutÁ Ì Ã Ì�Ì � � Â æ

, LHP-zeroat
Á � Â

andsteady-stategain � oïî,Â<r õ Á ê Ãhë ç åÄÃ Æ . Theclosed-loopsystem
is stableand

l �eá o/pBr�l s õ ê Ãhë . This controlleris a strictly properversionof thesemi-proper
controllerderivedby usingTheorem4.3.

3) Minimizing the peak in the sensitivity. From the lower bound(4.19) in Theorem4.2 withn õ��
, weobtain l á o/pVr<lws ��� � � �É o ü r � õÒÌ

By usingTheorem4.4 with
n õð�

we find a feedbackcontrollerwhich minimizes
l á oqpVr�l s .

Weobtain Î oqpVr õ Á Ì Ë Í o/pBr õ å pÊÅ ÆpÊÅ È
Thefeedbackcontrollerbecomes � o/pBr õ Á å Ì o�ÂÄÃ � pÊÅ � r
which is stablebut improper. With this feedbackcontrollerwegetá o/pVr õ Á Ì p1Á ÈpÊÅ È
whichis stableandyields

l á oqpVr�lvs õÌ
. Makingthecontroller � o/pBr semi-properby addingthe

first orderlag
�Ó tSÔ � , whereÕ õ ÂÄÃhÂ�Â � , to � o/pBr yieldsanunstableclosed-loopsystem.However,

whenÕ�Ö Â weobtainasemi-properunstablecontroller � whichmakestheclosed-looptransfer
function á stable.For Õ õ Á:Â*ÃhÂ�Â � we obtain

l á o/pVr<l s õ�Ì Ã �VÈ ë
andby furtherdecreasingthe

valueof Õ , l á o/pBr�l s approachesthelower bound
Ì
. At thesametime theunstablepolemoves

to Ø .
By usingstate-spaceÙ s -controllerdesignmethods,wedesignan Ù s -optimalcontroller � by
solving Ú�ÛÝÜÞ ßßßß à á o/pVrúOû �eá oqpVrÄâ ßßßß s with úsû õ�� Â ��ã
Note the small weight úsû õ�� ÂÄ��ã

on the input usage,which in practicemeansthat we are
minimizing

l á o/pVr<l s . Weobtainastrictly properandunstablecontroller, with: RHP-poleaboutÑ�ÃhÂ�ë � � Â ä
, LHP-poleabout

Á6ÑDÃ Ì × � � Â æ
, LHP-zero

Á � Â
andsteady-stategain

Á � Ã Æ
. This con-

troller is very similar to the controllerderived from Theorem4.4. The closed-loopsystemis
stableand

l á o/pVr<lws õÇÌ ÃhÂ�Â
.

Wenotethattheresultsby Youlaetal. (1974)donotapplyto theimpropercontrollersin 1) and3) since
theloop transferfunction is not strictly proper. As predictedby theresultsin (Youlaet al., 1974),the
only wayto obtainclosed-loopstabilitywith semi-propercontrollers,is to addanunstablemodein the
controllers.Furthermore,to get the Ù s -normcloseto thelower bounds,we needto move instability
farout in theRHP. In 2) thelooptransferfunctionis strictly properandtheresultingoptimalcontroller
is unstableaspredictedby Youlaet al. (1974).We alsonotethatthethreecontrollersderivedarevery
similar, they all have a LHP-zerofor

p õ Á � Â
(which comesfrom � � �ùut ) anda steady-stategainin the

rangefrom
Á � Ã Æ

to
Á ê Ãhë ç åÄÃ Æµñ Á � Ã Æ�Ì ë .
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4.5 Applications of lower bounds

The lower boundson
Ø 5LK � 
<� ØeÙ and

Ø 26K � 
<� ØeÙ in Theorems4.1 and4.2 canbe usedto
derivea largenumberof interestingandusefulbounds.

4.5.1 Boundson important closed-looptransfer functions

Consideragainthe six transferfunctionsin (4.13),andthe weightedcomplementarysensi-
tivity function ��=?>?@¯5 . For simplicity weassumethat ��� , ��� , ��=?>?@ , í and � havenozeros
andpolesin

�	�
(or havebeenreplacedby thestableminimumphasecounterpartswith same

magnitude).FromTheorems4.1and4.2weobtain:

Output performance,referencetracking:Ø ���:2 í � 
<� Ø�Ù ^ ced,f
RHP-zeros,�{  Û ��� � % Ý �*ÛóòIÛ Ü�ô )� � % Ý �	Û�òIÛ í � % Ý �	Û (4.31)

Output performance,disturbancerejection:Ø ���:2 ñ�óG� 
,� Ø�Ù ^ ced,f
RHP-zeros,�{  Û ��� � % Ý �*Û�òIÛ Ü�ô )� � % Ý �	Û�òjÛ �Eñ�ó �9Ú × � % Ý �*Û (4.32)

Output performance,measurementnoiserejection:Ø ���¥5µ� � 
<� Ø�Ù ^ ced,f
RHP-poles,� g Û ��� � � a �*Û?òIÛ Ü�ô )� � � a �*Û�òIÛ � � � a �*Û (4.33)

Input usage,referencetracking:Ø ��� ï 2 í � 
,� Ø�Ù � Ø ���D5 ñ ô ) í � 
<� Ø�Ù^ ced,f
RHP-poles,� g Û ��� � � a �*ÛóòIÛ Ü ô )� � � a �	Û�òIÛ ñ ô )Ú × � � a �	ÛóòIÛ í � � a �*Û (4.34)

Input usage,disturbancerejection:Ø ��� ï 2 ñ�ó� 
<� Ø�Ù � Ø ���D5 ñ ô ) ñ�óG� 
<� Ø�Ù^ ced,f
RHP-poles,� g Û ��� � � a �*ÛóòIÛ Ü ô )� � � a �	Û�òIÛ ñ ô )Ú × � � a �	ÛóòIÛ �Eñ�ó �LÚ × � � a �*Û (4.35)

Input usage,measurementnoiserejection:Ø ��� ï 2¥� � 
<� Ø�Ù � Ø ���D5 ñ ô ) � � 
<� Ø�Ù^ ced,f
RHP-poles,� g Û ��� � � a �*ÛóòIÛ Ü�ô )� � � a �	Û�òIÛ ñ ô )Ú × � � a �	ÛóòIÛ � � � a �*Û (4.36)

REMARK. In thebounds(4.34)–(4.36)wecanmakeuseof theidentity� � � �� o��G�/r �V�Ä� � � �ùut o��G��r � õ � � � �t oõ�G�/r �
For exampleweget l �eá o/pBr�l s õ lBm � � � o/pBr�l s � ÚTöB÷

RHP-poles,� g � � � �t o��G�qr �
(4.37)

where � t is the“stable”versionof � (with theRHP-polesin ø Ô mirroredinto LHP). Wemadeuseof
thisboundin theintroductionandwewill useit in Chapter6.
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Closed-loopsensitivity to plant uncertainty:Ø ��=B>?@¯5 � 
,� ØeÙ ^ ced,f
RHP-poles,� g Û ��=?>B@ � � a �*ÛóòIÛ Ü ô )� � � a �	Û (4.38)

Note that we mainly have inherentlimitationson (output)performancewhenthe plant has
RHP-zeros.Theexceptionis for measurementnoise,wheretherequirementof stabilizingan
unstablepolemaygive poorperformance.On theotherhand,all theboundson input usage
arecausedby thepresenceof RHP-poles.This is reasonablesincewe needactive useof the
input in orderto stabilizetheplant.This is consideredin moredetailin thenext section.

4.5.2 Implications for stabilization with boundedinputs

Ourboundsinvolve the J Ù -norm,andtheir largeengineeringusefulnessmaynotbeimme-
diate. In thefollowing we will concentrateon theboundsinvolving input usageandwe will
usethelowerboundsto deriveandquantifytheconclusion:ù Boundedinputscombinedwith disturbancesandnoisemaymake stabilizationimpos-

sible.

Theinput signalfor a onedegree-of-freedom(1-DOF) controllerdueto disturbance
�
, mea-

surementnoise� of magnitude� andreference� of magnitude
í

, is��� ï 2 � í �� ©Pñ�ó � © � ���� (4.39)

Measurement noise. The transferfunction from normalizedmeasurementnoise
�� to the

input � is ï 2¥� . Thenfrom (4.36)with ���ú� ßØ � ØeÙ � Ø ï 2¥� � 
,� Ø�Ù ^ ced,f
RHP-poles,� g Û Ü�ô )� � � a �*Û�òjÛ ñ ô )Ú × � � a �*ÛóòIÛ � � � a �*Û (4.40)

Thus,to have
Ø � Ø\Ùüû ß for

Ø �� Ø\Ù � ß , we mustrequire

Û ñ Ú × � � a �	Û�^ÌÛ Ü�ô )� � � a �*Û�òIÛ � � � a �*Û for theworstcasepole � a (4.41)

(wehavehereassumedthat � is minimumphase).Thatis:ù To keeptheinput magnitudelessthanone � Ø � Ø�Ùýû ß � wemustrequire that theplant
gainis larger thanthemeasurementnoiseat frequenciescorrespondingto theunstable
poles.

To betterunderstandthis statement,we will make useof the interpretationof the J Ù -norm
in termsof steady-statesinusoids.Considerthecasewhen

Ø �� Ø Ù � ß andassumethat the
lower boundin termsof

Ø � Ø�Ù � Ø ï 2u� � 
<� Ø�Ù in (4.40) is larger thanone(i.e. (4.41) is
not satisfied).In thiscase,nomatterwhatlinearcontrollerwe design,therewill alwaysbea
sinusoidalnoisesignal � ��þ �1�ÿ������� ���
	 � ã ¸ þ � á ������� �KÛ � �´²lã ¸ �*Û
suchthattheresultinginputsignal� ��þ �1�E������� ����	 �Éã ¸ þO9� �
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has��������� ß (thevalueof  is notof interesthere).For agivencontroller ï , theworstcase
frequency ã ¸ maybechosenasthe frequency ã where Û ï 2¥� �³²8ã �*Û hasits peakvalue,i.e.Û ï 2¥� �´²8ã ¸ �	Û;� Ø ï 2¥� � 
<� Ø�Ù .

Disturbances. Similar resultsasthosefor measurementnoiseapply to disturbancesif we
replace� by ñ�ó . From(4.35)with ���ú� ß weobtainØ � Ø\Ù � Ø ï 2 ñ�ó0� 
<� ØeÙ ^ ced,f

RHP-poles,� g Û Ü�ô )� � � a �*Û�òIÛ ñ ô )Ú × � � a �*Û�ò Û �Eñ�ó �LÚ × � � a �	Û (4.42)

To have
Ø � Ø\Ùüû ß for

Ø � Ø\Ù � ß wemustrequire

Û ñ Ú × � � a �*Û�^ÌÛ Ü�ô )� � � a �*Û�ò Û �Eñ�ó �LÚ × � � a �	Û for theworstcasepole � a (4.43)

Thatis:ù To keeptheinput magnitudelessthanone � Ø � Ø�Ùýû ß � wemustrequire that theplant
gain is larger than the gain of the disturbanceplant at frequenciescorrespondingto
theunstablepoles.

References.For referencechangeswith
Ø �� Ø\Ù � ß , wefind thesamebound(4.42),but withñ�ó replacedby

í
. However, the implicationsare lessseveresincewe may choosenot to

follow the references(e.g. set
í � � ). Also, in thecaseof referencechangeswe mayuse

a � -DOF controller, suchthat the “burden”on the feedbackpartof thecontroller ï is less.
This is discussedin Section4.7.

4.5.3 Examples

EXAMPLE 4.2. The intentionwith this exampleis to show the engineeringapplicationof the lower
boundon

l �iá�� o/pBr�l s andto demonstratetheuseof Theorem4.3 to find thefeedbackcontroller �
whichminimize

l �iá�� o/pBr�lws . Weconsidertheunstableplant� o/pVr õ �puÁ\� Ë ��� Â
with RHP-poleat

�
. From(4.40)we have thefollowing lower boundon the Ù s -normof thetransfer

functionfrom normalizedmeasurementnoise
èé to input ð (weassumethat � is minimumphase)l �eá�� o/pBr�l s ��� � � �ùut o��7r �V�;� � o���r �

In ourcase� � � õ puÁ\� , � � �ùut o/pVr õ p¥Å � , � � �ùut o���r õÇÆ � , andthelowerboundbecomesl �iá�� o/pBr�l s � Æ � �Ä� � o��7r � (4.44)

The controllerwhich minimizes
lVm3nXo/pBr�l s

andachievesthe bound(4.44) is given in Theorem4.3.
Rewriting �eá�� õ m � � � � andby using

n õ � � � � we obtain
n ùut o/pBr õ o/p¥Åi�7r � oqpVr , wherewe

have assumed� to bestableminimumphase.Furthermore,
� � o/pBr õð�

,
�.É0o/pBr õ t � ÉtSÔ É . Thus,from

Theorem4.3weobtainÍ o/pBr õ Æ � � � o���ro/p�Åe��r � � o/pBr and Î o/pBr õ p�Åe�puÁú� � Ï � Á Æ � � � o���ro/p�Åi��r � � o/pBr Ð
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whichgives � o/pBr õ Æ � � � o��7rGo/p6Á���ro/pÊÅi�7r � o/pVrZÁ Æ � � � o��7r
Remark: It seemslike this controllerhasa RHP-zerofor

p õ �
, but this is not thecasefor its minimal

realizationsince oqp�Åi��r � � o/pBr � t�� É Á Æ � � � o���r õ Â
For thespecialcasewhere� o/pBr is aconstant� o/pBr õ � , wegettheproportionalfeedbackcontroller� o/pBr õ Æ ��o/puÁ\�7rp¥Å �XÁ Æ � õÆ �
As anumericalexample,let

� õ � Â
, then � o/pVr õ �p6Á � Â

andwemusthavefor any stabilizingfeedbackcontroller �l �eá�� oqpVr�lVs � Æ Â � � o��7r �
Thuswith

l èé l s õ �
we will needexcessive inputs

o{l ð l s � � r
if
� � o���r �Ê� � � ùut o���r � õ ÂÄÃhÂ Ì

.
Assumethat � o/pVr õ � o���r õ ÂÄÃhÂ Ì

, then � o/pBr õ«Æ � õ«Æ Â
. This controllergivesa “flat” frequency

response,i.e.
� �eá oïî��ur � õÒÆ Â Ë�� � . Thus,atany frequency

���
theclosed-loopresponsein ð dueto

é o� Pr õ ÂÄÃhÂ Ì�! ÛÝÜ o
���� Pr Ë is ð o� Pr õ"! ÛÝÜ o
���� ZÅ$#Mr � �
So,theinput ð o� Pr oscillatesbetween% � . Theresponsein ð and ö dueto é o& {r õ ÂÄÃhÂ Ì'! ÛÝÜ o Ñ( Pr is shown
in Figure4.3.
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Figure4.3: Closed-loopresponseat input ð andoutput ö of theplant � , dueto é o� Pr õ ÂÄÃhÂ Ì'! ÛÝÜ o Ñ( Pr
(dashed),with � õÆ Â
EXAMPLE 4.3. In this examplewe considerdisturbancerejectionfor a plantwith oneRHP zeroand
pole.Let � o/pBr õ32 ü p1Á üp6Á�� Ë �54 o/pBr õ 2 4�� o/pBr with ü õÆ Ë � õ��
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Weseethatthedisturbanceis of magnitude2 4 andentersat theinputof theplant.Notethato � 4 r ùut õ 2 � 2 4ü p¥Å üp¥Å � and � � �ùut õ ü
2
p¥Å �p�Å ü

Thefactorsinvolving theinteractionsbetweentheRHP zero ü andpole
�

become� � � �É o ü r � õ � � � �� o���r � õ � ü Åi� �� ü Á\� � õÇÈ
andwefind thatpeaksin thesensitivity á andthecomplementarysensitivity

m
lessthan

È
areunavoid-

ablesince l á o/pBr�lws � � ü Åi� �� ü Á\� � õÇÈ and
lVmLo/pBr�lAs � � ü Å � �� ü Á�� � õÈ

Since � hasa RHP-zero,we have a boundon the Ù s -normof theclosed-looptransferfunctionfrom
disturbance

ô
to output þ õ ö Á ìl áO�64 oqpVr�lvs � � � � �É o ü r �B�;� o �54 r ùut o ü r � õ � ü Åi� �� ü Á\� � � Æ � 2 � 2 4 �� ü Åi� � õÇÆ � 2 � 2 4 �

andfor
l ô l s õ��

, theoutput þ will beunacceptable
o{l þ l s � � r

for
� 2 � 2 4 � � ÂÄÃ Ì .

Similarly, since � hasa RHP-pole
�

we have a boundon the Ù s -norm of the closed-looptransfer
functionfrom disturbance

ô
to input ðl �eáO�64 oqpVr�l s ��� � � �� o��7r �V�;� � � �ùut o���r �V�;� o �54 r ùut oõ��r � õ87 � Ô É 77 � � É 7 �;� 2 4 � õÇÈ � 2 4 �

andfor
l ô lAs õ��

theinputusagewill beunacceptable
oPl ð lws9� � r

when
� 2 4 � � �BçóÈ .

EXAMPLE 4.4. In thisexamplewe look at theeffectof a RHP zeroandpolein �54 . Let theplantbe� oqpVr õ Ìo � Â<pÊÅ � rAoqp1Á � r
where

� � o/pBr õ�� sincethereis no RHP-zerosin � . Weconsiderthethreedisturbances�54 � o/pBr õ 2 4o/p1Á � rwo�ÂÄÃ Æ p¥Å � r Ë �64 ý o/pBr õ 2 4o/p�Å � rAo/ÂÄÃ Æ p¥Å � r
and �54 ã oqpVr õ 2 4 o/p1Á Æ roqp�Å � rAo�ÂÄÃ Æ pÊÅ � rAo/pÊÅ Æ r

For disturbance
ô � wemustassumethattheunstablepoleat

� õ��
is thesameastheonein theplant � ,

suchthat it canbestabilizedusingfeedbackcontrol. Thereis no RHP-zeroin � , sowe have no lower
boundon

l áO�64;: o/pVr<l s . However, since� hasa RHP-pole
�

thereis aboundon
l �eáO�54<: oqpVr�l s , and

wefind thatthesamelowerboundappliesto all threedisturbances
o 2�=?> � Ë Æ Ë ÈA@ r , sinceo �54 � r ùut õ o �64 ý r ùut õ o �54 ã r ùut õ 2 4oqp�Å � rAo�ÂÄÃ Æ pÊÅ � r

Weobtainl �eáO� 4<: oqpVr�lvs ��� � � �ùut o��7r �³�/� o � 4<: r ùut o���r � õCBBBB
o � Â<pÊÅ � rAoqp�Å � rÌ 2 4o/p¥Å � rwo�ÂÄÃ Æ p¥Å � r BBBB t�� � õ ���å �/� 2 4 �

Thus,for
l ô l s õ �

andif we require
l ð l s9D �

we needto have
� 2 4 ��DFE�S� ñ ÂÄÃ Ì�Ì . In otherwords,

wemayencounterexcessiveplantinputs(for all controllers)if
� 2 4 � � E�{� ñ ÂÄÃ Ì�Ì .
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4.6 Stabilization with input saturation

Our resultsprovide tight lower boundsfor the requiredinput signalsfor an unstableplant.
Cantheseboundsbeusedto sayanythingaboutthepossibilityof stabilizingaplantwith con-
strainedinputs(e.g. Û � � þ �	Û û ßlájâbþ )? Assumethatwe have found,from oneof thesebounds,
thatweneed

Ø � Ø�Ù � ß . Thatis, at somefrequency ã ¸ weneed� ��þ �	�ÿ������� ���
	 � ã ¸ þ � , with��������� ß . Will thesystembecomeunstablein thecasewhereinput is constrainedsuchthatÛ � ��þ �*Û û ßW� âbþ � ?
Unfortunately, all our resultsarefor linearsystems,andwe have not derivedany results

for this nonlineareffect of input saturation.Nevertheless,for simplelow ordersystemswe
find as expectedvery good agreementbetweenour lower boundsand the actualstability
limit in systemswith input saturation.Intuitively, this agreementshouldbegoodif theinput
remainssaturatedfor a timewhich is longerthanabout ßHG � , where� is theRHP-pole.

4.6.1 Examples

EXAMPLE 4.2 CONTINUED. Consideragaintheplant� o/pVr õ �p6Á � Â
with thecontroller � õ Æ Â

which minimizes
l �eá�� o/pBr�l s when � is constant.With this controller

weget
� �iá oïîI�ur � õÒÆ Â ËA� � , from whichweknow thatsinusoidalmeasurementnoise

é o� Pr õ é � ! ÛÝÜ o
���� Pr
causetheinput to become ð o& {r õÒÆ Â é � ! ÛÝÜ o����� ZÅJ#Mr
for any frequency

���
. Thus,for é � õ � � ÂÄÃhÂ Ì we havethat ð o� Pr õ � ! ÛÝÜ o
���K ZÅJ#Mr , andfor

�L� �
the

plant input will exceed% � in magnitude.Thequestionis: whathappensif the inputsareconstrained
to bewithin % � ? Will thestabilitybemaintained?We will investigatethisnumericallyby considering
threefrequencies;

��� õ��
[rad/s],

��� õ�� Â
[rad/s]and

��� õ�� Â<Â
[rad/s].

First,Figure4.4shows theresponseto é o� Pr õE� ÃhÂ � � ÂÄÃhÂ Ì�! ÛÝÜ o& {rÊo
��� õE� [rad/s],
� õÿ� ÃhÂ � r

. We
seethattheplantbecomesunstabledueto theinput saturation.Next, we consider

��� õ � Â
[rad/s]. In

thiscasewedonotgetinstabilitywith
� õ�� ÃhÂ �

and
��� õ�� Â

[rad/s].Wefind numericallythatweneed
to increasethemagnitudeof thesinusoidalnoiseto about

� õ�� Ã Æ ×
to getinstability for this frequency.

Figure4.5shows theresponseto é o� Pr õ�� Ã Æ × � ÂÄÃhÂ Ì�! ÛÝÜ o � ÂI PrOo�� õ�� Â [rad/s]and
� õ�� Ã Æ ×<r

. Finally,
asshown in Figure4.6, we get instability with é o� Pr õ�� Ãhå � Â*ÃhÂ Ì'! ÛÝÜ o � Â�Â� {r�o
� õ�� Â�Â

[rad/s] and� õ�� Ãhå,r
.

We experiencethatwe have to increasethemagnitudeof thenoisesomewhatto get instability for
sinusoidalmeasurementnoisewith frequency aroundthebandwidthandhigher. However, we arestill
within a factorof two for a largefrequency rangefor this particularplant. Measurementnoiseusually
containsa largerangeof frequencies,whichmakesit evenmoreprobablethatoneloosestabilityof the
plantif thelowerboundsexceedstheallowableinput range.

Notethatthecontrolsystemdesignerseldomwantstheinput to saturatewhenstabilizinganunsta-
bleplantdueto thepossibilityof loosingstability. Soour“engineeringbounds”arereallyapplicablein
practicalcontrollerdesign.
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Figure4.4: Closed-loopresponseat input N andoutput O of theplant P , due Q�R  TS�UWV�ÃhÂAV�XBÂÄÃhÂ Ì'! ÛÝÜ R  KS
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Figure4.5: Closed-loopresponseat input N andoutputO of theplant P , dueQ�R  KS�UWV<Ã Æ ×YX ÂÄÃhÂ Ì�! ÛÝÜ R VVÂI KS
As afinal simulation,Figure4.7showstheclosed-loopresponsedueto astepof size

V[Z]\AV^X<\AZ]\`_
inQ . (

V
% increaserelative to the limit which causeN to exceed% V ). This input signalcanbeviewedas

consistingof infinite numberof frequencieswith decreasingmagnitude,wherethesteady-stateeffect is
themostimportantandcanbeviewedasa slowly varyingsinusoidwith

���6UW\
[rad/s]andamplitudeV[Z]\AV�Xa\AZ]\`_

. As canbeseenfrom thefigure,theunconstrainedinputexceeds
V

slightly. Whentheinput
is constrainedto bewithin % V , stabilityof theplantis lost.

EXAMPLE 4.4 CONTINUED. Consideragaintheplant

PbR.c SdU _
R Ve\ cgf VIS R.cih VIS

In thesimulationsshown in thisexample,wehaveusedthedisturbanceplant P6j U P5j;k
P j Rlc S�U m jAR.c^hon SRlcgf VIS R \AZ n[cpf V�S Rlcgf$n S

However, it doesnotreallymatterwhich P5j<q oneuses,exceptthattheinitial responsesmaybedifferent.
By usingTheorem4.3with r U Pts�u�P5j , weobtain:

v�w Rlc S�UxV[y v{z Rlc S�U c^h Vcdf V y P}|^~(Rlc S�U _
Rlcgf VIS R Ve\ cgf V�S y RlP6j S |^~[Rlc S�U m jRlcdf VIS R \�Z n[cpf VIS y
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Figure4.6:Closed-loopresponseatinput N andoutputO of theplant P , dueQ�R�� S�UWV`Z]��X�\AZ]\`_������ R Ve\[\ � S ,
(unconstrainedinputnotshown)
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Figure4.7: Closed-loopresponseat input N andoutput O of theplant P , dueto stepin measurement
noise,Q�Rlc SdUWV[Z]\�V�X���� �K�~
r+|^~(Rlc S�U m j_ VI\ cpf V\AZ n[c^f V y r+|^~(R�� S�U V[V� X m j y � Rlc S�U _`_� \AZ n[cpf VVe\ cdf V and ��Rlc S�U9�H�� cpf VVe\ cgf V

The ��� -optimalcontrollerminimizing �(����P6j�R.c S � � becomes

����Rlc S�U �H�V[V R \AZ n[cpf V�S R Ve\ cgf VIS
which is not proper. For m j U �u�u the controller ��� resultsin �(������P5j�Rlc S � � U V

, and whenm j U¡\AZ¢_[_o£ �u�u (
\AZ¢_[_

is the valueof m j usedin the simulations) �(������P5j�Rlc S � � U8V`Z]\[\[¤
. We

notethat thespecterof ������P6j�R¦¥I§ S is flat (constant).To geta realizable(proper)controller, we add
secondorderdynamicsathigh frequency to obtainthe ��� -suboptimalcontroller

¨���©R.c SdUC�ª�V`V R \AZ n[cpf V�S R Ve\ cgf VISR \AZ]\AV cpf V�S�« (4.45)

The ��� -normof theclosed-looptransferfunction
¨������P j with m j U¬\�Z¢_[_ is

� ¨������P j Rlc S � � UWV[Z]\ n` y for § U�V[Z]®H_ [rad/s].
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To comparewith a moretraditionalcontroller, which emphasizestight controlat low frequencies,
wealsoconsidercontrollingtheplant P usingthefeedbackcontroller

�¯R.c S�U \�Z � X R VI\ cdf VIS «cHR \AZ�V cgf V�S « (4.46)

With this � the �°� -normof theclosed-looptransferfunction �L��P5j for m j U±\AZ¢_[_ becomes

�[�L��P5j�Rlc S � � U n Z]¤ � _ªy for § U n Z]\`_(� [rad/s].

The magnitudeof the closed-looptransferfunctions
¨������P6j for

¨��� given by (4.45) is shown in
Figure4.8 togetherwith themagnitudeof ����P5j for � given in (4.46). Fromthefigurewe seethat
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Figure4.8: Closed-looptransferfunctions����P5j (solid)and
¨������P5j (dashed)

forcing ² ����P5j�R¦¥�§ S ² to besmallat low frequencies,resultsin a peakin themediumfrequency range
(compare² ����P5j�R1¥I§ S ² with ² ¨������P5j�R¦¥�§ S ² in Figure4.8).

The non-linearconstrainedandthe linear unconstrainedresponsesto the unit stepin disturbance³
usingthesuboptimal�°� -controller

¨��� givenby (4.45)andthecontroller � givenby (4.46),are
shown in Figures4.9and4.10.Fromthesimulationsweseethattheinputsaturates(it maybedifficult
to separatethe unconstrainedinput from the constrainedinput in Figure4.9, sincethe unconstrained
input only slightly exceedsh V ), with the consequencethat we loosestability of the plant for both
controllers.

4.7 Two degrees-of-freedomcontrol

In thissectionweconsiderthe2-DOF controllerwhere

´¶µ¸·o¹�ºt»"·½¼�¾l¿ÁÀÃÂdÄ (4.47)

(the1-DOF consideredabovefollowsby setting·o¹6µ¸·½¼ÅµÆ· ). For a2-DOF controllerthe
closed-looptransferfunctionfrom referencesÇº to outputsÈ ¹}µÆÉÅÊË¾l¿°»"º�Ä becomes

ÉÅÊË¾ÍÌ^Î�·o¹�»WÏHÄTÐ (4.48)

Wethenhave thefollowing “special” lowerboundon this transferfunction.
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Figure 4.9: Responsesin O and N due to unit stepin disturbance
³

for constrained( ² N�²ÅÕ V
) and

unconstrainedinputwith
¨��� givenby (4.45)
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Figure4.10: Responsesin O and N due to unit stepin disturbance
³

for constrained( ² N�²�Õ V
) and

unconstrainedinputwith � givenby (4.46)

THEOREM 4.5. Considerthe SISO plant Î with Ö�×ÙØ Ï RHP-zeros ÈIÚ and ÖbÛ"ØÝÜ RHP-
polesÞ�ßbà�á�â . Let theperformanceweight ÉÅÊ beminimumphaseand let (for simplicity)Ð bestable. Assumethat theclosed-looptransferfunction ÉÅÊã¾ÍÌ^Î�·o¹^»±ÏHÄTÐ is stable. Then
thefollowing lowerboundon ä ÉÅÊã¾åÌiÎÁ·o¹�»WÏHÄ�Ð�¾Íæ`Ä ä<ç applies:

ä ÉÅÊË¾ÍÌiÎÁ·o¹�»èÏHÄTÐ�¾åæHÄ ä ç Ø éLêHë
RHP-zeros,×Tì°í ÉÅÊî¾ ÈeÚ Ä í(ïMí ÐÁð�¾ ÈIÚ Ä í (4.49)

Thebound(4.49)is tight if theplanthasoneRHP-zero È . Defineñ ¾Íæ`ÄiµÆòËó ¹× ¾ÍæHÄ©ôKÏÅ»õÉ ó ¹Ê ¾åæHÄTÐ�ó ¹ð ¾Íæ`ÄTÉÅÊË¾ È ÄTÐbðö¾ È ÄK÷ (4.50)ñ
is stablesincethe RHP-zero for æøµ È in Ï�»xÉ ó ¹Ê ¾åæHÄTÐ ó ¹ð ¾Íæ`ÄTÉÅÊã¾ È ÄTÐbð�¾ È Ä cancelsthe

RHP-polefor ætµ È in ò ó ¹× ¾Íæ`Ä , in a minimalrealizationof
ñ ¾Íæ`Ä . Onepair of controllers ·o¹

and ·½¼ which achievethelowerbound(4.49)aregivenby

·o¹ µ ò Û ¾ È ÄMÎ©ó ¹ðãù ¾ È Ä+É ó ¹Ê ¾ È Ä+ÉÅÊã¾ÍæHÄ ñ ¾ÍæHÄ (4.51)
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·½¼ µ Thecontroller givenin Theorem4.4,minimizing ä ÉÅÊúÌiÎL¾Íæ`Ä ä ç . (4.52)

REMARK 1. Thebound(4.49)is clearlya lower bound(bothfor 1-DOF and2-DOF controllers).The
importantfact is that (4.49)providesa tight lower boundfor a plantwith oneRHP-zeroandwith then -DOF controllergivenin Theorem4.5.
REMARK 2. If ûúü is unstable,thentheunstablemodesof ûúü appearsin � u and � « .
REMARK 3. It is worthnotingthatweachieve the n -DOF controllerwhichminimize

�IûúüiR.��P}� u h VISþý Rlc S � �
by first designingthefeedbackpart � « andthendesigningthefeedforwardpart � u takinginto account� « . In general,thiskindof separationis notoptimal,butsincethesecontrollersachievethelowerbound
it follows thatthereis no “loss” in thiscase.

The boundin (4.49)shouldbe comparedto the correspondingboundfor 1-DOF controller
(4.31): ä ÉËÊ�ÌpÐ�¾åæHÄ ä ç Ø é�êHë

RHP-zeros,×�ì í ÉÅÊË¾ ÈeÚ Ä í�ïMí òËó
¹Û ¾ ÈeÚ Ä í[ï+í Ðbð�¾ ÈeÚ Ä í (4.53)

whereit is assumedthat Ð is stable. The fact that the lower bound(4.49) is tight when
the planthasoneRHP-zeroand ÿ -DOF controlleris applied,makesit possibleto conclude
that only the RHP-zero poselimitations in this case. Thus,with a ÿ -DOF controller there
is no additionalpenaltyfor having RHP-polesin Î whenperformanceis measuredas È ¹�µÉÅÊã¾l¿�»"º�Ä . However, from (4.53)weseethatthepenaltyfor having botha RHP-zero ÈIÚ and
RHP-polesis í ò ó

¹Û ¾ ÈeÚ Ä í Ø Ï for a Ï -DOF controller.

4.8 Discussion

Fromthelower boundson input usage(seeSection4.5.2)we caneasilyquantifyhow much
measurementnoiseandthe magnitudeof disturbancewe cantolerateto avoid that the in-
put exceedssomeprespecifiedlimits. We find this quantificationappealing,andit shouldbe
usefulfor controlengineersdoingpracticalcontroldesign.We thereforeusedtheterm“en-
gineeringbounds”for thisapplicationof thelowerboundsin thesecondpartof Example4.2.
Herewe will only stressthat theseboundsareof fundamentaltheoreticalimportance,and
they are(in many cases)tight for the bestpossiblecontroller. So the boundsareexact, i.e.
theseboundsarenot rulesof thumb.

In the � ç -controller designprocedure,the � ç -norm of someweightedclosed-loop
transferfunction is minimized. It hasbeenshown that the resultingminimizationproblem
is a convex problem,which canbe solved numericallyfor exampleby introducingLinear
Matrix Inequalities(LMI) or using � -iteration.

In thispaperwehavelookedatsingleclosed-looptransferfunctionswhichcanbewritten
as ��� or Ì � . Practical� ç -controllerdesignsareusuallysetupasa stackedtransferfunc-
tion consistingof severalclosed-looptransferfunctions.Usuallythesensitivity appearsasa
factorin oneor moreof theclosed-looptransferfunctions,which is theorigin to thename
“mixedsensitivity”. Thecontrollerdesignedwill thenreflectatrade-off betweenthedifferent
requirementsexpressedin eachof theclosed-looptransferfunctions.For example,it is com-
monto putweightonboththeoutputperformanceandinputusage.Thiscanbeexpressedas
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in themixed Ì��H·õÌ � ç controllerdesignwheretheproblemis to find thecontroller · such

thatthe � ç -normof
� ûúü��û	�A����
 is minimized,i.e.

é���� ����
� ÉÅÊúÌË¾Íæ`ÄÉ�� ·"ÌË¾åæHÄ�� ���� ç

Lowerandupperboundson the � ç -normof themixed Ì��H·õÌ sensitivity are

é�êHë���ä ÉÅÊ�ÌË¾åæHÄ ä ç�� ä É��+·"ÌË¾Íæ`Ä ä ç�� � ����
� ÉÅÊ5ÌÅ¾Íæ`ÄÉ��+·"ÌË¾Íæ`Ä�� ���� ç� � ÿ�éLêHë���ä ÉÅÊ5ÌÅ¾Íæ`Ä ä ç�� ä É���·õÌÅ¾Íæ`Ä ä ç��

which shows thatour individual lower boundson ä ÉËÊ�ÌÅ¾Íæ`Ä ä ç and ä É ��·"ÌË¾Íæ`Ä ä ç provide
usefulinformationalsofor practical� ç -controllerdesigns.

In the � -iterationthe � ç -minimizationover thecontroller · is transformedto aconvex
minimizationproblemin the free variable � , definedas the � ç -norm of the closed-loop
transferfunction3. Mostpackages4 providesthe � -iterationusingthebisectionmethod.That
is, givena high anda low valueof � (upperandlower bound)anda stabilizingcontroller,
thebisectionmethodis usedto iterateon thevalueof � . This “modern” controllersynthesis
shows oneapplicationof lower andupperboundson the � ç -norm of generalclosed-loop
transferfunctions.Thelowerboundsderivedin this papercanbeusedasthelow valueof �
suppliedto the � -iteration.This followssincethelargestsingularvalueof a matrix is larger
thanthelargestelementin thematrix. So,thelargestlowerboundonthe � ç -normof aSISO

transferfunctionin astackedmultivariabletransferfunctionmatrix,still is a lowerboundon
the � ç -normof thestackedclosed-looptransferfunctionmatrix in question.

4.9 Conclusion! Wehavederivedtight lowerboundsonclosed-looptransferfunctions.Theboundsare
independentof thecontrollerandthereforereflectsthecontrollabilityof theplant.! The boundsextend and generalizethe SISO resultsby Zames(1981), Doyle et al.
(1992) and Skogestadand Postlethwaite (1996) to also handlenon-minimumphase
andunstableweights.Thisallowsusto derivenew lowerboundson inputusagedueto
disturbances,measurementnoiseandreferencechanges.! Thenew lowerboundson input usagemake it possibleto quantifytheminimuminput
usagefor stabilizationof unstableplantsin the presenceof worst casedisturbances,
measurementnoiseandreferencechanges.! It is provedthatthelowerboundsaretight, by deriving analyticalexpressionsfor con-
trollerswhich achieve an � ç -normof theclosed-looptransferfunctionsequalto the
lowerboundfor largeclassesof systems.

3In MATLAB RobustControlToolbox " is theinverseof the #î� -normof theclosed-looptransferfunction.
4SeeMATLAB, $ -toolsor RobustControlToolbox.
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! Theorem4.5expressesthebenefitof applyinga ÿ -DOF controllercomparedtoa Ï -DOF

controllerwhentheplantis unstableandhasa RHP-zero.! Theapplicationsof the lower boundshave beenillustratedandthe implicationshave
beenstudiedin several examples. Nonlinearsimulationshave beenusedto find the
amountof noiseanddisturbanceswhich, in combinationwith input constraints,cause
lossof stability for unstableplants. The resultsshow goodagreementbetweenthis
amountof noise/disturbancesand the correspondingvaluespredictedby the lower
bounds,in theexamplesstudied.
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Appendix A Proofsof the results

A.1 Proof of Lemma 4.1

Thefirst identityin (4.11)followssinceextractingRHP-zerosin theproduct%'& in termsof theall-pass
filter

v�w)( %'&�* , doesnot changethe ��� -norm. Thereasonis that
v�w+( %'&�* is all-passfor c�,¬¥�§ . To

prove the latter identity, assume% hasRHP-zeroswhich doesnot appearin theproduct %'& , then &



90 CHAPTER4. PERFORMANCELIMITATIONSFORUNSTABLE SISOPLANTS

hasRHP-polesfor thoseRHP-zeros,andtheseRHP-polescanbefactorizedas
v s{uz ( &�* . Similarly, if &

hasRHP-zeroswhich doesnot appearin theproduct %'& , then % hasRHP-polesfor thoseRHP-zeros,
andtheseRHP-polescanbefactorizedas

v s�uz ( %�* . Weobtain%'&-, v s�uz ( %�* v�w.( %�*+%6|^~ v s{uz ( &�* v�w.( &�*�&6|^~/, v s{uz ( %�* v�w+( %�* v s�uz ( &�* v�w+( &�*0 132 4576�8:9<;>=@? %6|^~7&6|^~0 1A2 45@9<;>=@?CB
Since,%'& is stablethen

( %'&�*þ|D,D%6|^~E&6|^~ , andit follows that

v s�uz ( %�* v�w)( %�* v s{uz ( &�* v�w.( &�*�, v�w)( %'&F*
Note that,a minimal realizationof

v s{uz ( %�* v�w+( &�* containsthe RHP-zerosof & which arenot RHP-
polesin % , anda minimal realizationof

v�w.( %�* v s{uz ( &�* containsthe RHP-zerosof % which arenot

RHP-polesin & . G
A.2 Proof of lower bounds on the HJI -norm of closed-looptransfer

functions

Proofof Theorem4.2.

1) Factor out RHP zerosand polesin K and L . Lemma4.1gives

�[��r ( cM*[� � ,Æ�[��|^~ar+|^~ ( c:*[� � , �[�Y|År+|^~ ( cM*`� �
wherethelastequalityholdssince � is stable,i.e. ��|^~N,±��| .

2) Intr oducethe stablescalar function OQPSR�T'UVKXWYPZR[T\L]W_^.PSR�T .
3) Apply the maximum modulus theoremto OQPZR[T at the RHP-zeros `+a of b .

�dc ( c:*[� �fe ²gc (ih3j *<²
4) Resubstitute the factorization of RHP-zeros in K , i.e. use ��| ( cM*k, � ( c:* v s{uz ( c:* , wherev{zl( cM* containstheRHP-polesof m , whichdueto internalstabilityalsomustbeRHP-zerosof � .

Thisgives c (ihnj *o,±� (ih3j * v s�uz (phnj *�r+|^~ (ih3j *
5) Usethe interpolation constraint (4.16)for RHP-zeros `.a in b , i.e. use � (ihnj *o,rq .
6) Evaluate the lower bound.

²gc (ih3j *<²d,Æ² v s{uz (ih3j *<²:sª² r+|^~ (ih3j *<²
Notethat c (ih3j * is independentof thecontroller � if r is independentof � .

Sincethesestepshold for all RHP-zeros
h3j

, Theorem4.2follows. G
A.3 Proof of Theorems4.3and 4.4

Proofof Theorem4.3. Thetransferfunction
�

hasnopolesin tvu , sincer s�u|^~ ( cM* hasnopolesin tvu and
theremainingmatrices

v s{uw ( �7* and r |^~ ( �7* arefinite constantmatrices.Furthermore,q�h v�w.( cM* � ( c:*
hasa RHP-zerofor cN,Ù� , since

� ( �7*v, v s�uw ( �7* sothat q�h v�w+( �7* � ( �>*@,xw . It followsthataminimal
realizationof � hasno polesin tvu , no RHP-zerofor cy, � , but it might have RHP-zerosfor other
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values.Since� and m}|^~ hasnopolesin tvu , and
�

hasnozerosin tvu , it followsthat � hasnozeros
in tvu . Weobtainz ( cM* , m}� ( c:*�, v�w)( c:* v s�uz ( cM*lm}|^~ ( c:*[m s{u|^~ ( cM* � ( c:*A� s{u ( c:*{ s�u , qgf z s�u ,rqpf$� ( c:* � s{u ( c:* v{z|( cM* v s{uw ( c:*, qgf v s{uz ( c:* ( q�h v�w)( cM* � ( c:*Z* � s{u ( c:* v{z|( c:* v s{uw ( c:*�, � s{u ( c:* v s{uw ( c:*{ ( cM* , v�w)( cM* � ( c:*�, v�w.( c:* v s{uw ( �>*�r+|^~ ( �7*Tr s{u|^~ ( c:*{ r ( cM* , v�w)( cM* v s{uw ( �7*�r+|^~ ( �>* v�w.( r ( cM*S* v s{uz ( r ( c:*Z*
It follows thatboth

{
and �},~qúh { ,�q�h v�w+( c:* � ( c:*�, v{z|( c:*�� ( c:* hasno polesin tvu . Wenote

that
{

hasthesamezerosas m andit haszerosfor thepolesin r with realpartlessor equalto w . Since,
thepolesof r in t@u , i.e.

v s�uz ( r�* , cancelagainstzerosin m , i.e.
v�w)( c:* , it follows that

{ r is stable.
The ��� -normof

{ r is � { r ( c:*[� � ,¸² v s{uw ( �>*<²Msª² r+|^~ ( �>*<²
since

v�w.( cM* v�w.( r ( cM*Z* v s{uz ( r ( c:*Z* is all-passfor c�,x¥I§ . Sincethevalueof � { r ( c:*[� � in (4.26)is
thesameasthelowerbound(4.18),thiscontrollerminimize � { r ( c:*[� � . G
Proofof Theorem4.4. Thetransferfunction � hasnopolesin t]u , sincerÁs�u|^~ ( cM* hasnopolesin tvu and
theremainingmatrices

v s�uz (ih * and r |^~ (ph * arefinite constantmatrices.Furthermore,q�h v{zl( cM*þ� ( c:*
hasa RHP-zerofor cN, h , since� (ih *X, v s�uz (ph * sothat q�h v{zl(ph *þ� (ih *v,xw . A minimal realizationof�

hasnopolesin tvu , no RHP-zerofor c�, h , but mighthave RHP-zerosfor othervalues.Since mîs{u|^~ ,�
and �Ás�u all havenopolesin t]u it follows that � hasnopolesin t]u . Weobtain

� s{u ( c:* , qgf�m}� ( c:*�,�qgf v s�uz ( cM* v�w.( cM*[mÅ|^~ ( c:*Zm s{u|^~ ( c:* � ( cM*A� s{u ( c:*, qgf v s{uz ( c:* ( q�h v{zl( c:*�� ( cM*Z*i� s{u ( c:*�, v s{uz ( c:*�� s{u ( c:*
� ( c:* , � ( cM* v{z[( c:*X, v s{uz (ih *�r+|^~ (ih *�r s{u|^~ ( c:* v{z|( c:*��r ( c:* , v s�uz (ph *�r+|^~ (ih * v�w)( r ( cM*Z* v s{uz ( r ( c:*Z* v{zl( c:* (4.54)

It follows thatboth � and
{ ,�q6h ��,�q}h v{z|( c:*�� ( c:*�, v�w.( c:* � ( c:* have no polesin t]u . The

zerosof � arethepolesof m andthepolesof r with realpartlessor equalto w . ��r is stable,sincethe
polesof r in tvu , i.e.

v s{uz ( rF* , cancelagainstthezeros(polesof m in tvu ) in
v{z|( cM* . The �°� -norm

of ��r is �[��r ( cM*`� � ,Æ² v s{uz (ph *<²:sA² r |^~ (ph *<²
since

v{z|( c:* v�w)( r ( cM*Z* v s{uz ( r ( c:*Z* is all-passfor c_,�¥I§ . Sincethevalueof �[��r ( cM*`� � in (4.30) is
thesameasthelowerbound(4.19),thiscontrollerminimize �[��r ( c:*[� � . G
A.4 Proof of the resultsfor � -DOF control

Proofof Theorem4.5. Wefirst prove thelowerbound(4.49).FromLemma4.1wehave

��ûúü ( ��mÅ� u h�q�* ý ( c:*[� � , �Iûúü ( ��mÅ� u h�q:*þ|^~ ý | ( cM*[� �
sinceûúü isstableandminimumphaseand

ý
is stable.Considerthescalarfunction c ( cM*o,"ûúü ( ��m}� u hq:*þ|^~ ý | whichis analytic(stable)in RHP sincetheclosed-loopsystemis stable.By applyingthemax-

imummodulustheoremto c ( c:* weget

�Iûúü ( ��m}� u h�q:*þ|^~ ý | ( c:*[� � ,¸�dc ( cM*`� ��e ²gc (ih3j *a²
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²gc (phnj *<²�, ² ûúü ( ��m}� u h�q:*þ| ý |�² ~ 5 w ì ,Æ² ûúü (ih3j * ( h�q:* ý | (ih3j *a²d, ² ûúü (ih3j *a²:sª² ý | (ih3j *<²
Thesecondequalityfollowssince ��mÅ� u musthave RHP-zerosfor c�, h3j , since m hasRHP-zerosforc�, h3j , and � and � u mustbestable(no RHP-polesin � or � u to canceltheRHP-zerosin m ). It then
follows that

( ��mÅ� u h�q�* hasno RHP-zerosfor cN, hnj .
Next, we prove that the controllers � u (4.51)and � « (4.52)given in Theorem4.5, achievesthe

lowerboundfor thecasewhentheplanthasoneRHP-zero
h
. Considerthefactorq�h½û s�uü ( cM* ý s�u| ( cM*åû5ü (ih * ý | (ih *

which is stableandhasa RHP-zerofor cN, h . It thenfollows thataminimal realizationof
� ( cM* hasno

polesin tvu andno RHP-zerofor c�, h . Fromequation(4.54)in theproofof Theorem4.4wefind thatûúü���m with ��,¬� « (minimizing �Iûúü��Xm ( c:*[� � ) and r-,"ûúüXm becomes

ûúü���m ( c:*X,"û5ü (ih * v s{uz (ih *�m}|^~ (ph * v�w.( c:*
With � u , v{z|(ih *[mts�u|^~ (ih *Aû s{uü (ih *ªûúü ( cM* � ( c:* weobtain

��m}� u ( cM*{h�q , v�w.( c:* � ( c:*{h�q, v�w.( c:* v s{uw ( c:*]�Sq�h¶û s{uü ( c:* ý s{u| ( cM*Íûúü (ih * ý | (ih *Z�^h�q, h�û s{uü ( c:* ý s{u| ( c:*åûúü (ih * ý | (ih *ûúü ( ��m}� u ( c:*{h�q:* ý ( c:* , h v�w)( ý *Hûúü (ih * ý | (ih *
ûúü ( �Xm}� u ( c:*�h�q:* ý ( cM* is stable,since

v�w.( ý * is stableandtheremainingmatricesareconstant.We
obtain �Iûúü ( �Xm}� u ( c:*{h�q:* ý ( c:*[� � , ² ûúü (ih *a²:sª² ý | (ih *<²
Hence,� u and � « givenin (4.51)and(4.52)minimizesthe ��� -normof û z[( �Xm}� u ( c:*{h�q�* ý ( c:* . G
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Abstract

This paperexaminesthe limitations imposedby Right Half Plane(RHP) ze-
rosandpolesin multivariablefeedbacksystems.Themainresultis to provide
lower boundson �������_�p :¡d�E¢ where � is £ , £7¤ , ¥ or ¥�¤ (sensitivity and
complementarysensitivity). Previouslyderivedlowerboundsonthe ¦ ¢ -norm
of £ and ¥ arethusgeneralizedto thecasewith matrix-valuedweights,includ-
ing boundsfor referencetrackinganddisturbancerejection.Furthermore,new
boundswhich quantify the minimum input usagefor stabilizationin thepres-
enceof measurementnoiseanddisturbances,arederived. We find thatoutput
performanceis only limited if the plant hasRHP-zeros. For a onedegree-of-
freedom( § -DOF) controllerthe presenceof RHP-polesfurther deterioratethe
response,whereasthereis no additionalpenaltyfor having RHP-polesif we
useatwo degrees-of-freedom( ¨ -DOF) controller(wherethedisturbanceand/or
referencesignal is measured).For large classesof plantswe prove that the
lowerboundsgivenaretight in thesensethatthereexist stablecontrollerswhich
achieve thesebounds.
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5.1 Intr oduction

It is well known thatthepresenceof RHP zerosandpolesposefundamentallimitationsonthe
achievablecontrolperformance.This wasquantifiedfor SISO systemsby Bode(1945)more
than ©.ª yearsago,andmostcontrolengineershave anintuitive feelingof thelimitationsfor
scalarsystems.Rosenbrock(1966;1970)wasoneof thefirst to point out thatmultivariable
RHP-zerosposesimilar limitations.

In Chapter4 wederivedtight lowerboundsonSingleInputSingleOutput(SISO) closed-
looptransferfunctionsontheforms «/¬ and ®¬ whentheplanthasRHP zerosand/orpoles.
Here « is the SISO sensitivity,  is the SISO complementarysensitivity and ¬ maybeany
knownrationaltransferfunction.In thispaperweextendtheseresultstomultivariableclosed-
loop transferfunctions.

Two factorswhichcomplicatetheM IMO resultscomparedto theSISO results,are:

1) Zerosandpolesin M IMO systemshavedirections.
2) Theorderof multiplication in multivariabletransferfunctionsmatter, i.e. two multi-

variabletransferfunctionsdonot in generalcommute.

The main resultsin the paperare lower boundson the ��� -norm of closed-looptransfer
functionson thefour forms ¯°«/¬ , ¯°«]±)¬ , ¯��¬ and ¯�]±)¬ , where « is thesensitivity, 
is the complementarysensitivity, «]± is the input sensitivity, v± is the input complementary
sensitivity, ¯ and ¬ aregeneralknown multivariabletransferfunctionmatrices.

The basisof our resultsis the importantwork by Zames(1981),who madeuseof the
interpolationconstraint²´³µ « ¶¸·l¹/º�²´³µ andthemaximummodulustheoremto derivebounds
on �Y� -norm of « for plantswith oneRHP-zero. The resultsby Zamesweregeneralized
to plantswith RHP-polesby Doyle et al. (1992) in the SISO case,and by Skogestadand
Postlethwaite(1996),HavreandSkogestad(Chapter3) in theM IMO case.

In thispaperweextendthework of Zames(1981)andthework givenin Chapters3 and4,
andquantifythefundamentallimitationsimposedby RHP zerosandpolesin termsof lower
boundson the ��� -normof importantclosed-looptransferfunctions.Themaingeneraliza-
tion of thepreviousresultis thatfrom theresultsin thispaperwecanderive lowerboundson��� -normof otherclosed-looptransferfunctionsthansensitivity andcomplementarysensi-
tivity. Further1 generalizationsinclude:

1) Multivariableweights.
2) Unstableandnon-minimumphaseweights.

A further motivation andthe basisfor deriving theseresults,aregiven in Chapter4. One
importantapplicationof thelowerbounds,is thatwecanquantifytheminimumusageneeded
to stabilizeanunstableplant in the presenceof the “worst case”disturbance,measurement
noiseandreferencechangesfor the“best”2 possiblecontroller.

An additionalimportantcontributionof thispaperis thatweprove thatthelowerbounds
are tight in a large numberof cases.That is, we give analyticalexpressionsfor controllers

1In orderto accomplishlower boundson » ¢ -normof generalclosed-looptransferfunctions,it wasnecessary
to generalizethepreviousresultsto includemultivariable,unstableandnon-minimumphaseweights.

2Thebestpossiblecontrollerin thesensethat thecontrollerwhich minimizesthe » ¢ -normof theclosed-loop
transferfunctionfrom thedisturbances,measurementnoiseandreferencechangesto theinputs.
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which achievean ��� -normof theclosed-looptransferfunctionwhich is equalto thelower
bound.

The outline of the paperis as follows. First we give a brief introductionto zerosand
polesof multivariablesystems.We introducefactorizationsof RHP zerosandpoles,andwe
considerconstraintsimposedby RHP zerosandpoleson sensitivity, complementarysensi-
tivity, input sensitivity andinput complementarysensitivity. Section5.3 containsthe main
contribution of this paper, which arethe lower boundson the ��� -normof largeclassesof
closed-looptransferfunctions.In Section5.4weprovethattheboundsinvolving thesensitiv-
itiesaretight if theplanthasoneRHP-zero,andthattheboundsinvolving thecomplementary
sensitivities aretight if theplanthasoneRHP-pole. Someapplicationsof the lower bounds
aregivenin Section5.5.Section5.6containsa“special” lowerbound(whichdoesnotfollow
from themainresults)on theclosed-looptransferfunctionfrom referencesto outputsfor the
two degrees-of-freedom(2-DOF) controlconfiguration.Theproofsof theresultsaregivenin
SectionA.

The restof this sectionwe devote to a brief review of the solutionto the ��� -problem.
The ��� -normwasintroducedinto thecontrol literatureby Zames(1981),wherehemainly
focusedon theuseof thisnormto obtaininsightinto theachievableperformance.Ourpaper
providesacontinuationof thisline of research.However, mostof theresearchon ��� -control
hasbeenfocusedon obtainingtheoptimalcontroller ¼ which minimizesthe �Y� -normof
a giventransferfunction.Theearlyfrequency- ½ approachesinvolvedinterpolationtheoretic
methods. A state-spaceversionof this was the early work of Doyle (1984),which made
useof theYoulaparameterizationof stabilizingcontroller, interpolationconstraintsandco-
prime factorizationsto reducethe problemto a bestapproximationNehariproblem. This
approachis well describedby Francis(1987).Unfortunately, it givescontrollersof veryhigh
order, andexplicit solutionsto some ��� -problemswhich gave controllersof muchlower
order(e.g.Kwakernaak,1986),suggestedthatamoreelegantsolutionto thegeneralproblem
may exist. Indeed,a generalstate-spacesolutionwhich givesoptimal controllerswith the
sameorderastheplant includingweights,waspresentedby Doyle et al. (1989). Today, the
state-spacesolutionto the ��� -controlproblemcanbefoundin many text books(e.g.Zhou
et al., 1996;GreenandLimebeer, 1995). With the aim to prove tightnessof our bounds,
we derive ��� -optimalcontrollersfor somespecialproblems.Thesecontrollersarederived
analyticallyby assumingthat theoptimalclosed-looptransferfunctionsareconstant3 func-
tions of frequency, i.e. they areall-passtransferfunctions,which dueto internalstability
alsomustsatisfythe interpolationconstraintsfor RHP zerosandpoles.Theapproachtaken
in this paper, is similar to the early interpolationtheoreticmethods,seethesimpleanalytic
examplespresentedin Chapter1 of GreenandLimebeer(1995),andit is alsorelatedto the
polynomialapproachof Kwakernaak(1986;1993;1996).We finally notethatanalyticalso-
lutionsto ��� -optimalcontrollersto somespecialproblemsappearsin thecontrolliterature,
seefor exampletherobuststabilizationof a plantwith normalizedleft coprimefactorization

3Kwakernaak(1986;1993)namesthefactthatthelargestsingularvalueof the » ¢ -optimalclosed-looptransfer
functionis constant(independentof frequency) for “equalizingproperty”(thesolutionswhichresultsin closed-loop
transferfunctionson the forms ¾+¿ÁÀ arenamed“equalizingsolutions”). Kwakernaakalsoprovesin the SISO case
that the » ¢ -optimal controllerresultsin a constantlargestsingularof the optimal closed-looptransferfunction,
whenthe » ¢ -normof mixedsensitivity is minimized.
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(SkogestadandPostlethwaite,1996,page376). An analyticalsolutionto the �Y� -optimal
controllerfor thisproblemcanbefoundusingadescriptorsystemapproach(Safonov, Lime-
beerandChiang,1989).

5.2 Elementsfr om linear systemtheory

Weconsiderlineartime invarianttransferfunctionmodelson theform²�¶ÃÂ�¹Qº�Ä�¶ÃÂ�¹SÅÆ¶ÃÂ�¹vÇ�ÄÉÈÊ¶ÃÂ�¹nË]¶ÌÂ)¹ (5.1)

whereÅ is thevectorof manipulatedinputs,Ë is thevectorof disturbancesand ² is thevector
of outputs. We often omit to show the dependenceon the complex variable Â for transfer
functions. Whenwe refer to zerosandpolesandtheir directions,we meanthe zerosand
polesof theplant Ä unlessotherwiseexplicitly stated.In orderto beableto stabilizethepair
( Ä , ÄÉÈ ) wemustrequirethatall unstablepolesin Ä_È alsoarepolesin Ä .

The �Y� -normof a stablerationaltransferfunctionmatrix ÍÎ¶ÃÂ�¹ is definedasthepeak
valueoverall frequenciesof thelargestsingularvalueof ÍÏ¶ÑÐ[Ò�¹Ó ÍÎ¶ÃÂ)¹ Ó �ÕÔ×Ö3Ø´ÙÚ ÛÜ ¶pÍÏ¶CÐ�Ò�¹A¹ (5.2)

5.2.1 Zerosand polesin multi variable systems

Zerosand zero dir ections. Zerosof a systemarisewhencompetingeffects,internalto the
system,aresuchthattheoutputis zeroevenwhentheinputsandthestatesarenot identically
zero.Hereweapplythefollowing definitionof zeros(MacFarlaneandKarcanias,1976).

DEFINITION 5.1 (ZEROS). ·ÞÝàß�á is a zero of Ä�¶ÃÂ�¹ if the rank of Ä¶¸·ÞÝS¹ is lessthan the
normalrankof Ä�¶ÌÂ)¹ .
The normalrank of Ä�¶ÃÂ�¹ is definedasthe rank of Ä�¶ÃÂ�¹ at all Â excepta finite numberof
singularities(whicharethezeros).

DEFINITION 5.2 (ZERO DIRECTIONS). If Ä�¶ÃÂ�¹ hasa zero for ÂâºV·ãß�á thenthere exist
non-zero vectors, denotedthe input zero direction Å µ ßäáæå and the outputzero direction² µ ßãáQç , such that Å ³µ Å µ ºéè , ² ³µ ² µ ºéè andÄ�¶p·l¹SÅ µ º�ª´ê ² ³µ Ä¶¸·l¹	º�ª (5.3)

For asystemÄ¶ÃÂ)¹ with state-spacerealization ë_ì íî ïÎð , thezeros· of thesystem,theinput

zerodirectionsÅ µ andthestateinput zerovectors ñ µ Ý ßDáQò ( ½ is thenumberof states)can
all becomputedfrom thegeneralizedeigenvalueproblemóÞô�õ  Eö ÷ø ùûú ó)ü.ý3þÿ ý ú�� ó��� ú (5.4)

Similarly onecancomputethezeros· andtheoutputzerodirections² µ from Ä � , seeSec-
tion 2.3for furtherdetails.
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Polesand poledir ections. Bode(1945)statesthatthepolesarethesingularpointsat which
thetransferfunctionfails to beanalytic. In thiswork wereplace“f ailsto beanalytic”with “is
infinite”, whichcertainlyimpliesthatthetransferfunctionis notanalytic. Whenweevaluate4

the transferfunction Ä�¶ÃÂ�¹ at Âº�� , Ä�¶��]¹ is infinite in somedirectionsat the input andthe
output.This is thebasisfor thefollowing definitionof inputandoutputpoledirections.

DEFINITION 5.3 (POLE DIRECTIONS). If Âkº���ß�á is a distinctpoleof Ä�¶ÌÂ)¹ thenthere
exist oneinput direction Å
	 ß�á å and oneoutputdirection ²�	 ß�á ç with infinite gain forÂFº�� .

For asystemÄ¶ÃÂ�¹ with minimalstate-spacerealization ë ì íî ïÏð thepoledirectionsÅ�	 and²�	 for adistinctpole � canbecomputedfrom (Section2.4)Å�	 º� ³�� 	ÞÝ�� Ó  ³�� 	ÞÝ Ó�� ê ²�	 º�� � 	���� Ó � � 	�� Ó�� (5.5)

where � 	ÞÝâß°á ò and � 	���ßfá ò arethe eigenvectorscorrespondingto the two eigenvalue
problems � ³	ÞÝ�� º�� � ³	ÞÝ ê � � 	��Fº�� � 	��
Note,thatthepoledirectionsarenormalized,i.e.

Ó Å�	 Ó�� ºéè and
Ó ²�	 Ó�� ºéè . For thesakeof

simplicity we will only considerdistinctpolesin this paper, for computationanddefinition
of poledirectionsin thecasewhenthepole � is notdistinctreferto Chapter2.

5.2.2 All-pass factorizations of RHP zerosand poles

A transferfunction matrix �¶ÃÂ)¹ is all-passif  � ¶��FÂ)¹� ¶ÌÂ)¹�º � , which implies that all
singularvaluesof �¶CÐ�Ò'¹ areequalto one.

A rational transferfunction matrix ÍÎ¶ÃÂ�¹ with RHP-poles ��Ý�ß á�� , canbe factorized
eitherat theinput (subscript ) or at theoutput(subscript! ) of ÍÏ¶ÃÂ�¹ asfollows5ÍÏ¶ÃÂ�¹æº�Í#"ZÝ%$'&)(	ÞÝ ¶pÍÎ¶ÃÂ)¹3¹Áê ÍÎ¶ÃÂ�¹æº*$ &+(	�� ¶iÍ�¹ÊÍ,"-�+¶ÌÂ)¹ (5.6)Í#"ZÝ , Í,"-� – Stable(subscript Â ) versionsof Í with the RHP-polesmirrored acrossthe

imaginaryaxis.$.	ÞÝÁ¶pÍ ¹ , $.	��l¶pÍ ¹ – Stableall-passrationaltransferfunctionmatricescontainingthe RHP-
poles(subscript� ) of Í asRHP-zeros.

Theall-passfiltersare(AppendixA)

$.	ÞÝÁ¶iÍÏ¶ÃÂ�¹A¹æº /.01Ý32 ( ¶4�5�
�7698;: 	�<>=?A@CBD þFEÅ�	�< EÅ ³	�< ¹Áê $ &+(	ÞÝ ¶pÍÏ¶ÌÂ)¹A¹�º (1ÝG2 /.0 ¶4�®Ç �76A8;: 	�<H=?.IJD þKEÅ
	�< EÅ ³	�< ¹ (5.7)

$.	��l¶pÍÎ¶ÃÂ�¹A¹Æº (1Ý32 /.0 ¶4��� �7698;: 	�<>=?A@CBD þFE²�	�< E²´³	�< ¹\ê $ &+(	�� ¶pÍÏ¶ÌÂ)¹A¹æº /.01ÝG2 ( ¶4��Ç
�76A8;: 	�<H=?.IJD þKE²�	�< E²Ê³	�< ¹ (5.8)

4Strictly speaking,thetransferfunction LNM ?;O cannot beevaluatedat ?+PKD , since LNM ?;O is notanalyticat ?+PKD .
5Note that the notationon the all-passfactorizationsof RHP zerosand polesusedin this paperis reversed

comparedto thenotationusedin (GreenandLimebeer, 1995;SkogestadandPostlethwaite,1996;Havre andSko-
gestad,1996).Thereasonfor thischangeof notationis to getconsistentwith whattheliteraturegenerallydefinesas
anall-passfilter.
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$.	��l¶pÍ ¹ is obtainedby factorizingat theoutputoneRHP-poleata time,startingwith

Í º*$ &)(	RQ�� ¶iÍ�¹SÍS	RQ-�
where $ &)(	RQT� ¶iÍÏ¶ÃÂ�¹A¹æº~öVU �76A8;: 	RQ7=?.IJDXWZY[]\ Q Y[X^\ Q
and E²�	RQyºÎ²�	RQ is the outputpole directionof Í for � ( . This proceduremay becontinued
to factorout � � from ÍS	%Q-� where E²]	�_ is theoutputpoledirectionof ÍS	RQ�� (which neednot
coincidewith ²�	�_ , the pole direction6 of Í ) andso on. A similar proceduremay be used
to factorizethe polesat the input of Í . Note that the sequenceget reversedin the input
factorizationcomparedto theoutputfactorization.

In a similar sequentialmanner, the RHP-zeroscanbe factorizedeitherat the input or at
theoutputof Í

ÍÏ¶ÌÂ)¹æº�Í å Ý>$ µ Ý\¶pÍÎ¶ÃÂ�¹A¹Áê ÍÏ¶ÃÂ�¹æº�$ µ ��¶pÍ�¹SÍ å ��¶ÃÂ�¹ (5.9)

Í å Ý , Í å � – Minimum phase(subscript̀ ) versionsof Í with the RHP-zerosmirrored
acrosstheimaginaryaxis.$ µ Ý\¶iÍ�¹ , $ µ �l¶pÍ ¹ – Stableall-passrationaltransferfunctionmatricescontainingthe RHP-
zeros(subscript· ) of Í .

Weget(AppendixA)

$ µ ÝÁ¶iÍÏ¶ÃÂ�¹A¹æº (1a 2 /)b ¶4�c�
�76A8d: µ�e =?f@gBh�i EÅ µ�e EÅ ³µ-e ¹Eê $j&+(µ Ý ¶pÍÏ¶ÃÂ�¹A¹æº /kb1a 2 ( ¶4�®Ç

�76A8;: µ�e =?.Ilh�i EÅ µ�e EÅ ³µ�e ¹ (5.10)

$ µ �l¶pÍÎ¶ÃÂ)¹3¹æº /)b1a 2 ( ¶4���
�7698;: µ-e =?A@mBh i E² µ�e E²´³µ�e ¹\ê $ &+(µ � ¶iÍÏ¶ÃÂ�¹A¹æº (1a 2 /)b ¶4��Ç �76A8;: µ�e =?.Ilh i E² µ-e E²Ê³µ�e ¹ (5.11)

Alternative all-passfactorizationsarein use,e.g. the inner-outerfactorizationsusedin
(Morari andZafiriou,1989)which arethesameas(5.10)and(5.11)exceptfor themultipli-
cationof aconstantunitarymatrix. Reasonsfor usingthefactorizationsgivenhereare:

1) Thefactorizationsof RHP-zerosgivenhereareanalyticandin termsof thezerosand
the zero directions,whereasthe inner-outer factorizationsin (Morari and Zafiriou,
1989)aregivenin termsof thesolutionto analgebraicRiccatiequation.

2) To factorizeRHP-polesusing the inner-outer factorizationoneneedsto assumethatÄ &)( exist.

Someusefulproperties. Assumethat Í &+( exists,then(AppendixA):

$ µ ÝÁ¶pÍ�¹Qº*$.	��l¶pÍn&)(Á¹\ê Í å Ýoº ¶pÍo&+(M¹p&+("-� (5.12)$ µ �l¶pÍ�¹Qº*$.	ÞÝÁ¶pÍ &)( ¹\ê Í å ��ºÕ¶iÍ &+( ¹ &+("ZÝ (5.13)

6In fact: qr \ _ Pmsut ^\ Q-v9Mxw O�y z-{ \ _ r \ _ . Here sVy z-{|z�} meanstherationaltransferfunctionmatrix s M ?;O evaluated
at thecomplex number?uP~?d� . Thus,it providesanalternative to s M ?d��O , andit will mainlybeusedto avoid double
parenthesis.
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Repeatedfactorization(AppendixA):

$.	dÝ\¶4$ &+(	ÞÝ ¶pÍ�¹3¹/º*$.	ÞÝE¶pÍ�¹Áê $.	��l¶4$ &)(	�� ¶pÍ ¹A¹æº�$.	��[¶pÍ�¹ (5.14)$ µ Ý\¶3$ µ ÝE¶pÍ�¹3¹/º*$ µ ÝE¶pÍ�¹Áê $ µ �l¶4$ µ �[¶pÍ ¹A¹Qº*$ µ �[¶pÍ�¹ (5.15)$ µ ÝÁ¶4$.	��[¶pÍ ¹A¹æº�$.	���¶pÍ�¹Áê $ µ �l¶4$.	ÞÝ\¶iÍ�¹A¹Qº*$.	ÞÝ\¶pÍ ¹ (5.16)$.	ÞÝÁ¶4$ &+(µ � ¶pÍ ¹A¹Qº*$ µ ��¶pÍ�¹Áê $.	��l¶4$ &)(µ Ý ¶pÍ ¹A¹æº�$ µ Ý\¶pÍ ¹ (5.17)

Factorization of SI SO systems.Factorizationsof RHP zerosandpolesin SISO systemscan
befoundfrom thepreviousexpressionsby settingthedirectionsequalto è . Sincetheorder
of multiplicationdoesnotmatterin rationaltransferfunctions,theinputandoutputfactoriza-
tionsareidentical.We thereforedropthesubscriptwhich distinguishtheinput factorization
from theoutputfactorization.Weobtainthewell known andwidely usedall-passfactors:

$.	]¶iÍÏ¶ÃÂ�¹A¹ º /.0�ÝG2 ( è'�����j� ¶���Ý ¹Â�Ç Û��Ý º /.0�Ý32 ( ÂV����ÝÂNÇ Û��Ý (5.18)

$ µ ¶iÍÏ¶ÃÂ�¹A¹ º /kb�ÝG2 ( è'� ���j� ¶¸·ÞÝS¹Â�Ç Û·ÞÝ º /)b�a 2 (
ÂV� · aÂNÇ Û· a (5.19)

5.2.3 Closing the loop

In thispaperwe considerthegeneraltwo degrees-of-freedom(2-DOF) controlconfiguration
shown in Figure5.1. In the figure the performanceweightsaregiven in dashedlines. We

��� � ����
+ +

��� � ��� ¼� �ÿ� Ä � �+ +�ÄÉÈ
��� � �

�� [ ��� �� ¿
�[��

� ��� ����
��
+-

� �� ��� �� W

Figure5.1: Two degrees-of-freedomcontrolconfiguration

have includedboth references� andmeasurementnoise ½ in additionto disturbancesË as
externalinputs.ThethreematricesÄÉÈ , � and

�
canbeviewedasweightsontheinputs,and

theinputs �Ë , �� and �½ arenormalizedin magnitude.Normally,
�

is diagonaland � �~  Ý�Ý is the
inverseof signalto noiseratio. For mostpracticalpurposes,wecanassumethat

�
and

�
are

stable.However, from a technicalpoint of view it sufficesthattheunstablemodesin
�

and�
canbestabilizedthroughtheinputs Å . For thedisturbanceplant Ä_È weassumethatall the
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unstablemodesof ÄÉÈ alsoappearsin Ä (which is requiredif theunstablemodesof Ä_È are
statecontrollablein Å ).

Thecontrollercanbedividedintoanegativefeedbackpartfrom ² ( ¼ � ) andafeedforward
partfrom � ( ¼ ( ) Å�º�¼ ( �¡� ¼ � ² å º�¼ ( ��� ¼ � ¶p²_Çx½o¹ (5.20)

Theclosed-looptransferfunction ¢ from

£ º ¤¥ �� �Ë �½
¦§

to · º ¤¥ · (· �·�¨
¦§ � º ¤¥ ¯S©�¶p²c�ª�[¹¯ � ²¯g«lÅ

¦§

is

¢�¶ÃÂ�¹Qº ¤¥ ¯S©�¶Ã«æÄ_¼ ( �ª�7¹ � ¯S©	«æÄÉÈ ��¯g©Q �¯ � «æÄ_¼ ( � ¯ � «QÄ_È �F¯ �  �¯g«7«]±Þ¼ ( � ��¯g«|¼ � «æÄÉÈ ��¯g«l¼ � « �
¦§

(5.21)

wherethe sensitivity « , the complementarysensitivity  and the input sensitivity «]± are
definedby « Ô ¶4��ÇxÄ_¼ � ¹ &+( (5.22) Ô �c��« º Ä�¼ � ¶4�®Ç�Ä�¼ � ¹ &+( (5.23)«v± Ô ¶4��ÇD¼ � Äà¹p&+( (5.24)

Wealsodefinetheinputcomplementarysensitivityv± Ô �5��«]± º ¼ � Ä¶4�®Ç�¼ � Ä ¹p&+( (5.25)

By setting ¼ ( º ¼ � in the above equations,the onedegree-of-freedom(1-DOF) control
configurationcanbeanalyzed.

5.2.4 Inter polation constraintson ¬ ,  , ¬5® and �®
CONSTRAINT 5.1 (RHP-ZERO IN Ä ). If Ä�¶ÌÂ)¹ hasa RHP-zero at Âãº · with outputzero
direction ² µ , then for internal stability of the feedback systemthe following interpolation
constraintsmustapply ²´³µ à¶¸·l¹	º�ª´ê ²´³µ « ¶¸·l¹Qº ²Ê³µ (5.26)]±Ê¶p·l¹SÅ µ º�ª´ê «]±|¶¸·l¹SÅ µ º�Å µ (5.27)

In words,(5.26)saysthat  musthaveaRHP-zeroin thesameoutputdirectionas Ä andthat« ¶¸·l¹ hasaneigenvalueof è with correspondingleft eigenvector ² µ . In a similar way v± has
RHP-zerowith thesameinputdirectionas Ä .

CONSTRAINT 5.2 (RHP-POLE IN Ä ). If Ä¶ÃÂ�¹ hasa RHP-poleat ÂFº�� with outputdirection²�	 , thenfor internal stability of the feedback systemthe following interpolationconstraints
mustapply «�¶��]¹Z²�	àº ª´ê à¶��]¹S²]	àº�²�	 (5.28)Å�³	 «]±l¶��]¹/º�ª´ê Å�³	 v±|¶��]¹Qº�Å�³	 (5.29)
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The constraint(5.26) was first proved by Zames(1981), the proof of (5.28) is given in
(SkogestadandPostlethwaite,1996).Theproofsof (5.26)and(5.28)aregivenin SectionA
in Chapter3. Theproofsof (5.27)and(5.29)follow similarly andaregivenin SectionA.

Similar constraintsalsoapplyto « ,  , «]± and v± whenthefeedbackcontrollerhasRHP-
zerosandRHP-poles.

5.3 Lower boundson the ¯ ° -norm of closed-looptransfer
functions

In thissectionwederivegenerallowerboundsonthe ��� -normof closed-looptransferfunc-
tionswhentheplant Ä hasoneor moreRHP zerosand/orpoles,by usingthe interpolation
constraintsandthemaximummodulusprinciple. Theboundsareapplicableto closed-loop
transferfunctionson theform ¯ ¶ÃÂ�¹�±�¶ÃÂ�¹A¬k¶ÌÂ)¹ (5.30)

where ± may be « ,  , «]± or v± . The idea is to derive lower boundson �������_�p :¡d� ¢
whichareindependentof thecontroller ¼ . In general,we assumethat ¯²±�¬ is stable.The
“weights” ¯ and ¬ mustbeindependentof ¼ . They maybeunstable,but it mustbepossible
to stabilizeall transferfunctionsthroughtheoutputs.This impliesthattheunstablemodesof¯ and ¬ alsoappearin ³�º�Ä�¼ � . Otherwise,thesystemis notstabilizable.Theresultsare
statedin termsof four theorems.

Theorems5.1 and 5.2 provide lower boundson the ´�µ -norm of closed-looptransfer
functionson the forms ¯°«/¬ and ¯é«v±)¬ causedby one or more RHP-zerosin Ä . By
maximizing over all RHP-zeros,we find the largest lower boundson

Ó ¯°«/¬�¶ÃÂ)¹ Ó µ andÓ ¯°«]±)¬�¶ÃÂ)¹ Ó µ which takesinto accountoneRHP-zeroandall RHP-polesin theplant.

THEOREM 5.1 (LOWER BOUND ON �d��£��_�p :¡d� ¢ ). Considera plant Ä with
� µ5¶ è RHP-

zeros · a , outputdirections² µ-e and
� 	 ¶ ª RHP-poles��ÝFß�á�� . Let ¯ and ¬ berational

transferfunctionmatrices,andassumethat ¯ hasno RHP-polesat locationscorresponding
to RHP polesor zeros in Ä . Assumethat the closed-looptransferfunction ¯é«	¬ is (inter-
nally) stable. Thenthefollowing lowerboundon

Ó ¯°«/¬�¶ÃÂ�¹ Ó µ applies:Ó ¯é«	¬�¶ÌÂ)¹ Ó µ ¶ ·¹¸�º
RHP-zerosµ-e in » Ó ¯ å �[¶¸· a ¹Ê² µ-e Ó��½¼´Ó ² ³µ�e ¬�$j&+(µ Ý ¶4$.	��l¶¸Äà¹>¬à¹%¾ "T2 µ-e Ó�� (5.31)

Proof. The main stepsin the proof of (5.31) are given in Section5.3.1. For a detailedproof see
SectionA.

THEOREM 5.2 (LOWER BOUND ON �d�~£7¤Á� �p :¡d� ¢ ). Considera plant Ä with
� µ*¶ è

RHP-zeros · a , input directions Å µ�e and
� 	 ¶ ª RHP-poles ��Ý�ß á�� . Let ¯ and ¬ be

rational transferfunctionmatrices,andassumethat ¬ hasno RHP-polesat locationscorre-
spondingto RHP polesor zerosin Ä . Assumethat theclosed-looptransferfunction ¯é«v±)¬
is (internally)stable. Thenthefollowing lowerboundon

Ó ¯°«]±)¬�¶ÃÂ)¹ Ó µ applies:Ó ¯é«]±�¬Y¶ÌÂ)¹ Ó µ ¶ ·¹¸�º
RHP-zeros,µ�e in » Ó $ &)(µ � ¶Ã¯�$.	ÞÝÁ¶¸Äà¹3¹�¯¿¾ "72 µ�e Å µ�e Ó��½¼´Ó Å ³µ-e ¬ å Ý\¶¸· a ¹ Ó��

(5.32)
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Theorems5.3 and 5.4 provide lower boundson the ´�µ -norm of closed-looptransfer
functionson the forms ¯ ®¬ and ¯�v±)¬ causedby oneor more RHP-polesin Ä . Then
by maximizingover all RHP-poles,we find the largestlower boundson

Ó ¯��¬Y¶ÌÂ)¹ Ó µ andÓ ¯�v±)¬�¶ÃÂ�¹ Ó µ which takesinto accountoneRHP-poleandall RHP-zerosin theplant.

THEOREM 5.3 (LOWER BOUNDS ON ����¥'���p M¡�� ¢ ). Considera plant Ä with
� 	 ¶ è

RHP-poles ��Ý , outputdirections ²�	�< and
� µ�¶ ª RHP-zeros · a ß�á�� . Let ¯ and ¬ be

rational transferfunctionmatrices,andassumethat ¬ hasno RHP-polesat locationscorre-
spondingto RHP zerosor polesin Ä . Assumethat theclosed-looptransferfunction ¯ ®¬ is
(internally)stable. Thenthefollowing lowerboundon

Ó ¯��¬�¶ÃÂ�¹ Ó µ applies:Ó ¯��¬�¶ÃÂ�¹ Ó µ ¶ ·¹¸�º
RHP-poles,	�< in » Ó $ &)(µ � ¶Ã¯�$ µ �l¶¸Äà¹A¹>¯À¾ "72Á	�< ²]	�< Ó��Â¼´Ó ² ³	�< ¬ å Ý\¶���ÝZ¹ Ó��

(5.33)

THEOREM 5.4 (LOWER BOUNDS ON �d��¥>¤\� �¸ M¡d� ¢ ). Considera plant Ä with
� 	 ¶ è

RHP-poles ��Ý , input directions Å�	�< and
� µÃ¶ ª RHP-zeros · a ßVáN� . Let ¯ and ¬ be

rationaltransferfunctionmatrices,andassumethat ¯ hasnoRHP-polesat locationscorre-
spondingto RHP zerosor polesin Ä . Assumethat theclosed-looptransferfunction ¯�v±)¬
is (internally)stable. Thenthefollowing lowerboundon

Ó ¯�v±)¬�¶ÃÂ�¹ Ó µ applies:Ó ¯�]±.¬�¶ÌÂ)¹ Ó µ ¶ ·¹¸�º
RHP-poles,	�< in » Ó ¯ å �[¶���ÝZ¹ÊÅ�	�< Ó��Â¼´Ó Å ³	�< ¬5$ &+(µ Ý ¶4$ µ Ý\¶¸Ä ¹�¬à¹%¾ "T2Á	�< Ó��

(5.34)

RemarksonTheorems5.1–5.4:

1) Thesomewhatmessynotationcaneasilybe interpreted.As anexampletake the last
factor of (5.31): Factorizethe RHP-poles at the output of Ä into an all-passfilter$.	��l¶¸Ä ¹ (yields RHP-zeros),multiply on the right with ¬ (may addRHP-zerosif ¬
is non-minimumphase),thenfactorizeat the input the RHP-zerosof theproductinto
anall-passtransferfunction,take its inverse,multiply on theleft with ² ³µ�e ¬ andfinally
evaluatetheresultfor ÂFº�· a .

2) The lower bounds(5.31)–(5.34)areindependentof the feedbackcontroller ¼ � if the
weights ¯ and ¬ areindependentof ¼ � .

3) The internalstability assumptionon theclosed-looptransferfunctions ¯²±�¬ , where± ß�Ä.«)Å@«v±ÆÅ7'Å7v±%Ç , meansthat ¯²±�¬ arestable,andwe have no RHP pole/zero
cancellationsbetweentheplant Ä andthefeedbackcontroller ¼ � .

4) For internalstability, the only way to stabilizeunstablemodesis to apply feedback
control. For theclosed-looptransferfunctions ¯°«/¬ and ¯°«]±)¬ , this impliesthatall
theunstablepolesin ¯ and ¬ mustappearasRHP-zerosin « and «]± (to cancelthe
unstablepolesin ¯ and ¬ ), which in turn implies that the loop transferfunctions ³
and ³�± have RHP-poleswith correspondingdirections. For the closed-looptransfer
functions ¯ ®¬ and ¯�]±)¬ , we needRHP-zerosin  and v± to cancelthe unstable
modesin ¯ and ¬ , which in turn impliesRHP-zerosin ³ and ³�± with corresponding
directions.
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5) Thefollowing requirementson ¯ and ¬ follow from therequirementof internalsta-
bility (andarethereforenotexplicitly statedin theabovetheorems):

a) Implicit requirementsin Theorem5.1. If the plant Ä hasRHP-zeros · a with
outputdirections² µ-e , theninternalstabilityof ¯é«	¬ implies:

i) ¯ cannot have RHP-polesfor ÂFº�· a with inputdirections² µ�e .
ii) ¬ cannot have RHP-polesfor Â�º�· a with outputdirections² µ-e .

Proofof ai). Assumethat � hasa RHP-polefor   � � i with inputdirection [ ý e . In order
to cancelthepole in � , È ¿ musthave a RHP-pole for   � � i with input direction [ ý e ,
andfor internalstability we cannot allow É to have a zero   � � i with outputdirection[ ý e . Theproofof aii) is similar. Ê

b) Implicit requirementsin Theorem5.2. If theplant Ä hasRHP-zeros· a with input
directionsÅ µ�e , theninternalstabilityof ¯°«]±�¬ implies:

i) ¯ cannot have RHP-polesfor ÂFº�· a with inputdirectionsÅ µ�e .
ii) ¬ cannot have RHP-polesfor Â�º�· a with outputdirectionsÅ µ�e .

c) Implicit requirementsin Theorem5.3. If the plant Ä hasRHP-poles ��Ý with
outputdirections²�	�< , theninternalstabilityof ¯��¬ implies:

i) ¯ cannot have RHP-polesfor ÂFº���Ý with inputdirections²]	�< .
ii) ¬ cannot have RHP-polesfor Â�º���Ý with outputdirections²�	�< .

d) Implicit requirementsin Theorem5.4. If theplant Ä hasRHP-poles��Ý with input
directionsÅ�	�< , theninternalstabilityof ¯ v±)¬ implies:

i) ¯ cannot have RHP-polesfor ÂFº���Ý with inputdirectionsÅ�	�< .
ii) ¬ cannot have RHP-polesfor Â�º���Ý with outputdirectionsÅ�	�< .

6) In additionto the above implicit requirementson ¯ and ¬ , we have in eachof the
abovetheoremsanadditionalassumptionontheRHP-polesin ¯ or ¬ . Thisadditional
assumptionisaresultof splittingthetransferfunctionsinto twopartswhenderiving the
bounds,e.g. ¯°«/¬ is split into ¯ and «/¬ etc. In any case,theadditionalassumption
is in practicenot restrictive,sincewhentheassumptionis not fulfilled wecangenerally
rewrite thetransferfunctionandapplyanothertheoreminstead.

EXAMPLE 5.1. Considerderiving a boundon ¦ ¢ -norm of the closed-looptransferfunctionÈ ¿ £uÉÂË (input usagedueto disturbances).We canusethe relation È ¿ £uÉÂË � É t W ¥½É½Ë and
apply Theorem5.3 with � � É t W and � � ÉÂË , but we must assumethat ÉÂË is stable.
However, we canusetherelation È ¿ £.É½Ë � ¥�¤�É t W É½Ë andapplyTheorem5.4 with � � ö
and � � É t W ÉÂË , andin thiscasewecanalsoallow É½Ë to beunstable.

5.3.1 Main stepsin the proof of Theorem5.1

To providesomemoreinsightto theresults,we give themainstepsin theproof of thelower
bound(5.31)on

Ó ¯°«/¬�¶ÃÂ�¹ Ó µ . Themainstepsin theproofof thelowerbounds(5.32)–(5.34)
aresimilar.

1) Factor out RHP zerosin ÌÎÍÂÏ to obtain Ð7ÌÎÍÂÏ¹Ñ7Ò .
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(a) Factorout RHP-zerosof £ dueto RHP-polesin É at theinputof £ .

(b) Factorout RHP zerosof Ó \ þ �4É�¡Z� at theinputof ��£�� .

(c) Factorout RHP zerosof � at theoutputof ��£�� .

Note,make surethatno RHP-zerosin £ dueto polesin É , which cancelRHP-polesin � and� , arefactorized:

1) Weavoid factorizingRHP-zerosin £ whichcancelpolesin � , by factorizingthezerosofÓ \ v �4É ¡[� .

2) With the assumptionon the polesin Theorem5.1 we avoid factorizingRHP-zerosin £
whichcancelpolesin � .

2) Intr oducethe stable scalar function ÔÕÐ-Ö×Ñ on the minimum phaseversion ÐTÌÎÍÂÏ¹Ñ7Ò ofÌÎÍÂÏ .

3) Apply the maximum modulus theoremto ÔØÐ-Ö×Ñ at the RHP-zerosof Ù .

4) Resubstitutethe factorization of RHP-zerosin Í .

5) Usethe interpolation constraint for RHP-zerosin Ù .

6) Evaluate the lower bound.

5.3.2 Someimportant specialcasesÚ
hasno RHP-poles. Then $.	��XÛ4ÜÞÝØß*� , $.	�à�Û4ÜÞÝØß*� and(5.31)and(5.32)becomeá�âäãÕå ÛHæ�Ý á µ ¶ ·¹¸�º

RHP-zeros,ç�è in » á�âgé'ê Û4ë�ì�Ý
í ç�è á�îÂ¼
á í
ïç�è å|é àpÛðë�ì�Ý á�î (5.35)á�âäãòñ�å ÛHæ�Ý á µ ¶ ·¹¸�º
RHP-zeros,ç�è in » á�âgé'ê Û4ë�ì�Ý
ó ç-è á�î½¼Áá ófïç-è åôé àpÛðë�ì�Ý á�î (5.36)

Theseboundsquantifytheeffectof RHP-zerosin theplant Ü ontheclosed-loopperformance.
Note, if oneor bothof theweights

â
and

å
areunstable,thenthe feedbackcontroller õ î

mustbeunstableto stabilize
âöã�å

and
âäãòñ�å

.

Ú
hasno RHP-zeros. Then ÷ ç ê ÛðÜÞÝÕß*ø and ÷ ç à�ÛðÜcÝÕß*ø , and(5.33)and(5.34)becomeá�âúùJå Û>æ�Ý á�û ¶ ·¹¸�º

RHP-poles,ü�ý in » á�âméjê Û�þ9à-Ý
í ü�ý á�îÂ¼Áá í
ïü�ý å|é àpÛ�þ9à�Ý á�î (5.37)á�â�ùòñRå Û>æ�Ý á�û ¶ ·¹¸�º
RHP-poles,ü�ý in » á�âméjê Û�þ9à-Ý
ó ü�ý á�î½¼Áá óAïü�ý å|é àpÛ�þ9à�Ý á�î (5.38)

Theseboundsquantifytheeffect of RHP-polesin theplant Ü on theperformance.Notethat
the weights

â
and

å
may containRHP-zeros. This is importantwhenconsideringinput

usagesince õ ã ßÿÜ�� � ù ß ù ñ Ü�� � where Ü�� � hasoneor more RHP-zeroswhen Ü is
unstable.If theweights

â
and

å
areunstable,thenthe feedbackcontroller õ î musthave

RHP-zerosto stabilize
â�ù¡å

and
âúù ñ�å

.
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Scalarweightswith no polesin ��� . For thecasewith ascalarinputweight
å ÛHæ�ÝØß	� ÛHæ�Ý�
Hø

with nopolesin �� , thenthelasttermsin (5.31)and(5.34)becomeå ÷ � �ç à Û4÷ ü ê ÛðÜcÝ å Ý ß � é ÷ � �ü ê Û4ÜÞÝ (5.39)å ÷ � �ç à Û4÷ ç àpÛðÜcÝ å Ý ß � é ÷ � �ç à Û4ÜÞÝ (5.40)

Proofof (5.39)–(5.40). To prove(5.39)we look at��� v������������ ��� v���������� � �"! �#�$� ��� v$�����
Weobtain �"!&% � ��� v��'�(�)�*�"� �"! �+��� ��� v��'�(�
and � � t-,!.% � ��� v$�'���/�0�1�2� � t�,! �+���3 4.5 67&8 � t-,� v �'���1�2�9� � t-,� v �'���
Theproofof (5.40)followssimilarly. :
Similarly, with ascalaroutputweight

â ß<;lÛHæ�Ý1
�ø with nopolesin �� , thetwo first terms
of (5.32)and(5.33)become

÷ � �ç ê Û â ÷ ü à�ÛðÜÞÝ7Ý â ß ; é ÷ � �ü à ÛðÜcÝ (5.41)÷ � �ç ê Û â ÷ ç ê ÛðÜÞÝ7Ý â ß ; é ÷ � �ç ê ÛðÜcÝ (5.42)

Thus,for the casewhereboth weightsarescalarwith no polesin �� , the bounds(5.31)–
(5.34)becomeá ; ã � ÛHæ�Ý ápû = >@?BA

RHP-zeros,ç�è in C D ; é Ûðë�ì�Ý D 
 D � é Û4ë�ì�Ý D 
 á íÁïç�è ÷ � �ü ê ÛðÜÞÝ DFE&G ç-è á�î (5.43)á ; ãòñ � Û>æ�Ý á û = >@?BA
RHP-zeros,ç�è in C D ; é Ûðë�ì�Ý D 
 D � é Û4ë�ì�Ý D 
 á ÷ � �ü à Û4ÜÞÝ D E.G ç-è ó ç�è á î (5.44)á ; ù � Û>æ�Ý á�û = >@?BA
RHP-poles,ü�ý in C D ; é Û�þ9à�Ý D 
 D � é Û�þ9à-Ý D 
 á ÷ � �ç ê ÛðÜcÝ DHE.G ü�ý í ü�ý á�î (5.45)á ; ù ñ � Û>æ�Ý á�û = >@?BA
RHP-poles,ü�ý in C D ; é Û�þ9à�Ý D 
 D � é Û�þ9à-Ý D 
 á óAïü�ý ÷ � �ç à ÛðÜcÝ DHE.G ü�ý á�î (5.46)

5.4 Tightnessof lower bounds

Theorems5.1 to 5.4 provide lower boundson
á�âJI å ÛHæ�Ý ápû where

I KMLRãONfãòñ�N|ù�Nôù ñ$P
.

The questionis whethertheseboundsaretight, meaningthat thereexist controllerswhich
achieve thesebounds?Theansweris “yes” if thereis only oneRHP-zeroor oneRHP-pole.
Specifically, we find that the boundson

á�âäãÕå ÛHæ�Ý á û and
á�âäãòñ�å ÛHæ�Ý á û aretight if the

plant Ü hasoneRHP-zeroandany numberof RHP-poles.Similarly, we find thatthebounds
on

á�â�ù¡å ÛHæ�Ý á�û and
á�âúù ñ�å ÛHæ�Ý á�û are tight if the plant Ü hasone RHP-pole and any

numberof RHP-zeros. We prove tightnessof the lower boundsby constructingcontrollers
whichachieve thebounds.
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THEOREM 5.5 (CONTROLLER WHICH M INIMIZES QSRUT �V�'WX� QZY ). Considera plant Ü with
one RHP-zero ë , output direction í ç , and [ ü = \

RHP-poles þ9à K �� . Let
â

and
å

be rational transferfunctionmatrices,and assumethat
â

hasno RHP-polesat locations
correspondingto RHP polesor zerosin Ü . A feedback controller which stabilizes

âöã�å
, is

givenby õ î ÛHæ�ÝØß�Ü � �E é'ê ÛHæ�Ý^]ZÛHæ�Ý`_ � � ÛHæ�Ý (5.47)

where _¹ÛHæ�Ý ß â � �éjê Û>æ�Ý âgé'ê Û4ëXÝ åba ÷ � �ü ê ÛðÜÞÝ DcE.G ç�d é àdÛðëXÝ d � �é à ÛHæ�Ý (5.48)]¹ÛHæ�Ý ß ÷ � �ç ê Û4Ü E ê Ý�Û4øfeC÷ ü ê ÛðÜÞÝ`_ Ý (5.49)åba ß í ç í ïç<gUh îa$i a i ïa and d é àpÛHæ�Ý~ß Û4÷ ü ê ÛðÜcÝ å Û>æ�ÝdÝ é à
where thecolumnsof thematrix

i ajKlkmon�pqm � �&r togetherwith í ç formsanorthonormalbasis
for

k m
and h a is anyconstant.]ZÛHæ�Ý is stablesincetheRHP-zero for æJß�ë in øse�÷ ü ê Û4ÜÞÝ`_

cancelsthe RHP-pole for æ,ß ë in ÷(� �ç ê Û4Ü E ê Ý , in a minimal realizationof ] . With this
controller wehavetvu >wyxZz a á�âäãÕå ÛHæ�Ý á�û ß á�âgé'ê Û4ëXÝÁí ç á�î 
 á íÁïç å ÷ � �ç à Û4÷ ü ê ÛðÜcÝ å Ý DHE.G ç á�î (5.50)

FromTheorem5.5it followsthatthebound(5.31)is tight whentheplanthasoneRHP-zero.
In (Chen,1993;Chen,1995)thefollowing lower boundon

á�ã ÛHæ�Ý á û for a plant Ü with
oneRHP-zero ë andoneRHP-pole þ , is presented

á�ã ÛHæ�Ý á�û{=}|9~ p ç r'�.� � uv� î�� Û3í ü N í ç Ý g D ë g��þ D îD ëVe�þ D î���� � î � Û4í ü N í ç Ý (5.51)

where _ZÛðëXÝ�� �� ���^� t ���f������ g�� í gM�ë
� g�� íse�ë ����Z�

î t ��� ��� ãfé � � g�� íb����� � �Xí =U\
Thisboundcorrespondsto theboundgivenin Corollary3.1andthebound(5.31)with

â � ø
and

å�� ø , whenthe factor
| ~ p ç r �.� � �

, i.e. _ � ë/� �¡\
. By applyingTheorem5.5 withâ � ø and

å � ø , we canfind a stablefeedbackcontroller õ î which stabilizes¢ and
achievesan

� û
-normof

ã
equalto thelowerbound(5.51)with _ � ë/� �£\

. Wehavehereby
provedthat _ � ë/� �¤\

for thecontrollerminimizing
á�ã � æS� á û . That is, our lower boundoná�ã � æS� á�û presentedin Chapter3 andthe bound(5.31)with

â � ø and
å¥� ø , is tight.

Thefactor _ � ë/� takesinto accountthefactthatthesingularvaluesof
ã � ��¦ � aresubharmonic

functions,i.e. they arein generalnot analytic. This follows sincethe singularvaluesmay
crosseachother. For thecontrollerminimizing

� û
-normof

ã
, noneof thesingularvalues� à � ã � ��¦ ���§ ��� ã � �)¦ ��� becomethelargestsingularvaluefor any frequency. Thus, ��¨� ã � ��¦ �.�

is ananalyticfunction(harmonic)andit followsthat _ � ë/� �<\
.

THEOREM 5.6 (CONTROLLER WHICH M INIMIZES QSRUTª© �f�'W«� Q Y ). Considera plant ¢
with one RHP-zero ë , input direction ó ç , and [ ü =�\

RHP-poles þ9à K �� . Let
â

and
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å
berational transferfunctionmatrices,andassumethat

å
hasno RHP-polesat locations

correspondingto RHP polesor zerosin ¢ . A feedback controller which stabilizes
âäãòñ�å

, is
givenby õ î � æB� � _ � � � æS�`] � æS�ª¢ � �E é à � æS� (5.52)

where _ � æB� � d � �é'ê � æB� d é'ê � ë/�
÷ � �ü à � ¢s� DHE.G ç åba+å|é à � ë/� å � �é à � æS� (5.53)] � æS� � � øse�_5÷ ü à � ¢¬���
÷ � �ç à � ¢ E à� (5.54)åba � ó ç óAïç g�h îa i a i ïa and d éjê � æB� � � â � æS�Á÷ ü à � ¢¬�.� é'ê
where the columnsof the matrix

i a®K	k é n�p é � �&r togetherwith ó ç formsan orthonormal
basisfor

k é
and h a is any constant. ] � æS� is stablesincethe RHP-zero for æ � ë in ø¯e_5÷ ü à � ¢¬� cancelstheRHP-pole for æ � ë in ÷ � �ç à � ¢ E à� , in a minimalrealizationof ] . With

thiscontroller wehavetvu >wyxZz a á�âäãòñ�å � æS� á�û°�ná ÷ � �ç ê � â ÷ ü à � ¢¬��� â¡DcE&G ç ó ç á�î 
 á ófïç å|é à � ë/� á�î (5.55)

FromTheorem5.6it followsthatthebound(5.32)is tight whentheplanthasoneRHP-zero.

THEOREM 5.7 (CONTROLLER WHICH M INIMIZES Q9R²± �j�'W«� QZY ). Consideraplant ¢ with
one RHP-pole þ , output direction í ü , and [ ç =¥\

RHP-zeros ë�ì K �¨� . Let
â

and
å

be rational transferfunctionmatrices,and assumethat
å

hasno RHP-polesat locations
correspondingto RHP zerosor polesin ¢ . A feedback controller which stabilizes

âúùJå
, is

givenby õ î � æB� � ¢ � �é E ê � æS�`_ � � � æB�^] � æB� (5.56)

where ] � æB� � d � �é'ê � æB� d éjê � þ³�
÷ � �ç ê � ¢s� DHE.G ü åbakåôé à � þ³� å � �é à � æS� (5.57)_ � æB� � � øse2]5÷ ç ê � ¢s���
÷ � �ü ê � ¢ éjê � (5.58)åba � í ü í ïü gUh îa i a i ïa and d é'ê � æS� � � â � æS�
÷ ç ê � ¢s��� é'ê
where thecolumnsof thematrix

i a´Klk mon�pqm � �&r togetherwith í ü formsanorthonormalbasis
for

k m
and h a is anyconstant._ � æB� is stablesincetheRHP-zero for æ � þ in ø�eµ]5÷ ç ê � ¢¬�

cancelsthe RHP-pole for æ � þ in ÷ � �ü ê � ¢ é'ê � , in a minimal realizationof _ . With this
controller wehavet¶u >wXxZz a á�âúùJå � æS� á�û°�ná ÷ � �ç ê � â ÷ ç ê � ¢¬��� â·DcE&G ü í ü á�î 
 á í
ïü å|é à � þ³� á�î (5.59)

FromTheorem5.7it followsthatthebound(5.33)is tight whentheplanthasoneRHP-pole.

THEOREM 5.8 (CONTROLLER WHICH M INIMIZES Q9R²±¸© �f�'W«� Q Y ). Considera plant ¢
with oneRHP-pole þ , input direction ó ü , and [ ç =¹\

RHP-zeros ë�ì K �� . Let
â

and
å

be rational transferfunctionmatrices,and assumethat
â

hasno RHP-polesat locations
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correspondingto RHP zerosor polesin ¢ . A feedback controller which stabilizes
â�ùòñ�å

, is
givenby õ î � æB� � ] � æB�`_ � � � æS�`¢ � �é E à � æS� (5.60)

where ] � æS� � â � �é'ê � æS� âgé'ê � þ³� åba ÷ � �ç à � ¢¬� DHE.G ü�d é à � þ³� d � �é à � æS� (5.61)_ � æS� � ÷ � �ü à � ¢ é à� � øVeª÷ ç à � ¢¬�^]�� (5.62)å¸a � ó ü ófïü gUh îa i a i ïa and d é à � æB� � � ÷ ç à � ¢¬� å � é à
where the columnsof the matrix

i a®K	k é n�p é � �&r togetherwith ó ü formsan orthonormal
basisfor

k é
and h a is any constant. _ � æS� is stablesincethe RHP-zero for æ � þ in ø¯e÷ ç à � ¢¬�^] cancelstheRHP-polefor æ � þ in ÷ � �ü à � ¢ é à�� , in a minimalrealizationof _ . With

thiscontroller wehavetvu >wyxZz a á�â�ù ñ�å � æS� ápû°�oá�âgé'ê � þ³�
ó ü á�î 
 á ófïü å ÷ � �ç à � ÷ ç à � ¢s� å � á�î (5.63)

FromTheorem5.8it followsthatthebound(5.34)is tight whentheplanthasoneRHP-pole.

5.5 Applications of lower bounds

The lower boundson Q9R»º �V�'WX� Q Y in Theorems5.1 and5.4 canbe usedto derive a large
numberof interestingandusefulbounds.

5.5.1 Output performance

Thepreviouslyderivedboundsin termsof the
� û

-normsof
ã

and
ù

givenin (Zames,1981;
SkogestadandPostlethwaite,1996)andin (Chapter3) follow easily, andfurthergeneraliza-
tions involving outputperformancecanbe derived. Herewe assumethat the performance
weights

â�¼
and

â¾½
arestableandminimumphase.

Weightedsensitivity, ¿JÀjÁ . Select
â �²â�¼

,
åÂ� ø , andapplythebound(5.31)to obtainá�â�¼Nã � æB� á�û{= >@?BA

RHP-zeros,ç�è á�âÃ¼ � ë�ìS�
í ç�è á�î 
 á í ïç-è ÷ � �ü ê � ¢¬� DHE.G ç-è á�î (5.64)

Note,this generalizesthepreviously foundboundsto thecasewith a matrix valuedweight.
For thespecialcase

â�¼µ� ø , wederiveá�ã � æS� ápûÄ= >@?BA
RHP-zeros,ç�è á í ïç-è ÷ � �ü ê � ¢¬� DHE.G ç-è á�îj= �

(5.65)

Weighted complementary sensitivity, ¿JÅÇÆ . Select
â � âÃ½

,
å � ø , and apply the

bound(5.33)to obtainá�âÃ½uù � æB� á�û{= >¯?BA
RHP-poles,ü�ý á ÷ � �ç ê � âÃ½ ÷ ç ê � ¢¬��� âÃ½ÈDHE.G ü�ý í ü�ý á�î (5.66)

For thespecialcase
âÃ½ � æB� � ø , wederiveá]ù � æS� ápûÄ= >@?BA

RHP-poles,ü�ý á ÷ � �ç ê � ¢¬� DHE.G ü�ý í ü�ý á�îj= �
(5.67)
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Disturbancerejection. Select
â ��â�¼

,
åM� ¢fÉ , andapplythebound(5.31)to obtainá�â�¼Âã ¢fÉ � æS� á�ûÄ= >@?BA

RHP-zeros,ç-è á�â�¼ � ë�ìS�Áí ç�è á�î 
 á íÁïç-è ¢VÉ)÷ � �çËÊ � ÷ ü ê � ¢¬�`¢VÉ�� DFE&G ç�è á�î (5.68)

Referencetracking. Select
â ��â�¼

,
åÂ�	Ì

, andapplythebound(5.31)to obtainá�â�¼�ãÍÌ � æS� ápûÄ= >@?BA
RHP-zeros,ç�è á�â�¼ � ë�ìS�
í ç�è á�î 
 á í
ïç-è Ì ÷ � �çËÊ � ÷ ü ê � ¢¬� Ì � D E.G ç-è á�î (5.69)

Note, we canalsolook at the combinedeffect of disturbancesandreferencesby selectingåM�ÂÎ �ÐÏ ÑÓÒ .
Measurement noiserejection. Select

â �¿â�¼
,
åÔ� [ , andapply the bound(5.33) to

obtainá�â�¼ ù [ � æB� á û = >¯?BA
RHP-poles,ü�ý á ÷ � �ç ê � â�¼ ÷ ç ê � ¢¬�.� âÃ¼VD E&G ü�ý í ü�ý á î 
 á í ïü�ý [ é Ê � þ Ê � á î (5.70)

wherewe mustassumethat [ hasno RHP-polescorrespondingto RHP zerosor polesin ¢ .
Normally [ is stable.

5.5.2 Input usage

The above provide generalizationsof previous results,but we can also derive somenew
boundsin termsof input usagefrom Theorems5.3and5.4. Thesenew boundsprovidevery
interestinginsights,for example,into the possibility of stabilizingan unstableplant with
inputsof boundedmagnitude.

Thebasisof thesenew boundsis to notethatthetransferfunctionfrom theoutputsto the
inputs,õ î ã , canberewrittenas õ î ã2� ùòñ ¢�� � or õ î ã�� ¢�� � ù . When ¢ is unstable,¢�� �
hasoneor moreRHP-zeros,soit is importantthattheboundsin Theorem5.4canhandlethe
casewhen

å¹� ¢�� � hasRHP-zeros.Otherwise,¢�� � evaluatedat thepoleof ¢ , would be
zeroin a certaindirection,andwe wouldnot deriveany usefulbounds.Hereweassumethat
theweight

âÃÕ
on theinput ó is stableandminimumphase.

Someexamplesof boundsinvolving theinputmagnitudeare(seeFigure5.1).

Disturbancerejection. Apply theequality õ î ãÖ��ù ñ ¢�� � , select
â �äâÃÕ

,
å×� ¢�� � ¢VÉ ,

andusethebound(5.34)to obtainá�âÃÕ õ î ã ¢fÉ � æS� á û = >@?BA
RHP-poles,ü�ý á�âÃÕ � þ Ê �
ó ü�ý á î 
 á ó ïü�ý ¢ � � ¢fÉ�÷ � �çËÊ � ¢ � �é Ê ¢fÉB� D E.G ü�ý á î (5.71)

wherewehaveusedtheidentity ÷ çËÊ � ¢¬�`¢ � � � ¢ � �é Ê .
Referencetracking. Apply theequality õ î ãµ�*ù ñ ¢ � � , select

â �²âÃÕ
,
åÂ� ¢ � � Ì , and

usethebound(5.34)to obtainá�âÃÕ õ î ãÍÌ � æB� á�û{= >¯?BA
RHP-poles,ü�ý á�âÃÕ � þ Ê �
ó ü�ý á�î 
 á ófïü�ý ¢ � � Ì ÷ � �çËÊ � ¢ � �é Ê Ì � D E&G ü�ý á�î (5.72)
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Measurementnoiserejection. Apply theequality õ î ã	��ù ñ ¢ � � , select
â � âÃÕ

,
åØ�¢ � � [ , andusethebound(5.34)to obtainá�âÃÕ õ î ã [ � æS� á�û{= >@?BA

RHP-poles,ü�ý á�â¾Õ � þ Ê �
ó ü�ý á�î 
 á óAïü�ý ¢ � � [m÷ � �çËÊ � ¢ � �é Ê [�� DHE.G ü�ý á�î (5.73)

Note,we canalsolook at thecombinedeffect of thethreeabove by using(5.34)with
â �âÃÕ

and
åM� ¢ � �ÇÙ ¢VÉ Ì [ÛÚ .

Simplified lower boundon Ü$ÝÖÞ/Ásß�à^á/Ü$â . Twousefulsimplifiedlowerboundson
á õ î ã � æS� ápû

(which will be usedin Chapter6) caneasilybe derived. First, apply the equality õ î ã×�ùòñ ¢ � � , select
â � ø , åÂ� ¢ � � , andusethebound(5.34)to obtainá õ î ã � æS� á û = >@?BA

RHP-poles,ü�ý á ó ïü�ý ¢ � � ÷ � �çËÊ � ¢ � �é Ê � D E&G ü�ý á î �ná ó ïü�ý ¢ � �E ê D E&G ü�ý á î (5.74)

wherethelastidentity follows from ÷ çËÊ � ¢ � �é Ê � � ÷ çËÊ � ¢ � � � � ÷ ü ê � ¢¬� .
Similarly, weobtainfrom (5.33),with

â � ¢�� � and
åM� øá õ î ã � æB� á û = >¯?BA

RHP-poles,ü�ý á ÷ � �ç ê � ¢ � �é'ê �`¢ � � D E.G ü�ý í ü�ý á î �ná ¢ � �E Ê D E.G ü�ý í ü�ý á î (5.75)

wherethelastidentity follows from ÷ ç ê � ¢�� �é'ê � � ÷ ç ê � ¢�� � � � ÷ ü9Ê � ¢¬� .
5.6 Two degrees-of-freedomcontrol

For a 2-DOF controllertheclosed-looptransferfunction from referencesãä to outputsë � �â ü � ífe ä � becomes â�¼ � ã ¢�õ � eªøª� Ì (5.76)

Wethenhave thefollowing “special” lowerboundon this transferfunction.

THEOREM 5.9. Considera plant ¢ with [ ç = �
RHP-zeros ë�ì and [ ü =�\

RHP-polesþ Ê K �� . Let theperformanceweight
â�¼

beminimumphaseand let (for simplicity)
Ì

be
stable. Assumethat theclosed-looptransferfunction

â�¼ � ã ¢�õ � e ø`� Ì is stable. Thenthe
following lowerboundon

á�â�¼ � ã ¢�õ � eªø`� Ì � æB� ápû applies:á�â�¼ � ã ¢�õ � eCø`� Ì � æB� á�û{= >@?BA
RHP-zerosç�è in C á�â�¼ � ë�ìB�-í ç�è á�î 
 á í ïç-è ÌJé Ê � ë�ìS� á�î (5.77)

Thebound(5.77)is tight if theplanthasoneRHP-zero ë . Define] � æS� � ÷ � �ç ê � ¢¬��åHøfe â � �¼ � æS� â�¼ � ë/�
í ç íÁïç ÌJé Ê � ë/� Ì � �é Ê � æS�&æ (5.78)] � æB� is stablesincethe RHP-zero for æ � ë in øçe â � �¼ � æS� â�¼ � ë/�
í ç í ïç ÌJé Ê � ë/� Ì � �é Ê � æS�
cancelsthe RHP-pole for æ � ë in ÷(� �ç ê � ¢¬� . One pair of controllers õ � and õ î which
achievethelowerbound(5.77),aregivenby

õ � � _ � � � æS�^] � æS� with (5.79)_ � æB� � ÷ � �ç ê � ¢s��å â � �¼ � æB� âÃ¼ � ë/� å¸a ÷ � �ü ê � ¢s� DFE.G ç ¢ E ê7é Ê � ë/�
÷ çËÊ � ¢ E ê �&æõ î �
Thecontroller givenin Theorem5.5,minimizing

á�â�¼Nã ¢ � æB� á�û (5.80)
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where
åba*� í ç í ïç gUh îa i a i ïa and h a*è¥\

.

Note that this bounddoesnot follow directly from Theorems5.1–5.4.Theboundin (5.77)
shouldbe comparedto the following boundfor a 1-DOF controller (which follows from
Theorem5.1,assumingthat

âÃ¼
is minimumphase).á�â�¼NãÍÌ � æS� ápûÄ= >@?BA

RHP-zerosç-è in C á�â�¼ � ë�ìS��í ç-è á�î 
 á íÁïç�è Ì ÷ � �çZÊ � ÷ ü ê � ¢¬� Ì � D E.G ç�è á�î (5.81)

Weseethatfor the2-DOF controlleronly theRHP-zerosposelimitations.

5.7 Example

In thissectionweconsiderthefollowing multivariableplant ��´�'W«���Äé£ê t !ê t � ë�ì�í , ê�î ,ê t �ê t !ìËí , ê�î , ï ðòñ with ó �²ô�õ÷ö and ø �Öô
Theplant � hasonemultivariableRHP-zero ó �	ô$õ÷ö andoneRHP-pole ø �}ô . Theinput andoutput
zerodirectionscorrespondingto theRHP-zero ó �Öô$õ÷ö areù ! �Äé ïú ðòñ û ! �Äé ú õcüBý ïú õcþBô ÿ ð
andtheinputandoutputpoledirectionscorrespondingto theRHP-pole ø �Öô areù � �Äé ú õcü9ÿBöú õcþSô9ü ðòñ û � �Øé ïú ð
WefactorizetheRHP-pole ø at theoutputof theplant,i.e. �´�'W«�"� ��� ,� v �'����� ê vB�'W«� where��� v������"�Øé ê � �ê�î � úú ï ð and � ê vB�'W«���¡é	ê � !ê�î � ë ìËí , ê�î ,ê�î �ê � !ì�í , ê�î , ï ð
First,weconsiderto find acontrollerwhichstabilizestheplantandminimizesthepeakin thesensitivity
function,i.e. minimizes Q9T �'WX� QZY . Fromthelowerbound(5.31),with R � �

and ��� �
, wefindQ9T �'W«� Q Y�� Q û �! � � ,� v �'����� ê � ! Q
	 � ���� Î ú õcüSý ï ú õcþSô ÿ�Ò1é þ úú ï ð ���� 	 �Öü$õ���9þ ï

Next, weuseTheorem5.5(with R � �
and ��� �

) to find thecontrollerwhichminimizes Q9T ��WX� Q Y .
Weget � ì � û ! û �!���� 	ì�� ì ù �ì with

� ì � ï ú � 	 ñ � ì � é ú õ ï üSÿ ú õcü��$öú õcü��$ö ú õcÿ��Bô ð� �²� ì � � ,� v �'�(��� ê � ! � é ï õ÷ô�� ï ú õcü��$öü$õ ï ú ü ú õcÿ��Bô ð
FactorizingtheRHP-zerofor W� ó in

� ë ��� v��'�(� � at theoutputyields

� �'W«���� �� ë ô ï õ ï ý9ö ú õcüSô��ë ú õ ï ü9ü ë ú õ÷ô���ô ë ú õcü���öë ï õ÷ô ï ô ë ü�õ ï ú ü ú õ ï ü9ÿ
� 
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Onebalancedminimalstate-spacerealizationof ! 	 is

! 	 �'WX�1�Ö� � ,ê �)v � � � , �'WX�"��
�� ë ï ú ï ÿ9ÿ$õ� ë ý9ö�õ�Bþú ü ú � ë ï ô9ô�õ#�ô ú ü ë �Bö ú ÿ ô�� ú ö

� 

Notethelargegainin thecontroller(largeelementsin the $ matrix). Thereasonis thesmallvalueof� ì � ï ú � 	 , � ì mustbesmallto getthe % Y -normof T closeto thelower bound.With this controller
weobtain Q9T �'W«� Q Y �Öü$õ���9þ ï
Note,it is notsurprisingthatwegetlargegainsin thecontroller(andlargeinputusage)sincenoweight
hasbeenputon thetransferfunction ! 	 T .

Let us insteadconsiderto minimize the input usage,i.e. to minimizethe % Y -normof ! 	 T . We
have two lower boundson Q�! 	 T �'W«� Q Y , but they areidenticalsincetheboundsaretight. First we use
theequality ! 	 T � ±¸© � � , andthelowerbound(5.34)with R � �

and � �»� � , , to obtain7

Q�! 	 T �'W«� QZY � Q ù �� � � , � � ,!.% �'� � ,� % ��� ê � � Q 	 � Q ù �� � � ,ê v � ø � Q 	 �Öü$õ ú ý9ý
Thesecondboundfollows by using ! 	 T �£� � , ± , andthelower bound(5.33)with R �<� � , and��� �

. Weobtain8

Q�! 	 T ��WX� QyY � Q � � ,! v ��� � ,�)v �/� � , � ê � � û � Q 	 � Q � � ,ê % � ø � û � Q 	 �²ü$õ ú ý9ý
By usingTheorems5.7 and5.8 we canderive two controllerswhich minimizes Q�! 	 T �'W«� Q Y . From
Theorem5.8with R � �

and � �»� � , , weget� �'W«���²� ì � � ,!.% �'����� ê � ��& � % � ø � & � ,� % �'W«� ñ where & �Ö� � ,� % and � ì � ù � ù ������ 	ì�� ì � �ì
With

� ì � ï ú �(' we obtain one stablecontroller minimizing the % Y -norm of ! 	 T . A balanced
minimalstate-spacerealizationof thiscontrolleris givenby

! 	 ��WX� �� �� ë ï ú ú õ ú ï � úë ú õ ú9ú ô ë ú õ#�Sô ü úú õ ú ï ü ë ï õ�BþSö ú � 

With thiscontrollerthe % Y -normof ! 	 T becomesQ�! 	 T �'W«� Q Y �Öü$õ ú ý9ý
It is worthnotingthat:

1) Thereis no feedbackfrom û 	 , andthereasonis thattheunstablemodeø is not observablein û 	(seethepoledirection û � ).2) The first columnof the $ matrix in the state-spacerealizationof the controller is a constant
scalartimestheinputpoledirection ù � .

7We usethefollowing relations:) !.%+*-,�� ,� %/.10 ) � v *2, . and
, � , ) � ,� v *2, .10 ,�� ,ê v . Thefirst, followssincethe

input factorizationof RHP-zerosin
,

doesnot changetheoutputpoledirections.
8Weusetherelations:) ! v *-, � ,�)v .30 ) �Z% *2, . and ) � ,�y% *-, . , � , 0 , � ,ê % .
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3) Wehavethat Q ù �� ! 	 T û � �'W«� Q Y � Q�! 	 T �'W«� Q Y
Thatis, theworstcaseinputdirectionof ! 	 T is û � , andtheworstcaseoutputdirectionof ! 	 T
is ù � . For all othercombinationsof directionsthegainof ! 	 T is lessthan Q�! 	 T �'WX� QZY for this
particular! 	 .

4) Since the lower bound is tight for the controller minimizing ! 	 T �'W«� and 45 � ! 	 T �76�8 �����Q�! 	 T �'W«� QZY , 9 8 we find that for sinusoidalmeasurementnoisewith direction û � and mag-
nitudelargerthan ï�: Q�! 	 T �'WX� QZY causestheinputmagnitudeto exceed; ï , i.e. Q ù QZY�< ï for= �?>&��� û � = ìA@/BDC �2EF>&� , = ì < ï�: Q�! 	 T �'W«� QZY � ï�: ü$õ ú ý9ý(� ú õcüBô9ö ú

5) The largegain in thecontrollerwhich we obtainedby minimizing Q9T �'W«� Q Y , disappearswhen
weminimize Q�! 	 T �'WX� Q Y .

6) A minimal realizationof theclosed-looptransferfunction ! 	 T containsonly onestateandthe
modeis G � ë ô (themirror imageof theunstableopen-looppole ø ). Theclosed-looptransfer
function ! 	 T hasa RHP-zerofor WÐ�Öô (at thelocationof theunstableopen-looppole ø �Öô ).

7) As
� ìFH ú

wegettheconstantfeedback

! 	 �Øé ë ú õ#�Sô9ü úë ï õ�BþBö ú ð � � ù � û �� ñ where
� � ï õ#�Sô ú

whichyields Q�! 	 T �'WX� QZY �²ü$õ ú ýSý .
8) We canalsousethe relation ! 	 T �Û� � , ± andTheorem5.7 to find analternative controller.

FromTheorem5.7with R �»� � , , ��� �
and

� ì � ï ú �I' wegetthecontroller

! 	 ��WX�"�� �� ë ï ú ú õ ú ï úë ú õ ú9ú þ ë ú õ#�Sô ü úú õ ú9ú � ë ï õ�BþSö ú � 
whichyields Q�! 	 T �'WX� QËY �Öü$õ ú ý9ý

By reducing
� ì wegetthesameconstantfeedbackasabove.

At theendwe considerreferencetracking,andapplyTheorem5.9 to illustratethebenefitof a ô -
DOF controllerwhenthe plant is unstable.We assumeÑÂ� �

andapply the following performance
weight RKJ �'WX�"�LE J ��WX�NM � ñ with E J �'WX�"� W : & � 8POQW ñ & �Öô and 8 OQ � ú õ÷ö
Theweight E J for theweightedsensitivity RRJ T , meansthatwe require Q9T �'WX� QZY lessthan ô (which
we know cannot befulfilled), andwe requiretight controlup to a frequency of about

ú õ÷ö [rad/s]. We
first considerï -DOF controlandform thelowerbound(5.69)with ÑÖ� �

. WegetQ9RKJ"T �'W«� Q Y � Q9RRJ � ó � û ! Q 	 M Q û �! � � ,� v ������� ê � ! Q 	 � ú õ÷ýSMXü$õ���9þ ï �²ô�õ��ô ÿ��
FromTheorem5.5with

� ì � ï ú � 	 wefind thefollowing controllerwhichachievesthelowerbound

! 	 �'WX�"��
�TTTT�

ú ú ú ë �$ô�õcü ï ï �$õcþ9üú ú ú ú õ ï ô ï ú õcü ú ýú ú ë ï ú ë ï ö ï � ú õ÷ö9öë ö�õ ï ý�� ë ú õcüSô9ÿ ú ô ï ÿ$õ÷ö ë ÿSý�õ÷ö ÿ��ö�õ÷ô ÿ ë ú õ ú üSÿ ë ï �Bô�õ÷ý ë �����$ý ï ÿ�� ï
�VUUUU 
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Thethreestatesin thecontrollerarethetwo integratorsin theperformanceweightsandthestablemode
in � � ,ê �)v . The % Y -normof theweightedsensitivity becomesQ9RRJ T �'W«� Q Y �Öô$õ��ô ÿ��

Next, weconsiderô -DOF controlandfrom Theorem5.9with ÑÖ� �
, wefindQ9RRJ � T � ! , ë � � QZY � ú õ÷ý

First, we constructthecontroller ! 	 which minimizes QSRKJ T �´�'W«� Q Y . Fromthe lower bound(5.31)
with R � RKJ and ���²� , weobtainQ9RRJ T �j�'W«� QZY � Q9RKJ � ó � û ! Q 	 M Q û �! ��� % � ó � Q 	 � ú õ÷ýSM«ý�õ��ô9ý9ÿ0�²ö�õ ï þ9þSö
The controllerwhich achievesthis lower boundon Q9RRJ T �j��WX� Q Y , is given in Theorem5.5. WithR � RKJ , ��� � and

� ì � ï ú � 	 , we obtain: & � ��� v��'�(�)� � � ê v , & � % � � ê v�� % and� �°� ì � � ,� v ������� ê � ! � ê v.� % � ó �)� � ,ê v�� % . A balancedminimal state-spacerealizationof the feedback
controller ! 	 (5.80)is givenby

! 	 �'W«�"��
�TTTT�

ú ú ú �Bÿ ë ï þú ú ú ú úú ú ë ï ú ë ÿ úú ú ú ú úë öSô ú ÿ ë ô���ö ÿ þ9ÿBö
� UUUU ñ whichgives Q9RRJ T �´�'WX� Q Y �Öö�õ ï þSþSö

A minimal state-spacerealizationof the feed forward controller ! , (5.79) from Theorem5.9 withÑÖ� �
, is givenby

! , ��WX� �� �TT� ú ú ��ÿ ë ï þú ú ú úú ú ú úë ö9ô ú ë ô����9ü þ9ÿSö
� UU 

The % Y -normof theclosed-looptransferfunctionfrom referencesto theweightedoutputsRRJ � û ë"W �
with the ô -DOF controller ! � Î ! , ë ! 	 Ò isQ9RRJ � T � ! , ë � � Q Y � ú õ÷ý

We have demonstratedthe useof someof the lower bounds,andwe have constructed
controllerswhich achieve the lower boundsfor the plant ¢ . For further detailsregarding
the usefulnessof the lower boundsin engineeringapplications,the readershouldconsult
Chapter4.

5.8 ConclusionX We have derivedtight lower boundson closed-looptransferfunctionsvalid for multi-
variableplants.Theboundsareindependentof thecontrollerandthereforereflectsthe
controllabilityof theplant.X The boundsextendandgeneralizethe resultsby Zames(1981),Doyle et al. (1992),
SkogestadandPostlethwaite(1996)andtheresultsgivenin Chapter3, to alsohandle
non-minimumphaseandunstableweights.This allowsusto derivenew lowerbounds
on inputusagedueto disturbances,measurementnoiseandreferencechanges.



116 CHAPTER5. ACHIEVABLE
�KY

-PERFORMANCE.. .

X Thenew lowerboundson input usagemake it possibleto quantifytheminimuminput
usagefor stabilizationof unstableplantsin the presenceof worst casedisturbances,
measurementnoiseandreferencechanges.X It is provedthatthelowerboundsaretight, by derivinganalyticalexpressionsfor stable
controllerswhichachievesan

�KY
-normof theclosed-looptransferfunctionsequalto

thelowerboundfor largeclassesof systems.X Theorem5.9expressesthebenefitof applyinga
�
-DOF controllercomparedtoa

�
-DOF

controllerwhentheplantis unstableandhasa RHP-zero.
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Appendix A Proofsof the results

A.1 Proof of interpolation constraintson Z\[ and ]^[
Proofof (5.27).Fromthedefinitionof inputzerodirectionwehave _a` ócb ùIdfe ú

. Considerg �3hi ` ó�b ù(dfe ` � � ! 	 _^` ó�b/b ùIdfe2ù(d � ! 	 _a`'ó�b ù(dj kml n� ì e�ùId
which implies

g i ` ócb ù(d�e�ùId . From o i e � ë g i it follows that o i ` ócb ùIdfe2ù(d ë g i ` ócb ùIdfe ú
. p

Proof of (5.29). Dueto internalstability ! 	 cannot canceltheRHP-poleat q e ø in _ , sothesquare
matrix r i e ! 	 _ hasa RHP-poleat q e ø , andif we assumethat r i hasno RHP-zeroat q e ø , thenr �1hi ` øsb existsandthe input pole directionis givenby ù �t r �1hi ` øsb e ú

. Since o i is stable,it hasno
RHP-poleat q e ø , so o i ` ø(b is finite. It thenfollows from

g i e r �3hi o i thatù �t g i ` øsb e2ù �t r �1hi ` øsbj kml n� ì o i ` øsb e ú
andfrom o i e � ë g i that ù �t o i ` ø(b eµù �t ë ù �t g i ` ø(b e2ù �t . p
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A.2 Proof of Theorems5.1–5.4

Proofof Theorem5.1. Weprove(5.31)by applyingthesix stepsgivenin Section5.3.1.

1) Factorout RHP-zerosin v gxw
: RHP-polesin _ appearsasRHP-zerosin

g
(5.28). Factoroutg e�yg{z t}| `~_Ab to obtain

v gxw `�q�b e z d | `~v�b�vK� | yg�z t�| `~_�b we z d | `~v�b�vK� | yg ` z t�| `�_Ab w b+���j kml n�������1�?� z d ��` z t�| `~_�b w b
v gxw

is stableby assumption. From the assumptionon internal stability it follows that
g

is stable(if one closed-looptransferfunction is stablethen internal stability implies that all
the otherclosed-looptransferfunctionsarestable). Thenit is only the RHP-zerosin

g
which

cancancelRHP-polesin
w

and v . So, factorizingthe zerosin �N� of v doesnot introduce
instability in `~v gxw b+� , sincenoneof thesecancelunstablemodesin

g
or
w

. Similarly, we
canfactorizethe zerosin ��� of

w
. However, whenfactorizingthe zerosin

g
we mustavoid

factorizingthezeroswhich cancelpolesin �N� of
w

. Otherwise,̀~v gxw b/� becomesunstable.
By factorizingonly the zerosin a minimal realizationof

z t�| `~_�b w we accomplishthis. By
assumptionnoneof themodesin ��� of v cancelagainstthezerosin

g
dueto polesin _ . It

thenfollows that `~v gxw b/� is stable.
2) Introduce�1`~q�b e ��������������}  h/¡ ��� � ���}  h£¢(¤h `~v g¥w b+� ¢(¦ , then§ v gxw `~q�b §�¨ e § `~v gxw `~q�b©b+� §
¨«ª¬§ �1`~q�b §
¨
3) Apply themaximummodulustheoremto �1`~q�b at theRHP-zeros�® of _§ �1`~q�b § ¨ ª¬¯ �1`°m®�b ¯
4) Resubstitutethefactorizationof RHP-zerosin

g
, i.e. use yg e g±z�² ht�| `~_�b

�3`~�®�b e �������� � ����  h/¡ ��� � �³�m  h£¢ ¤ h vK� | g�z ² ht�| `~_Abs` z t}| `~_�b w b+��� ¯ ´   d+µ ¢s¦e ���������������  h/¡ ��� � �³�m  h£¢ ¤ h vK� | g^wKz ² hd � ` z t�| `~_�b w b ¯ ´   d µ ¢(¦
5) Usetheinterpolationconstraintfor RHP-zerosm® in _ , i.e. use¶ ¤d µ g `°m®�b e ¶ ¤d µ�3`~�®�b e ���������������  h/¡ ��� � ���}  h¥¢ ¤ h vK� | gaw�z ² hd � ` z t�| `~_�b w b ¯´   d µ ¢(¦ª �������� � ����  h/¡ ��� � ���}  h ¢ ¤ h vK� | ¶ d+µ ¶ ¤d³µ g�w·z ² hd � ` z t�| `�_Ab w b ¯ ´   d µ ¢s¦e �������� � ����  h/¡ ��� � ���}  h¥¢ ¤ h vK� | ¶ d µ ¶ ¤d µ wKz ² hd � ` z t�| `~_�b w b ¯´   d³µ ¢(¦
6) Evaluatethelowerbound§ v gxw `~q�b § ¨ ª¬¯ �1`°m®�b ¯cª¬§ v·� | `~�®�b�¶ d µ § ¦¹¸ § ¶ ¤d µ wAz ² hd � ` z t}| `~_Ab w b ¯ ´   d³µ § ¦

Sincethesestepsapplyto all RHP-zerosin _ , thebound(5.31)follows. p
Proofof Theorem5.2.
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1) Factorout RHP-zerosin v g i w : RHP-polesin _ appearasRHP-zerosin
g i (5.29).Factoroutg i e z t �m`~_�b yg i to obtainv g i w `�q�b e v z t �/`�_Ab yg i w ��� z d �©` w be z d | `�v z t �©`~_Ab/bA`~v z t �/`~_�b/b+� | yg i w ���j kml n���º��»����¼� z d �©` w b

v g i w is stableby assumption,andfrom internalstability it follows that
g i is stable. Then

we canfactorizethe zerosin ��� of
w

without introducinginstability in `~v g i w b+� , andwe
avoid factorizingRHP-zerosin

z t �©`�_Ab which cancelRHP-polesin v by factorizingthezeros
of v z t �/`~_�b . By assumption,noneof themodesin ��� of

w
cancelagainstthezerosin

g i due
to polesin _ . It thenfollows that `~v g i w b+� is stable.

2) Introduce�1`~q�b e ��������������}  h/¡ ��� � ���}  h£¢(¤h `~v g i w b+� ¢s¦ , then§ v g i w `~q�b §�¨ e § `~v g i w `~q�b/b+� §
¨�ª�§ �1`~q�b §
¨
3) Apply themaximummodulustheoremto �1`~q�b at theRHP-zeros�® of _§ �1`~q�b § ¨ ª¬¯ �1`°m®�b ¯
4) Resubstitutethefactorizationof RHP-zerosin

g i , i.e. use yg i e z�² ht � `�_Ab g i�1`°m®�b e �������� � ����  h©¡ ��� � �³�}  h£¢ ¤ h `~v z t �/`~_�b/b+� | z ² ht � `~_Ab g i w ��� ¯ ´   d µ ¢s¦e �������� � ����  h©¡ ��� � �³�}  h£¢ ¤ h z ² hd | `~v z t �/`�_Ab/b½v g i w ��� ¯¾´   d³µ ¢s¦
5) Usetheinterpolationconstraintfor RHP-zerosm® in _ , i.e. use

g i `°�®�b�¿ d µ e ¿ d µ�3`~�®�b e ���������������  h/¡ ��� � ���}  h¥¢ ¤ h z ² hd | `~v z t �/`~_Ab©b½v g i w ��� ¯´   d µ ¢(¦ª �������� � � �   h/¡ ��� � � �   h¥¢ ¤ h z ² hd | `~v z t �/`~_Ab©b½v g i ¿ d µ ¿ ¤d+µ w ��� ¯ ´   d+µ ¢s¦e ���������������  h/¡ ��� � ���}  h¥¢ ¤ h z ² hd | `~v z t �/`~_Ab©b½vÀ¿ d µ ¿ ¤d µ w ��� ¯ ´   d³µ ¢s¦
6) Evaluatethelowerbound§ v g i w `~q�b § ¨ ªÁ¯ �1`°�®�b ¯cª¬§ z ² hd | `~v z t �/`~_�b/b½v ¯ ´   d+µ ¿ d µ § ¦�¸ § ¿ ¤d µ w ���©`~�®�b § ¦

Sincethesestepsapplyto all RHP-zerosin _ , thebound(5.32)follows. p
Proofof Theorem5.3.

1) Factorout RHP-zerosin vÂo w : RHP-zerosin _ appearasRHP-zerosin o (5.26). Factorouto e z d | `�_Ab yo to obtainvÂo w `�q�b e v z d | `�_Ab yo w ��� z d �©` w be z d | `~v z d | `~_Ab/bA`~v z d | `~_Ab©b+� | yo w ���j kml n����ÃÄ�N�?� z d �©` w b
vÂo w is stableby assumption,and from internal stability it follows that o is stable. Then
we can factorizethe zerosin ��� of

w
without introducinginstability in `~vÅo w b+� , andwe

avoid factorizingRHP-zerosin
z d | `~_Ab which cancelRHP-polesin v by factorizingthezeros

of v z d | `~_�b . By assumption,noneof themodesin �1� of
w

cancelagainstthezerosin o due
to zerosin _ . It thenfollows that `~vÅo w b+� is stable.
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2) Introduce�1`~q�b e ������������ �   h/¡ ��� � � �   h£¢(¤h `~vÂo w b/� ¢(¦ , then

§ vÂo w `~q�b §�¨ e § `~vÅo w `~q�b©b+� §�¨�ª¬§ �1`~q�b §
¨
3) Apply themaximummodulustheoremto �1`~q�b at theRHP-polesÇI� of _§ �3`�q�b §�¨�ªÁ¯ �1`VÇI��b ¯
4) Resubstitutethefactorizationof RHP-zerosin o , i.e. use yo e z�² hd | `~_Ab�o

�1`VÇ(�~b e ����������
����  h©¡ ��� � ����  h ¢ ¤ h `~v z d | `~_�b/b+� | z ² hd | `~_Ab�o w ��� ¯´   t
È ¢(¦e ����������
����  h©¡ ��� � ����  hÉ¢ ¤ h z ² hd | `�v z d | `�_Ab/b½vÀo w ��� ¯ ´   t È ¢s¦
5) Usetheinterpolationconstraintfor RHP-polesÇ(� in _ , i.e. useo{`VÇI�°b�¶ t
È e ¶ t�È

�3`ÊÇI��b e �\������ � ����  h/¡ ��� � ����  h¥¢ ¤ h z ² hd | `~v z d | `~_�b/b½vËo w ��� ¯ ´   t È ¢(¦ª �\�������������  h/¡ ��� � ����  h ¢ ¤ h z ² hd | `~v z d | `~_�b/b½vËoF¶ t È ¶ ¤t È w ��� ¯´   t�È ¢s¦e �\�������������  h/¡ ��� � ����  h¥¢ ¤ h z ² hd | `~v z d | `~_�b/b½vÌ¶ t�È ¶ ¤t È w ��� ¯ ´   t È ¢(¦
6) Evaluatethelowerbound§ vÅo w `~q�b §�¨�ªÁ¯ �1`VÇI��b ¯cª¬§ z ² hd | `~v z d | `~_�b/b½v ¯ ´   t�È ¶ t È § ¦ ¸ § ¶ ¤t È w ����`VÇI�°b § ¦

Sincethesestepsapplyto all RHP-polesin _ , thebound(5.33)follows. p
Proofof Theorem5.4.

1) Factorout RHP-zerosin vÂo i w : RHP-zerosin _ appearasRHP-zerosin o i (5.27).Factorouto i eÍyo i z d ��`~_Ab to obtain

vÂo i w `~q�b e z d | `~v�b�vK� | yo i z d �©`~_�b we z d | `~v�b�vK� | yo i ` z d �©`�_Ab w b+���j kml n����Ã » �1�?� z d ��` z d �©`~_�b w b
vÂo i w is stableby assumption,andfrom internalstability it follows that o i is stable. Then
we canfactorizethe zerosin �N� of v without introducinginstability in `~vÂo i w b+� , andwe
avoid factorizingRHP-zerosin

z d �©`~_�b whichcancelRHP-polesin
w

by factorizingthezerosofz d ��`~_Ab w . By assumption,noneof themodesin �N� of v cancelagainstthezerosin o i dueto
zerosin _ . It thenfollows that `~vÂo i w b+� is stable.

2) Introduce�1`~q�b e ��������������}  h/¡ ��� � ���}  h ¢(¤ h `~vÂo i w b+� ¢s¦ , then

§ vÂo i w `~q�b § ¨ e § `~vÅo i w `�q�b/b/� § ¨ ª¬§ �1`~q�b § ¨
3) Apply themaximummodulustheoremto �1`~q�b at theRHP-polesÇI� of _§ �3`�q�b §�¨�ªÁ¯ �1`VÇI��b ¯
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4) Resubstitutethefactorizationof RHP-zerosin o i , i.e. use yo i e o i z�² hd � `~_Ab�1`VÇI�~b e �\������ � ����  h/¡ ��� � ����  h¥¢ ¤ h v·� | o i z ² hd � `~_�b(` z d �©`~_�b w b+��� ¯ ´   t
È ¢(¦e �\�������������  h/¡ ��� � ����  h ¢ ¤ h v·� | o i wKz ² hd � ` z d �©`�_Ab w b ¯ ´   t È ¢s¦
5) Usetheinterpolationconstraintfor RHP-polesÇ(� in _ , i.e. use¿ ¤t È o i `VÇ(�°b e ¿ ¤t È�1`VÇ(�~b e ���������������  h/¡ ��� � ���}  h¥¢ ¤ h vK� | o i wKz ² hd � ` z d �©`~_�b w b ¯ ´   t È ¢s¦ª �������� � ����  h/¡ ��� � ���}  h¥¢ ¤ h vK� | ¿ t È ¿ ¤t È o i wÎz ² hd � ` z d �©`~_�b w b ¯ ´   t�È ¢s¦e ������������ �   h/¡ ��� � � �   h¥¢ ¤ h vK� | ¿ t È ¿ ¤t È w�z ² hd � ` z d �©`~_Ab w b ¯ ´   t È ¢(¦
6) Evaluatethelowerbound§ vÂo i w `�q�b § ¨ ªÁ¯ �3`ÊÇI��b ¯cª¬§ vK� | `VÇ(�~b�¿ t È § ¦¹¸ § ¿ ¤t È wAz ² hd � ` z d ��`~_Ab w b ¯ ´   t
È § ¦

Sincethesestepsapplyto all RHP-polesin _ , thebound(5.34)follows. p
A.3 Proof of Theorems5.5–5.8

Proof of Theorem5.5. It follows that Ï hasno polesin �N� , since v ² h� | and Ð ² h��� have no polesin�N� , andtheremainingmatricesareconstantandfinite. ConsiderÑ±Ò z t�| `~_Ab�Ïº`~q�b , at q e  we haveÏ�`~�b e wÔÓ�z ² ht}| `~_�b ¯ ´   dÕ¶ ¤d `2Ñ±Ò z t�| `~_�b ¯ ´   d wÄÓ(z ² ht�| `�_Ab ¯ ´   d b e Õ¶ ¤d z t}| `~_�b ¯ ´   d `2ÑAÒ wÄÓ b z ² ht�| `�_Ab ¯ ´   de Õ¶ ¤d z t}| `~_�b ¯ ´   d `³Ö×ÒRØ ¦Ó bÔÙ Ó Ù ¤Ó z ² ht�| `~_Ab ¯ ´   d
Since Ù Ó Ù ¤Ó hasrank Ú�ÒKÖ , andthesingulardirectionsbothat theinputandat theoutputof Ù Ó Ù ¤Ó are¶ d , it follows that Ñ±Ò z t�| `~_�b�Ïº`~q�b hasa RHP-zerofor q e  with outputdirectionÕ¶ d�e z ² ¤t}| `~_Ab ¯ ´   d ¶ d�Û § z ² ¤t�| `�_Ab ¯ ´   d ¶ d § ¦
Wefind thatthis is theoutputdirectionof theRHP-zero  in _ ´ | (thatis theplant _ with theRHP-poles
factorizedat theoutput).Wecannow writeÑ�Ò z t�| `~_�b�Ïº`~q�b e z d | `~_ ´ | b�Ü�`~q�b
SinceÑÄÒ z t�| `~_AbÝÏ�`�q�b hasnopolesin �N� and

z d | `~_ ´ | b is stable,it followsthat Ü^`�q�b e z ² hd | `~_ ´ | bs`-ÑÔÒz t}| `~_Ab½Ï�`~q�b/b hasno polesin ��� . Thatis, in a minimal state-spacerealizationof Ü theRHP-poleforq e  in
z ² hd | `~_ ´ | b cancelstheRHP-zerofor q e  in ÑAÒ z t�| `~_�b�Ï�`�q�b . Weobtainr e _ßÞ ¦ e z ² ht�| `~_Ab z d | `~_ ´ | b�Ü·Ï ² h `~q�be z ² ht}| `~_�bS`2Ñ±Ò z t�| `~_�b�Ïº`~q�b©b�Ï ² h `~q�b e z ² ht�| `~_�b�Ï ² h ÒKÑg e `2ÑfàárÉb ² h e Ï z t�| `�_Ab e v ² h� | `~q�bÝv ² h� | `~�b wÄÓIz ² ht�| `~_Ab ¯¾´   d ÐR����`°�b½Ð ² h��� `~q�b z t}| `~_�b

It follows that
g

hasnopolesin �N� since Ï hasnopolesin ��� and
z t�| `�_Ab is stable.Consider

v gxw `~q�b e vâ`�q�b/v ² h� | `~q�b/v·� | `°�b wÄÓ}z ² ht�| `~_Ab ¯ ´   d ÐR����`°�b/Ð ² h��� `~q�b
ã � ´ �l nmj kz t}| `~_Ab w `~q�be z d | `~väb�v·� | `~�b wÄÓ(z ² ht�| `~_Ab ¯ ´   d ÐR����`°�bj kml n���º���1�?�f� d � z d �©`�ÐÅb (5.82)
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We have that v gxw
is stable,since

z d | `~v�b and
z d �©`�ÐÅb are stableand `~v gxw b+�{`°�b is constant

(independentof q ). Weobtain§ v gxw `�q�b § ¨ e § `~v g¥w b+�{`~�b § ¨ e § `~v gxw b+�{`°cb § ¦
where `~v gxw b+�{`°�b e v·� | `~�b wÄÓ(z ² ht�| `~_Ab ¯ ´   d ` z t}| `~_Ab w b+��� ¯ ´   de v·� | `~�b wÄÓ(z ² ht�| `~_Ab ¯ ´   d z t�| `�_Ab ¯ ´   d w�z ² hd � ` z t}| `~_Ab w b ¯ ´   de v·� | `~�b wÄÓ3wAz ² hd � ` z t}| `~_Ab w b ¯ ´   de v·� | `~�b(`2¶ d ¶ ¤d àåØ ¦Ó Ù Ó Ù ¤Ó b wAz ² hd � ` z t�| `�_Ab w b ¯ ´   d
andfor Ø Ó eçæ wehave§ `�v gxw b+�a`°cb § ¦ e § v·� | `°�bc¶ d § ¦�¸ § ¶ ¤d w�z ² hd � ` z t�| `~_�b w b ¯ ´   d § ¦
and èDé �ê}ë}ì Ó § w�g vâ`�q�b § ¨ e § v·� | `°�bc¶ d § ¦ ¸ § ¶ ¤d wßz ² hd � ` z t�| `~_�b w b ¯ ´   d § ¦ p
Proof of Theorem5.6. It follows that Ï hasno polesin �N� , since Ð ² h� | and

w�² h��� hasno polesin�N� , andthe remainingmatricesareconstantandfinite. ConsiderÑ\ÒLÏ z t ��`~_Ab , at q e  we haveÏ�`~�b e zF² ht � `~_�b ¯ ´   d wÔÓ`2Ñ±Ò z ² ht � `~_Ab ¯ ´   d wÄÓ}z t �m`~_Ab ¯ ´   d b Õ¿ d e z ² ht � `~_�b ¯ ´   d `2Ñ±Ò wÄÓ b z t ��`�_Ab ¯ ´   d Õ¿ de z ² ht � `~_�b ¯ ´   d `³Ö×ÒíØ ¦Ó b�Ù Ó Ù ¤Ó z t �m`~_Ab ¯ ´   d Õ¿ d
Since Ù Ó Ù ¤Ó hasrank îïÒLÖ , andthesingulardirectionsbothat theinput andat theoutputof Ù Ó Ù ¤Ó
are ¿ d , it follows that Ñ±ÒRÏ z t ��`~_Ab hasa RHP-zerofor q e  with inputdirectionÕ¿ dSe z ² ht � `~_Ab ¯ ´   d ¿ d�Û § z ² ht � `~_Ab ¯ ´   d ¿ d § ¦
Wefind thatthis is theinputdirectionof theRHP-zero  in _ ´ � (thatis theplant _ with theRHP-poles
factorizedat theinput). WecanwriteÑ�ÒRÏ z t �m`~_Ab e Ü^`�q�b z d �/`~_ ´ ��b
SinceÑÄÒ�Ï z t �/`�_Ab hasnopolesin �N� and

z d ��`~_ ´ ��b is stable,it followsthat Ü^`�q�b e `2ÑÄÒ�Ï z t �/`�_Ab/b z�² hd � `~_Ab
hasnopolesin �1� . Thatis, in aminimalstate-spacerealizationof Ü theRHP-polefor q e  in

zF² hd � `~_�b
cancelstheRHP-zerofor q e  in ÑAÒíÏ z t �©`~_�b . Weobtainr i e Þ ¦ _ e Ï ² h Ü z d ��`~_ ´ ��b z ² ht � `�_Ab e Ï ² h `2Ñ±ÒRÏ z t ��`~_Ab©b z ² ht � `~_�b e Ï ² h z ² ht � `�_Ab1ÒRÑg i e `2Ñßà�r i b ² h e z t ��`~_Ab½Ï�`~q�b e z t �m`~_AbÝÐ ² h� | `~q�b½ÐR� | `~�b z ² ht � `~_Ab ¯ ´   d wÄÓðw ���©`~�b w ² h��� `~q�b
It follows that

g i hasnopolesin �N� since Ï hasnopolesin �N� and
z t ��`~_Ab is stable.Consider

v g i w `~q�b e ã � ´ �l n}j kvâ`~q�b z t ��`~_AbFÐ ² h� | `~q�b½ÐR� | `~�b z t �©`~_�b ¯´   d wÄÓ3w ���/`°cb w ² h��� `~q�b w `~q�be z d | `~Ð¬b×ÐR� | `°cb z ² ht � `�_Ab ¯ ´   d wÄÓ3w ���©`~�bj kml n���º��»
���¼�S� d � z d �©` w b
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We have that v g i w is stablesince
z d | `~Ð¬b and

z d �©` w b arestableandthematrix `~v g i w b/�{`°�b is
constant(independentof q ). Weobtain§ w�g i vâ`~q�b § ¨ e § `~v g i w b+�{`°cb § ¨ e § `�v g i w b+�{`~�b § ¦
where `~v g i w b+�{`°cb e `~v z t ��`�_Ab/b+� | z ² ht � `~_�b ¯ ´   d wÄÓ3w ���/`°cbe z ² hd | `�v z t �m`~_Ab©b½v ¯´   d z t ��`~_Ab ¯¾´   d z ² ht � `~_Ab ¯¾´   d wÄÓ1w ���©`°�be z ² hd | `�v z t �m`~_Ab©b½v ¯´   d wÔÓ3w ����`°�be z ² hd | `�v z t �m`~_Ab©b½v ¯´   d `2¿ d ¿ ¤d àáØ ¦Ó Ù Ó Ù ¤Ó b w ���/`°�b
andfor Ø Ó eçæ wehave§ `~v g i w b/�{`°�b § ¦ e § z ² hd | `~v z t �©`~_�b/b½v ¯ ´   d ¿ d § ¦ ¸ § ¿ ¤d w ���©`°cb § ¦
and èDé �ê ë ì Ó § v g i w `~q�b § ¨ e § z ² hd | `~v z t ��`~_�b/b½v ¯ ´   d ¿ d § ¦ ¸ § ¿ ¤d w ���/`°�b § ¦ p
Proof of Theorem5.7. It follows that Ü hasno polesin ��� , since Ð ² h� | and

w^² h��� have no polesin�N� , andthe remainingmatricesareconstantandfinite. ConsiderÑºÒLÜ z d | `�_Ab , at q e Ç we haveÜ^`°cb e z ² hd | `~_Ab ¯ ´   t wÄÓ
`2Ñ±Ò z ² hd | `~_Ab ¯¾´   t wÄÓ}z d | `�_Ab/b ¯ ´   t Õ¶ t e z ² hd | `~_Ab ¯¾´   t `-ÑAÒ wÔÓ b z d | `~_Ab ¯ ´   t Õ¶ te z ² hd | `~_Ab ¯¾´   t `+Ö×ÒRØ ¦Ó b�Ù Ó Ù ¤Ó z d | `~_�b ¯ ´   t Õ¶ t

Since Ù Ó Ù ¤Ó hasrank Ú�ÒKÖ , andthesingulardirectionsbothat theinputandat theoutputof Ù Ó Ù ¤Ó are¶ t , it follows that Ñ±ÒRÜ z d | `�_Ab hasa RHP-zerofor q e Ç with inputdirectionÕ¶ t e z ² hd | `�_Ab ¯ ´   t ¶ t Û § z ² hd | `~_Ab ¯´   t ¶ t § ¦
Wefind thatthis is theoutputdirectionof theRHP-pole Ç in _ß� | (thatis theplantwith theRHP-zeros
factorizedat theoutput).WecanwriteÑAÒíÜ z d | `~_Ab e Ï z t}| `~_ß� | b
SinceÑ±ÒRÜ z d | `�_Ab hasnopolesin �N� and

z t�| `~_A� | b is stable,it follows that Ï hasnopolesin �N� .
That is, in a minimal state-spacerealizationof Ï the RHP-pole for q e Ç in

z ² ht�| `~_ß� | b cancelsthe
RHP-zerofor q e  in Ñ�ÒñÜ z d | `~_�b . Weobtainr e _ßÞ ¦ e z d | `~_�b z ² ht}| `~_A� | b�Ï ² h Üo ² h e Ñßà�r ² h e Ñßà�Ü ² h `2Ñ±ÒRÜ z d | `~_Ab/b z ² hd | `~_�b e Ü ² h z ² hd | `~_�bo e z d | `~_�b½Ü e z d | `~_AbÝÐ ² h� | `~q�b½ÐR� | `ÊÇ(b z ² hd | `�_Ab ¯ ´   t wÄÓ3w ����`VÇ(b w ² h��� `~q�b
It follows that o hasnopolesin �N� , since Ü hasnopolesin ��� and

z d | `~_Ab is stable.Consider

vÅo w `�q�b e ã � ´ �l nmj kvâ`~q�b z d | `�_AbPÐ ² h� | `~q�b�ÐR� | `VÇsb z ² hd | `~_�b ¯ ´   t wÄÓðw ���©`VÇsb w ² h��� `~q�b w `�q�be z d | `~Ð¬b×ÐR� | `VÇsb z ² hd | `~_�b ¯´   t wÄÓ3w ���/`VÇsbj k}l n����ÃÄ�N�?�f� t �
z d ��` w b
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We have that vÅo w is stablesince
z d | `�ÐÅb and

z d �©` w b arestableandthe matrix `�vÂo w b+�a`VÇsb is
constant(independentof q ). Weobtain§ vÅo w `~q�b § ¨ e § `~vÂo w b/�{`VÇ(b § ¨ e § `~vÂo w b+�{`VÇsb § ¦

`�vÂo w b+�{`VÇsb e `~v z d | `~_�b/b+� | z ² hd | `~_Ab ¯ ´   t wÔÓ1w ���/`VÇ(be z ² hd | `~v z d | `�_Ab/b½v ¯ ´   t z d | `�_Ab ¯ ´   t z ² hd | `�_Ab ¯ ´   t wÄÓ3w ���/`ÊÇ(be z ² hd | `~v z d | `�_Ab/b½v ¯ ´   t wÄÓðw ����`VÇ(be z ² hd | `~v z d | `�_Ab/b½v ¯ ´   t `-¶ t ¶ ¤t àåØ ¦Ó Ù Ó Ù ¤Ó b w ���/`VÇsb
andfor Ø Ó eçæ wehave§ `~vÅo w b/�{`VÇ(b § ¦ e § z ² hd | `~v z d | `~_�b/bÝv ¯´   t ¶ t § ¦ ¸ § ¶ ¤t w ����`VÇ(b § ¦
and èDé �ê}ë}ì Ó § vÂo w `~q�b §�¨ e § z ² hd | `~v z d | `~_�b/b½v ¯´   t ¶ t § ¦ ¸ § ¶ ¤t w ����`VÇ(b § ¦ p
Proof of Theorem5.8. It follows that Ü hasno polesin ��� , since Ð ² h��� and v ² h� ´ | have no polesin�N� , andthe remainingmatricesareconstantandfinite. ConsiderÑºÒ z d �©`�_Ab�Ü , at q e Ç we haveÜ^`VÇsb e wÄÓ(z�² hd � `~_Ab ¯ ´   tÕ¿ ¤t `2Ñ±Ò z d �©`~_�b ¯ ´   t wÔÓsz ² hd � `~_�b ¯ ´   t b e Õ¿ ¤t z d ��`~_Ab ¯ ´   t `2ÑAÒ wÔÓ b z ² hd � `�_Ab ¯ ´   te Õ¿ ¤t z d ��`~_Ab ¯ ´   t½`+ÖPÒRØ ¦Ó b�Ù Ó Ù ¤Ó z ² hd � `~_Ab ¯ ´   t
Since Ù Ó Ù ¤Ó hasrank îïÒLÖ , andthesingulardirectionsbothat theinput andat theoutputof Ù Ó Ù ¤Ó
are ¿ t , it follows that Ñ±Ò z d �©`~_�b�Ü hasa RHP-zerofor q e Ç with outputdirectionÕ¿ t e z ² ¤d � `~_Ab ¯¾´   t ¿ t Û § z ² ¤d � `~_�b ¯ ´   t ¿ t § ¦
We find that this is the input directionof the RHP-pole in _ß��� (that is the plant with the RHP-zeros
factorizedat theinput). WecanwriteÑ±Ò z d �©`~_�b�Ü e z t ��`~_ß����b�Ï
SinceÑ±Ò z d �©`�_Ab�Ü hasno polesin �N� and

z t ��`~_ß����b is stable,it follows that Ï hasno polesin �N� .
That is, in a minimal state-spacerealizationof Ï the RHP-pole for q e Ç in

z�² ht � `�_ß����b cancelsthe
RHP-zerofor q e  in Ñ�Ò z d ��`~_Ab½Ü . Weobtainr i e Þ ¦ _ e Ü�Ï ² h z ² ht � `~_A����b z d �©`�_Abo ² hi e Ñßà�r ² hi e ÑSà z ² hd � `~_Ab(`-ÑAÒ z d ��`~_Ab�Ü±b�Ü ² h e z ² hd � `~_�b�Ü ² ho i e Ü z d ��`~_Ab e v ² h� | `~q�b½v·� | `VÇ(b wÄÓIz ² hd � `~_Ab ¯ ´   t ÐR����`VÇ(b½Ð ² h��� `~q�b z d ��`~_Ab
It follows that o i hasnopoleson ��� , since Ü hasnopolesin �1� and

z d �©`�_Ab is stable.Consider

vÂo i w `~q�b e vâ`~q�b�v ² h� | `~q�b½v·� | `VÇ(b wÄÓ(z ² hd � `~_Ab ¯ ´   t ÐK����`VÇ(b�Ð ² h��� `~q�b
ã � ´ �l nmj kz d �©`~_�b w `~q�be z d | `~v�b�vK� | `VÇsb wÄÓIz ² hd � `�_Ab ¯´   t ÐR���©`ÊÇ(bj k}l n����Ã�»����?�f� t �

z d �©`~Ð¬b
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We have that vÂo i w is stablesince
z d | `~v�b and

z d ��`~Ð¬b arestableandthematrix `~vÂo i w b+�{`VÇsb is
constant(independentof q ). Weobtain§ vÂo i w `~q�b §
¨ e § `~vÂo i w b+�^`VÇ(b §�¨ e § `~vÂo i w b+�{`VÇsb § ¦
where

`~vÂo i w b+�{`VÇsb e vK� | `VÇ(b wÄÓsz ² hd � `~_�b ¯ ´   t ` z d �©`~_�b w b+��� ¯ ´   te vK� | `VÇ(b wÄÓsz ² hd � `~_�b ¯ ´   t z d ��`~_Ab ¯ ´   t wßz ² hd � ` z d �©`~_�b w b ¯ ´   te vK� | `VÇ(b wÄÓ1wßz ² hd � ` z d �©`~_�b w b ¯ ´   te vK� | `VÇ(bI`-¿ t ¿ ¤t àåØ ¦Ó Ù Ó Ù ¤Ó b wAz ² hd � ` z d �©`~_�b w b ¯ ´   t
andfor Ø Ó eçæ wehave§ `~vÂo i w b+�{`VÇsb § ¦ e § vK� | `VÇ(b�¿ t § ¦¹¸ § ¿ ¤t w�z ² hd � ` z d ��`~_Ab w b ¯ ´   t § ¦
and èDé �ê}ëmì Ó § vÅo i w `~q�b § ¨ e § vK� | `VÇ(b�¿ t § ¦¹¸ § ¿ ¤t w�z ² hd � ` z d ��`~_Ab w b ¯ ´   t § ¦ p
A.4 Proof of Theorem5.9

Proofof (5.77).FactorizeRHP zerosof ò at theinput, i.e. ò e òS��� z d �©`°òAb . Then§ vRó¹` g _AÞ h Ò·Ñ½b+ò §}¨ e § vKó�` g _ßÞ h ÒKÑ�b+òS���©`~q�b §
¨
Introducethe scalarfunction �3`�q�b e ¢s¤ h vKó¹` g _ßÞ h Ò�Ñ½b+òS��� ¢s¦ which is analytic(stable)in RHP

sincetheclosed-loopsystemis stable.Wewantto choose¢ h and ¢(¦ sothat
¯ �1`~q�b ¯ obtainsmaximumô `~q�b e �\������ � � �   h/¡ ��� � � �   h ¯ �1`~q�b ¯

Weget § vRó�` g _AÞ h Ò·Ñ½b+òS��� §
¨«ªÁ§ ô `~q�b §
¨âª ô `°m®�b
The first inequalityfollows sincethe largestsingularvaluemeasuresthe maximumgain of a matrix
independentof direction,i.e. õö `°÷ßb ªÁ§ ÷�ø § ¦ and õö `°÷ßb ªÁ§ ø ¤ ÷ § ¦ for any vector ø with

§ ø § ¦ e Ö .
Thesecondinequalityfollows from themaximummodulustheorem.Wegetô `°m®�b e �������� � ���}  h/¡ ��� � ���}  h£¢ ¤ h vRó¹` g _ßÞ h Ò·Ñ½b+òS���/`°m®�b ¢(¦ª ��������������}  h/¡ ��� � ���}  h£¢ ¤ h vRó3¶ d³µ ¶ ¤d µ ` g _AÞ h Ò·Ñ½b+òS���/`°m®�b ¢s¦e § vRó ¯ ´   d µ ¶ d³µ § ¦ ¸ § `2¶ ¤d³µ _^`°m®�bj kml nÓ Þ h `~�®�b1ÒK¶ ¤d³µ b/òS���/`°m®�b § ¦

e § vRó ¯ ´   d µ ¶ d µ § ¦ ¸ § ¶ ¤d µ òS����`°�®�b § ¦ p
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Consider Ñ�Òív ² hó `~q�bÝvKó¹`°cbc¶ d ¶ ¤d òS����`°�b�ò ² h��� `~q�b e z d | `~_Ab½Ü^`~q�b
Since ù�ÑAÒ�v ² hó `~q�bÝvKó�`~�b�¶ d ¶ ¤d òS����`°�b½ò ² h��� `�q�b+ú hasnopolesin �1� and

z d | `�_Ab is stableit follows

that Ü�`~q�b hasno polesin �N� . Thatis theunstablepolefor q e  in
z d | `~_Ab cancelstheRHP-zeroforq e  in aminimal realizationof Ü^`~q�b .

Proofof (5.79)and(5.80). ThecontrollerÞ ¦ whichminimizes
§ vRó g _a`~q�b § ¨ isgivenin Theorem5.5,

andfrom (5.82)with v e vRó ,
w e _ , Ð e z t�| `~_�b½_ e _ ´ | weobtain

vKó g _a`~q�b e vRó�`°cb wÄÓIz ² ht}| `~_�b ¯ ´   d _ ´ | ���©`°cb z d ��`~_ ´ | b
whichhasa RHP-zero(only one)for q e  , since

z d ��`~_ d | b hasa RHP-zerofor q e  . By considering¶ ¤d g _a`°cb
¶ ¤d g _^`°�b e ¶ ¤d v ² hó `°�b/vRó¹`°cb wÄÓj kml nû
üý

z ² ht}| `~_�b ¯ ´   d þsÿ�� � d �l n}j k_ ´ | ���©`°cb z d ��`~_ ´ | b ¯ ´   dj kml n
þ � d �

e ¶ ¤d _a`°cb
which impliesthattheoutputzerodirectionof

g _ is ¶ d . Wecanthenwriteg _a`~q�b e z d | `~_Ab ù v ² hó `~q�b/vKó¹`~�b wÄÓIz ² ht�| `~_Ab ¯ ´   d _ ´ | ���/`~�b z d �©`~_ ´ | b ú � | e z d | `~_Ab½Ï�`~q�b
With Þ h e Ï ² h Ü�`~q�b weobtaing _ßÞ h ÒKÑ e z d | `~_�b�ÏRÏ ² h Ü�`~q�b3ÒKÑe ÒSv ² hó `�q�b½vRó¹`°cbc¶ d ¶ ¤d òS���©`~�b+ò ² h��� `~q�bvRó¹` g _AÞ h Ò·Ñ½b+ò e ÒSvKó¹`°cbc¶ d ¶ ¤d òS���©`°�b z d �©`~òAb§ vKó�` g _ßÞ h ÒKÑ�b+ò^`~q�b §m¨ e § vRó�`°cb�¶ d ¶ ¤d òS����`°�b §�¨ e § vKó¹`~�bc¶ d ¶ ¤d òS����`°�b § ¦e § vRó�`°cb�¶ d § ¦ ¸ § ¶ ¤d òS���©`~�b § ¦ p
Thiscompletestheproofof Theorem5.9. p



Chapter 6

Selectionof variables for regulatory
control usingpolevectors

Kjetil Havre
�

andSigurdSkogestad
�

ChemicalEngineering,
NorwegianUniversityof ScienceandTechnology

N-7034Trondheim,Norway.

Extendedversionof paperfirst presentedat
AIChE annualmeeting,10-15November, Chicago,USA, 1996.

Abstract

Thispaperconsiderscontrolstructuredesignusingtheinformationgivenin the
polevectors.It is shown how theinputandoutputpolevectorsarerelatedto the
minimuminputusageneededto stabilizea plantwith oneunstablemodeusing
a Single Input SingleOutput (SISO) controller. We quantify the input usage
dueto measurementnoisebothin termsof the � ¦ -norm(inputenergy) andthe� ¨ -norm. We show thatthebestchoiceof oneinput andoneoutputfor SISO

stabilizingcontrol is thesamefor bothnorms,andcorrespondsto theelements
in the pole vectorswith largestmagnitude. We also look at stablebut slow
modeswhich needto be shiftedfurther into the Left Half Plane(LHP) using
feedbackcontrol. Moving stableslow modesare accomplishedwith modal
control andthe resultsare interpretedin termsof Linear QuadraticGaussian
(LQG) control.�

Also affiliated with: Institute for energy technology, P.O.Box 40, N-2007 Kjeller, Norway,
Fax: (+47)63811168,E-mail: Kjetil.Havre@ife.no.�

Fax: (+47)73594080,E-mail: skoge@chembio.ntnu.no.



128 CHAPTER6. SELECTIONOFVARIABLES FORREGULATORY. . .

6.1 Intr oduction

This paperconsidersthe input/outputselectionfor plantswhich needto be “stabilized” in
anextendedmeaning.This includesplantswhich containoneor moreunstablemodesand
thereforeneedto bestabilizedin themathematicalsense,or plantswhichcontainoneor more
stableslow modeswhich needto be“stabilized” form theoperator’s point of view. In order
to provide this “stabilization”weneedto movethemodes(poles)in questionby theuseof a
feedbackcontroller. Themainproblemwewill answerin thispaperis:� Givenaplant � with oneunstablemode	 , wherethemeasurementsof theplantoutputs

areaffectedby noise.Whichpairof oneinput 
 andoneoutput � stabilizetheunstable
mode	 with theminimuminputusage?

In otherwords,wewish to find thecontroller ���� , thebestinput 
 andthebestoutput � such
thattheplant � is stabilizedwith minimuminputusage��������  ������ µ È������ � ��!�#"$���&%('*) � where "$���+%('*)-,.%0/213�4�56����!%('*)�)!798
Weminimizetheinputusage,usingtwo differentnorms:

1) u;: -norm: �<����(�  ������ µ È0���=� � �����"$���&%�'*) � :
whichcorrespondsto minimizetheexpectedvalueof theinputenergy dueto zeromean
whitemeasurementnoisewith unit intensity:> %?��@�
A)B,DC EGF ���HJI Æ /KML HNPO : %RQ�)=STQ*U (6.1)

This is a specialLinearQuadraticGaussian(LQG) controlproblemwith zeroweight
on thestates,unity weighton thecontrol O  , no processnoiseandmeasurementnoise
unit intensity.

2) u·Æ -norm: �<����(�  ������ µ È0���=� � ����#"$���&%�'*) � Æ
whichcorrespondsto minimizetheinput usagefor theworstcasesinusoidalmeasure-
mentnoise(worstcasemagnitudeandfrequency).

Both of theseproblemscanbe solvednumericallyfor eachpossiblepairing O WV XY� . We
canthenanswertheinput/outputselectionproblemby choosingthepairingwith thesmallest
normof theclosed-looptransferfunction �����"$��� (for the uZ: -casethenormis equivalentwith
theobjective

> %?��@�
[) , i.e.
> %?��@�
[)\, ������ µ È������ � ����#"$���&%�'*) � :: ). As we shallseein Section6.3,we

donotexplicitly needto solveanyminimuminputLQG problemor any uKÆ -controlproblem
in orderto find thebestpairingwhentheplanthasoneunstablemode.

To emphasizethepracticalapplicationof theresultsin thispaperweprovide theanswer
to thequestionabove.
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 andoutput � correspondingto theelementwith largestmagnitude
in thepolevectors,minimizethebestachievableinput usageto stabilizea plantwith
oneunstablemodeusinga SISO controller.

For the casewhen the plant � hasno unstablemodes,minimizing the input usageis
meaninglesssince O 4,^] gives � �����"$���&%�'_) � ,^] . For a stablesystema relevantproblemis
to moveoneslow open-loopmodefurtherto theleft in thecomplex planeusingasingleloop
controller. That is, to speedup the open-loopresponse.To get a meaningfulLQG control
problemin this case,oneneedsto addsomeweight on the states. The interpretationsof
moving astablepoleis thereforeclearlynot in termsof minimuminputusage.An alternative
objective is to minimize the magnitudeof the feedbackcontrollergains. This problemis
consideredin Section6.4 and someinterpretationsin termsof LQG control are given in
Section6.5.

An overview of zeroandpolesin multivariablesystemis givenin (DouglasandAthans,
1995),wherethey alsodiscusscontrollabilityandobservability. They mention:givenalinear
time invariantsystem,state-spacerealization%?`a@cbd@ce4@cfZ) , let gh� beaneigenvalueof the `
matrix with left andright eigenvectors i � and jk� normalizedso that iml� j*��, / , then the
product iml� b is an indicationof how muchthe � ’ th modeis exited by the inputs,andthe
product enjk� is an indicationof how muchthe � ’ th modeis observed in theoutputs.This is
similar to the ideasusedin this paper, however, we emphasizethat the two productsabove
dependon thestate-spacerealization.

Measuresfor statecontrollabilityandobservability havebeenproposedby Tarokh(1992).
However, we notethat thesemeasuresdo not reflecthow easyit is to controlor stabilizean
unstablemode	 . Basedon thecontrollability measuresproposedby Tarokh(1992),Li, Xi
andZhang(1994)suggesttwo approachesto selectinputsto beusedfor control. However,
their approacheshave not beenjustified in termsof how easyit is to control or stabilizea
givenunstablemode.

Theintentionwith thispaperis to establishadirectlink betweenthepolevectorsandhow
easyit is to controlor stabilizeanunstablemode.This link will thenserve asa justification
for usingthepolevectorsto selectoneinputandoneoutputto controlthemode.

6.1.1 Notation

Weconsiderlineartime invariantsystemsonstate-spaceformop ,D` p 1qb O (6.2)X<,re p 1qf O (6.3)

where ` , b , e , and f arerealmatriceswith dimensionssutvs , swtyx , z2tys and z2tvx ,s is the numberof states,z is the numberof outputsand x is the numberof inputs. The
short-handnotations ��%�'_)|{,~} ` be f � and %?`a@�bd@ce4@cfZ) (6.4)
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are frequentlyusedto describea state-spacemodel of a system � . The rational transfer
functionmatrix � definedby (6.4)canbeevaluatedasa functionof thecomplex variable '�d%�'_)-,red%�'�����`4) 7�8 bM1uf
Weoftenomit to show thedependenceon thecomplex variable' for transferfunctions.

For astrictly propersystem��%�'_) the uZ: -normis definedas� ��%�'*) � :�� /�*� L Æ7 Æq��� %?� l %�
T�\)0��%�
���)�)�S�� (6.5)

By Parseval’s theorem,(6.5)is equalto the uZ: -normof theimpulseresponse(time-domain).
The u·Æ -normof astablerationaltransferfunctionmatrix ��%�'_) is definedasthepeakvalue
overall frequenciesof thelargestsingularvalueof ��%�
��\)� ��%�'*) � Æ������A�� �� %?��%�
��\)�) (6.6)

The uKÆ -norm hasseveral time domainperformanceinterpretations(see,Skogestadand
Postlethwaite,1996).

The resultsin this paperon the uZ: -norm have beenderived from Single Input Single
Output(SISO) LinearQuadraticGaussian(LQG)controlof output� usinginput 
 . Weassume
thattheplantdynamicsarelinearandknown, andthatmeasurementnoises anddisturbance
signals(processnoise) i arestochasticwith known statisticalproperties.That is, we have
theplantmodel op , ` p 13b��� O \1qi (6.7)XY� , � H� e p 13� H� f|�� O �1us�� (6.8)

where�� is avectorof length x with zerosin all elementsexceptelement
 whichcontains/ ,� � is similarly a vectorof length z with zerosin all elementsexceptelement� whichcontains/ . Thedisturbancei andmeasurementnoises arezeromeanGaussianstochasticprocesses
with power spectraldensitymatrices¡ and � . That is, i and s arewhite noiseprocesses
with covariances C�¢6i�%RQ�)0i H %?£¤)&¥m,¦¡P§h%RQ9�¨£¤) (6.9)C�¢6s©%RQ�)0s H %?£¤)&¥m,D�\§A%RQª��£¤) (6.10)

and C�¢6i«%RQ�)0s H %?£¤)&¥¬,M]A@ C�¢6s©%RQ�)0i H %?£¤)!¥,r] (6.11)

In thiscasetheLQG problemis to find theoptimalcontrol O �%RQ�) whichminimizes> %?��@�
[)B,DC E F ���HJI Æ /KML HN p H %RQ�)=® p %RQ�)¯1 O : %RQ�)°S�Q U (6.12)
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where®�±²] is aweightingmatrix (designparameter).Whenweminimizetheinputenergy
weset ®³,r] , wehavethat ´ > %?��@�
A) is equalto the u;: -normfor measurementnoiseto plant
inputs,i.e. � ��!�!%0/213�4�µ������) 7�8 � :: , > %?��@�
[) (6.13)

whereXY�9,r�4�5 O  , O m,D����(Xk� and ���� is theLQG controller(6.22)with zeroweightonthe
states%�®¶,r]�) , andnoprocessnoise %�¡ ,M]�) .
6.1.2 Solution to the LQG problem

Thesolutionto theLQGproblem,knownastheSeparationTheoremorCertaintyEquivalence
Principle,is first to determinetheoptimalstatefeedback,LinearQuadraticRegulator(LQR),
andthento designanoptimal stateobserver, LinearQuadraticEstimator(LQE). The SISO

LQG controllerwhichminimizes(6.12)is thecombinedstate-estimatorandstatefeedback.

Optimal statefeedbackto input ·9¸ . ThesingleinputLQR problemminimizes>º¹T»¯¼ %½
A)-, L ÆN p H %RQ�)=® p %RQ�)¯1 O : %RQ�)=STQ (6.14)

dueto non-zeroinitial statesp N . Theoptimalsolution(for any initial statep N ) isO �%RQ�)¾,¶���� p %¿Q!) (6.15)

where ��À,r� H b HÁ ÂÄÃ ÅªÆ ,rÇ H Æ (6.16)

and Æ is positive semidefinitesolution to the algebraicRiccati equation(Skogestadand
Postlethwaite,1996) ` H Æ 1 Æ `È� Æ b����� H b H Æ 13®¶,r] (6.17)

The value of the objective
>º¹T»¯¼ %�
[) (6.14) due to the non-zeroinitial state p N becomes

(KwakernaakandSivan,1972) >º¹�»�¼ %�
[)¾, p H N Æ p N (6.18)

Optimal stateestimator basedon É¤Ê . Thesingleoutputstate-estimator(Kalmanfilter) is
updatedby only usingtheinformationin output XY� . Thestateequationdescribingthedynam-
icsof theobserverbecomesoËp ,D` Ëp 13b«�� O 21u�WÌ � ��%?XY���w� H� e Ëp �w� H� f|�� O _) (6.19)

Theoptimalchoiceof �WÌ � � , whichminimizesthemeansquarereconstructionerrorCMÍ¤% p %RQ�)�� Ëp %RQ�)�) H % p %RQ�)�� Ëp %RQ�)�)�Î
dueto measurementnoises�� , is givenby�WÌ�� �°,rÏae H � � (6.20)

where Ï ,~Ï H ±Ð] is the uniquepositive-semidefinitesolution to the algebraicRiccati
equation Ï�` H 1q`Ï¦�wÏae H � �#� H� e4ÏM1Ñ¡ ,M] (6.21)
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LQG: combinedstateestimationand statefeedback. Thetransferfunctionfrom measure-
mentsXY� (includingthenoise s�� ) to the inputs O  (assumingpositive feedback),is givenby
thestate-spacerealization1��!�!%�'_) {,~} `È�wb«�����Ò�¨�WÌ�� �(� H� er1w�WÌ � ��� H� f|��6�� �WÌ � ��Ò�� ] � (6.22)

TheLQG controller ��!� hasthesamenumberof statesastheplant.

Minimum value of objective. Two alternative expressionsfor the minimum valueof the
objective

> %?��@�
[) are(KwakernaakandSivan,1972,Theorem5.4part(d) pp.394–395):> %R��@�
A)B, ��� ¢ Æ �WÌ � �R� HÌ � � 1qÏa®�¥, ��� ¢ Æ ¡ 1qÏ�� H ��*¥ (6.23)

6.1.3 Outline

Theoutlineof thepaperis a follows;Section6.2showshow to computetheinputandoutput
polevectorsanddirectionsin termsof eigenvalueproblems.Thissectionalsogivessomeex-
ampleson poledirectionsandthe links betweenthepoledirectionsandstatecontrollability
andobservability. Section6.3 containsthe main result,which is to find oneinput andone
output(anda SISO controller)which stabilizea givenunstablemodewith minimum input
usage.In Section6.4 we considermoving oneor two polesfrom theopen-looplocationsto
somedesiredclosed-looplocationsusinga singlecontrol loop. We show thatselectingthe
inputcorrespondingto theelementwith largestmagnitudein theinputpolevectorminimizes
the norm of the feedbackgain matrix from the statesto the input. Similarly, selectingthe
outputcorrespondingto theelementwith largestmagnitudein theoutputpolevectormini-
mizesthenormof thefeedbackgainmatrix from theoutputto thestatesin theobserver. In
Section6.5weshow whenandhow theresultsonpoleplacementcanbeinterpretedin terms
of LQG control.Section6.6discussestheimplicationsof theresultsin termsof a procedure
for input/outputselectionfor plantswhich need“stabilization”. Section6.7 containssome
relevantcontrolengineeringproblemsfrom chemicalprocessplantswhich illustratesseveral
of theresultsderived.A summaryis givenin Section6.8.SectionA containsbrief treatment
of modalcontrol andestimationproblems.Analytical formulasfor the feedbackgain ma-
tricesaregiven in termsof thepolevectorsfor thesingleinput modalcontrolproblemand
singleoutputmodalestimationproblem.SectionB containstheproofsof theresults.

6.2 Polevectorsand dir ections

For asystemonstate-spaceform with adistinct2 polelocatedat '¬,w	 , wecomputetheinput
andoutputpolevectors (non-normalizedbasisvectorsfor the input andoutputpolespaces)

1Thisstate-spacerealizationis notminimal if theplant Ó hasmodeswhichareuncontrollablein input Ô ® and/or
unobservablein output Õ � .

2For simplicity weassumein mostof thepaperthatthepolesaredistinct.Theresultscanbeextendedto thecase
with repeatedpoles,seeSectionA.3.
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as Ö�× ,Mb l p × �=Ø Ù × ,re p ×6Ú (6.24)

wherep × ��@ p ×6ÚmÛÝÜBÞ arenormalizedeigenvectorscorrespondingto thetwo eigenvalueprob-
lems p l× � `M,w	 p l× � and ` p ×6Ú ,w	 p ×6Ú (6.25)

Theorem2.2in Section2.6statesthatthemode	 is uncontrollableif andonly if

Ö�× ,r] and
unobservableif andonly if Ù × ,¶] . It follows thatmode	 is uncontrollablein input 
 if the
 ’ th elementin the input pole vectoris equalto zero,i.e.

Ö�× � ;,ß] . Similarly, the mode	
is unobservablein output � if the � ’ th elementin theoutputpolevectoris equalto zero,i.e.Ù × � ��,M] .

A minimal state-spacerealizationwill not containuncontrollableand/orunobservable
modes.Thecorrespondingpoledirectionsareobtainedby normalizingthepole vectors(if
oneor moremodesareuncontrollablewe setthecorrespondinginput poledirectionsequal
to zero,andif oneor moremodesareunobservablewe set the correspondingoutputpole
directionsto zero): O × , à Ö�×ºá � Öº× � : if

§Yâkã3§ ¦mäå æ] if
§Yâkã3§ ¦ å æ (6.26)X × , à Ù ×ºá � Ù × � : if
§kæ�ãð§ ¦ äå æ] if
§kæ�ãð§ ¦ å æ (6.27)

Theresultsin thispaperarein termsof inputandoutputpolevectors,however, thepoledirec-
tionshaveturnedout to beusefulwhenstudyingtheeffectof zerosandpolesonperformance
in multivariablesystems,seeChapters3 to 5 for furtherdetails.

EXAMPLE 6.1 SYSTEMS IN SERIES AND PARALLEL . Weconsiderthefollowing two structures:

Systemsin parallel. Systemsin series.

¿ ¦
¿ h çç èé�ê¤ë h ¢ hèé�ê¤ë ¦ ¢(¦

çç
¶ ¦
¶ h

¿ ¦
¿ h ç èé�ê¤ë ¦

çì í¢s¦
+
+

çî ç èé�ê�ë h
çï h�ð hðkñò óBô�õ�ö å�÷ hø�ù ãÄú ûû hø�ù ã+ü9ý òÒþ2ô?õÄö å�÷ hø�ù ã ú hÿ ø�ù ã ú�� ÿ ø�ù ã+ü �û hø�ù ã+ü ýò óBô?õÄö��å ���� � h û � ûû � ñ û �� û û ûû � û û 	VUU
 òÒþ©ô?õÄö��å ���� � h � � ûû � ñ û �� û û ûû � û û 	VUU
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When� h å � and� ñ å�� wegetpolevectors(thefirst columncorrespondsto � h etc.): ã å�� ã�� å ÷ � ûû � ý  ã å�� ã�� å ÷�� û���� û�� ûû���� û�� � � ý� ã å�� ã�� å ÷ � ûû � ý � ã å�� ã�� å�÷ � û���� û��û û���� û�� ý
When��� å � and� ñ å � �!� wegetpolevectors: ã å�� ã�� å ÷ � ûû � ý  ã å�� ã�� å ÷ � û��!� ûû��#" "�$ � � ý� ã å�� ã�� å ÷ � ûû � ý � ã å�� ã�� å ÷ � û��#" "�$û û��!� ý

EXAMPLE 6.2. Thisexampleillustratestheinfluenceof azerocloseto thepoleontheinputandoutput
pole“vectors”3. Considerthefollowing SISO transferfunctionòô�õ�ö å õ �&%õ � �(' %*) � � Onestate-spacerealizationis:

òô�õ�ö+�å ÷ � �-, %(� �, %(� � � ý
The state-spacerealizationgiven is a balancedminimal realizationwhen %.� � äå û . The input and
outputpolevectorsbecome âkã å � , %(� � and

æÄã å , %(� �
Clearly, asthezero % approachesthepole � from above the input andoutputpolevectorsapproaches
zero.When % å � ,

òô?õÄö å � andthemode� is uncontrollableandunobservable,andboth
âkã

and
æÄã

arezero. Thepolevectorsareclearly influencedby thedistancebetweenthezero % andthepole � in
thiscase.

6.3 Stabilizing control with minimum input usage

6.3.1 Singleloop control minimizing the input energy ( /10 -norm)

In thissectionweconsiderthefollowing problem,seealsoFigure6.1.

PROBLEM 6.1. Givena plant 2 with oneunstablemode3547698;:=<?>@35ACBED and white
measurementnoiseFHG of unit intensityin each output I�G . Find thebestpairing J@KMLNI�G , such
that theplant is stabilizedwith minimumachievableinputenergyO :QPSRUT@DWVYX[Z7\^]`_acbed1fgYh ai JkjK :=lmD�nol�p (6.28)

3The term vector is somewhat abusedin this context sincewe considera SISO transferfunction, so the pole
vectorsarescalars.
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q rts�uwvqx�� qx@y qzo�qz�{ | z �} ~�� �
(whitenoise)

~�?� �S�Q���x �
Figure6.1: Plant � andstabilizingcontrolloopwith pairing x �(� z �

q
�

�9�
���|

�� �
Figure6.2: Mappingof polefrom RHP to LHP with statefeedbackandminimuminputusage

At first sight it is not clearthattheoutputselectionproblemis includedat all, sincetheout-
putsdo not enterinto theobjective (6.28)explicitly. However, theoutputselectionproblem
is includedimplicitly throughthemeasurementnoiseandtheexpectationoperatorX . This
problemcanbe castinto severalLQG problems,onefor eachpossiblepairing,andsolved
numericallyusingasolver for AlgebraicRiccatiEquations(ARE) or somespecializedfunc-
tionsfor LQG, LQR or LQE problems(seethecorrespondingnamesin theControlSystem
Toolboxin MATLAB). However, thisproblemis so“simple” thatananalyticalsolutionto the
ARE’scanbefoundin termsof thepolevectors.

THEOREM 6.1 (SOLUTION TO PROBLEM 6.1). Theminimumvalueof theobjective
O :QPmRUT�D ,

for a specifiedinput T anda specifiedoutput P isO :QPSRUT@D�V � 3��� j��� K�� j��� G :=���� G � � � D j (6.29)

where 3 is thepole, � �o� K is the T ’ th elementin the input polevector, � ��� G is the P ’ th element
in theoutputpolevector, � � G and � � � are thenormalizedleft and right eigenvectors corre-
spondingto themode3 . Hence, tostabilizetheplant 2 with theunstablemode3 usinga SISO

controller minimizingtheinputenergy ( � j -norm)dueto measurementnoise, oneshould:� Selectinput T correspondingto thelargestentry � � ��� K � in theinputpolevector � � .� Selectoutput P correspondingto thelargestentry � � �o� G�� in theoutputpolevector � � .

Thefactor ¡£¢�¤¥m¦ ¢ ¥¨§¨©«ª¬ ª¥® ¯�° ª¥®±¦ canbeusedasacontrollability measurefor theeffort requiredto stabilize

theplant 2 with theunstablemode3 , by controllingoutput P usinginput T . Thisfollowssince

theobjective
O :QPmRUT�D is directly relatedto ¡²¢�¤¥�¦ ¢ ¥�§¨©³ª¬ ª¥� ¯ ° ª¥� ¦ .
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REMARK 1. Thedirectionalityof thepolevectorsarenotdependentonthestate-spacerealization.This
impliesthattherankingof thedifferentinputsandoutputsareindependentof thestate-spacerealization.
However, themagnitude(length)of thepolevectorsare4 dependenton thestate-spacerealization.
REMARK 2. Sincethe lengthof the pole vectorsaredependenton the state-spacerealization,it can
beanadvantageto find a balancedrealizationof theplant � beforecomputingthepolevectors.The
disadvantagewith abalancedrealizationis thatany physicalconnectionto thestatesarelost.
REMARK 3. We stressthat it is not the size of the individual elementsin the pole vectorsthat are

important,but therelative sizesandthefactor ´²µ ¤¥�¦ µ ¥¨§�¶ ª· ª¥® ¯�¸ ª¥� ¦ . Thelattercanbeonereasonfor introducing

(computing)thefollowing scaledversionof thepolevectors:¹º�»½¼¾º�»�¿oÀ Á ÂwÃ»�Ä Âo»�Å�Á and
¹Æ�»½¼ÇÆ�» ¿oÀ Á ÂwÃ»¨Ä Âo»�Å�Á

Thenthevalueof theobjective È �«É 'ËÊ � becomesÈ �«É '�Ê � ¼ Ì �@Í¹ºcÎ»ÐÏ � ¹ÆÑÎ»ÐÏ±Ä
Alternatively, onemayuseastate-spacerealizationfor which Â Ã»�Ä ÂE»mÅ(¼ÓÒ . For exampleif the Ô matrix
has� linearly independenteigenvectors,onecanusetherealizationwherethe Ô matrix is diagonal.

Weprove(6.29)by usingtheSeparationTheorem(CertaintyEquivalencePrinciple)andfind
thebestinput usingstatefeedback(LQR) underthe assumptionof perfectmeasurementof
all states.The next stepis to constructthe optimal stateobserver (LQE) andfind the best
outputsothatmeansquarereconstructionerrorXÖÕ�:³��:=lmDØ×7Ù�W:=lmDmD a :=�W:=lmDØ×ÚÙ��:=lmDmDÐÛ (6.30)

is minimizedusingoutput I�G only.
It is well-known (KwakernaakandSivan,1972)thatminimuminput to stabilizeanun-

stableplantwith statefeedbackJÜV5×ÞÝß��:=lmD mirrorstheunstablepolesacrosstheimaginary
axis,seeFigure6.2. Indeed,we find that this alsohappensin this case.Thedual problem
to statefeedbackwhich minimize the input usage,is the optimal stateestimationproblem
with zeroprocessnoiseandmeasurementnoiseof unit intensity. It follows thattheunstable
observerpoleis mirroredacrosstheimaginaryaxisby theuseof theoutputto stateestimate
feedback.

Optimal statefeedbackto input àâá . In thiscase,theproblemis tominimizetheinputusage
dueto non-zeroinitial states� i , i.e. minimizethedeterministiccostO ãoäkå :`T�D�V h di JkjK :=lmD�n�l
Thatis, LQR problemwith zeroweightonthestates:Ëæ5VYBED andunity weightonthecontrolJ@K . TheRiccatiequation(6.17)with æ7VYB becomesç aØèêéëè ç × è�ì�í K í aK ìîaØè VYB (6.31)

4Considermultiplying the ï matrix with the constantðÐñ and ò with ómô¨ðÐñ then the pole vectorchangesas
follows: õö »(÷ ö » ô�ð�ñ and õø »-÷ ø » ðÐñ .
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Thesolutionto (6.31)is (for aproof referto SectionB.1)è V ù 3� j��� K � � GË� a� G�ú B (6.32)

where� � G is theleft eigenvectorof
ç

correspondingto themode3 . ThestatefeedbackgainÝûK becomes ÝûKüV íýaK ìîa � � GË� a� G ù 3� j��� K V íýaK � �þ ÿ�� �¬ ¥� ¯ � a� G ù 3� j��� K V ù 3� ��� K � a� G (6.33)

Kalman filter basedon ��� . In this casethe Kalman filter is updatedby only using the
informationin output I�G , andthereis noprocessnoise :�� VYBED . TheRiccatiequation(6.21)
with � VYB becomes � ç aÜé ç � × �
	 a í G íýaG 	�� VYB (6.34)

Thesolutionto (6.34)is (for aproof referto SectionB.1)� V ù 3� j��� G � � � � a��� ú B (6.35)

where� ��� is theright eigenvectorof
ç

correspondingto themode3 . Thefeedbackgain Ý� � G
from output I�G to thestateestimatebecomesÝ� � GØV ù 3� j��� G � � � � a� � 	 a í GâV ù 3� ��� G � ��� (6.36)

Minimum valueof objective. To provetheminimumvalueof theobjective
O :QPmRUT�D givenin

(6.28),weusethefirst equalityin (6.23)with æ5VYB , weobtainO :=PmRUT@DWV���� Õ è Ý� � G=Ý a� � G ÛîV���� Z ù 3� j��� K � � GË� a� G ù 3� �o� G � � � ù 3� �o� G � a� � p V � 3 �� j�o� K � j��� G :=� a� G � � � Dmj
(6.37)

This completestheproof of (6.29). Finally, we notethat thevalueof
O :=PmRUT@D is equalto the

squareof the � j -norm of the closed-looptransferfunction from measurementnoise FHG to
input J@K , i.e. O :QPSRUT@DWV���ÝûK�G��kG`G�:���D�� jj where ��G^G�:���D�VÚ: f é 2 G!K ÝûKmG�:���DmD����
6.3.2 Multi variable control minimizing the input energy ( /10 -norm)

In thissectionweconsiderthefollowing problem:

PROBLEM 6.2. Givena plant 2 with oneunstablemode3547698;:=<?>@35ACBED and white
measurementnoiseFHG of unit intensityin each output I�G . Considerfull multivariablecontrol
of theplant 2 andfind bestachievableperformancequantifiedastheminimumvalueof the
objective O V X Z \`]^_acb d fg h ai J a :=lmD J :=lmD�n�l�p (6.38)
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This is aLQG problemwith zeroweighton thestates,unity weighton theinputs,noprocess
noiseandwhite measurementnoisewith unit intensity. By solving this problemandcom-
paringthe minimumvalueof the objective of this problemwith the minimumvalueof the
objective in Problem6.1,wecanquantifytheextra inputenergy neededto stabilizetheplant
usingSISO controlcomparedto full multivariablecontrol.

THEOREM 6.2 (SOLUTION TO PROBLEM 6.2). Theminimumvalueof theobjective
O

isO V � 3��� � � � jj � � � � jj :=� a� G � � � D j (6.39)

The factor ¡£¢ ¤¥m¦ ¢ ¥¨§¨© ª� ¬ ¥ � ªª � ° ¥ � ªª can be usedas a controllability measurefor the effort requiredto
stabilizetheplant 2 with theunstablemode3 . This followssincetheobjective

O
is directly

relatedto ¡£¢ ¤¥m¦ ¢ ¥¨§¨© ª� ¬ ¥ � ªª � ° ¥ � ªª . Remarks1 to 3 onscalingandbalancedrealizationonpage135applies
alsoin thiscase.

To prove (6.39)we constructa stateestimatorusingtheinformationin all availableout-
puts,andweapplystatefeedbackfrom theestimatedstatesusingall inputs.

Optimal statefeedback. Theproblemis to minimizetheinputusagedueto non-zeroinitial
state� i , i.e. to minimizethedeterministiccostO ãoäkå V h ai J a :=lmD J :=lmD�nol
Theoptimalsolution(independentof � i ) is J :=lmD�V5×½Ýß�W:=lmD , whereÝ V ì�a è
and

è V è a ú B is theuniquepositive-semidefinitesolutionof thealgebraicRiccatiequa-
tion ç a è éëè ç × è ì+ìîacè VYB (6.40)

Thesolutionto (6.40)is (for aproof referto SectionB.1)è V ù 3� � � � jj � � GË� a� G ú B (6.41)

ThestatefeedbackÝ becomesÝ V ìîa � � GË� a� G ù 3� � � � jj V ù 3� � � � jj � � � a� G (6.42)

Kalman filter. In this casethereis no processnoise,thestateequationof theobserver be-
comes �Ù�&V ç Ù� étì J é Ý�w:QIî× 	 Ù� × � JkD (6.43)

Theoptimalchoiceof Ý� , whichminimizesthemeansquarereconstructionerrorX Õ :³��:=lmDØ×7Ù�W:=lmDmD a :=�W:=lmDØ×ÚÙ��:=lmDmD Û
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dueto measurementnoiseF , is givenbyÝ� V �
	 a
where

� V � a ú B is the uniquepositive-semidefinitesolution to the algebraicRiccati
equation � ç aÜé ç � × �
	 a 	�� VYB (6.44)

Thesolutionto (6.44)is (for aproof referto SectionB.1)� V ù 3� � � � jj � � � � a� � ú B (6.45)

Thefeedbackgain Ý� from output I to theestimatedstatesbecomesÝ� V ù 3� � � � jj � � � � a� � 	 a V ù 3� � � � jj � ��� � a� (6.46)

Minimum valueof objective. Weobtain(KwakernaakandSivan,1972):O V ����! è Ý��Ý a�#" V���� $ ù 3� � � � jj � � GË� a� G ù 3� � � � jj � � � � a� ù 3� � � � jj � � � a� �&%V � 3 �� � � � jj � � � � jj � a� G � � �� � � ��' j ���(!ý� � GË� a� � " V � 3 �� � � � jj � � � � jj :³� a� G � � � D j (6.47)

Thiscompletestheproofof (6.39).Finally, wenotethatthevalueof
O

is equalto thesquare
of the � j -norm of the closed-looptransferfunction from the measurementnoise F to the
input J , i.e. O V��ýÝ ãoä*) � ãoä*) :���D�� jj where � ãoä*) :���D�VÚ:,+ é 2*Ý ãoä*) D �-�
and Ý ã�ä.)

is thefull multivariableLQG controllerminimizingtheinputenergy.

6.3.3 Performancedegradationdue to SI SO control

We arenow in positionto quantify theextra input usageneededto stabilizea plant 2 with
oneunstablemode3 usinga SISO controllerlinking output I�G to input JwK . Weobtain/ j :=PmRUT@DWV �ÐÝûKmG0��G^G�:���D1� j�ýÝ ãoä*) � ãoä*) :2��D1� j V43 O :QPmRUT�D5 O V � � � � j � � � � j� � �o� K��76 � � ��� G®� ú f (6.48)

Wefind thatSISO controlis optimalif andonly if � � haszerosin all elementsexceptelementT and � � haszerosin all elementsexceptelementP . Thatis, thepole 3 is only controllablein
input T andonly observablein output P . Wehavearrivedat theconclusion:� If oneelementin � � andoneelementin � � hasmagnitudeseveral times(threeor more)

larger thanthesecondlargestelement,thentheperformancedegradationdueto SISO

control maybeacceptable.
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6.3.4 Corr espondingresultsin terms of the /98 -norm

We have seenthat the resultsin the two previous sectionscan be interpretedin termsof
minimizing the � j -norm from the measurementnoiseto the inputs. More precisely, the
resultsin Section6.3.1solve thefollowing problem_ ];:G � K _ ]<:= ¯ ¦ ¡?> © �ýÝûKmG0��G^G�:���D�� j where ��G`G¨:���D�VÚ: f é 2 G²KýÝûK�G�:���DmD����
andthe SISO controller ÝûKmG is the LQG controllerminimizing the input energy (6.1). Fur-
thermore,theresultsin Section6.3.2solve thefollowing problem_ ];:= ¡;> © �ýÝ �Þ:���D1� j where �Þ:���DWV :,+ é 2*Ý :���DmD ���
andthecontroller Ý is thefull multivariableLQG controllerminimizingtheinputenergy, i.e.Ý V Ý ã�ä.)

with æ VYB , @ V�+ , � VYB and A5V�+ (see,SkogestadandPostlethwaite,1996,
for astate-spacerealizationof Ý ãoä*)

).
Themostobviousquestionis:� Why notchooseadifferentnorm,i.e. the � d -norm?

Thefact is thatwe in Chapter4 alreadyhave derivedthetool to selectthebestinput andthe
bestoutputto stabilizetheplant 2 with oneunstablemode3 andminimizethe � d -normof
the input usage.Furthermore,from the resultsin Chapter5, we canquantify theminimum
achievable � d -normof theinput usagedueto measurementnoisefor thefull multivariable
controller. That is, we arein a positionto switchfrom the � j -normto the � d -norm. The
next theoremsummarizestheresultson minimizing the � d -normof theinput usagedueto
measurementnoisefor SISO control.

THEOREM 6.3 (STABILIZING SISO CONTROL M INIMIZING � d -NORM OF THE INPUT

USAGE). Considera plant 2 with minimalstate-spacerealization : ç R ì R 	 RB�ÜD , oneunsta-
blemode3 , inputpolevector � � , outputpolevector � � andnormalizedadditivemeasurement
noise FHG , � FHG®��V f , in each output P . Assumethat themode3 is controllable in input T and
observablein output P . Theminimumachievable � d -normof the input usage dueto mea-
surementnoiseFHG , for SISO control of output P usinginput T is_ ]<:= ¯ ¦ ¡;> © �ÐÝûKmG0��G^G�:���D1� d V �£:Ë2*G²K�D �-�> : 3kD ��V ù 3� � ��� K �76@� � ��� G¨� � � �� G � ��� � (6.49)

where ��G^G�:���D(Vê: f é 2*G²K ÝûKmG¨:2��DmD �-� , � � G and � � � are normalizedleft andright eigenvectors
of the

ç
matrix correspondingto the mode3 , and :Ë2*G²K�D > meansthe transferfunction 2 G!K

with theRHP-polesmirroredinto LHP.

REMARK. Thenotation
� � Ä � �DC�EF � � � means:

1) Find thestabilizedversionof � Ä � , i.e.
� � Ä � � F .

2) Take theinverse,i.e.
� � Ä � � CGEF ¼ �U� � Ä � � F � C�E .

3) Evaluate
� � Ä � � C�EF at

� ¼ � , i.e.
� � Ä � � CGEF � � � ¼ �U� � Ä � � F � C�E � � � ¼ �U� � Ä � � F � C�E Á F0H » .
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Proof. SeeSectionB.1.

Importantly, by comparing(6.49)and(6.29)weseethattheinputusagein termsof the � d -
normis closelyrelatedto the � j -norm(whitenoise),wehave_ ];:= ¯ ¦ ¡;> © �ýÝûK�G���G^G�:2��D1� d V f5 ù 3 _ ]<:= ¯ ¦ ¡;> © �ÐÝûKmG0��G^G�:���D1� j V 3 O :QPmRUT�D�I ù 3 (6.50)

Thus,thetwo normsgivethesamechoicefor thebestinput-outputpairingfor stabilizingthe
plant 2 with theunstablemode3 :� Selectinput T correspondingto thelargestentry � � ��� K � in theinputpolevector � � .� Selectoutput P correspondingto thelargestentry � � ��� G®� in theoutputpolevector � � .

Severalthingsareworthnoting:

1) It is interestingthatminimizing theinput usagein termsof eitherthe � j -normor the� d -normgivesthesameinput T andoutput P for stabilization.This maybesurpris-
ing, sincethe valueof the two normsin generalmay be arbitraryfar apart(e.g. see
Table6.1).

2) From(6.49)weseethatthebestinput T andthebestoutput P correspondto minimizing�²:Ë2 G!K�D �-�> :!3kDý� , i.e. _ ]<:G � K �²:Ë2 G!K�D ���> :!3kD � VC_KJMLG � K �£:Q2 G²K�D > :!3kD � . An alternative to the pole

vectors,is thereforeto evaluateaminimal realizationof thetransferfunctionN2 :���D V �Þ×Ü3� é 3 2 :���D
at �üVë3 , andselectingtheinput/outputcombination:`T&I�P D correspondingto theelement
with largestmagnitudein

N2 :!3kD .
3) Note that the effect of any RHP-zero in the element2*G²K is taken into account,since:Q2 G²K�D > :!3kD is smallif thereis a RHP-zerolocatedcloseto 3 .

THEOREM 6.4 (STABILIZING CONTROL M INIMIZING � d -NORM OF THE INPUT USAGE).
Considera plant 2 with oneunstablemode3 and normalizedadditivemeasurementnoiseF , ��FO� j V f , at theoutputof theplant 2 . Theminimumachievable � d -normof the input
usagedueto themeasurementnoiseF is_ ]<:= ¡;> © �ÐÝ �½:2��D1� d VP��J �� 2 �-�> � :!3kD1� j VP�Ð2Q���> G :!3kD I � � j (6.51)

where �Þ:���D�VÚ:,+ é 2*Ý :2��DmD �-� , 2 > � and 2 > G are thetransferfunction 2 with theRHP-poles
factorizedat theoutputandtheinput respectively(seeChapter5).

REMARK 1. Thenotation� CGEF Å means� CGEF Å ¼ � � F Å � C�E .
REMARK 2. Similarly, � CGEF Ä means� CGEF Ä ¼ � � F Ä � C�E .
The performancedegradationdueto SISO control of output P usinginput T relative to full
multivariablecontrolbecomes/ d :=PmRUT@D�V _ ];:= ¯ ¦ ¡;> © �ýÝûKmG0��G`G¨:���D�� d_ ];:= ¡;> © �ýÝ �Þ:���D1� d V �£:Q2 G²K D ���> :!3kD ���J �� 2 ���> � :!3kD1� j ú f (6.52)
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6.3.5 Differencebetweenthe controllers minimizing the input usagein
terms of the / 0 -norm and the / 8 -norm

Whenminimizing theinput usagebothin termsof the � j -normandthe � d -norm,theun-
stableopen-looppole 3 is mirroredinto theLHP, thatis, theclosed-looppolecorresponding
to theopen-looppole 3 is R&V7×W3 .

In general,whenminimizing the � j -norm, the closed-looptransferfunctionshave ù F
poles. However, from the expressionsfor thestatefeedbackgain (6.33)and(6.42),we see
that it is only the linearcombinationof thestatescorrespondingto thepole 3 which affects
the input (thelinearcombination� � G ). Similarly, from theexpressionsfor theKalmanfilter
gain (6.36)and(6.46)we seethat thestatesin theobserver areupdatedby only addingthe
linear combinationof the outputcorrespondingto the pole 3 (the linear combination� � � ).
Theresultis thataminimalstate-spacerealizationof theclosed-looptransferfunctionsfrom
measurementnoiseto the inputs ÝS� and ÝûK�G���G^G has ù stableclosed-looppoleslocatedatR V5×�3 . Wenotethattheotherclosed-looptransferfunctionsmayhavemorepoles.

Whenminimizing the � d -norm,theonly closed-looppoleof thetransferfunctionfrom
measurementnoiseto theinput, i.e. ÝS� and ÝûKmG0��G^G , is RßV ×W3 . TheremainingFÜ× f poles
in theplant 2 arenotobservableand/orcontrollablein theclosed-looptransferfunctionsÝ �
and ÝûKmG��kG`G . Wenotethattheotherclosed-looptransferfunctionsmayhavemorepoles.

EXAMPLE 6.3. The purposewith this exampleis to illustratethedifferencebetweenminimizing the
inputusagein termsof the T Î -normandthe TVU -norm.Weconsiderthefollowing plant� �Q��� �¼ ��W X ÒZY Y [ Ò�\]Y�¿�Ò ÒY Ò [ ÒZY�¿�Ò Ò[ Ò(\]Y�¿�Ò Ò X [ Ò�Y�¿�Ò Ò Y ^`_a ¼ � X \� Y � Ò �cb Ò �¨�Q� X Ò �
whichhasoneunstablemode� ¼ÓÒ anda RHP-zero d ¼e\ .

First, we considerminimizing the T Î -norm. The input andoutputstatedirectionsandthe pole
vectorscorrespondingto theunstablemode� ¼ÓÒ areÂo»�Ä�¼ Âo»�Å ¼gf Y Òihkj º�»?¼ [ ÒZY�¿�Ò�Ò and Æ�»Þ¼ X [ ÒZY�¿�Ò Ò
Thestatefeedbackgain

�
andtheKalmanfilter gain

�ml
becomes� ¼ \ �º�» Â Ã»�Ä ¼onpY \Mq Ò � Òir and

�sl ¼ \ �Æ�» ÂE»mÅ(¼tf YX \uq Ò � Òih
TheLQG controllerminimizing theinputenergy becomes�mv7wix �Q��� �¼ ��WyX Ò�Y X \Mq Ò�\ Y\ q Ò�\ X{z X \ q Ò � ÒY \Mq Ò � Ò Y ^`_a ¼ X}|7| Y � Ò �cb Ò� Î X Ò z �cb�~ Ì
The controller is strictly proper, haspolesfor � E Ï Î ¼ X�� ����������� Ì Ê anda zerofor d ¼ X ÒZY . The
objectivebecomesÈ ¼ ��� � Ì , andthe T Î -normof theclosed-looptransferfunctionfrom � to x is� �sv7w�x*�iv7wix �Ë�®�7� Î ¼ q ��� � Ì ¼ z � Ò�Ò where

�iv7wix �Q��� ¼ � Ò b � �mv7wix �Q���U� C�E
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Table6.1: Summaryof resultswhenminimizing theinputusage,T Î -normand T
U -norm.

Zeros
�

Poles
�

Zeros
�K�

Poles
��� � �K� �Q���7� Î � �K� �Q���7� UT Î X ÒZY X�� ����������� Ì Ê Ò � X Ò j X Ò]� z � Ò Ò | � |TVU X ÒZY X{z(| Ò X Ò � \ � \

Theclosed-looppolesin theminimal realizationof
�sv7w�x*�iv7wix

is � E Ï Î ¼o� X Ò j X Ò]� , andwe seethat
theopen-loopstablemode� ¼ X ÒZY of � cancelwith thezero d ¼ X Ò�Y in thecontroller. Table6.1
summarizessomeof theresultsfor theLQG controllerminimizingtheinputenergy.

By using the identity
�K� ¼y� � CGE andapplyingTheorem4.3 with � ¼ � CGE we obtain the

controllerminimizing the T
U -normof inputusagedueto measurementnoise.Thecontrolleris� U �Q�®� ¼ X \ � \ Y � Ò �cb ÒY � Ò �cb z � |
Thecontrolleris semi-proper, hasa pole � ¼ X{z(| anda zero d ¼ X ÒZY . The T
U -normof theclosed-
loopsystemis � � U � U �Q���7� U ¼e\ � \]Y where

� U �Q��� ¼ � Ò b � � U �Q���U� C�E
The only pole of the closed-looptransferfunction

� U � U is � ¼ X Ò . Table6.1 summarizessome
of theresults.Themagnitudeof closed-looptransferfunctions

�iv7wix
,
�mv7wix��iv7w�x

,
� U and

� U � U
areplottedasfunctionsof frequency in Figure6.3. We seethatthe TVU -optimalcontrollerresultsin a
constantmagnitudeof theclosed-looptransferfunction

� U � U .
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Figure6.3: Frequency dependentplot of closed-looptransferfunctions

6.3.6 Limitations in the useof the polevectors

We have provedtheusefulnessof polevectorsfor moving onepolewith a singleloop con-
troller. But canwe usethepolevectorsto sayanything abouthow easyit is to move two or
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morepolesusinga singleloop controller?Thenext two examplesillustratethat theanswer
is generallyno.

EXAMPLE 6.4. In this examplewe considertheeffect of a zeroon thepolevectors,wherethezerois
closeto two polesat thesametime. Theexampleillustratesthatwe only canextractinformationabout
onepoleata time. Weconsiderthefollowing SISO transferfunction���,���*� � �,�¡ V¢B��,�� V¢¤£¦¥]���,�§ Q¢� ¥]� � ¨�§ ©¢� ª¥ £ ¨�¡ V¢«£¬¥
wherewe notethatthezerodisappearin theindividual termsin thepartialfractionexpansionof

�«��Z�
.

So,thezerois obviously a combinedeffect of bothpoles.A balancedminimal state-spacerealization
of
�

when
¥
®�e¯

is givenby �«�,���Q°�9±²«³{´Qµ ¶ ·¶ ³k¸
µ ·· · ¶ ¹º (6.53)

Bothpoles
¢G»0¼¾½¡�¬¢{¿©¥

areobservableaslongas
¥m®�e¯

. Wecomputetheinputandoutputpolevectors
correspondingto thepoles

¢G»p¼À½}�¢¤¿¦¥
to beÁÃÂ �oÄ ¨ ¨BÅ and Æ Â ��Ä ¨ ¨BÅ

independentof thevalueof
¥
. Fromthepolevectorsit seemslikebothpolescaneasilybemoved.But

as
¥�Çg¯

weget
�«�,���*� ½ÈDÉ Â , sothis is incorrectfor smallvaluesof

¥
. To verify, weconstructanLQG

controllerminimizing theinputenergyÊ �eËSÌeÍÏÎÏÐÑ&ÒOÓ ¨ÔÖÕ Ñ×PØ Ñ �;ÙÚ� Ø �;ÙÚ�2ÛMÙ�Ü
with measurementnoiseof unit intensityandno processnoise. When

¢Ý� � , ¥V�Þ¯1ß ¨ we obtainthe
statefeedbackgainto input Ø , à , andthefeedbackgainfrom theoutput á to thestateestimate,àmâ :à ��Ä0ã(ä  kå]æ Å and àmâ �gç ã(ä �å]æ�è
Theclosed-looppolesbecome

¢�»0¼À½��é .¢m¿ê¥
, andtheobjective becomes

Ê �ëäìß ¨ ¯îí ¨ ¯ðï , which is
huge.Thefollowing tableshowsthevalueof theobjective

Ê
for somedifferentvaluesof

¥
when

¢V� � .¥ ¨ ß�ñ ¨ ¯1ß�ñ ¯1ß ¨ ¯1ß�¯ðñ ¯�ß�¯ ¨Ê ¨ð¨ æ(äìß�æ äuå]ò7æ æMå7å ¨�� ä�ß ¨ ¯kí ¨ ¯ ï æ1ß�ñ]æ#í ¨ ¯ðó äìß ¨ ¯#í ¨ ¯ »0»
Similar resultsapply if the zerois locatedto the left or to the right of both poles. For example,

consider ���,���.� �� V¢s ª¥�,�¡ V¢B���,�§ Q¢î£Ý¥]� �   ¨�§ ©¢ £ ��� V¢«£¬¥
with balancedminimalstate-spacerealization(when

¥
®�ô¯
)�«��Z�Q°�õ±² ³ ¶ ¸¡·¶ ³#¸
µ ö ÷· ö ÷ ¶ ¹º (6.54)

Theinputandoutputpolevectorscorrespondingto thetwo poles
¢G»p¼À½}�ùø0¢�ú?¢� ª¥Mû

areÁ�Â ��Ä�  ¨ ü �GÅ and Æ Â ��Ä ¨ ü �ÃÅ
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independentof the valueof
¥
. Again, from the pole vectors,it seemslike both polescaneasilybe

moved. But as
¥©Ç ¯

we get
�«�,����� »ÈDÉ Â , so this is incorrectfor small valuesof

¥
. To verify, we

considerthe controllerminimizing the input energy requiredto stabilizethe plant. With
¢S� � and¥k�Ö¯1ß ¨ weobtain à �oÄý  ¨ ñ]æ   ¨ ¯(ä�ß�ã Å and àmâ �gç ¨ ñ]æ  ¨ ¯(äìß�ã�è

Theclosed-looppolesbecome
¢�»0¼¾½¡��øM *¢{£©¥uúý *¢�û

, andtheobjectivebecomes
Ê � ä�ß � å.í ¨ ¯ ï , which

is huge. The following tablesummarizesthe valueof the objective
Ê

for somedifferentvaluesof
¥

when
¢
� � . ¥ ¨ ß�ñ ¨ ¯1ß�ñ ¯�ß ¨ ¯�ß�¯ðñ ¯1ß�¯ ¨Ê ä7äMæ�ßÀä ò7æ ¨ ã å ¨ ¯7ãMå äìß � åkí ¨ ¯ ï æ�ß�å ¨ í ¨ ¯ ó äìß ¨(� í ¨ ¯ »0»

Wehaveseenthatthepolevectorsareunableto identify thedifficultieswith stabilizingtheseplants.

The two situationsdescribedin (6.53)and(6.54)areexactly whathappensin the elementsþ1ÿ�� of thefollowing ����� system

���
	���� ±��² ³ » ¶ ������� ¸��������¶ ³ ½ �
����� ������������! ¸��
���" ¶ ¶�����" �����! ¶ ¶
¹ ##º

which wasusedto illustratethelimitationsof poledirectionsin Example2.3. This
�

corre-
spondsto two subsystemsin parallelwith rotationsat theinputandtheoutput,seeFigure2.1.
Theinputandoutputpolevectorscorrespondingto themodes$&%�')(!%+*�, are-". �0/ ���1�!� �
���2�¸��
����� �������43�5 6 . �0/ �����7 ¸��
���" �
���" �����7 83
In Example2.3 it is shown thatall transferfunctionelementshave a zerocloseto oneof the
poleswhen%�' and%+* approacheseachother. Thediagonalelementsin

�
have a zeroto the

left or to theright of thepoles,andtheoff-diagonalelementsin
�

have a zerobetweenthe
poles.Wenotethat

�
hasnomultivariablezeros.To controlbothmodesin the ���9� system�

usingoneinput andoneoutputis difficult if thetwo modesarein RHP andlocatedclose
to eachother, dueto thenearbyzeroin all transferfunctionelements.If thetwo modesarein
LHP andlocatedcloseto eachother, large input usageis neededto move bothpoles.In the
casewhen%�' � %+* weknow thatweneedtwo inputsandtwo outputsto controlbothmodes,
seeTheorem2.4onpage32(wenotethatthepolevectorsareorthogonalin thiscase).

A practical examplecontainingthe propertiesdescribedhereis the distillation column
DB-configuration,seeExample6.8in Section6.7.

EXAMPLE 6.5. In Example6.4weconsideredtwo realpoleswith anearbyzero.Wecanstill hopethat
complex conjugatepolesarespecial,so thatwe canusethepolevectorsto saysomethingabouthow
easyit is to move two complex conjugatepoles. In this examplethereforeconsiderstabilizinga plant
with two unstablecomplex conjugatepolesandanearbyzero.Weconsider�«�,��� °�;:< ¢  }¥ ¨¥ ¢ ¯¨ ¯ ¯>=? � �¡ Q¢� ½   � ¢B�-£ ¢ ½ £¬¥ ½
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Theplant
�

hasa RHP-zerofor
�«�ô¢

andtwo complex conjugatepolesfor
¢�»0¼À½î�ô¢�¿�¥&@

. We find
(theleft andtheright eigenvectormatrices)AîÂ�B �tç ¯1ß�å7¯ðå ¯1ß�å]¯Må {¯1ß�å7¯ðåC@ ¯1ß�å]¯ðåC@.è and

AîÂCD �gç  �¯1ß�å]¯ðå  {¯�ß�å]¯ðå¯1ß�å7¯ðåC@  {¯1ß�å]¯MåC@.è
Thepole“vectors”becomesÁÃÂ �oÄp¯1ß�å]¯ðå ¯�ß�å]¯ðå Å and Æ Â �oÄ� �¯1ß�å]¯ðå  {¯1ß�å7¯ðå Å
Whichis independentof thevaluesin

¢
and
¥
. When

¥
approacheszeroweobtain

�«�,���.� »ÈDÉ Â andwe
expectthatwe needlargeinputsto stabilizetheplantfor smallvaluesof

¥
. To verify our suspicionwe

constructanLQG controllerminimizing theinputusageÊ �eË Ì ÍÏÎÏÐÑ&ÒOÓ ¨ÔÖÕ Ñ×PØ Ñ �;ÙÚ� Ø �;ÙÚ�2ÛMÙ Ü
with measurementnoiseof unit intensityandno processnoise. When

¢Ý� � , ¥V�Þ¯1ß ¨ we obtainthe
statefeedbackgain à andthefeedbackgainfrom theoutputsto thestateestimateà âà ��Äpã ¨ æ7¯ Å and à â �tç ã  ¨ æð¯Ãè
Theclosed-looppolesbecome

¢G»0¼¾½O�ë .¢�¿�¥&@
, andtheobjective becomes

Ê � ¨ ß�æ(ä¤í ¨ ¯ ó , which is
huge.Thefollowing tablesummarizesthevalueof theobjective

Ê
for somedifferentvaluesof

¥
when¢
� � . ¥ ¨ ß�ñ ¨ ¯1ß�ñ ¯1ß ¨ ¯1ß�¯ðñ ¯�ß�¯ ¨Ê � ã7ò7ã1ß ¨ ¨ äMã(äMã � ß�ñ�ä�í ¨ ¯�E ¨ ß�æ]ä�í ¨ ¯7ó � ß�æ � í ¨ ¯GF ¨ ß�æ(ä�í ¨ ¯ »2½

Again, we have seenthat the pole vectorsareunableto identify the difficulties with stabilizingthis
plant.

6.4 Modal control with minimum feedbackgains

In theprevioussectionweshowedthatselectinginput H andoutput I accordingto thelargest
elementsin thepolevectors,correspondsto thebest5 input/outputcombinationfor stabilizing
a plantwith oneunstablemodeusinga SISO controller. It is difficult to extendthis resultto
themoregeneralcaseof moving onestablepoleor severalpolesat thesametime.

However, an alternative interpretationto the minimum input usageis to selectinput J �
which minimizesthe norm6 of the statefeedbackgain K � and to selectoutput L ÿ which
minimizesthenormof theKalmanfilter gain KNM)O ÿ , seetheexpressions(6.33)and(6.36)forK � and KNMPO ÿ .

In thissectionweconsidermoving oneor two polesfrom theiropen-loopvaluesto some
desiredclosed-loopvalues,by constructingastateobserverbasedonoutput L ÿ andusingstate
feedbackto input J � .

5In termsof minimuminputusage.
6Any matrixor vectornormapplies.Thatis, thechoiceis independentof theparticularnormchosen.
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Statefeedbackto input QSR . Thestateequationof theopen-loopplantisTU �WV UYX[Z�\1� J � (6.55)

Weusefeedbackfrom statesU to theinput J �J � �^] K �_U (6.56)

suchthatwemoveoneor two polesfrom theiropen-loopvaluesto somedesiredclosed-loop
values.Thatis, we find K � suchthattheclosed-loopstate-spacematrix`Va�bVc] Z�\_� K � (6.57)

hasthedesiredclosed-loopeigenvalues.Generalanalyticalformulasfor thecontrollergainK � which movesall theopen-loopeigenvaluesto somedesiredclosed-loopvaluesaregiven
in SectionA.1. Below wewill usetheseformulasto moveoneor twoopen-loopeigenvalues
to somedesiredclosed-loopeigenvalues,andleaving theremainingonesunchanged.

Stateobserver basedon dfe . Thedualproblemto thestatefeedbackproblem,is to find the
outputto statefeedbackgainsothat theobserver hasthedesiredclosed-looppoles.That is,
weconsider TgU �bV gUhX[Z�\_� J � 5 gL ÿ � \Giÿkj gUlXm\)iÿ2n \_� J � (6.58)

andby usingfeedbackfrom L ÿ ] gL ÿ to theestimatedstates
gU , i.e.TgU �bV gUYX[ZY\1� J �oX KNM)O ÿ � L ÿ ] \)iÿ j gU ] \)iÿ n \1� J � � (6.59)

wemovetheclosed-loopobserverpoles,i.e. theeigenvaluesofpVq�bVb] KNMPO ÿr\ iÿ j (6.60)

to thedesiredlocations,which we will chooseto be thesameasthosein
`V (for statefeed-

back). Again, we will only considermoving oneor two open-loopobserver polesto some
desiredlocationsandleaving theremainingonesunchanged.

Combined stateobserver and state feedback. Whenwe combinestatefeedbacktogether
with stateestimationwe get �ts closed-looppoles(theeigenvaluesof

`V and
pV ). Theeigen-

valuesof
`V (regulatorpoles)and

pV (observer poles)aregenerallydifferent,but we choose
hereto movetheregulatorandtheobserverpolesto thesamelocations.

6.4.1 Moving onepole

Statefeedbackto input QSR . Theproblemis to movethedistinctrealopen-looppole % to u
by theuseof statefeedback(6.56)to input J � . Thesolutionis to usethestatefeedbackgain
vector K � � % ] uv . O � Uwi. ÿ (6.61)
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where v . O � is the H ’ th elementin the input polevectorcorrespondingto the pole % and U . ÿ
is the correspondingstateinput pole direction, i.e. U+x. ÿ V � % U+x. ÿ . For a proof of (6.61)
refer to SectionB.2. Sinceonly the constant

.!yfz{&|1} ~ is dependenton the choiceof input H ,
any matrix normof K � is minimizedby selectinginput H correspondingto theelementwith
largestmagnitudein thepolevector v . . Eventhoughwe areminimizing thestatefeedback
gainvector, thechoiceH is independentof thestate-spacerealization.

Stateobserver basedon dfe . In a similar way, we move theobserver pole % to thedesired
location u by addingfeedbackfrom L ÿ ] gL ÿ to theestimatedstate(6.59).ThesolutionisKNMPO ÿ � % ] u� . O ÿ U .G� (6.62)

where � . O ÿ is the I ’ th elementin theoutputpolevectorcorrespondingto thepole % and U .G� is
thecorrespondingstateoutputpoledirection,i.e. V U .G� � % U .�� . For aproofof (6.62)referto
SectionB.2. Any matrixnormof KNM)O ÿ isminimizedby selectingtheoutputI correspondingto
theelementwith largestmagnitudein thepolevector � . . Again, thechoice I is independent
of thestate-spacerealization.

6.4.2 Moving two distinct poles

By studyingthe SISO plantsin Examples6.4 and6.5 it is shown thatwe generallycannot
sayanything abouthow easyit is to stabilizea plantwith two unstablemodesfrom thepole
vectors.This meansthatwe cannot usethepolevectorsascontrollability measures(which
is the casewhenwe considermoving oneunstablemode). Thepole vectorsareuniqueup
to a multiplum of a constant,so therelative influenceof thedifferentinputsandoutputson
thepole is reflectedin therelative magnitudesin the input andoutputpolevectors.We can
thenusetherelative magnitudesto rankthedifferentinputsandoutputs.However, it is still
an openissue(for research)what it meansto rank candidateinputsandoutputsusing the
pole vectorswhenonewant to move two polesusingone input andoneoutput. It seems
reasonableto doso,but it hasbeendifficult to proveany concreteresults.

Onesteponthewaycanbeto find analyticalexpressions(in termsof thepolevectors)for
the feedbackgains K � and KNMPO ÿ which movestwo open-looppolesto somedesiredclosed-
loop locations. In this sectionwe thereforeconsiderto move two distinct open-looppoles
by usingstatefeedbackto input J � andto move thecorrespondingobserver polesby adding
feedbackfrom output L ÿ to theestimatedstates.

Statefeedbackto input QSR . Thefeedbackgain K � to movethetwopoles%�' and%+* , %�'��� %+*
to thedesiredlocationsuS' and u�* usingstatefeedback(6.56)to input J � isK � ��� ' U x.!� ÿ X � * U x.G� ÿ (6.63)

where � ' � � %�' ] uS' �P� %�' ] u�* �� %�' ] %+* ���v .!� O � ( � * � � %+* ] uS' �P� %+* ] u�* �� %+* ] %�' ���v .�� O � (6.64)
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U .7� ÿ and U .G� ÿ aretheleft eigenvectorscorrespondingto thepoles%�' and%+* , v .7� and v .�� are
thecorrespondinginput polevectors,andfinally v .7� O � and v .G� O � arethe H ’ th elementof the
inputpolevectors.

Stateobserver basedon dfe . In a similar way, we canmove theobserver poles%�' and %+* ,%�'��� %+* to thedesiredlocationsuS' and u�* by addingfeedbackfrom L ÿ ] gL ÿ to theestimated
states(6.59).Thesolutionis KNMPO ÿ ��� ' U .7��� X � * U .G�&� (6.65)

where � ' � � %�' ] uS' �P� %�' ] u�* �� %�' ] %+* � �� .7� O ÿ ( � * � � %+* ] uS' �P� %+* ] u�* �� %+* ] %�' � �� .G� O ÿ (6.66)U .7��� and U .G�&� arethe right eigenvectorscorrespondingto thepoles%�' and %+* , � .7� and � .G�
arethecorrespondinginputpolevectorsandfinally, � .7� O ÿ and � .�� O ÿ arethe I ’ th elementof the
outputpolevectors.

6.4.3 Moving complexconjugatepoles

Thecasewherewe wantto move two complex conjugatepoles
� %�( �% � to somedesiredcom-

plex conjugatelocations
� uS( �u � follows easily from the resultsin Section6.4.2by setting%�' � % , %+* � �% , uS' � u , u�* � �u , U .!� ÿ � U . ÿ , U .G� ÿ � �U . ÿ , U .7��� � U .G� , U .G�&� � �U .G� ,v .7� O � � v . O � , v .G� O � � �v . O � , � .7� O ÿ � � . O ÿ and � .G� O ÿ � �� . O ÿ . WhereU . ÿ and U .G� aretheleft and

theright eigenvectorscorrespondingto % , v . O � is the H ’ th elementof thepolevector v . and� . O ÿ is the I ’ th elementof thepolevector � . for thepole % .

Statefeedbackto input QSR . From(6.63)weobtainK � �^� �1U+x. ÿ X �� � �Ufx. ÿ ( where � � ��� .!ywz�� � .�y��z��� .!yo�.!� �{&|1} ~ � ��{&|_} ~ (6.67)K � � �t��� � � �_Ufx. ÿ � since
�K � � K � . The � -normof K � becomes7� K � � * � ��� � ��� � � �1U x. ÿ � � * � ����� � � �G� � ��� � \ ����� ~ U x. ÿ � � * (6.68)

which shows thatwe needto payattentionto ��J . O � whenselectingthesingleinput H if we
wantto minimize

� K � � * .
When%��¡  and u �^] % , weget ¢ � * .f£w¤ � .t��¦¥¨§ � .t� (which is independentof thechoiceH )

� � � �¦% � % X �% �� % ] �% � �v . O � � �¦%H ��� � % �©�ª � % �¬«�J . O � (6.69)

The casewhen u � ] % correspondsto stabilizingcontrol with minimum input usagefor
a plant with two complex conjugateunstablepoles. This follows sincethe feedbackgain

7When is usedasasubscriptor togetherwith thetext “input” wemeaninput  , otherwisewemeanthecomplex
number�® ö ¸¡· .



150 CHAPTER6. SELECTIONOFVARIABLES FORREGULATORY. . .

vector K � in theSISO caseis uniqueandthestatefeedbackwhichminimizestheinputusage
mirrors the open-loopunstablepolesinto the LHP, i.e. the resultingclosed-looppolesareu �¯] % alsofor complex conjugatepoles(KwakernaakandSivan,1972,Theorem3.11on
page284). An alternative way to prove that the statefeedbackK � (6.67)with � � givenby
(6.69)minimizestheinputusage,is to solvetheRiccatiequation(6.31)for thecasewhenthe
state-spacematrix V hastwo unstablecomplex eigenvalues.Thesolutionis° � � � � � *�t��� � % � � U . ÿ±U x. ÿ X �U . ÿrUfi. ÿ � X � *��¦% �U . ÿrU x. ÿ X �� *�� �% U . ÿ�Uwi. ÿ (6.70)

Stateobserver basedon dfe . TheestimatorgainbecomesKNMPO ÿ ��� ÿrU .�� X �� ÿ �U .G� ( where � ÿ � � .!ywz�� � .�y��z��� .!yo�.!� �²
|1}´³ � ��²�|_} ³ (6.71)

KNMPO ÿ � �t�µ� � � ÿ±U .G� � , since
�KNM)O ÿ � KNMPO ÿ . The � -normof KNMPO ÿ is� KNM)O ÿ � * � ��� � �µ� � � ÿrU .G� � � * � ���¶� � ÿ � � ��� � \ ����� ³ U .�� � � * (6.72)

When%��¡  and u �^] % weobtain ¢ � * ."£w¤ � .t��C¥·§ � .t� (which is independentof thechoiceI )
� ÿ � �¦% � % X �% �� % ] �% � �� . O ÿ � �¦%H �µ� � % �©�ª � % �¸«�� . O ÿ (6.73)

The casewith u � ] % correspondsto the feedbackgain from the output L ÿ to the states
which minimize the meansquarereconstructionerror when thereis no processnoiseand
measurementnoiseof unit intensity(follows from duality).

From the solution
°

(6.70) to the Riccati equation(6.31) andthe expressionfor KNM)O ÿ
(6.71)with � ÿ givenby (6.73)we canfind theminimumvalueof theobjective (6.1) for the
casewheretheplanthastwo unstablecomplex poles.Weobtain¹ �Wº¼» $ ° KNM)O ÿ K iMPO ÿ ,
However, wehavenot foundany simpleway(whichmaynotbepossible)to extract v . O � and� . O ÿ from theexpressionfor

° KNM)O ÿ K iM)O ÿ . So,we cannotproveany definiteconclusionabout
thebestinput H andthebestoutput I to stabilizea plantwith two complex unstablemodes.
Thereasonis that thephaseof v . O � and � . O ÿ matter(asnotedabove). However, if thephase
of thedifferentelementsin v . arenot too different8 we areprettysafeselectingthe input H
with thelargestmagnitudein thepolevector v . . Similarly, whenselectingtheoutput I , if the
phaseof theelementswith largestmagnitudesin � . areapproximatelythesame,thenweare
prettysafeselectingtheoutput I with largestmagnitudein theoutputpolevector � . .

8In particularif thephaseof theelementswith largestmagnitudesin ½ Â areapproximatelythesame.
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6.5 Poleplacementinterpretedin terms of LQG control

6.5.1 Moving onepole

State feedbackto input QSR . We caninterpretthe pole placementin termsof LQR when%¿¾¡u and �´uo��¾À� %Á� , thenthesolutionto theARE (6.17)is° � % ] uv *. O � U . ÿrUwi. ÿ ¾¡  when%�¾¡u (6.74)

with Â � u * ] % *v *. O � U . ÿ±U i. ÿ ¾¡  when u * ¾Ã% * (6.75)

Re

Im

³¸�³
Figure6.4: AttainableÄ valuesin LQR andLQE problems

Theattainableclosed-looppoles u areshown graphicallyin Figure6.4. First, we needu to
bestable,i.e. ���2uÆÅ¡  . Secondly, weneedu>ÇÃ% (not illustratedin thefigure)otherwisethe
solution

°
to theRiccatiequationis negative. Finally, if ��� � % � ��  , thenit is requiredthat� uo��¾È� %Á� , otherwise

Â
in (6.75)is negative. Thefirst requirement%9¾cu , is equivalentto the

secondrequirementwhenboth % and u arein LHP andit correspondsto positivesemidefinite
solutionsto the ARE (6.17). The requirementexpressesthat positive effect of the control
is to move the pole further into LHP, andthat moving the pole % in the LHP closerto the
imaginaryaxis (to the right) requiresa negative solution to the ARE (6.17). The second
requirement� uo�+¾É� %Á� dealswith thesituationwhen % is in RHP, thenany movementof the
poleto theleft satisfiesapositivesemidefinitesolutionto theARE.However, traditionalLQR
requires

Â
to bepositivesemidefinite.For u �Ê] % , wehave

Â �   , andtheobjective
¹

is to
minimizetheinput usage.Thatis, stabilizingcontrolwith minimuminput usagemirrorsthe
unstablepoleinto theLHP. Onemight have thoughtthattheunstablepoleshouldhave been
movedaslittle aspossible,namelyjust into the LHP, ratherthanbeingreflectedaboutthe
imaginaryaxis. However, theneedto tradeoff feedbackgainvs. rateof decayin U dictates
the latter requirement.It is interestingto seethat in orderto obtaina solutionto the LQR
problemwith ] %ËÅ�umÅ�  when%ÍÌÏÎoÐ requiresa negative

Â
, which therebyalsogivesa
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lowervalueof theobjective
¹�Ñ�Ò+£

for thecasewhen ] %¿Å¡u>Å¡  than u �^] % . For example,u �^]  ¶ÓÕÔ¦% gives(KwakernaakandSivan,1972)¹�Ñ�Ò+£ � U i Ö ° U Ö � « ÓÕÔ¦%v *. O � � U i Ö U . ÿ � *
whereasu �^] % gives ¹�Ñ�Ò+£ � U i Ö ° U Ö � �¦%v *. O � � U i Ö U . ÿ � *
Stateobserver basedon dwe . We find thatthepoleplacementcanbeinterpretedin termsof
LQE when%¿¾¡u and �´uo��¾À� %Á� , thenthesolutionto theARE (6.21)is

6 � % ] u� *. O ÿ U .G� Uwi.G� when%¿¾cu (6.76)

with × � u * ] % *� *. O ÿ U .G� Uwi.G� when u * ¾Ã% * (6.77)

Minimum valueof objective. Theminimumvalueof theobjective(6.12)becomes(6.23)¹ � I&(ØH � � º&» $ ° KNM)O ÿ K iMPO ÿ X 6 Â ,� º&»�Ù % ] uv *. O � U . ÿrUwi. ÿ � % ] u � *� *. O ÿ U .G� Uwi.G� X % ] u� *. O ÿ U .G� Ufi.G� u * ] % *v *. O � U . ÿrUwi. ÿ_Ú
� � % ] u �P� U . ÿÛU i.G� �v *. O � � *. O ÿ º&» $ � u * ] % * � U . ÿrUwi.G� X � % ] u � * U .G� Uwi. ÿ ,
� � % ] u �P� U . ÿÛU i.G� �v *. O � � *. O ÿ �7u � u ] % � º&» $ U . ÿ±U i.G� , � �7u � % ] u �P� u ] % �v *. O � � *. O ÿ � U i. ÿ U .G� � * (6.78)

6.5.2 Moving two or morepoles

Whenwemovedoneopen-looppoleby controllingoneoutputusingoneinput,wewereable
to deducein which casespoleplacementcouldbeinterpretedasLQG control,andfrom the
feedbackgainswewereableto find positivesemidefinitesolutions(rankonematrices)to the
algebraicRiccatiequations.Whenmoving two polessimultaneouslythefeedbackgainsare
the sumof two vectors,andthe solutionsto the algebraicRiccati equationsobtainedfrom
thefeedbackgainsbecomemorecomplicated.In this caseit is thesecondordertermin the
algebraicRiccatiequationcausescrosscouplingbetweentheeigenvectors,andthesolutions
to theRiccatiequationsareweightedsumsof four rankonematrices.This implies thatwe
have not beenableto find positive semidefiniteweightingmatrices(

Â
or

×
) in thegeneral

case.This may not be a big surprisesincefrom root locusplot for the LQR problemasa
functionof differentweightingbetweenthestatesandthecontrolinput(see,Kwakernaakand
Sivan,1972,for furtherdetails)theclosed-looppolesmovesin certainpatterns,for example
theButterworthpoleconfigurationappearswhenwedecreasetheweightof thecontrolusage
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towardszero.Thefactthattheclosed-looppolesmovein certainpatternswith varyingweight
on thecontrolandthestates,alsoappearedwhenmoving a singlepole. For examplewhen
we consideranopen-looppole %Ë�^  , only closed-looplocationsu where uÜÇ ] % resulted
in positive semidefinite

Â
. The point is that restrictionsmustbe imposedon

Â
and

×
to

ensurepositivesemidefiniteness,i.e.

Â ¾c  and

× ¾c  . Theanalyticalexpressionsfor these
restrictionscanbehard(andimpossible)to find.

6.6 Implications for input/output selection

Theinput/outputpolevectorsdependonscaling,soit is crucialto scaletheinputsandoutputs
properly. Oneprocedurefor selectinginputsandoutputsto stabilizea givenunstablemode
is:

1) Scalethe inputsso thata changein eachof the inputsareof equalimportancein the
objective.

2) Scaleoutputsrelative to measurementnoise.
3) Useinput H for control,whereH correspondsto a largeelementin theinputpolevectorv .
4) Controloutput I , whereI correspondsto a largeelementin theoutputpolevector � . .

Strictly speaking,theresultsonstabilizingcontrolwith minimuminput usagein Section6.3
andtheresultsonminimizingthenormof thefeedbackgainsin modalcontrolin Section6.4,
canonlybeappliedto moveonepoleata time. If theplanthasseveralunstablemodeswhich
needto bestabilized,afterstabilizingonemodeusingoneloop,thepolesandthepolevectors
of thepartiallycontrolledsystem(closed-loopsystemwith theSISO controllerincluded)can
be recomputed.However, we canclearly not interpretthe resultsin termsof minimizing
the input usageexcept for the last unstablemodewhich we stabilize. It may alsobe that
the SISO controllerhas“stabilized” severalunstableor slow modes.If thereareremaining
unstablepolesthennew control links canbe identifiedfrom therecomputedpoledirections
andnew controllerscanbeincluded,seetheTennesseeEastmanexamplein Section6.7 for
anillustrationof thisprocedure.Wenotethatin theTennesseeEastmanexamplewe identify
two loopsfrom thepolevectorsof theopen-loopplantbeforerecomputingthepolevectors.
Also note that in the distillation DB-configurationexample(Example6.8) we are able to
deducethat it is impossibleto move two modeswhich areclosein the complex planeand
wherethe pole vectorsareorthogonalon eachother. So, in somespecialcases(whenthe
pole vectorsareorthogonal)we areableto saysomethingmorealsowhentherearemore
thanoneunstablepole.

We alsonotethat the fractions ��Ý�Þ|C³ Ý |Cß � �{ �|_} ~ ² �|_} ³ and �àÝ�Þ|&³ Ý |¦ß � �á {¼| á �� á ²�| á �� arecontrollability measuresfor

how easyit is to stabilizea plant with oneunstablemode % with SISO control of output I
usinginput H andfull multivariablecontrolrespectively. To extractfurtherinformationfrom
thepolevectorsit is temptingto introducespecialscalingsof the input andtheoutputpole
vectorsand/ormake the definitionsdependenton a specialbalancedstate-spacerealization
(seeRemark3 on page136). However, thenthephysicalconnections(andthescalingsap-
plied basedon physicalconsiderations)to the states,inputsandoutputsarelost. So if the
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modelis obtainedby linearizinganon-linearfirst principlemodelthenwepreferto scalethe
modelbasedon physicalconsiderationsandthencomputethepolevectorsasdefinedhere.
For black-boxmodelsandmodelswherethestateshave no clearphysicalinterpretationswe
generallyusea balancedrealizationsuchthat the innerproduct U i. ÿ U .G� � « , andthe length
of v . is equalto the lengthof � . . It thenappearsfrom thepolevectorsthat themodesare
equallycontrollableandobservable.However, westressthattheinput/outputselectionis not
influencedof this reordering/rescalingof thestates,i.e. therankingof theinputsandoutputs
basedon therelativesizesin thepolevectorsareindependentof thestate-spacerealization.

6.7 Casestudies
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Figure6.5: TennesseeEastmantestproblem

EXAMPLE 6.6 TENNESSEE EASTMAN PROBLEM . In this examplewe considertheTennesseeEast-
manproblem,andweusethepolevectorsto find astabilizingcontrolstructure.Theplantlayoutof the
TennesseeEastmanproblemis shown in Figure6.5. For detailsabouttheTennesseeEastmanproblem
referto (DownsandVogel,1993).In thefigurebothmeasurementsá B andmanipulatedvariablesØ�â are
labeled.Also givenin thefigurearecandidateoutputs( á B ) for stabilizingcontrol.A separatenumbering
schemeis givenfor thoseoutputs.Table6.2summarizestheselectedcandidateoutputsfor stabilizing
controlandthecorrespondingvariablenumberin thefull model(referredto asPID No.). Also givenin
thetableis thescalingof theoutputsusedin this analysis.Themanipulatedvariablesaresummarized
in Table6.3, alsogiven in the table is the scalingof the inputsusedin this analysis.The linearized
modelin thebasecase(mode1, 50/50G/H massratio) is usedin thisexample.

Themodelhassix unstablepolesin theoperatingpoint considered¢¶ãî��Äp¯ ¯1ß�¯7¯ ¨ ¯1ß�¯ � ò{¿ ¯1ß ¨ ñ]æ¦@ ò1ß�¯7æ7æ{¿ ñuß�¯ðåGä¦@ Å
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Table6.2: Candidateoutputsfor stabilizingcontrolof theTennesseeEastmanproblem.

Variablename No.a PID No.b Scaling
Reactorpressure á » á ï ñ�äìß ¨ Ä å�æfç Å
Reactorlevel á ½ á ó ¨ ß�ñ�è
Reactortemperature á7é á F ¨ ß � ÄëêPì Å
Separatortemperature á7í á »0» ¨ ß�¯}ÄëêPì Å
Separatorlevel á E á »2½ ¨ ß�¯2è
Separatorpressure á7î á » é ñ � ß�æ}Ä å�æfç Å
Stripperlevel á ï á » E ¨ ß�¯2è
Stripperpressure á ó á » î æ � ß�¯}Ä å�æfç Å
Strippertemperature á F á » ó ¨ ß�¯}ÄëêPì Å
Reactorcoolingwater
outlettemperature

á » × á ½D» ¯1ß � ÄëêPì Å
Separatorcoolingwater
outlettemperature

á »0» á ½0½ ¯1ß � ÄëêPì Å
aVariablenumberin thesmallermodelusedin theanalysis.
bVariablenumberin the full model provided by Downs and

Vogel.

Theinnerproductsof theleft andright eigenvectorscorrespondingto theunstablemodesareïñðÂ¦B ï ÂCD ��Ä0¯1ß�ò � ¯�ä ¯1ß�¯(äMæMå ¯1ß�¯ �1¨ ¯ ¯1ß�¯ð¯ðå�ä Å
Thatis, ï ðÂ¦B ï ÂCD �e¯1ß�ò � ¯Gä for themode

¢V�ô¯
, etc.Theinnerproductof complex conjugateeigenvectors

is equal,i.e. ï ðÂ�B ï ÂCD �Wòï ðÂ�B òï ÂCD , sowehaveonly giventhefour values.Theinnerproductsenterinto the
expressionsfor theinputusage,see(6.29)and(6.49),but haveno influenceon therelativeorderof the
pairingalternatives.

Theoutputpolevectorsare

ó ô Â ó �
:�����������������<

¯�ß�¯7¯7¯ ¯�ß�¯7¯ ¨ ¯1ß�¯]ä ¨ ¯1ß ¨ð¨��¯�ß�¯7¯7¯ ¯�ß�¯7¯(ä ¯1ß ¨ æGä ¯1ß�¯ðæðñ¯�ß�¯7¯7¯ ¯�ß�¯7¯7¯ ¯1ß�¯ ¨ ò ¯1ß�òðæ7æ¯�ß�¯7¯7¯ ¯�ß�¯7¯ ¨ ¯1ß�¯Mñ ¨ ¯1ßÀä ¨ ¯¯�ß�¯7¯Gä ¯�ß�ñ]ã7¯ ¯1ßÀäuã7ã ¯1ß�ò ¨ ñ¯�ß�¯7¯7¯ ¯�ß�¯7¯ ¨ ¯1ß�¯]ä ¨ ¯1ß ¨ð¨ ñ¨ ß�æ7¯ðñ ¨ ß ¨ ä � ¯1ß�åðñ�ä ¯1ß ¨ ò ¨¯�ß�¯7¯7¯ ¯�ß�¯7¯ ¨ ¯1ß�¯ðòGä ¯1ß ¨ ¯ðå¯�ß�¯7¯7¯ ¯�ß�¯7¯ ¨ ¯1ß�¯ðò7ã ¯1ß �1¨ å¯�ß�¯7¯7¯ ¯�ß�¯7¯ ¨ ¯1ß�¯Mñ7ñ ¨ ßÀäuãðñ¯�ß�¯7¯7¯ ¯�ß�¯7¯ � ¯1ß ¨ ò � ¯1ß � å �

=öõõõõõõõõõõõõõõõõõ?
÷ á » E
÷ á ½D»

We have taken the absolutevalueto avoid complex numbersin the vectors. The first columncorre-
spondsto thepole

¢G»�� ¯
, thesecondcolumncorrespondsto thepole

¢B½¤� ¯�ß�¯7¯ ¨ , the third column
correspondsto thecomplex conjugatepair

¢ é ¼ í ��¯1ß�¯ � òk¿ ¯1ß ¨ ñ]æ¦@ andthefourth columncorresponds
to thecomplex conjugatepair

¢ E ¼ î �eò1ß�¯7æ7æ¡¿Ýñ1ß�¯ðå)ä¦@ . Weseethatoutput á » E in thefull model(row
å
)
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Table6.3: Manipulatedvariablesin theTennesseeEastmanproblem.

Variablename No.a Streamno. Scaling
D feedflow Ø » � ¨ ¯ %
E feedflow Ø ½ ò ¨ ¯ %
A feedflow Ø é ò ¨ ¯ %
A andC feedflow Ø í ä ¨ ¯ %
Compressorrecyclevalve Ø E ¨ ¯ %
Purgevalve Ø î ä ¨ ¯ %
Separatorpot liquid flow Ø ï ¨ ¯ ¨ ¯ %
Stripperliquid productflow Ø ó ¨7¨ ¨ ¯ %
Strippersteamvalve Ø F Stm ¨ ¯ %
Reactorcoolingwaterflow Ø » × CWS ¨ ¯ %
Condensercoolingwaterflow Ø »0» CWS ¨ ¯ %
Agitatorspeed Ø »2½ ¨ ¯ %

aVariable number in both the full model and the model usedin the
analysis.

hasthelargestcomponentin theoutputpolevectorfor thepole
¢G»}� ¯

, andnoneof theotheroutputs
havesignificantcomponentsin thisvector. In asimilarway, output á ½D» (row ¨ ¯ ) hasa largecomponent
in the outputpole vectorcorrespondingto the complex conjugatepair

¢ E ¼ î � ò1ß�¯7æ7æî¿eñuß�¯Må)ä¦@ . The
inputpolevectorsare

óùø Â ó �
:�������������������<

æ1ß�ã ¨ ñ æ1ßùäð¯Gä � ß�ñ7å]ò ¯1ßùä7æ(äæ1ßùä7¯ðæ åuß ¨ äðå � ß�æ7ò7æ ¯1ß � äMæ¯1ß ¨ äuã ¨ ßÀäuãðñ ¯1ß�å]æ7ã ¯1ß�¯(ä7äò1ßùäðå7ò ¨ð¨ ß�ñ7ñ]¯ ñuß�¯Gä7æ ¯1ßÀäuå]¯¯1ß�¯ ¨(� ¯1ß�òðæGä ¯1ß�ñ ¨ ä ¯1ß�òðñ]æ¯1ß�ñ)äMå ¯1ß�¯Må7å ¯1ß�¯7æ7æ ¯1ß�¯7ò7ò¯1ß ¨ ò � ¨ ß�ãMñ]¯ ¨ ß�æ7ã � ¯1ß ¨7¨ ¯�ð� ß�¯7¯7æ ¯1ß�¯]ätä ¯1ß�¯7¯7¯ ¯1ß�¯7¯7¯¯1ß�¯7¯Må ¯1ß�¯Mñ�ä ¯1ß�¯7¯Gä ¯1ß�¯ ¨ ò¯1ß � ä1å ¯1ß�å7¯7ã ¨ ß�ñ]¯ ¨ � ß�¯ � ¯¯1ß ¨ ¯�ä ¯1ßùäMå]æ ¨ ßÀä7äMæ ¯1ß�å7ñ]ò¯1ß�¯7òðò ¯1ß�¯�ä(ä ¯1ß � ¯ ¨ ¯1ß�ò7¯ �

= õõõõõõõõõõõõõõõõõõõ?
÷ Ø ó÷ Ø » ×

By consideringbothinputandoutputpolevectorsat thesametimewearriveat thesuggestedpairings;á » Eûú Ø ó and á ½D» ú Ø » × which correspondsto controllingthestripperlevel usingthestripperliquid
productflow andcontrollingreactorcoolingwateroutlet temperatureusingthe reactorcoolingwater
flow. It canalsobe seenfrom the pole vectorsthat thesetwo loopswill interactvery little sincethe
commonelementsin thetwo vectorsarealmostzero. It is worth notingthatbothof theseloopswere
alsoincludedby McAvoy andYe(1994)in their study.

Using two PI-controllerswith the tuningsgiven in Table6.4, we manageto stabilizeall the unstable
modesexceptthemode

¢B½��e¯1ß�¯ð¯ ¨ . By recomputingthepolevectorswith thecontrollersincludedwe
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Table6.4: Tuningsof PI-controllers.

Loop � . ü ÿL¶'�ýÿþ J�� ]  ¶Ó « [ « ��� C] « [min]� *1'oþ J�' Ö ]  ¶Óö �Ô [m � /h] �� �  [min]� '�*ÿþ J	� ]  ¶Óö � ���Ô [m � /h] �7 �  [min]

get ï ð
 B ï 
 D��� ß  å]ãðå
, and

ô 
 �
:�����������������<

�  ß ����  ß � ñ ß �� ß ����  ß�ã7æMå�  ß ��� ß ���  ß ��� ß ��� ß ���  ß ���

= õõõõõõõõõõõõõõõõõ?

÷ á����
and

ø 
 �
:�������������������<

� åuß�ò7æ7ò� åuß�ñ]ò7æ� ßÀä ����� ß�ñ � ñ�  ß�ò(äMæ�  ß  æðñ� ßÀäMæðñ ß ���  ß  æ � ß � ã ßùä ���  ß  å]ã

= õõõõõõõõõõõõõõõõõõõ?
÷�� ï

We seethat the outputpole vectorhasa large elementin ����� andonly small elementsin the other
outputs.Fromtheinputdirectionweseethatinput � í is thebestchoice,however, this is a feedstream.
We would like to avoid (if possible)to usethe feedstreamsto stabilizingcontrolandratherusethese
to settheproductionrate.Thefeedstreamsareall gas,soit makessensefrom a physicalpointof view
that thesemanipulatedvariableshave large effect. Also � � and � � arefeedstreamsso this leavesus
with input ��� which is the separatorliquid flow. The pairing ����� ú ��� correspondsto controlling
the separatorlevel usingthe separatorliquid flow. The controllerparametersaregiven in Table6.4.
After closingthis loop theplant is stabilized.Figure6.6 shows theTennesseeEastmanplantwith the
controllersincluded. The modeclosestto the imaginaryaxis is about � � !#" which correspondsto a
timeconstantabout

�%$
hours,whichfrom theoperatorspointof view mayseemslikeanunstablemode

drifting away. Repeatingtheprocedurefor theslow modesidentifiesthenext loopto be: �&� ú � í , that
is, controlreactorlevel usingA andC feedflow.
The intentionwith this examplewasto demonstratea systematicapproachto the problemof control
structuredesignandnot to designa completecontrol structurefor the TennesseeEastmanproblem.
Also note that no effort hasbeenput into tuning of the controllersby us, we have usedthe tunings
given in (McAvoy andYe, 1994). However, we changedthe controllergainsof the first two loops
to checkthe dependenceof the pole directionsof the partially controlledplant as a function of the
controllergains. We found that the poledirectionsfor the partially controlledplantcorrespondingto
theremainingunstablepoleswasalmostindependentof thecontrollergainsin thiscase.However, this
maynotbetruein general.

EXAMPLE 6.7 UNSTABLE CSTR. In thisexampleweconsideraCSTRwith two unstablemodes.The
relationshipsbetweenmodalstatecontrollability andinput pole vectorsandmodalobservability and
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Figure6.6: TennesseeEastmanplantwith controlloopsincluded

outputpolesvectorsaredemonstrated.Furthermore,we usethepolevectorsto identify onecandidate
pairingfor stabilizingbothunstablemodesusingasingleloopcontroller.

We considertheCSTRwith thechemicalreaction; ')(+*-,/.102(+*-, . We assumethat: 3�4 � 3�5 �3 � constant, 6 
87 4 � 6 
97 5 � 6 
 � constant, theflow out of thetankis independentof liquid height

in thetank(theliquid is pumpedout),andzeroorderreactionrate : �<; (>=?, ��;�@�A�BDCEDF �Þ B �Þ%GIHKJ�L . The
CSTRis shown in Figure6.7.Thematerialbalancesare

MONPOQR RTSS
UWVYX

, Z�[ ,
ü	V!X \D]_^ [ ]_^a`b]_^ced+fhgji1kldmfhg U

,
ü

Figure6.7: CSTR- liquid phase

n&on�p � q	r!s � q (6.79)n�o 4n�p � q	r!s8t 4 � q o 4o � ; (K=?, o (6.80)

where
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[kmol] totalmass/molein theCSTR,o 4 [kmol] mass/moleof component' ,q	r!s

[kmol/min] flow into theCSTR,q
[kmol/min] flow outof theCSTR,t 4 [-] molefractionof component' in

q	r!s
,; (>=b, [1/min] moleof component' reacteddividedby totalmolesin reactor.

Theenergy balancebecomes(assuming6ju � 6 
 )nwvn�p � n&on�p 6 
 (>= � =yxKz-{|,�} o 6 
 n =n�p� q	r!s 6 
 (>= r!s � =�xKz+{h, � q 6 
 (>= � =yxKz-{|,y} ; (>=?, o ( - ~�� x�� ,
Rearrangingyields n =n#p � q	rYso (>= r!s � =?,�} ; (K=?,6 
 ( - ~�� x�� , (6.81)

wheretheadditionalsymbolsare= [ � K] temperaturein theCSTR,= r!s [ � K] temperatureof
q�rYs

,6 
 [kJ/kmol � K] heatcapacityof themixturein theCSTRand
- ~�� x�� [kJ/kmol] heatof reaction.

At steady-statewehaven&on�p �� � q���q	r!sn =n�p �� � q	r!s 6 
 (>= r!s � =���,�} ;&@ o �#( - ~�� x�� , ��n�o 4n�p �� � o �4 ��t 4 o � � ; (>= � ,q�rYs o � �
Linearizingthemodelaroundtheoperatingpointyields�� � ' � }�0 � }�0/� n�� � � 6 �
where� ���� ~ o~ o 4~�=

��
, � ��� ~ q~�= rYs�� ,

n ��� ~ q	r!s~ t 4 � , � ��� ~ o~�= � ,

' � ���   q��&� � �¢¡ � ;&@ ��£� � �T¤y¥¢¦§©¨ �_¡£�ª¬«� �¡ (>= r!s � = � ,  � £#ª¬«� � } ¤y¥ ¦§©¨ �¢¡ - ®°¯ GI±²�³
�µ´� � 0·¶ ���<¸�¹ º¸ �&� � � ºº £�ª¬«� �

�µ´� �
0/�b¶ �� ¹ ºt 4 q�rYs¨ ª¬« B ¨ �� � º

��
and 6�¶ � ¹ º ºº º ¹ �

Theeigenvaluesof ' -matrix (polesof » ) are¼y½ ¶ ¸ qo � � ¼©¾ ¶ º ¿8À�Á ¼�Â ¶ ¸ q�rYso � } Ã ;&@Ä = � ¾ - ~�� x��6ÆÅ
Theoperatingpoint is specifiedin Table6.5,andthephysicalprocessconstantsaregivenin Table6.6.
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Table6.5: CSTRoperatingpoint.

Variable Value Unit Variable Value Unito � ¹ [kmol] = rYs Ç º�º [ � K]o �4 º  YÈ [kmol]
t 4 ¹ [-]= � Ç#" º [ � K]
q	r!s ¹ [kmol/min]

Table6.6: Physicalconstantsfor CSTR.

Variable Value Unit Variable Value Unit;�@ º�É!Ê [min B ½ ] Ã�Ë Ä Ê#Ê�º#Ì [ � K]6ÆÅ Í º [kJ/kmol � K] - ~�� x�� Ç�Î º�º [kJ/kmol]= xKz+{ ¶Ï= � Ç Ì�º [ � K]

We scalethe inputsusing: ~ q ¶ ¹ ( ¹Ðº�º % variation), ~�= r!s ¶ È º � K, theoutputsusing: ~ o ¶º�É!º Î (
Î
% variation), ~�=Ñ¶ ¹ � K, andthedisturbancesusing: ~ q	rYs ¶ º�É Î and ~ t 4�¶ ¹ . The full

scaledlinearstate-spacemodelbecomes

» £ (ÓÒ�,ÕÔ¶ � ' 0 0/�6 º º � ¶�Ö××××Ø
Ù Ù Ù ÚÜÛ Ù Ù�Ý¬Þ ÙÚßÙ�Ý¬à ÚÜÛ ÚßÙ�ÝáÙ�Þ9Ûãâ ÚWÙ9Ýáä Ù Ù�Ý¬Þ Ûå Ù Ù æ9ÝáÞ Ù ä�Ù Úßæ�Þ Ùä�Ù Ù Ù Ù Ù Ù ÙÙ Ù Û Ù Ù Ù Ù

çáèèèèé
It shouldbeobviousthatthemodecorrespondingto thesecondstate� ¾ ¶�~ o 4 is notobservable.Let
uscheckthis by computingpolevectors.Theinnerproductsof the left andtheright eigenvectorsand
polevectorscorrespondingto thepoles ê ¸�¹ � º � Ç É Î�ë are� ¯Å�ì � Å¢í?¶·î º�É!ï#Ê�º Î º�É!º Í ï�ï º�É!º Í ï�ïað �ñ Å�¶ � º ¹ ¸/º�É!ï�ï#Ê�Êº�É È�È Í ¹ º º�É!ï�ï�Ê#Ê � and ò�Å�¶ � º ¸/º�É!ï�ï#Ê Î ºº º�É!ï�ï�Ê Î ¹ �Wherewe seethat thestatecorrespondingto themode

¼y½ ¶ ¸�¹ (i.e. � ¾ ¶ó~ o 4 ) is not observable,
which is reasonablefrom aphysicalpointof view. A minimalstate-spacerealizationis

»�(mÒÐ, Ô¶ Ö××Ø
Ù Ù ÚÜÛ Ùå Ù æ9ÝáÞ Ù ä�Ùä�Ù Ù Ù ÙÙ Û Ù Ù

ç èèé and » � (mÒÐ, Ô¶ Ö××Ø
Ù Ù Ù�ÝáÞ Ùå Ù æ9ÝáÞ Úßæ�Þ Ùä�Ù Ù Ù ÙÙ Û Ù Ù

ç èèé
In theminimal realization,state� ¾ ¶ô~ o 4 is removedandthenew � ¾ is thetemperature� ¾ ¶õ~�= .
The inner productsof the left andthe right eigenvectorsandpole vectorscorrespondingto the polesö ½ 7 ¾ ¶÷ê º � Ç É Î�ë are� ¯Å�ì � Å¢í?¶·î º�É!º Í ï�ï º�É!º Í ï�ï°ð � v Å�¶ � ¹ ¸/º�É!ï�ï#Ê�Êº º�É!ï�ï�Ê#Ê � and øwÅ�¶ � ¸/º�É!ï�ï#Ê�Ê ºº�É!ï�ï�Ê�Ê ¹ �
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Figure6.8: Distillation columnDB-configuration

Fromthepoledirectionsweconsiderto controlthetemperature(
þ&¾

) usingtheflow
q

( � ½ ). By usinga
LQG controllerbasedon � ¾½ (mÒÐ, , it is verifiedthatbothmodescanbestabilizedwith this control link.
However, wedid notmanageto stabilizebothmodesusingonePI-controller.

EXAMPLE 6.8 DISTILLATION COLUMN DB-CONFIGURATION. We considerthe binary distillation
columnwherethe pressureandthe liquid holdupsin the condenserandreboilerarecontrolledusing
condensercoolingduty, refluxandboilup,respectively. This leavesthetop

ý
andthebottom 0 product

flows left for productcompositioncontrol, i.e. the DB-configuration. The distillation columnDB-
configurationis shown in Figure6.8. Thecolumndatacorrespondsto columnA studiedby Skogestad
andMorari (1988)andmorerecentlyby Skogestad(1997):

#Stages
þ&ÿ ¹Ü¸ � 5 t £ �8£ � Ë q ü Ë q � ì Ë q � � ÿ Ë q � � 5 Ë q �Í ¹ º�É!ï�ï º�É!ï�ï º�É Î ¹�É!º È ÉYÌ&¹ Ç É È ¹ º�É Î º�É Î º�É Î� [min]

Feedflowrate
q ¶ ¹ [kmol/min] resultsin distillate

ý
andbottom 0 productflowsof º�É Î [kmol/min],

andtopandbottomproductcompositions
þ&ÿ ¶ º�É!ï�ï and � 5l¶ º�É!ï�ï .TheDB-configurationis stableexceptfor two polesclose9 to zero.Experienceshowsthattwo con-

trol loopsneedto beincludedto “stabilize” thesetwo modes.This is in contrastto theotherdistillation

9In thiscaseweconsiderapole � to becloseto zeroif � ���	� Ù9ÝáÙ�Û .
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columnconfigurations,for exampleLV, LB, DV, andtheconfigurationswith singleanddoubleratios,
whichhaveonly onepolecloseto zeroandthereforeonly needone“stabilizing” controlloop.
In this exampletheobjective is to predictthefactthattheDB-configurationneedstwo controlloopsto
be“stabilized”,by lookingat thepoles,thepoledirections/vectorsandthezerosof thetransferfunction
elements.Thelinearizedmodel » of thedistillationcolumncontainstheinputs � andoutputs

þ�Õ¶·î ý 
 ð ¨ and
þ ¶·î þ&ÿ ��� ð ¨

In additionwe have thedisturbancemodel » � , wherethedisturbancesarefeedflowrate  q�� andfeed
composition t £ � n ¶ôî q t £ ð ¨Scalings. Thevariablesin thelinearmodelhavebeenscaledsuchthatamagnitudeof ¹ correspondsto
a changein

q
of º�É È [kmol/min], a changein

t £ of º�É È molefractionunits,a changein ��� and
þ&ÿ

ofº�É!º�¹ molefractionunits,andachangein
ý

and



of º�É Î [kmol/min].
We computethepolesandfind thatthenumericalvaluesof thetwo polescloseto zeroareö ½��¬¾ ¶ê ¸ Î É ¹ Î�� ¹Ðº � Â � º ë . Thecorrespondinginputandoutputpoledirectionsarev Å�¶ � ÚßÙ�Ý å Û�� Ù9Ý å Ù åÙ9Ýáà���à Ù9Ý å Ù å�� and øwÅ�¶ � Ù9Ýáà�ä å ÚWÙ9Ý å Ù åÙ9Ý å�å � Ù9Ý å Ù å��

Theinnerproductsbetweenthenormalizedleft andright eigenvectorsare� ¯Å%ì � Å_í�¶ôî º�ÉYÌ Ç�� ï º�É Î ï#º#Ì�ð
andthecorrespondinginputandoutputpolevectorsareñ Å�¶ � ÚßÙ9ÝáÙ�à�à Ù�Ý¬Ù å �Ù9ÝáÙ�à_â Ù�Ý¬Ù å � � and ò	Å�¶ � Û�Ýáä���æ ÚDÛ�Ý��_â8æÛ�ÝáÞ��%â Û�Ý��%âÐæ �
We seethat the two input directionsandthe two outputdirectionsarenearlyorthogonal.Therelative
anglebetweenthe two input directionsis Ê�ï�É ¹ � , and the relative anglebetweenthe two outputpole
directionsis Ê Ç É!Ê � . In additionthetwo polesareveryclosesowe mayexpectthatall transferfunction
elementshave a zerocloseto thepoles.Thetransferfunction » hasseveralmultivariableLHP zeros.
The zerosclosestto the imaginaryaxis are complex with real part lessthan ¸/º�É ¹ Î . The real zero
closestto origin is locatedat ¸�º�É È�Î�È . Thezerosclosestto origin andRHP zerosof thetransferfunction
elementsare:

Element » ½|½ » ½�¾ » ¾½ » ¾ ¾ "! À$# t # ¸ Ç É � ¹ � ¹Ðº � Â ¸/Ê�É Î Ì � ¹�º � Â ¸�¹#É!º Ç%� ¹Ðº � ¾ ¸ Ç É Ç Ê � ¹�º � ÂRHP-zero - º�É Î&� Ê º�É È ¹�¹ -

Weseethatall elementshaveazerocloseto origin (all of thesearein LHP). In additiontheoff diagonal
elementshaveoneRHP-zeroeach.Since,eachof thetransferfunctionelementshaveonezerocloseto
thepoleswe mayconcludethatit is in practiceimpossibleto move bothpolesö ½��á¾ by controllingone
outputusingoneinput.
To testthiswedecideto controlbottomcompositionusingbottomproductflow



. Thatis, wepair10 on» ¾|¾ . Weuseproportionalfeedbackcontrolwith '�Å�¶ È É Î . Theclosed-loopzeros# t #)(�º�É!º�¹ andpoles# ö #�(÷º�É!º�¹ , for the

È+* È
closed-loopsystemwith thefull distillation columnmodelin partialcontrol

10We have no preferencesfor any of the two products,the productsof the two elementsin the pole vectors
correspondingto , ¾|¾ is slightly largerthan , ½|½ andwedonotconsiderto pairon theoff diagonalelementsdueto
theRHP-zero.
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with proportionalcontrol of ��� using



andwhereinput � ¾ is replacedby the reference- ¾ to
þ&¾

,
i.e. theclosed-looptransferfunctionfrom theinputs .e¶ î/� ½ - ¾ ð ¨ to theoutputs

t ¶ î þ�½1þ&¾ ð ¨ ,
is given in Table6.7. We seethat we get a closed-looppole at ö ¶ ¸ Ç É Ç Ì �0� ¹Ðº � Â . Increasingthe
feedbackgain up to ')Å ¶ ¹Ðº�º , doesnot move the closed-looppole significantlyfurther to the left
(yields ö ¶ ¸ Ç É Ç Ê È1� ¹�º � Â ). Wealsodesignedan 243 -optimalcontrollerto seeif amoresophisticated

Table6.7: Poles # ö #)(Ïº�É!º�¹ for thedistillationcolumnDB-configuration.

Open-loop One-point
þ&¾65 � ¾ Two-point» P-control P-control'�Å

Poles 78:9<;>=�?A@�= 7	BDC 8FEG;HEJIK@L= 7	BDC -

controllerwasableto move thepole further to the left in the complex plane,but this is not the case.
With two pointproportionalcontrolof thedistillationcolumnusingthecontroller'�Å�¶ � ¸ ¹ ºº º�É Î � (6.82)

In this casewe areableto move both poles,so that thereareno closed-looppoles # ö #6( º�É!º�¹ , see
Table6.7. The closed-loopresponsesin theoutputs

þ
dueto stepchangesin thedisturbances

q
andt £ areshown in Figure6.9.Thefigureclearlyshowsthattheclosed-loopsystemcorrespondingto one
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Figure6.9: Responsesto stepsin

n
for distillation columnDB-configuration.Solid line: open-loop.

Dashedline: Onepoint control.Dash-dotline: Two point control

point control,containsclosed-looppolescloseto origin (theoutputsdrift).

6.8 SummaryM The input andoutputpole vectorsaredirectly relatedto the minimum input energy
neededto stabilizeoneunstablepoleusinga singleloop controller. Dueto this direct
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relationwefind thatthebestinputandthebestoutputtostabilizeanunstablemodewith
asingleSISO controlloop,correspondsto theinputandoutputwith largestelementsin
thepolevectors.Heretheterm“best” is in themeaningof minimizingtheinputenergy
to stabilizetheplant.M By quantifyingtheinput usagein termsof NPO -norminsteadof the NPQ -normwe find
that the bestinput andthe bestoutput is the sameas for the NPQ -norm. That is, the
choicesareindependentof thenorm.M In asimilarway, it is shown thatthebestinputandthebestoutputto moveapolefrom
onelocationto a differentlocationfurtherto theleft in thecomplex planewith single
SISO controlloop,correspondsto theinputandoutputwith thelargestelementsin the
polevectors.Heretheterm“best” is in themeaningof minimizing thegainform the
outputsto thestatesin theobserverandthegainfrom thestatesto theinputs.M We have demonstratedthe difficulty moving two poleslocatedclosetogetherwith a
singleloop controller. And we have shown thatthereasonfor this difficulty is thatall
transferfunctionelementshaveazerocloseto thepoles.Furthermore,wehaveshown
how to identify this situationby consideringthe locationof thepolesandlooking for
orthogonalpoledirections.M Finally, wehavedemonstratedtheapplicationof poledirectionsandvectorsin thetask
of controlstructuredesignthroughseveralrealisticprocesscontrolexamples.
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Appendix A Modal control and estimationof SI SO systems

Weconsiderthe
^

’ th orderlinearconstantsystemdescribedbyRSUT c SWV kYX
(6.83)

Themodalcontrolproblemis to find a linearstatevariablefeedbackcontrollawX T[Z�\]S^V X 7 (6.84)

suchthat the eigenvaluesof the statematrix
c

denotedby the set _)`�acb , d Tfe ]&g&g&g�]_^ , are
movedto somedesiredlocationsspecifiedby thesetof closed-loopeigenvalues_ihjakb where
complex eigenvaluesappearin conjugatepairs. This problemwasfirst discussedby Rosen-
brock(1962)in connectionwith processcontrolandit hassincethengainedalot of attention,
in particularin thelatesixtiesandthebeginningof theseventies.

For multiple input therearemoredegreesof freedomin termsof parametersl)anm in the
feedbackgain matrix \ thanspecificationsin termsof close-loopeigenvalues _ihjacb . The
algorithmimplementedin MATLAB ControlSystemToolbox11 utilizestheseextradegreesof
freedomto minimize the sensitivity of the polesto perturbationsin the closed-loopsystem
matrix oc T c Z k \ . For singleinput systemsthenumberof gainsmatchesthenumberof
specifications(theclosed-looppoles)sothefeedbackgain \ is uniquefor agivenstate-space
realizationin thiscase.

In thispaperweonly considersingleinputandwecalculatefeedbackgainsasoutlinedin
(Gould,Murphy andBerkman,1970). Sincewe want to introducethepolevectorsinto the
equations,we repeatthemainstepsin thecalculationhere,but for a proof of theresultsthe
readershouldreferto theoriginalsource.

Oncethe modalcontrol problemis solved, thenthe modalestimationproblemfollows
from duality.

A.1 Solution to the singleinput modal control problem

Wemapthesystem(6.83)to singleinputby only considerinput
X mRSPTqprSsVut4v m X m (6.85)

andweapplythefeedbackgain \ m from thestatesS to input
X mX m T[Z�\ m S (6.86)

11Seethecommandplace.
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To simplify the problemwe apply a non-singularsimilarity transformationon the statesS
to the new statesw so that the new p matrix is in Jordanform x . Therearetwo waysto
do this, eitherthe left or the right Jordanform, seeAppendixB for furtherdetails. For the
modalcontrol problemwe usethe left Jordanform andfor the modalestimationproblem
(introducedbelow) we usetheright Jordanform. This is to get thedesiredlinks to thepole
vectors.TherelationbetweentheoriginalstateS andthenew statew isw Tzy|{ù S (6.87)

andthestateequationbecomesRw T xKw V}y {ù t4v m X m T xKw V�~ {O v m X m (6.88)

where y ù is the matrix consistingof the eigenvectorsandgeneralizedvectorsfor the left
Jordanform, i.e. y {ù p[T x y {ù , and ~ O is thematrix containingall input directionswith
“infinite gains”ascolumns,seeChapter2. We partitionthestatesw , x and ~ O accordingto
theJordanblocks

w T
�������
� =
...�&�
...�&�
���������� x T

�������
x =

... x �
... x �

��������
and ~ O T���~ Os� = g&g&g ~ Os� � g&g&g ~ Os� ���

where � is the numberof Jordanblocks. We have usedbold font to emphasizethat �&� is a
vectorandnot the � ’ th statein w . If p canbe diagonalizedthen x T�� and ~ O T ~��
wherethe latter is the matrix containingthe polevectorsascolumns.Note that a mode `�a
mayonly have onelinearly independenteigenvector(geometricmultiplicity one)in orderto
becontrollablein oneinput,seeChapter2. If this is not thecase,it is necessaryto usemore
inputsto control the mode. We thereforeassumethat the geometricmultiplicity of all the
poleswhichwe mightconsiderto moveis one.

EachJordanblock x � with thecorrespondingpole � cannow betreatedseparately. The
sizeof the Jordanblock is equalto thealgebraicmultiplicity of the pole � in the input and
outputpole directionswhich correspondto the left andthe right eigenvectorsin theJordan
block. To separatethe equationsinvolved in Jordanblock x � from the otherequationswe
multiply (6.88)on theleft with thetransposedof theselectionmatrix � � andintroducew T� ���&� to obtain R�&� T �]�� Rw T ���� xA� �<�&� V �]�� ~�{O v m X m T x �	�&� V�~�{O4� � v m X m (6.89)

Now, assumethat Jordanblock x � startswith state w�� andhassize   . Then � � consistsof  columnswith ¡ elements,the first columnbeing v � , that is, a unit vector (size ¡ ) with
zerosin all positionsexceptposition l which containsone.Thesecondcolumnis v ��¢ = etc.
up to the last columnwhich is v �&¢¤£ 8K= . Then �&� containsthe   statesstartingwith wi� and
endingwith w���¢j£ 8K= , i.e. �&� T¥� w�� g&g&g w���¢j£ 8¦= � . x � is � ’ th Jordanblock in x with the
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eigenvalue ` � T � on thediagonaland ~ Os� � containsascolumnsthedirectionswith infinite
gainscorrespondingto � . Thelastcolumnin ~ Os� � is thepolevectorfor thepole � . Let us
denotethe   columnsof y ù correspondingto � , the   statesin �G� andJordanblock x � , fory ù � � . Thatis,y ù � � Tzy ù � � T��c§ � g&g&g § �&¢¤£ 8K= �F¨ ��§ � � = § � �©Q g&g&g § � �H£ 8K= Sª� a �
andthenwehave that~ Os� � T t { y ù � � T ��t { § � � = t { § � �©Q g&g&g t { § � �H£ 8¦= t { S�� a �T �	« Os� = « Os�©Q g&g&g « Os�H£ 8K= «¬� �
If thesizeof Jordanblock x � is onethenthepolevector «¬� is theonly columnin ~ O4� � , that
is ~ Os� � T|«¬�
Thevector

~ {Os� � v m T
�������
« Os� = � m« Os�©Q<� m

...« O4�H£ 8¦= � m«®� � m
��������

first containsthe ¯ ’ th elementof all the   Zue inputpolevectorswith “infinite gains”andthe
lastelementis the ¯ ’ th elementof thepolevector.

The   elements° � � a of thestatefeedbackgainfrom �&� to
X m correspondingto thepole �

aregivenby therelationship�������
«®� � m ± ± g&g&g ±« O4�H£ 8¦= � m «®� � m ± g&g&g ±« O4�H£ 8 Q<� m « Os�H£ 8K= � m «®� � m g&g&g ±
...

...
...

...
...« Os� = � m « O4�©Q<� m « Os� E � m g&g&g «¬� � m
� ������
�������
° � � =° � �©Q° � � E

...° � �H£
� ������ T

�������
² � � =² � �©Q² � � E

...² � � £
� ������ (6.90)

where
² � � a canbecalculatedfrom² � � a T e³ d Z´e¶µ�·i¸ a 8K= _ ³/¹ Z � µ £¶º ³/¹ µ b¸ ¹ a 8K= »»»»�¼k½ � (6.91)

and º ³/¹ µ is definedas º ³/¹ µ1T�¾�¿a ½ = ³/¹ Z hja µ¾]¿a ½ = ³/¹ Z `�a µThefeedbackgainfrom thestates�&� to input
X m , À � � m , canbewrittenÀ � � m T £Á a ½ = ° � � a v � ��¢Fa 8¦=
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andthefeedbackgain ÀÂm from thestatesw to input
X m whentakinginto accountall � Jordan

blocks x � is À"m T �Á � ½ = À � � mThefeedbackgain \ m from S to
X m is givenby\ m T ÀÂm y|{ù T �Á � ½ = \ � � m T

�Á � ½ = À � � m yÃ{ù � � (6.92)

A simpleformulafor \ � � m in termsof thecolumnsin y ù � � is\ � � m T ° � � = § {� � = V ° � �©Q § {� �©Q V g&g&g V ° � �H£ 8K= § {� �H£ 8K= V ° � �H£ S {� a (6.93)

Stateto input feedbackgainscorrespondingto Jordan blocksof size ÄPÅzÄ . If ` � T � is
asimplepole,then �&� T w�� and

\ � � m T ¿¾a ½ = ³ ` � Z hja µ«®� � m ¿¾a ½ =aiÆ½ �
³ ` � Z `�a µ S {� a (6.94)

A.2 Solution to the singleoutput modal estimationproblem

Thedualproblemto thesingleinput modalcontrolproblemis thesingleoutputmodalesti-
mationproblem. In this casewe want to find anoutputto statefeedbackgainmatrix ÇÈa so
that themodesof theobserver arelocatedat thespecifiedclosed-looppoles êLÉ�ì ë . Thestate
equationfor theobserverwith feedbackfrom thesingleoutput ÊËa becomesRÌSUTzp ÌSWVÍt X V ÇÎa ³ Ê)a ZÏv �a�Ð ÌS�ZÑv �a¦Ò X µ (6.95)

andtheclosed-loopstatematrix for theobserver isÓpÔTzpÕZ ÇÎa v �a�Ð (6.96)

By takingthetransposedof (6.96) Óp � Tzp � Z Ð � v aÖÇÈ�a (6.97)

andby comparingwith theclosed-loopstatematrixin thesingleinputmodalcontrolproblemop×TzpÕZ}t4v m \ m (6.98)

It appearsthat we can solve the singleoutput modalestimationproblemby treatingit as
a singleinput modalcontrol problemof the transposedsystem.The mappingbetweenthe
matricesin thesingleinputmodalcontrolproblemof thesystemsØ ³/¹ µ�ÙT¥Ú p tÐ Ò Û and

Ø � ³Ü¹ µ�ÙT¥Ú p � t �Ð � Ò � Û
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Table6.8: Mappingbetweenmatricesfor modalcontrolof » and » ¨ andmodalestimationof »
Matrices

System Specifications Results

Modalcontrol » êLÉ�ì ë Ý 
 Þ�ß à �âá ñ 3 ' ß
Modalcontrol » ¨ êLÉ�ì ë Ý ¨ ãb¨ Þ ì à ¨ ä� § ä òK3 � ¨ì

Modalestimation » êLÉ�ì ë Ý ã Þ ì à ¨ ä� § ä òK3 � ì
andthesingleoutputmodalestimationof

Ø
is givenin Table6.8.Thesetupandthematrices

in Table6.8 may needa little explanation. The solutionto the single input modalcontrol
problemof system

Ø
(first row with datain Table6.8) is derivedin theprevioussectionand

it is known in termsof thematrices\ m , ~ O and y ù which needto becalculatedin terms
of thespecifications;thedesiredclosed-looppoles êLÉ�ì ë andthematricesp , t , v m and x . We
notethatwealsohavespecifiedx whichtogetherwith y ù tellsusto computetheleft Jordan
form.

To solve the singleinput modalcontrol of
Ø � (secondrow in Table6.8) we insert the

specificationsin thesecondrow into thefirst row, thatis, replacep with p � , t with Ð � etc.,
andwemustcomputetheleft Jordanform of p �y {ù p � T x y {ù å p y ù T x � y ù
which is equivalentwith computingtheright Jordanform of p but with x replacedby x � .
Thefactthat x � is involvedratherthan x , impliesthattheorderingof thevectorsin yÍæ for
eachJordanblock is oppositethanfor theusualright Jordanform. However, theorderingis
identicalto theorderingin theleft Jordanform, sothesolutioncomesreally easy. We signal
theunusualorderingin yÍæ and ç%O by addinga tilde above yuæ and ç%O in Table6.8, i.e.èyêé and

è ç%O . Thesolutionof thesingleoutputestimationproblemthenfollows easily. The
outputto statefeedbackgain ÇÎa becomes

ÇÎa T �Á � ½ = Ç � � a with Ç � � a T ° � � = § � � = V ° � � = § � �©Q V g&g&g V ° � �H£ 8¦= § � � £ 8¦= V ° � �H£ Sª��ë (6.99)

where èyÍæ � � T��k§ � � = § � �©Q g&g&g § � �H£ 8K= Sª��ë �
arethevectorsin

èyÍæ which brings p to right Jordanform x � and
èyuæ � � arethecolumnsofèyÍæ whichcorrespondsto Jordanblock x � ,èyuæÑT�� èyÍæ � = g&g&g èyuæ � � g&g&g èyÍæ � �Î�
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Thevectorof gains° � is thesolutionto thefollowing equations�������
ì � � a ± ± g&g&g ±ì Os�H£ 8K= � a ì � � a ± g&g&g ±ì Os�H£ 8 Q<� a ì O4�H£ 8¦= � a ì � � a g&g&g ±
...

...
...

...
...ì Os� = � a ì Os�©Q<� a ì Os� E � a g&g&g ì � � a
��������
�������
° � � =° � �©Q° � � E

...° � �H£
�������� T

�������
² � � =² � �©Q² � � E

...² � �H£
�������� (6.100)

where
² � � a canbefoundfrom (6.91),andtheelementsof thelowertriangularmatrixin (6.100)

canbecalculatedusing è ç {O v a T
�������
ì Os� = � aì Os�©Q<� a

...ì O4�H£ 8¦= � aì � � a
��������

Output to statefeedbackgainscorrespondingto Jordan blocksof size Ä�ÅíÄ . If ` � T �
is asimplepole,then Ç � � a T ¿¾m ½ = ³ ` � Z hja µì � � a ¿¾m ½ =m�Æ½ �

³ ` � Z `�a µ Sª��ë (6.101)

A.3 Moving repeatedpoles

We considerherethe casewhenthe multiplicity of the pole � is two. Note,a SISO system
with repeatedmode � canonly have onelinearly independenteigenvectorfor the mode � .
Thatis, thegeometricmultiplicity of thepole � is one(otherwisethepole � is notobservable
and/orcontrollable).So,weneedto considertheJordanform in thiscase.

Statefeedbackto input î�ï . Thefeedbackgain \ m to movethepole� with multiplicity two,
to thedesiredlocationsh = and hAQ usingstatefeedback(6.56)to input

X m becomes\ m T l = §U{� a V l¬Q SF{� a (6.102)

wherel = T ³ � Z h = µ ³ � Z hAQ µ�ð «®� � m � lDQ T _)ñL� Z h = Z hAQ ZóòôGõÈö ÷òôùø<ö ÷ ³ � Z h = µ ³ � Z hAQ µ b ð «®� � mS {� a púT � S {� a � § {� a p×T � § {� a V}S�� a � «¬� � m T|« {� v m and
« Os� m Tq§ {� a tsv m

Stateobserver basedon ûFü . In a similar way, we canmove theobserver pole � with mul-
tiplicity two, to the desiredlocations h = and hAQ by addingfeedbackfrom ý)a Z ÌýËa to the
estimatedstates.Thesolutionis \Uþ � a T l = §^��ëÈV l¬Q Sª��ë (6.103)
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wherel�ÿ T ³ � Z h�ÿ µ ³ � Z hAQ µùð ì � � a � lDQ T _)ñL� Z h�ÿ Z hAQ Z ò�ùõÈö��ò�/ø<ö�� ³ � Z h�ÿ µ ³ � Z hAQ µ b ð ì � � aprS���ërT � S���ë � p §^��ë$T � §^��ëÈVêSª��ë � ì � � a Tqv �a ì � and ì�� � a Tqv �a Ð §W�ië
Appendix B Proofsof the results

B.1 Proofsof the resultson minimum input usage

Proofof (6.32). Since,� is real(only oneunstablepole) ���
	������
	 , ����� ��� . ����	 is theleft eigenvector
of
Ý

correspondingto themode� , i.e. � ���	 Ý ����� ��
	 . By takingthetransposedwe get
Ý�� ����	���������	 .

Inserting� into (6.31)weobtainÝ � ���
	� ���  �
! ø"� � ��
	 # ��%$�'& ß)( # ��*$�+& ß ����	,� ��
	 Ý� ���  �
!.-ø/� 0 ���
	'� ���	21 Þ�ßGÞ �ß 1 � ���
	� ���  3
4ø	ö ÷ � ��
	 5 � $�*6�'& ß � 5 � $�%$�'& ß 7 ����	8� ��
	 0 ���
	8� ��
	:9 �<; =
Proofof (6.35). Since,� is real(only oneunstablepole) ���">?�����"> , @A�B� @A� . ���"> is aright eigenvector
of C correspondingto themode� , i.e. CD���/>?�E�����"> . By takingthetransposedweget � ��/> C � �E��� ��/> .
InsertingF into (6.34)weobtain# �G $�+&�	 ���">H� ��/> C �� ���  �
! -ø�I ( CD���">� ���  ��! ø"I � ��"> # �G $�+&�	 0 ���/>�� ��">AJ ��K 	 KA�	LJ ���">� ���  M�4ø	ö � � ��/> 5 � $G 6�'& 	 � 5 � $G $�'& 	 7 ���/>
� ��"> 0 ���">�� ��/> 9 �<; =
Proofof (6.41). Notethat � ��
	 �N� ��
	 , � ��/> �O� ��/> since� is real. Inserting� into (6.40)gives

C � ���
	� ���  �
! ø/� � ��
	 # �P+Q � P $$ ( # �P+Q � P $$ ���
	+� ���	 C� ���  �
! -ø"� 0 5 � $P+Q � P 6 $ ����	,� ��
	 1R1 � ���
	� ���  3 -ø 3 ø � ��
	 � 5 � $P+Q � P $$ 7 ���
	8� ��
	 0 ���
	8� ���	 9 �<; =
Proofof (6.45). Notethat � ��
	 �N� ��
	 , � ��/> �O� ��/> since� is real. InsertingF into (6.44)gives# �P G � P $$ ���/>�� ��"> C �� ���  ��! -ø"I ( CD���/>� ���  �
! ø�I � ��"> # �P G � P $$ 0 5 � $P G � P 6 $ ���/>S� ��
	 J � J ���">� ���  M -ø M ø � ��/> � 5 � $P G � P $$ 7 ���">�� ��"> 0 ���/>�� ��">A9 �T;=
Proof of Theorem6.3. From equation(4.37)with UV�WUX	ZY in Chapter4 andthe fact that the lower
boundis tight whentheplanthasoneunstablepole � (Theorem4.3) thefirst identity in (6.49)follows.
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Since� is theonly unstablemode,it followsthatapartialfractionexpansionof U containsthefollowing
two terms(2.28) U 7\[ 9 � 7 � ��
	 ���"> 9�]L^[ 0 � G � Q �� ( UX_a` 7:[ 9
where UX_a` is stable.ThenUb	ZY � K �	 U K Y�� 7 � ��
	 ���"> 9 ]L^[ 0 � G �+&�	 Q �'& Y ( K �	 UX_a` 7:[ 9 K Y7 Ub	ZY 9 _ � [ 0 �[ ( � Ub	ZY 7:[ 9 � 7 � ��
	 ���/> 9�]L^[ ( � G �'& 	 Q �'& Y ( [ 0 �[ ( � K.�	 UX_a` 7:[ 9 K Ycd7 UX	ZY 9 ]L^_ 7 � 9 c � eeeee f 7 � ��
	 ���"> 9�]L^[ ( � G �+&�	 Q �'& Y ( [ 0 �[ ( � KA�	 Ub_a` 7\[ 9 K Y.g ]L^ eeeee _ih��� # �c G �+&�	 cAjkclQ �+& Y c c � ��
	 ���/> c =
Proof of Theorem6.4. Equation(6.51)follows from the lower bounds(5.74)and(5.75) in Chapter5
andthefactthatthelowerboundsaretight whentheplanthasoneRHP-pole � (Theorems5.7and5.8).=
B.2 Proofsof the resultson poleplacement

Moving onepole.

Proof of (6.61). Since� is real, it follows that � ��
	 �m� ��
	 and Q �'& Yn� Q �+& Y . By inserting(6.56)and
(6.61)into (6.55)weobtaintheclosed-loopstatematrixoCN�pC 0 1 K Y.� ���	 � 0rqQ �'& Y �TC 0 1 K Y
� ��
	 � 0sqQ �'& Y
andby multiplying

oC on theleft by � ��
	 weobtain

� ���	 oC<�O� ���	 C� ���  �
!.tø"� 0
3 tø�  �� �� ��
	 1 K Y� �/�  u3 ø	ö ÷ � ��
	 � 0sqQ �'& Y �v��� ��
	 0 ��� ��
	 ( q � ��
	 � q � ��
	

=
Proofof (6.62). By inserting(6.62)into (6.59)themodifiedstatematrixof theobserverbecomeswC<�<C 0vxzy & 	 K �	�J �TC 0 � 0sqG �+&�	 ���"> K �	*J
Multiplying

wC on theright with ���"> giveswC{���/>��<CD���/> 0 � 0sqG �+&�	 ���"> KA�	
M ø�  �� �J ���/>� �/�  M ø<ö�� �v�����"> 0 �����"> ( q ���">�� q ���"> =
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Moving two distinct poles.

Proof of (6.63). In this casewe have two Jordanblocksof size |~}E| andthestatefeedbackgain x Y
follows from (6.92)and(6.94).

=
Proof of (6.65). In this casewe have two Jordanblocksof size |)}�| andthestatefeedbackgain ��	
follows from (6.99)and(6.101).

=
Moving complexconjugatepoles.

Proof of (6.67). Insert � ^ �N� , � $ ��� , q ^ � 0 � , q $ � 0 � , ���+�i	������
	 , ��� 4 	������
	 , Q �A�"& Y)� Q �+& Y
and

Q � 4 & Y�� Q �+& Y in (6.63).
=

Proof of (6.70). It is easyto verify the � is realandsymmetric,i.e. � � ��� � ��� . TheRiccati
equation(6.31)canbewritten C � � ( ��C 0vx �Y x Y��p; (6.104)

Inserting� from (6.31)into (6.104)gives

C �v� c � Y c $#A�{� 7 � 9 7 ���
	8� ���	 ( ����	�� ��
	\9 ( � $Y# � ����	2� ��
	 ( � $Y# � ���
	8� ���	��( � c � Y c $#A�{� 7 � 9 7 ���
	8� ���	 ( ����	�� ��
	 9 ( � $Y# � ����	2� ��
	 ( � $Y# � ���
	8� ���	�� C0 c � Y c $ 7 ���
	8� ���	 ( ����	�� ��
	:9 0 � $Y ����	�� ��
	 0 � $Y ����	2� ��
	� c � $Y c #+�{� 7 � 9#A�{� 7 � 9 7 ���
	8� ���	 ( ����	8� ��
	 9 ( � $Y # �# � ���
	8� ��
	 ( � $Y # �# � ���
	8� ���	0 c � Y c $ 7 ���
	8� ���	 ( ����	�� ��
	 9 0 � $Y ����	�� ��
	 0 � $Y ����	2� ��
	 �p; =
Proof of (6.71). Insert � ^ �O� , � $ ��� , q ^ � 0 � , q $ � 0 � , ���+��>~�����"> , ��� 4 >��V���"> , G �+��&�	�� G �'&�	
and G � 4 & 	L� G �'&�	 in (6.65).

=
Moving repeatedpoles.

Proofof (6.102). In thiscasewehaveoneJordanblockof size
# } # and(6.93)givesx YX� � ^�� ��
	 ( � $ � ��
	

where
� ^ and

� $ aregivenby thesolutionto thefollowing equation(6.90):� Q �'& Y ;Q�� & Y Q �'& YH� � � ^� $ � � � 7 � 0rq ^ 9 7 � 0sq $ 9# � 0sq ^ 0sq $ �
whichgives� ^ � 7 � 0rq ^ 9 7 � 0sq $ 9 Ë Q �'& Y�� � $ ��� # � 0sq ^ 0rq $ 0 Q�� & YQ �+& Y 7 � 0rq ^ 9 7 � 0sq $ 9��+� Q �'& Y =
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Proofof (6.103). In thiscasewehaveoneJordanblockof size
# } # and(6.99)gives��YX� � ^�� �/> ( � $ ���">

where
� ^ and

� $ aregivenby thesolutionto thefollowing equation(6.100):� G �'& 	 ;G � &�	 G �'& 	 � � � ^� $ � � � 7 � 0rq ^ 9 7 � 0rq $ 9# � 0�q ^ 0sq $ �
whichgives� ^ � 7 � 0sq ^ 9 7 � 0sq $ 9�� G �'& 	�� � $ ��� # � 0sq ^ 0sq $ 0 G � &�	G �'& 	 7 � 0sq ^ 9 7 � 0rq $ 9��'� G �'& 	 =
B.3 Proofsof interpretationsin terms of LQG control

Proofof (6.74)and(6.75). By insertingfor � from (6.74)into x YX� K �Y 1 � � weobtain

x YX� KA�Y 1 � � � KA�Y 3 ø�  �� �1 � ����	� �/�  3 ø	ö ÷ � ��
	 � 0sqQ $�'& Y � � 0sqQ �+& Y � ��
	
andby inserting� from (6.74)and ¡ from (6.75)into (6.17)weobtain

C � ���
	� �/�  �
! ø"� � ���	 � ]£¢3 4ø<ö ÷ ( ����	'� ��
	 C� ���  �
!.-ø/� � ]¤¢3 4ø	ö ÷ 0 � ]¤¢3 4ø<ö ÷ ���
	
3 -ø�  �� �� ���	 1 K Y� ���  3 ø	ö ÷ K.�Y 3 ø�  �� �1 � ���
	� ���  3 ø<ö ÷ � ���	 � ]£¢3 4ø<ö ÷ ( ¢ 4 ] � 43 4ø	ö ÷ ���
	�� ���	

� ^3 4ø<ö ÷ ���
	8� ��
	 � # � 7 � 0rq 9 0 7 � 0rq 9 $ ( q $ 0 � $ � �<; =
Proof of (6.76)and(6.77). Themeasurementto statefeedbackgain is givenin termsof F as x y &�	 �F J � K 	 , insertingfor F from (6.76)gives

x¥y &�	 � � 0rqG $�'& 	 ���/>
M -ø�  �� �� ��">+J ��K 	� ���  M ø	ö � � � 0sqG �'&�	 ���">

andinsertingfor F from (6.76)and ¡ from (6.77)into (6.21)gives

� ]£¢M�4ø<ö�� ���">H� ��"> C �� ���  ��! ø"I ( CD���">� ���  �
! ø�I � ��/> � ]£¢M�4ø	ö � 0 � ]¤¢M�4ø<ö�� ���/>
M -ø�  �� �� ��">+J �RK 	� ���  M ø<ö�� KA�	 M ø�  �� �J ���">� ���  M ø	ö � � ��"> � ]£¢M�4ø<ö�� ( ¢ 4 ] � 4M�4ø<ö�� ���">�� ��/>

� ^M�4ø<ö�� ���">�� ��"> � # � 7 � 0sq 9 0 7 � 0�q 9 $ ( q $ 0 � $ � �<; =
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7.1 Intr oduction

Oneimportanttaskin thedesignof a controlsystemis thespecificationof thecontrolstruc-
ture.Stepsin theprocessof control structuredesignare(SkogestadandPostlethwaite,1996):

1) Selectionof controlledoutputs.
2) Selectionof manipulationsandmeasurements.
3) Selectionof controlconfiguration.
4) Selectionof controllertype.

Onemay easily recognizethat the designof a control structureis morecomplex than the
taskof synthesizinga controllerfor given setsof measurementsandactuators.This paper
mainly considerssteps1), 2) and3) andintroducescontrollability measuresto addressthe
input/outputselectionproblem.With a largenumberof candidatemeasurementsand/orma-
nipulations,thenumberof possiblecombinationsof inputsandoutputshaveacombinatorial
growth, soanapproachconsistingof performinga controllability analysisfor eachpossible
combination,becomestime consuming.In this paperwe thereforesuggestto usemeasures
for non-squaresystemssuchastherelativegainarray(RGA) andsingularvaluedecomposi-
tion (SVD) to selectinputsandoutputs.

7.1.1 Partial control

Partial control at a given level involvescontrolling only a subsetof the outputs. A block
diagramof apartiallycontrolledsystem( ª , ª¥« ) is shown in Figure7.1.

¬
¬

 ÿ ªsÿJÿ ªWÿ�®
ªz®<ÿ ª¯®"®

°²±
ª³«&ÿ ª¥«.®
°

°
´ ®

 ®
¬

¬
µ+ +

µ+ +

µ+ +

µ- +

¬¶ ÿ
¬¶ ®·°

°¶ ®�¸ ¹ ®º
º » ®

Figure7.1: Block diagramof a partiallycontrolledplant( U , U?¼ )
Dividetheoutputsandinputsinto thesets:½p¶ ÿ uncontrolledoutputsat thepresentcontrollayer.½p¶ ® controlledoutputsat thepresentcontrollayer.
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½p�¾ inputsnotusedat thepresentcontrollayer.½p ® inputsusedto control ¶ ® .
With this classificationof inputsandoutputswe candistinguishbetweenthefollowing four
applicationsof partialcontrol(SkogestadandPostlethwaite,1996):

1) Indirectcontrol. Theoutputs¶£¾ have anassociatedcontrolobjective,but they arenot
measured.Instead,we aim at indirectly controlling ¶£¾ by controllingthe“secondary”
measuredvariables¶ ® (whichhavenoassociatedcontrolobjective). Thereferences» ®
areusedasdegreesof freedomandtheset �¾ is oftenempty.

2) Cascadecontrol. Indirect control with outer loopsadjustingthe setpoints» ® in the
secondaryloops.

3) True partial control. The outputs ¶ (which include ¶£¾ and ¶ ® ) all have an associ-
atedcontrol objective, andwe considerif acceptablecontrol of ¶�¾ can indirectly be
achieved,by controllingthesubset¶ ® . Thatis, theoutputs¶£¾ remainuncontrolledand
theset �¾ remainsunused.

4) Decentralizedcontrol (sequential-design). The outputs ¶ (which include ¶£¾ and ¶ ® )
all have anassociatedcontrolobjective,andwe usea hierarchicalcontrolsystem.We
first designa controller

´ ® to control thesubset¶ ® . With this controller
´ ® in place

(a partially controlledsystem),we maythendesigna controller
´ ¾ for theremaining

outputs.

Table7.1shows moreclearlythedifferencebetweenthefour applicationsof partialcontrol.
In all casesthereis a control objective associatedwith ¶£¾ anda measurementof ¶ ® . In all

Table7.1: Controlobjectivesandmeasurementsin applicationsof partialcontrol.

Measurement
of ¿ ^ ? Controlobjective

for ¿ $ ?
1 Indirectcontrol No No
2 Cascadecontrol Yes No
3 Truepartialcontrol No Yes
4 Decentralizedcontrol Yes Yes

four caseswewantthat:

A. It shouldbeeasyto control ¶ ® using  ® .
B. Theeffect of disturbances(includingmeasurementnoise)on theoutputs¶£¾ shouldbe

reducedwhen ¶ ® is controlled.

To analyzethefeasibility of partialcontrol,onemayconsidertheeffect of thedisturbances,
referencechangesandmeasurementnoisein thecontrolledoutputs,on theuncontrolledout-
puts.
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7.1.2 Notation and scaling

Notation. We considerlineartime invarianttransferfunctionmodelson theform¶%À�ÁÃÂÅÄ ª À�ÁÃÂ��À�ÁÃÂ*Æ ª¥« À�ÁÃÂ ± À�Á�Â (7.1)

where is thevectorof manipulatedinputs,± is thevectorof disturbancesand ¶ is thevector
of outputs.Theobjective is to keepthecontrolerror Ç Äm¶nÈ » small,where » is thevector
of referencesignals. ª À�ÁÃÂ and ª³« À�Á�Â arerationaltransferfunctionmatricesof sizesÉ?ÊÌË
and É%Ê ¹ « . ThroughoutthepapersubscriptsÍ , Î and Ï denoteaparticularoutput ¶kÐ , input £Ñ
anddisturbance±�Ò . Thenotations¶²Ó�ÔÕ Ð and  ¸ ÔÕ Ñ meanall outputsandinputsexceptoutput
numberÍ andinput numberÎ . ÖZ×RØ ÐÙÑ)ÄÛÚ�ÐÙÑ denotestheelementin row Í andcolumn Î of the
matrix × , and Ü× ÄÛÝ¤Þàßká¤âÃÚ�ÐàÐ�ã containsthediagonalelementsof × . äbå and äbå�® denotethe
bandwidthof primaryandsecondarycontrolloops.

Scaling. Thevariablesshouldbescaledto bewithin the interval È)æ to æ , that is, their ex-
pectedmagnitudesshouldbe normalizedto be lessthan æ . This is doneby dividing the
unscaledsignalsby their expectedmaximumallowedchange ¤Ñ"ç èêé�ë , ±�Ò ç èêé�ë , » Ð�ç èêé�ë , ¹ Ð�ç è{é�ëand Ç Ð\ç èêé�ë . ThescaledmodelcanthenbewrittenÇ Äì¶zÈ » Ä ª nÆ ª¥« ± ÈNí Ü» (7.2)

whereíÛÄìÝ¤Þ8ßká¤â�î�ï8ð�ñSò\óô ï8ð�ñSò\ó ã . In addition,wehavenoisymeasurements¶ ¸ of theoutputs¶¶ ¸ Äì¶³Æ ¹ Äì¶³ÆTõ Ü¹ (7.3)

where¹ is themeasurementnoise(relative to ¶ ) and õöÄìÝ¤ÞàßkáHâ�÷ ï8ð�ñSò\óô ï8ð�ñSò\ó ã .
At eachfrequency we assumeø  øAù ú æ , ø ± øAù ú æ , ø Ü» ø.ù ú æ , ø Ü¹ øAùûú æ andwe

want ø,ÇLøAùüú æ , wherethevector ý -norm(max-norm)is thelargestelementmagnitudein
thevector. That is, at eachfrequency we assumethat the largestelementmagnitudeis less
thanone.

7.2 Relatedand previouswork

The relative gain array(RGA) wasfirst introducedby Bristol (1966)at steady-stateasthe
ratioof the“open-loop”and“closed-loop”gainsbetweeninput Î andoutput Í whenall other
outputs¶²Ó�ÔÕ Ð areperfectlycontrolledusingtheinputs  ¸ ÔÕ Ñþ ÐÙÑ�À�Á�ÂÅÄ ÿ ¶kÐ�� ÿ ¤Ñÿ ¶kÐ�� ÿ ¤Ñ�� ��� ÔÕ Ð Ä	�²Ð Ñ�
 ª� ¾�� Ñ/Ð (7.4)

TheRGA matrixcanbecomputedatany frequency usingtheformula(ChangandYu,1990):� À ª À�Á�Â�ÂêÄ ª À�ÁÃÂ Ê À ª�� À�ÁÃÂ/Â�� (7.5)

where ª � is the pseudo-inverseof ª . Interpretingthe RGA in termsof perfectcontrol at
steady-stateis only possiblewhen � ß����*À ª ÂêÄ É .
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Stanley, Marino-GalarragaandMcAvoy (1985)introducedtheRelativeDisturbanceGain
(RDG) astheratio betweentheinput £Ñ neededwhenrejectingdisturbanceÏ in all outputs
andtheinput ¤Ñ neededwhenrejectingdisturbanceÏ only in outputÎ . SkogestadandMorari
(1987)gave this measurea performanceinterpretationandfoundthat it canbeevaluatedat
any frequency using� Ñ Ò Ä ÿ ¤Ñ�� ÿ ±�Ò � � ï Õ�� ç��ÃÐÿ £Ñ�� ÿ ±�Ò � � ï Õ�� ç! ÙÐ Õ Ñ�" Ä ��Ñ�Ñ Ö ª � ¾ ª¥«'Ø Ñ ÒÖ ª¥«+Ø Ñ Ò Ä Ö�Üª³ª � ¾ ª¥«+Ø Ñ ÒÖ ª¥«'Ø Ñ Ò (7.6)

Thefollowing resultis dueto Grosdidier(SkogestadandMorari, 1987).It treatsthenec-
essaryinput in £Ñ for perfectcontrolof oneoutput ¶ÃÑ underinfluenceof asingledisturbance±�Ò ÿ £Ñÿ ±�Ò

#### �%$ ç &!')(* $ ÄmÈ Ö�Üª � ¾ Ø Ñ�Ñ ÖZª¥«+Ø Ñ Ò ÄmÈ Ö�Üª � ¾ Ö ª¥«'Ø Ò Ø Ñ (7.7)

Similarly, the input for perfectcontrolof all outputsunderinfluenceof a singledisturbance±�Ò is ÿ £Ñÿ ±�Ò
#### � ÄmÈ Ö ª � ¾ Ø Ñ Ö ª³«'Ø Ò ÄWÈ Ö ª � ¾ ª³«,Ø Ñ Ò (7.8)

SkogestadandWolff (1992)introducedthePartialDisturbanceGain(PDG)astheeffect
of disturbance±�Ò on the uncontrolledoutput ¶�Ð whenall otheroutputs ¶²Ó�ÔÕ Ð arecontrolled
by using the inputs  ¸ ÔÕ Ñ . For a squareplant ª they presentedthe following analytical
expressionfor thePDG +-, ª Ä ÿ ¶�Ðÿ ±�Ò

#### & $ ç ��� (* ï Ä ÖZª � ¾ ª¥«'Ø Ñ ÒÖZª � ¾ Ø Ñ/Ð (7.9)

ThePartialDisturbanceGainhasbeenappliedtoacontinuosbioreactor(ZhaoandSkogestad,
1994) and to a FCC process(Wolff, Skogestad,Hovd and Mathisen,1992). The partial
disturbancegain can be generalizedto a non-squareand singular ª using of the pseudo-
inverse.However, thegainsatsteady-statecanonly beinterpretedin termsof perfectcontrol
when � ß�����À ª ÂBÄ É ( ª � is thena right-inverseof ª ). Otherwise,PDGcanbeinterpretedin
termsof leastsquarecontrol.

The Relative Partial DisturbanceGain (RPDG)wasalso introducedby Skogestadand
Wolff (1992).It is definedastheratio betweenthePDGandtheopen-loopdisturbancegain
for output Í anddisturbanceÏ wheninput Î is unused.

í +., ª Ä ÿ ¶kÐ/� ÿ ±�Ò � & $ ç ��� (* ïÿ ¶kÐ/� ÿ ±�Ò Ä ÖZª � ¾ ª¥«'Ø Ñ ÒÖ ª � ¾ Ø Ñ"Ð Ö ª¥«+Ø Ð Ò (7.10)

For thecaseÍ Ä Î (a diagonalelementin ª is left uncontrolled),theRPDGis equalto the
ratiobetweentheRDGandRGAí +., ª Ä 0 Ð Òþ ÐàÐ ÖZª¥«+Ø Ð Ò Ä

� Ð Òþ ÐàÐ (7.11)
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ChangandYu(1990)definetheRelativeGainArray for non-squaremultivariablesystems
with moreoutputsthaninputsin termsof perfectcontrolin theleastsquaresense(minimize
thesumof thesquarederrors,SSE)at steady-state.They show that for thecasewith more
outputsthaninputs,thesumof theelementsin eachrow of theRGA matrix staysbetween
zeroandone. They alsoshow that the steady-stateerror in output ¶kÐ dueto a stepchange
in oneoutput ¶²Ó�ÔÕ Ð , is equalto æzÈ21 ¸Ñ Õ ¾ þ ÐÙÑ . For control structureselectionfor a ÉBÊNË
plant ª (selectingË outputsto becontrolledby the Ë inputs)they justify thatselectingtheË outputswith largestrow sumin theRGA leadsto smallSSEat steady-state.They show
this by consideringthe two cases: Ë Ä æ (onemanipulatedinput) and É Ä Ë Æ�æ (one
moremeasurementthan inputs). However, they fail to derive a generaldirect relationship
betweenthe row sumsof RGA and the SSE.For the generalcasethey have conducteda
computerexperimentto testtheheuristic:“choosingthesquaresubsystemby eliminatingtheÉ È Ë outputswith smallestrow sumsleadsto theminimumSSE”.Thecomputerexperiment
wasbasedon ten thousandrandomlygeneratedmatricesof a givendimension.The results
show that the selectionprocedurebasedon the row sumsof the RGA leadsto the optimal
subsystemin 34345 of thecasestested.In this paperwe justify why to selecttheoutputswith
largestrow sumof theRGA, by proving that this particularsetof Ë outputscontainsmore
informationaboutthe non-singulardirectionsthanany othersetof Ë outputs.Cao(1995)
makesa similar justificationinvolving thecolumnsumsof theRGA andtheinput selection
problemfor anon-squareplantwith moreinputsthanoutputs.

ReevesandArkun (1989)extendtheblock relative gainto non-squaresystemsandgive
interpretationin termsof aperformance-relatedtool for evaluatingcontrolstructuresprior to
controllerdesign.

However, neitherChangandYu (1990)norReevesandArkun (1989),considertheeffect
of disturbanceson the performancewhen evaluatingcontrol structuresprior to controller
design.

Despitethe fact that indirect andpartial control hasbeenstudiedin the literatureand
usedextensively in industrialapplications,the selectionof secondaryvariablesto be used
for indirectcontrolhasnot gainedmuchfocusin theliteratureexcept,for theratherrigorous
approachtaken by Lee andMorari (1991). Selectionof inputsandoutputsfor regulatory
controlis discussedby Hovd andSkogestad(1993).

Relatedwork on partial control include (Manousiouthakiset al., 1986;Skogestadand
Wolff, 1992; Häggblom,1994). Resultson partial control directly applicableto distilla-
tion columncontrol include(Waller, Häggblom,SandelinandFinnerman,1988;Häggblom
andWaller, 1992;Häggblom,1994). Indirect two-point control throughone-pointcontrol
of distillation is studiedby Sandelin,HäggblomandWaller (1991). Relatedwork on indi-
rect control of productcompositionin distillation columnsby controlling temperaturesin-
clude (Tolliver and McCune,1980;Yu and Luyben,1984;Yu and Luyben,1987;Moore,
Hackney andCanter, 1987;Mejdell, 1990;Lee,Braatz,Morari andPackard,1995;Leeand
Morari, 1996;Wolff andSkogestad,1996).
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7.3 Transfer functions for partially controlled systems

By rearrangingand partitioning the inputs and outputsas given above, the overall model¶ Ä ª  Æ ª¥« ± , theerror Ç Äì¶¯ÈOí Ü» andthemeasurement¶ ¸ Äì¶³ÆTõ Ü¹ canbewritten:¶£¾?Ä ª ¾"¾/�¾ Æ ª ¾ ®  ® Æ ª³« ¾ ±76 Ç ¾XÄì¶�¾{ÈOí ¾ Ü» ¾ 6 ¶£¾ ¸ Äì¶£¾ Æpõ�¾ Ü¹ ¾ (7.12)¶ ® Ä ª¯® ¾/�¾ Æ ªz®"®  ® Æ ª³«A® ±76 Ç�® Äì¶ ® ÈOí ® Ü» ® 6 ¶ ®�¸ Äì¶ ® Æpõ ® Ü¹ ® (7.13)

With feedbackcontrolof ¶ ® (measurements¶ ®�¸ Äì¶ ® Æ ¹ ® , seeFigure7.1)using  ® , ® Ä ´ ® À » ® ÈN¶ ® È ¹ ® Â (7.14)

thepartiallycontrolledsystembecomes¶£¾ Ä À ª ¾"¾{È ª ¾ ® ´ ® À98~Æ ªz®"® ´ ® Â � ¾ ª¯® ¾
Âi ¾�Æ�À ª¥« ¾êÈ ª ¾ ® ´ ® À:8~Æ ª¯®"® ´ ® Â � ¾ ª¥«.® Â ±Æ ª ¾ ® ´ ® À98~Æ ª¯®"® ´ ® Â � ¾ À » ® È ¹ ® Â (7.15)

REMARK. Thismayberewrittenin termsof linearfractionaltransformationswith thegeneralizedplant;
andthecontroller x-<

¿ ^>=@?BA/C ; � x-<ED
FGGH I ^JK <L <

MONNP where
; = � U ^i^ U?¼ ^ Q Q U ^ <R U ^ < R U�¼ < S R S R U <�< � (7.16)

Perfect control of TVU . At somefrequenciesit maybereasonableto assumethemeasured¶ ®
perfectlycontrolled.Weassume1 that ªz®"® À�ÁÃÂ is squareandinvertible(at agivenvalueof Á ),
weset ¶ ® Æ ¹ ® Ä » ® ( Ç�® Ä ¹ ® ) andeliminate ® in (7.12)and(7.13)to get¶£¾ Ä À ª ¾"¾ÅÈ ª ¾ ®Aª � ¾®"® ªz® ¾.ÂW XZY [\^]  ¾�Æ�À ª¥« ¾êÈ ª ¾ ®.ª � ¾®"® ª³«A® ÂW XZY [\�_ ±Æ ª ¾ ®Aª`� ¾®"® í ®W XZY [\^a Ü» ® È ª ¾ ®Aª� ¾®"® õ ®W XZY [\^b Ü¹ ® (7.17)

where
+ « is thepartial disturbancegain.+dc

is thepartial referencegain.+de
is thegainfor themeasurementnoise Ü¹ ® for asystemunderpartialcontrol.+ & is thegainfor theunusedinputs �¾ for asystemunderpartialcontrol.

Theadvantageof themodel(7.17)is thatit is independentof
´ ® , but westressthatthisonly

appliesat frequencieswhere¶ ® is tightly controlled.
REMARK 1. Eqs. (7.9)and(7.17)reflecttwo differentwaysof computingthePDG’s which yield the
sameresults. This follows from the definition. With oneuncontrolledoutputandoneunusedinput,
(7.9) givesan efficient way of computingall combinationsof PDG’s for disturbance

J4f
. With more

thanoneuncontrolledoutputandoneunusedinput, it is easierto use(7.17).

1Strictly speaking,this is afrequency-by-frequency analysis,gihkjEl (oneparticularfrequency beingthesteady-
state,lmhon ).
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REMARK 2. Oneadvantageof (7.9)is thatit providesdirectinsightinto whichuncontrolledoutputand
unusedinput to select.Wehave:

1) SelectI Y suchthat row p in U ]L^ U?¼ hassmallelements(keepthe input constantfor which the
desiredchangeis small).

2) Select¿rq correspondingto a largeelementin row p of U ]�^ (keepanoutputuncontrolledwhich
is insensitive to I Y ).

7.4 Usesof partial control

As mentionedin theintroduction,four applicationsof partialcontrolare:

1) Indirectcontrol of ¶£¾ by controlling ¶ ® .
2) Innercascadeloopswith extrameasurements¶ ® .
3) Truepartial control.
4) Sequentialdesignof decentralizedcontrollers.

In thecases3) and4) thereareperformanceobjectivesassociatedwith theoutputs¶ ® (so Ü» ®
is given). The four problemsarecloselyrelated,andin all caseswe want the effect of the
disturbanceson ¶£¾ to besmallwhen ¶ ® is controlled.In particularwe want ø + «£ø³ú ø
ª¥« ¾ ø ,
compareeq. (7.12)and(7.17).With feedbackcontrolof ¶ ® using  ® , we introducethemea-
surementnoise ¹ ® in the measurementsof ¶ ® into the system.Thenit is desirablethat the
effectof ¹ ® on ¶£¾ is small,i.e. ø +>e ø is small. In somecasesthereis acloserelationship(cor-
relation)between¶ ® and ¶£¾ , in thiscasethemeasurementnoise¹ ® in ¶ ® canhavelargeeffect
on ¶£¾ . The result is that a trade-off betweenmeasurementnoiseanddisturbancerejection
occurs.This is thecasein Chapter9,whereweconsiderselectingtemperaturemeasurements
for indirecttwo-pointtemperaturecontrolof a binarydistillation column.An additionalde-
sirablepropertyfor all threecasesis to achieve fastandacceptablecontrolof ¶ ® . A common
controllability requirementis½ts À ª¯®"® Âvu�æ4wyx{z ú z å ® ( z å�® denotesthedesiredbandwidthof thesecondaryloop).

Onejustificationof this requirementis to avoid inputconstraintsin  ® .
7.4.1 Indir ect control

In this case,¶ ® areadditional“secondary”measurementswith no associatedperformance
objectives. The control objective is to achieve satisfactoryperformancefor the “primary”
outputs ¶£¾ . However, in this casethereis no measurementsof ¶�¾ . So, in orderto achieve
acceptablecontrol of ¶�¾ , we control some“secondary”variables¶ ® which areclosely re-
latedto ¶£¾ . This is similar to truepartial control (seeSection7.4.3),however, thereareno
performanceobjectivesassociatedwith ¶ ® .

Assumethat the outputshave beenscaledsuchthat we can toleratea control error of
magnitudeæ in eachof theprimaryoutputs¶�¾ , andthat the maximumallowedvariationin
thedisturbance± andmeasurementnoise Ü¹ ® correspondsto magnitudeæ . Let z å denotethe
desiredbandwidthfor the control loop. For combineddisturbanceandmeasurementnoise
rejectionin ¶£¾ , thefollowing requirementmustbesatisfied
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½ A setof outputs¶£¾ maybeconsideredkeptuncontrolledif ø�Ö + « +>| Ø
ø Ð ù ú æ4w�x{z úz å .

Theinducedinfinity norm ø7}Aø Ð ù computesthemaximumrow sum(sumof elementmagni-
tudes)andreflectsin thiscasetheeffectof ± for theworstcaseoutput.Additionalinformation
canbeobtainedby alsoconsideringtheotheroutputsby summingtheelementmagnitudesin
eachrows.

7.4.2 Inner cascadeloops

In this casewe have additionalmeasurements(which may not be reliable)of ¶£¾ . Due to
propertiesof the plant like RHP-zeros,delaysandinput/outputuncertainty, acceptableper-
formancewhencontrolling ¶£¾ in a direct manner, may not be achievable. Oneway to im-
prove thecontrolof ¶£¾ canbe to control ¶ ® . In particular, this mayreducetheeffect of the
disturbances± on ¶£¾ , when ± entersbetweentheinput of theplantandthemeasurementsof
“secondary”variables¶ ® . Notethatwith theinnerloopclosed,Ü» ® canbeusedto control ¶£¾ .

To haveany benefit(measuredin ¶£¾ ) of controlling ¶ ® using  ® , weneedto have:ø Ö + « +>| Ø£øBú�ø
ª¥« ¾ ø
for somefrequencieswithin thebandwidthof thesecondaryloops z å�® . Sincethe intention
with secondarycontrol loopsis disturbancerejectionfor frequencieslarger thanthe band-
width z å of theoutercontrolloopwerequire:ø�Ö + « +>| Ø
ø Ð ù ú æ4w x{z ú z å
Theouterloopscontroltheprimaryvariables¶£¾ using Ü» ® and �¾ . A commoncontrollability
requirementimposedon

+>~
and

+ & is2 then½ts À Ö +>~ + & Ø Â�u�æ4wyx{z ú zd� _�� .
This is to guaranteethat �¾ and Ü» ® staywithin thedesiredlimits andappliesirrespective of
thecontrollertype,providedthatthesecondaryloops ¶ ®��  ® areintact.

Input/outputselectionfor indirectandcascadecontrol is treatedseparatelyin Chapter8.
Thisbrief treatmentis meantto beanintroduction.

7.4.3 True partial control

In somecases,theoutputsarecorrelatedsuchthatcontrollingtheoutputs��� indirectlygives
acceptablecontrolof someotheroutputs��� . Two examplesof “true” partialcontrolfrom the
chemicalprocessindustryaregivenin Examples7.1and7.2.

Let zd� denotethedesiredbandwidthof thecontrolloop. For combineddisturbanceand
measurementnoiserejectionin ��� , thefollowing requirementmustbesatisfied:� A setof outputs��� maybeconsideredkeptuncontrolledif �^����� � |�� ���:����� w�x{z �zd� .

2Rescalingof ��� on theinput is necessaryto allow for somemorevariationin �� < .
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Referencechangesin �� � mayalsoberegardedasdisturbancesfor theuncontrolledprimary
outputs��� :� For achangein asinglereference��!� separately, a setof outputs��� maybeconsidered

keptuncontrolledif  ¡�¢� ~�� � �  ^���4£y¤m¥§¦©¨ª£y¤{«¬�« � .� For combinationsof referencechanges,a setof outputs ��� may be consideredkept
uncontrolledif �®� ~ ���:�¯�°�4£V¤{«�« � .� For combinedreferencechanges,disturbancesandmeasurementnoise,asetof outputs��� maybeconsideredkeptuncontrolledif �^�±��� � | � ~�� ���²�³���4£y¤{«´�	« � .

The inducedinfinity norm reflectsthe effect of the inputs( µ , �¶ � and �� � ) on the worst case
output. Additional informationcan be obtainedby also consideringthe other outputsby
summingtheelementmagnitudesin eachrows.

EXAMPLE 7.1 PARTIAL CONTROL OF DISTILLATION COLUMN. Thisexampleconsiderdisturbance
rejectionin one-pointpartialcontrolof a ·.¸¹· distillation column.We usethereducedº -statemodel
of the distillation columngiven in (Hovd andSkogestad,1992). The full »�· -statemodelconsistsof
40 theoreticaltraysplus a total condenserand includesboth liquid flow dynamicsand composition
dynamics.Disturbancesin feedflowrate ¼ ( ½�¾ ) andfeedcomposition¿ÁÀ ( ½4Â ) areincluded. TheLV
configurationis used,that is, themanipulatedinputsarereflux Ã ( Äª¾ ) andboilup Å ( ÄÆÂ ). Outputsare
productcompositionsÇ!È ( Ç^¾ ) and É7Ê ( Ç!Â ). Thedisturbancesandoutputshavebeenscaledsuchthata
magnitudeof Ë correspondsto a changein ¼ of 20%,a changein ¿ZÀ of ·®ÌrÍ anda changein É7Ê andÇ!È of Ì4ÎÏÌ�Ë molefractionunits. Oneandtwo point controlof binarydistillationcolumnshasalsobeen
studiedby (Walleret al., 1988).

At steady-statethemodelandtheRGA areÐ@ÑÓÒ »�»�ÎÔ·�Õ Öv»�×�ÎÔØ�ØËZÌ�»�ÎÏ»�· Ö�Ë�ËEÌ�ÎÏÌrØBÙÛÚ Ð�ÜÝÑ³Ò Ø!ÎÏÞ�Õ »�ÎÏÞ�ÌË�Ë�ÎÔØZß Ë�Ë�ÎÔ·®»�Ù and à Ñ�Ò Õ�×4ÎáË Ö�Õ�º!ÎáËÖvÕrº!ÎáË Õ�×4ÎáËâÙ
TheRGA-elementsaremuchlarger than1 which indicatesthat theplant is fundamentallydifficult to
control. It alsoindicatesthat the two outputsarecloselyrelated. Considerthe SVD at steady-state,Ðäã Ìrå Ñæèç ÅêéæëÑÓÒ Ì4ÎÏ×�·Zß Ö�Ì�ÎÔØ®»�ËÌ4ÎÔØ®»�Ë Ì4ÎÏ×�·Zß Ù�Ú çìÑ�Ò ËEÞ�»�ÎÔ· Ì�ÎÏÌÌ4ÎÏÌ Ë�ÎÏÕ�× Ù and Å Ñ³Ò Ì�ÎÔØ®Ì�Ø ÖvÌ4ÎÔØ®Ì�ØÖvÌ�ÎÔØ®ÌrØ ÖvÌ4ÎÔØ®Ì�Ø Ù
From

æ
weseethatthegainto thebottomcompositionis slightly largerthanthetopcomposition.This

mayindicatethatit is bestto controlbottomcompositionandleave top compositionuncontrolled.
Thepartialdisturbancegainfor thetwo disturbancesfor thefour alternativepartialcontrolschemes

are í Â�î¢Â¾�î Ü Ñðï ÖÝË�ÎÏÕ�· Ì�ÎÏÌ�ËZÕ�ñ Ú í Â�îÔ¾¾�î Ü Ñ	ï Ö�Ë�ÎÔº®Þ Ö�Ì�ÎÔ·Zßyñ Úí ¾�î¢ÂÂ%î Ü Ñòï Ë�ÎÏ×�» ÖvÌ�ÎÏÌ�ËZ×�ñ and
í ¾�îO¾Â�î Ü Ñðï Ë�ÎÏÞ�º Ì�ÎÔ·®Þ�Ø�ñ

wherewehaveintroducedthenotation
íÝó:ôõÆö î ÷ö î Ü , for thepartialdisturbancegain(bothdisturbances)when

output ø is uncontrolledandthe remainingoutput ùÝúÑ ø is controlledusinginput û . For example,the
partialdisturbancegainfor theeffectof disturbance1 onoutput1, with output2 controlledusinginput
2, is í Â�îüÂ¾�î Ü ¾ ÑtÐÛÜ ¾�¾ Ö Ð ¾ýÂ Ðÿþ ¾Â�Â Ð�Ü Â�¾ Ñ Ø!ÎÏÞèÖ »�×4ÎÏ»Ë�ËEÌ�ÎáË Ë�Ë�ÎÔØ Ñ Ö�Ë�ÎÏÕ�·
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Figure7.2: Effectof ½�¾ on Ç^¾ for distillationcolumnexample

In all four casesweseethatcontrolof oneoutputsignificantlyreducestheeffectof thedisturbanceson
theuncontrolledoutput. In particular, this is thecasefor disturbance2, for which thegain is reduced
from about ËEÌ to Ì�ÎÏÕ�Ì and less. The bestone-pointcontrol schemeis seento be schemeË where
the effect of disturbanceË is ÖÝË�ÎÏÕ�· , which is only slightly above one in magnitude. This scheme
correspondsto controllingoutput Ç�Â (thebottomcomposition)with Ä7Â (theboilup Å ) while letting Ç�¾
(the top composition)beinguncontrolled,which also from a physicalpoint of view, is a reasonable
controlscheme.Frequency-dependentplots for scheme1 show that thesameconclusionappliesalso
at higherfrequencies.This is seenin Figure7.2 wherewe show for disturbance1 both theopen-loop
disturbancegain (

Ð�Ü ¾�¾ , Curve 1) and the partial disturbancegain (
í Â�î¢Â¾�î Ü ¾ , Curve 2) as function of

frequency.

Let us next considerhow we may reducethe effect of disturbance1 (the feed flowrate ¼ ) onÇ^¾ (which is
í Ü4ã Ì�å Ñ Ö�Ë�ÎÏÕ�· at steady-state)to be lessthan 1 by using a feed forward controller

basedon measuring½�¾ (thefeedflowrate ¼ ) andadjustingÄª¾ (thereflux Ã ). In practice,this is easily
implementedasa ratio controllerwhich keepsÃ��®¼ constant.This eliminatesthe steady-stateeffect
of ½�¾ on Ç^¾ (provided the othercontrol loop is closed). With

í� ã Ì�å Ñ�� ¾�¾vÖ � ¾/Â � þ ¾Â�Â � Â�¾ Ñ Ö�·!Îüß!º
we get Äª¾ Ñ Ö í þ ¾ ã Ì�å í Ü ã Ì�å/½�¾ Ñ Ö�Ë�ÎÏÕ�·���·�Îüß!ºZ½�¾ Ñ ÖvÌ�ÎÔºÁß�½�¾ . The resultingdisturbanceeffect is
shown in Figure7.2 ascurve 3. However, dueto measurementerror we cannotachieve perfectfeed
forwardcontrol,solet usassumetheerroris ·®Ì�Í anduseÄB¾ Ñ Ö�Ë�ÎÔ·��EÌ4ÎÔºZß�½�¾ . Thesteady-stateeffect
of thedisturbanceis then

í Ü ã Ìrå ã ËÛÖëË�ÎÔ·�å Ñ Ì�ÎÔ·®×�º , which is still acceptable.However, asseenfrom
thefrequency-dependentplot (curve4), theeffect is above0.5athigherfrequencies,whichmaynotbe
desirable.Thereasonfor thepeakis thatthefeedforwardcontroller, which is purelystatic,reactstoo
fastandin factmakestheresponseworseat higherfrequencies(asseenwhencomparingcurves3 and
4 with curve 2). To avoid this we filter thefeedforwardactionwith a time constantof 3 min resulting
in thefollowing feedforwardcontroller: ÄB¾ Ñ Ö������������� ¾ ½�¾ . To berealisticwe againassume·�Ì�Í error,
andtheresultingeffect of thedisturbanceon theuncontrolledoutputis shown by curve5. We seethat
theeffect is now lessthan0.265atall frequencies.



186 CHAPTER7. I/O SELECTION:ANALYSISOFPARTIAL CONTROL

7.4.4 Sequentialcontroller design

Onecommonway to implementa hierarchicalcontrolsystem,is to first implementa lower-
layer control systemfor controllingtheoutputs��� . With this lower-layercontrolsystemin
place,onedesignsa controller � � for controlof ��� . Somecriteriafor selecting��� and ��� in
thiscase,aregivenin (Hovd andSkogestad,1993).

7.5 Partitioning tools

Thesubsets��� , ��� , �y� and ��� canbeexpressedas:���! #"%$&�' �B£o���( )"%$& �B£*�y�! )"%$+,' �y£*���- )"%$+ �
where " is a selection(projection)matrix. For example,to selectthe two first outputsof a
plantset " &  �/.4� .r� � where . � is a vectorof size 0 with zerosin all elementsexceptin
position ¥ which contains� . With this notationtheuncontrolledandcontrolledoutputscan
bewritten in termsof µ , �y� and ���

���1 � �ý�2 354 6"%$&7'98 " +,' �y�;: � � �2 354 6"<$&7'98 " + � �=: ��� �2 354 6"%$&�'>8 �iµ (7.18)���? )"%$& 8 " + '4 652 3� � � �y�@:A"%$& 8 " +4 652 3� �B� ���C:�"<$& 8 �4 652 3��� � µ (7.19)

7.5.1 RGA and the selectionproblem

Severalauthorshaveusedtherelativegainarray(7.5)asaselectiontool for controlstructure
designandin particularin thepairingproblemfor decentralizedcontrol. Resultswhich are
connectedto therow sumsandcolumnsumshavealsobeensuggested.ChangandYu (1990)
recognizedthattherow sumsof theRGA stayedbetweenzeroandonefor non-squareplants
with full columnrank(moreoutputsthaninputs). They usedthis to rankcandidateoutputs
correspondingto the row sumsof the RGA. Recently, Cao(1995)presenteda similar sug-
gestionfor theinput selectionproblem,involving thecolumnsumsof theRGA. Cao(1995)
alsoderivedtherelationbetweeninputsingularvectorsandthecolumnsumsof theRGA. In
Theorem7.1we generalizetheresultin (Cao,1995)to theoutputs(row sumsof RGA) and
alsoprovideasimplerproof.

In thefollowing, considerthemodel �D 8 � andwrite thesingularvaluedecomposition
of 8 as 8  FEHG?IHJF FE@K�G!K7IHJK (7.20)

whereG1K consistsonly of the �  #LNMPORQ9S 8UT nonzerosingularvalues,E@K consistsof the � first
columnsof E , and IVK consistsof the � first columnsof I .

Let .XW and . � bedefinedasabove( �YWZ #. $W � , � �  #. $� � ). Then . $W IVK yieldstheprojection
of aunit input �RW ontothenon-zeroinputspaceof 8 , and . $� E;K yieldstheprojectionof aunit
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output � � ontothenon-zerooutputspaceof 8 . We follow (Cao,1995)anddefine

Projectionfor input [ ontotheeffective inputspace: \,]_^ WZ �`.`$W IVK{� � (7.21)

Projectionfor output ¥ ontotheeffectiveoutputspace: \ba�^ �  �`.`$� E;Kª� � (7.22)

Thefollowing theoremlinks theSVD to theRGA.

THEOREM 7.1 (RGA AND SVD).cdW�e>�Vf � WZ �g.�$� E@K{� ��;h id � e>�9f � WZ �g.`$W IVK{� �� (7.23)

The proof is given in SectionA. Note that ��. $� E@K{� � is simply the 2-normof row ¥ in E@K .
Essentially, for thecaseof extrameasurements(outputs)onemayconsidereliminatingmea-
surementscorrespondingto rows in theRGA wherethesumof theelementsis muchsmaller
than1. Similarly, for thecaseof extra manipulations(inputs)onemayconsidereliminating
manipulationscorrespondingto columnsin theRGA wherethesumof theelementsis much
smallerthan1. TheRGA/SVDusedin this way canbea usefultool for screeningbecausea
singlecomputationincludesall thealternative measurementsand/ormanipulationsandthus
avoidsthecombinatorialproblem.However, we emphasizethatthereis no clearcontrolen-
gineeringinterpretationsof this approach,asis thecasewith thepolevectorsandminimum
inputusagefor stabilization(seeChapter6).

When 8 is squareandnon-singular, theinputandoutputprojectionsareequalto one(col-
umnandrows of RGA for a squarenon-singular8 sumsto one),andtheRGA providesno
rankingof inputsandoutputs.Wemaythenobtainmoreinformationby directlyconsidering
theSVD. Wehave

RESULT 7.1 (SVD FOR INPUT/OUTPUT SELECTION). A rankingof potentialinputsand
outputsusedin a control structure of dimensionj &<k j + Slj & � � and j + � � , where�  mLnMPORQ>S 8oT�T , canbeobtainedby consideringthe2-normof therowsin thematrices E@p &
and Iqp + where E=p & consistsof the first j & columnsof E@K , and IVp + consistsof the first j +
columnsof IYK .
This canbejustifiedfrom thefactthatthefirst j & columnsof E;K andthefirst j + columnsofIYK correspondto themostsignificant(largestgain)directions,andthe2-normsof the rows
correspondto theinputandoutputprojectionsof thesubsystemof dim j &rk j + . Thesingular
value stp�ud� is ameasureof theinformationdisregardedin thepartialcontrolstructure,i.e.� 8wv " & 8 ���X" $+ � �rx stp�ud�
where jy )z{M}|q~Pj & £Cj +q� . Seealsoexample7.2.

EXAMPLE 7.2 INPUT/OUTPUT SELECTION FOR FCC PROCESS. For the linear modelof the FCC
processconsideredby (Hovd andSkogestad,1993;Wolff et al., 1992),wehaveatsteady-stateÐtÑ��� ËEÌ4ÎáËE× º!ÎÔº�Þ Ë�Îüß!ÕËZº�ÎÔº�· Öv»4ÎÏÕ�Ø ÖvÌ4ÎÔØ!ËËE»4ÎÏÌ�º Ì�Îüß�· Ë�ÎÏ»�Ì

���� Ð�ÜÝÑ��� Ë�ÎÏ×�× Ì4ÎÏÕ�× Ö�ËEÕ�ÎÏ×�ËÌ�Îüß!Ø Ì4ÎÔ·®Õ ÖvÕ�ÎÏ»�ÞË�ÎÏ»�× Ì4ÎÔº®× Ö�ËZº!ÎÏÕ�Ì
��
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FromaSVD of
Ð ã û5��å wefind � ã9Ð ã û5� å�å��@Ë9�b� . Hence,it is likely to encounterinputconstraintsfor

certaincombinationsof disturbancesandreferencechanges.Wethereforeconsider·è¸�· controlof the
FCCprocess.With thetwo strongestinputandoutputdirectionsi.e.

æ Â Ñðï ÄB¾ ÄÆÂ�ñ , Å�Â Ñ	ïl� ¾ � Â�ñ ,
the2-normsof therowsbecomes��� Ñ	ï Ì�ÎÏÞ�Þ�Ø Ì�ÎÏÞ�»r· Ì�ÎÔ·®Ì4Ë7ñ�� ��� Ñòï Ì�ÎÔØ�ØÁß Ì�ÎÏÞ�·�Ø Ì�ÎÔØ®Õ�× ñ��
Weclearlyseethattheinput Ä � haslittle effecton

Ð
andthatthis inputmaybeconsideredunused.For

theoutputsthesituationis not so obvious, Ç^¾ and Ç � seemsto beof equalimportance.However, for
higherfrequencies(not shown) ��� îO¾ and ��� îüÂ approachesË , whereas��� î � approachesÌ , sowe selectÇ^¾ and Ç!Â togetherwith ÄB¾ and ÄÆÂ in apartialcontrolstructureof size ·Û¸�· . It is worthnotingthatthis
controlstructure(denotedHicks)wasconsideredby (Hovd andSkogestad,1993)asthebestone.They
arguedfrom a controllability point of view taking into accountRHP-zeros,constraintsanddifferent
operatingmodes.

EXAMPLE 7.1 CONTINUED. Insteadof computingthe partial disturbancegainsto obtain the best
outputandthebestinput for one-pointcontrolof thedistillation column,we usethe input andoutput
projectionsto screenthecandidateinputsandoutputs.Weonly considertheinputandoutputdirections
correspondingto the largestsingularvaluein

æ
and Å , i.e. use

æ ¾ Ñ ÄB¾ and Å{¾ ÑF� ¾ . This seems
reasonablesince� ã Ð å>���� ã9Ð å atsteady-state.Weobtain��� Ñ�Ò Ì�ÎÏ×�·ÁßÌ�ÎÔØ®»4Ë7Ù and ��� ÑÓÒ Ì�ÎÔØ®Ì�ØÌ�ÎÔØ®Ì�Ø�Ù
That is, we find thatthebestoutputis thebottomcomposition.However, it is not clearwhich input to
use.

The criteria for selectinginputsandoutputsthroughthe useof RGA, consideringall non-
singulardirectionsor only the j first non-singulardirections,can be viewed in termsof
maximizingthe informationcontainedin thosedirectionson theselectedinputs/outputs.It
is not clearwhatthis selectionprocedureimpliesin termsof measureslike s S 8 ��� T , �s�S 8 ��� T ,� S 8 ��� T and � 8�v " & 8 ���X" $+ � . However, sincethereis a finite numberof combinations,it
is possibleto find theprojectionmatrices" & and " + which maximize s S 8 ��� T or minimize� 8wv " & 8 ����" $+ � for agivendimensionj &�k j + of 8 ��� , simplyby testingall possibilities.

ThefollowingexampleshowsthatalthoughtheRGA is anefficientscreeningtool, it must
beusedwith somecaution.

EXAMPLE 7.3. Considera plantwith 2 inputsand4 candidateoutputsof which we want to select2.
Wehave ÐtÑ ���� ËEÌ ËEÌËEÌ Þ· Ë· Ë

����� Ú à Ñ ���� Ö�·!ÎÔº�Ø Õ�ÎÔ·�ØË�ÎÏÞ�× ÖÝË�Îüß!ÕÌ�ÎÏ»�Ì ÖvÌ�Îüß�·Ì�ÎÏ»�Ì ÖvÌ�Îüß�·
�����

The four row sumsof RGA are Ì4ÎÔØ®Ì , Ì4ÎÔº®Õ , Ì4ÎÏÕ�» and Ì�ÎÏÕ�» . To maximizethe outputprojectionswe

would selectoutputs1 and2. However, this yieldsa plant
Ð ¾ Ñ Ò ËEÌ ËEÌËEÌ Þ Ù which is ill-conditioned

with large RGA-elements,andmostlikely difficult to control. Selectingoutput1 and3 yields
Ð Â ÑÒ ËEÌ ËEÌ· Ë Ù whichis well conditioned.For comparison,theminimumsingularvaluesare � ã9Ð å Ñ Ë�ÎÏÌ�º ,
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� ã9Ð ¾�å Ñ Ì�ÎÔº�Ë , � ã Ð Â�å Ñ Ì�ÎÔØ®Ì . Theminimizedconditionnumbers( ��� ã�� å ÑA H¡£¢ È>¤%îüÈ � � ã�¥ Â �!¥ ¾�å ,
where

¥ ¾ and
¥ ¾ arediagonalmatrices)are �t� ã Ð å Ñ Ë�Ë�ÎÏ×�Þ , ��� ã9Ð ¾%å Ñ Õ�Ø!ÎÏÞ�Ø and ��� ã9Ð Â�å Ñ º!ÎÏ»�Õ .

Thisclearlyshowsthat
Ð ¾ is themostill-conditionedof all thematrices

Ð
,
Ð ¾ and

Ð Â .
7.5.2 Leastsquareand “true” partial control

In thissectionweview therationaltransferfunction 8 SB¦ T asamatrix functionparameterized
in thecomplex variable¦ . Thenwecanusetheleastsquaresolutionto thefull (optimal)and
thepartialcontrolproblems,to quantifytheimposedperformancelossby partialcontrolfor
aparticularchoiceof " & and " + . To beableto comparetheresultsin thefull andthepartial
controlproblems,it only make senseto considerreferencechangesin thesecondaryoutputs��� , i.e. weconsiderthecontrolerror§  ð� v©¨�ª� �q«  ð� v¬¨ ª ���� �q«  ð� v " &  ���� �
ona frequency-by-frequency basis.Theleastsquarecontrolerrors( § ) for referencechanges
in �� � anddisturbancerejectionfor thefull ( §Æ� ) andthepartial( §7® ) controlproblems,becomes§��  �gS 8H8o¯=v±°YT " &  � v S 8H8U¯²v±°YT�8 � � ¨ �� �µ « (7.24)§}®  ¨ 8 �±� 8 ¯���  � 8 ��� v�8 �±� 8 ¯��� 8 �E�S 8 ��� 8 ¯��� v±°RT  � v S 8 ��� 8 ¯��� v±°YT/8 �E� « ¨ �� �µ « (7.25)

Theproofsof (7.24)and(7.25)aregivenin SectionA. For theperformancelossto besmall,
we want � §}® � to be closeto � §�� � . We notethat the control errorscanbe interpretedon a
frequency-by-frequency basisandrepresentsa lower boundon the bestachievableperfor-
mancemeasuredin the ³ -norm.Thus,it is aninducedtwo normperformance.

7.6 Summary

Wehavegivenabrief introductionto partialcontrol.Thepartialdisturbance,partialreference
gainsandthepartial gain for measurementnoiseareintroducedandthepartial disturbance
gainis relatedto thepreviouly definedpartialdisturbancegain(SkogestadandWolff, 1992).
We have shown how thepartialdisturbancegain,andthegainfor theunusedinputscanbe
usedto find thebestone-pointcontrolstructure(includingfeedforwardcontrol)for abinary
distillation column. It is importantto notethat we arrived at this control structurewithout
designingany controllers.

We have alsoestablisheda direct relationshipbetweentheRGA andSVD which gener-
alizesprevious results(Cao,1995;ChangandYu, 1990). Thesetools,andthe relationship
betweenRGA andSVD, canbeusedto obtaina rankingof thepossibleinputsandoutputs.
However, they shouldbeusedwith caresincetherearemany otherfactorswhich determine
controllability.
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Appendix A Proofsof the results

Proof of Theorem7.1. The proof of the identitiesin (7.23)aregiven for the generalcase.Write the
SVD of

Ð
as
Ð°Ñ æµ´5¶=´ Å é´ where

¶=´
is invertible. We have that

� ö ÷ Ñ K �ö æ�´5¶@´ Å é´ K ÷ , ï�Ð?· ñ ÷ ö ÑK �÷ Å ´�¶ þ ¾´ æ é´ K ö , æ é´ æµ´vÑ±¸X´ and Å é´ Å ´)Ñ±¸X´ wherȩ
X´

denotesidentitymatrixof dim ¹v¸º¹ . Therow
sumbecomes(sumof theelementsin row ø )»¼÷ õ ¾¾½ ö ÷ Ñ »¼÷ õ ¾ K �ö æµ´5¶@´ Å é´ K ÷ K �÷ Å ´X¶vþ ¾´ æ é´ K öÑ K �ö æ�´X¶=´ Å é´ »¼÷ õ ¾ K ÷ K �÷¿ À	Á ÂÃÅÄ Å ´�¶ þ ¾´ æ é´ K ö ÑÇÆ K �ö æ�´ÈÆ ÂÂ
andfor thecolumnsum(thesumof theelementsin column û )ó¼ ö õ ¾�½ ö ÷ Ñ ó¼ ö õ ¾ K é÷ Å ´X¶vþ ¾ æ é´ K ö K éö æµ´X¶ Å é´ K ÷Ñ K é÷ Å ´�¶ þ ¾ æ é´ ó¼ ö õ ¾ K ö K éö¿ À	Á ÂÃÊÉ æµ´5¶ Å é´ K ÷ ÑÇÆ Å é´ K ÷ Æ ÂÂ (7.26)

Ë
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Proofof (7.24). Weset Ç�¾ Ñ Ì , i.e. we wantto rejectdisturbancesandreferencechangesÌ¹ÁÂ in Ç�¾ , and
weset Ç!Â Ñ ¹ÁÂ Ñ�Í Â�Ì¹®Â , i.e. trackreferencechangesÌ¹®Â andrejectdisturbances½ in Ç�Â . Theproblemis
to find theleastsquaresolution Ä · toÒ Ì¹ÁÂ Ù Ñ�Ò ÌÍ Â�Ì¹ÁÂ Ù ÑÏÎ(Ð`Í Â�Ì¹ÁÂ ÑtÐ ÄÒÑ ÐÛÜ ½ Ó Ð Ä Ñ�Î-Ð�Í Â}Ì¹ÁÂ�Ö ÐÛÜ ½ (7.27)

Theleastsquaresolution Ä · to (7.27)isÄ · ÑtÐ · ã�Î-Ð�Í Â}Ì¹ÁÂ�Ö Ð Ü ½^å (7.28)

By applyingthecontrol Ä · in (7.28)thecontrolerror ÔbÕ Ñ ÇÿÖ×ÖÙØÚ Â}ÛÜ ÂÈÝ Ñ ÇÿÖ Î(Ð`Í Â�Ì¹®Â becomesÔbÕ Ñ Ð Ä · Ñ Ð�Ü ½ Ö Î-Ð�Í Â}Ì¹ÁÂ Ñ@Ð�Ð · ã�Î-Ð`Í Â�Ì¹ÁÂ�Ö ÐÛÜ ½^åVÑ Ð�Ü ½ Ö Î(Ð`Í ÂPÌ¹ÁÂÑ ã ÐÝÐ · Ö ¸ å Î(Ð`Í Â�Ì¹ÁÂdÖ ã9ÐÝÐ · Ö ¸ å Ð�Ü ½ Ë
Proof of (7.25). We set Ç!Â Ñ ¹®Â ÑÞÍ Â}Ì¹ÁÂ and ÄB¾ Ñ Ì , i.e. track referencechangesÌ¹ÁÂ andreject
disturbances½ in Ç�Â . Theproblemis to find theleastsquaresolution Ä ·Â to¹ÁÂ Ñ�Í Â}Ì¹®Â Ñ�Í ÂPÌ¹ÁÂ ÑtÐ Â�Â�Ä7Â>Ñ ÐÛÜ Â ½ Ó Ð Â�Â�ÄÆÂ Ñ�Í Â}Ì¹ÁÂ>Ö Ð�Ü Â ½ (7.29)

Theleastsquaresolution Ä ·Â to (7.29)isÄ ·Â ÑtÐ ·Â�Â ã�Í Â}Ì¹ÁÂ>Ö Ð�Ü Â ½^å (7.30)

By applyingthecontrol Ä ·Â in (7.30)thecontrolerror Ô7ß Ñ Ç ÖFÖÙØÚ Â}ÛÜ Â Ý Ñ ÇÿÖ Î-Ð�Í Â�Ì¹ÁÂ becomesÔ}ß Ñ Ò Ç^¾Ç�ÂdÖ Í Â�Ì¹ÁÂ Ù Ñ Ò Ð ¾/Â Ð ·Â�Â Í Â�Ì¹®Â9Ñ ã Ð�Ü ¾ Ö Ð Â�Â Ð ·Â�Â Ð�Ü Â åý½ã Ð Â�Â Ð ·Â�Â Ö ¸ å Í Â}Ì¹ÁÂ>Ö ã9Ð Â�Â Ð ·Â�Â Ö ¸ å Ð�Ü Â ½ ÙÑ Ò Ð ¾ýÂ Ð ·Â�Â Í Â ã9ÐÛÜ ¾ Ö Ð Â�Â Ð ·Â�Â ÐÛÜ Â åã Ð Â�Â Ð ·Â�Â Ö ¸ å Í Â Ö ã9Ð Â�Â Ð ·Â�Â Ö ¸ å ÐÛÜ Â Ù Ò Ì¹®Â½ Ù Ë
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Abstract

Integratedchemicalprocessplantsarein practicecontrolledusinga hierarchy
of control loops. The basisis to implementinner control loops, resultingin
a partially controlledsystem.The ideais that theprimaryoutputs,with these
innercontrolloopsclosedshouldbelesssensitiveto disturbances.In additionit
is desirablethatthecontrolerrorin theprimaryoutputsshouldnot besensitive
to controlerrorsin theinnercontrolloops.In this paperwepresenttwo simple
toolsfor efficiently analyzingsuchproblems.
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8.1 Intr oduction

Integratedchemicalprocessplantsarein practicecontrolledusinga hierarchyof cascaded
control loops. Thereasonfor this is twofold: First, to allow for local disturbancerejection.
Second,to make it possibleto usesimpleprocessmodels,or to avoid theuseof modelsall
together, in thecontrolsystemdesign.

Thebasisfor cascadecontrol is to implementinnercontrol loops,resultingin a partially
controlledsystem.Theideais thattheprimaryoutputs,with theseinnerloopsclosed,should
be lesssensitive to disturbancesthanthe open-loopsystem.On the otherhand,the control
error in theprimaryoutputsshouldnot besensitive to thecontrolerrorsin the innercontrol
loops.

To definethe problemmorecarefully we rearrangeandpartition the outputs â andthe
inputs ã into thefollowing sets:ä â¾å – primaryoutputs(uncontrolledat thepresentcontrollayer).ä âçæ – secondaryoutputs(controlledat thepresentcontrollayer).ä ã>å – inputsnotused(at thepresentcontrollayer).ä ã�æ – inputsusedto control âbæ .

èèã>å é åNå é å/æé æXå é æNæ

ê,ëéíì å éHì æ
ê ê

î æã�æ
è èï+ + ï+ + ï+ +ï- +

èâRåèâbæðêêâbæ/ñ ò æóó ô æ
Figure8.1: Block diagramof a partiallycontrolledplant( õ , õ1ö )

A block diagramof a partially controlledsystem(
é

,
éíì

) is shown in Figure8.1. With this
classificationof inputsandoutputswe candistinguishbetweenthe following four applica-
tions(seeChapter7 for adiscussionof thedifferences)of partialcontrol.

1) Indirectcontrol.
2) Cascadecontrol.
3) Truepartial control.
4) Decentralizedcontrol (sequential-design).

In thispaperthemainfocusis on indirectcontrol, for whichthecontrolproblemcanbestated
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asfollows: We aregivensome“primary” variablesâRå with anassociatedcontrol objectiveâRå1÷ ô å , whereô å is thereferencevaluefor âRå . Assumethattheprimaryvariablesâ¾å arenot
measured,sotheprimaryobjectivecannot directly bemeasured.Instead,we have available
somesecondaryoutputs âbæ , for which we have no control objective (so ô æ may be varied
freely). In thiscasethreeapproachesfor controllingtheprimaryvariablesare,seeFigure8.2:

1) Centralized controller. Designa centralizedcontrollerbasedon all availableinfor-
mationabouttheprocessplantandall availablemeasurementsandknown inputs( âbæ
and ô å ). Thiscontroller, whichcomputestheoptimalinput ã , combinesestimationand
controlin a single“optimal” controller, seeFigure8.2(a).

2) Inferential control. Basedontheknown inputs( ã ) andmeasurements( âbæ ), inferential
controlestimatestheprimaryvariables( øâRå ), andaseparatecontrollermanipulatesã to
achieve øâ¾å!÷ ô å , seeFigure8.2(b).

3) Indir ect control. Only thesecondaryoutputsarecontrolled,i.e. thecontrollermanip-
ulatesãµæ to achieve âbæD÷ ô æ (where ô æ is a functionof ô å ). Theaim is to indirectly
achieve â¾å!÷ ô å , seeFigure8.2(c).

With all relevantmodelinformationavailable,approach1)will betheoptimalandapproach3)
will be theworst. On theotherhand,the implementationof approach3) requiresonly sim-
ple feedbackcontrolandno modelingeffort. Therefore,if acceptablecontrolof theprimary
variables( â¾å ) canbe achieved with indirect control, this would generallybe the preferred
approach.

èèù}úû�ü èýVüþ
a)Centralizedcontroller

Est. èÿûçú þ��èù}ú èýYüèèû�ü
b) Inferentialcontrol

èù`ü�� �û�ü þ�� èýYü+
-

c) Indirectcontrol

Figure8.2: Threeapproachesto indirectcontrolof theprimaryvariablesûçú , usingmeasurementsof ûPü
Cascadecontrol is indirect control with an additionalouter loop for adjusting ô æ , see

Figure8.3. This is frequentlyusedwhenadditionalmeasurementsof theprimaryoutputsâRå
areavailable,but fastcontrolof â¾å by only measuringâ¾å is notpossible.

Thedifferencesbetweenindirectandcascadecontrolaremainly thefrequency region of
importance.In indirectcontrol we wantto keep �,å	��â¾å�
 ô å small in spiteof disturbancesë andcontrolerrorsin âbæ . Sincethereis nomeasurementandfeedbackcontrolof âRå , steady-
stateandlow frequenciesaremostimportantin thesecases.On theotherhand,for cascade
control theouterfeedbackloop takescareof thelow frequencies,andin thesecasesthetask
of theinnercontrolloopsis disturbancerejectionandto maintaingoodcontrolat frequencies
aroundandhigherthanthebandwidth�� of theoutercontrolloops.Many of thesametools
derivedfor indirectcontrolthereforealsoappliesto cascadecontrol.
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Figure8.3: Cascadecontrol

For indirectandcascadecontrol wewantto answerthefollowing two questions:

1) Whichvariablesshouldbeselectedassecondarymeasurementsâbæ ?
2) How muchcanwe improve thecontrolof theprimaryvariablesâRå by controllingthe

secondaryvariablesâbæ ?
Thesetwo questionsarecloselyrelated,in thata quantitativeanswerto thesecondquestion,
givesa tool for answeringthefirst one.

Indirectcontrolof productcompositionsthroughtwo-pointtemperaturecontrolin ahigh-
purity distillation column,studiedin Chapter9, fits this setupsincefrequentand reliable
compositionmeasurementsareseldomavailable. So,insteadof controllingthetwo product
compositions( âRå ), we control thetemperatures( âbæ ) at two selectedstagesin thedistillation
column.

Sometimesthereis a trade-off betweenthesensitivityto controlerrorsin thesecondary
measurementsandthe correlation to theprimaryvariables.If thereis a controlerror ��æ��âbæ	
 ô æ in the secondaryvariables,thenthis resultsin a control error in the primary vari-
ables �çå�� âRå�
 ô å . In a high-purity distillation columnthe gain from ��æ to �,å , andthus
thesensitivity to measurementnoiseò æ , is very largefor temperaturemeasurementslocated
closeto the endsof thecolumn. To reducethesensitivityto thecontrol errors �}æ , the tem-
peraturemeasurements( âbæ ) shouldbeplacedtowardsthe middleof thecolumn. However,
thecorrelationbetweensecondary( âbæ ) andprimary( âRå ) variablesis obviously betterif the
temperaturemeasurements( âbæ ) areplacedcloserto thecolumnends.

In thepaperwederivesimplequantitativetoolsfor addressingsuchissues.Thesetoolsare
generalcontrollability tools,i.e. they arenot restrictedto thehigh-puritydistillationcolumn
application,andthey areindependentof thecontroller, i.e. design-independentcontrollability
tools.

8.2 Previouswork on measurementselection

Whenthe primary control objective cannotbe measureddirectly, oneof the approachesis
to usethe inferential control scheme,e.g. seeStephanopoulos(1989). Different typesof
modelscanbeusedfor estimation,which givesrisedifferenttypesof inferentialcontrollers
with differentproperties.Oneclassof estimatorsemphasizetheimportanceof estimatingthe
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effectof unknown disturbancesontheprimaryvariables.This includesBrosilow’sinferential
estimator(WeberandBrosilow, 1972;Joseph,Brosilow andTong,1978). Brosilow andco-
workerssuggestto selectsecondarymeasurementsat steady-stateaccordingto thecriteria:

1) Minimizationof projectionerror, i.e. thenominalestimationerror.
2) Minimizationof theconditionnumberfor thesteady-statemodelfrom thedisturbances

to thesecondaryoutputs.

They indicatethat theestimationerror tendsto decreaseandtheconditionnumbertendsto
increaseasthenumberof measurementsincrease.They leave thefinal decisionin this trade-
off to engineeringjudgement.

Morari andStephanopoulos(1980)extendthework by Brosilow andco-workersto incor-
poratesystemdynamicsbasedontheKalmanfilter. They giveseveralmeasurementselection
criteria for secondaryoutputs,with the goal of minimizing the estimationerror. They also
assumethatunmeasuredprocessdisturbancesareof majorimportance,dominatingtheerrors
causedby measurementnoise.

A procedurefor sensorlocationtobeusedin inferentialcontrolis presentedbyJørgensen,
GoldschmidtandClement(1984). Themethoddistinguishbetweenthepurposeof surveil-
lanceandcontrol. The selectionof the secondaryvariablesto be usedin the estimationis
baseduponqualitative knowledgeof processdynamicsandopen-loopstationaryvariances.
Also this articleemphasizetheeffect theunmeasureddisturbanceshason theprimaryvari-
ablesby estimatingthevariancesin theprimaryvariablesdueto stepchangesin theunmea-
sureddisturbances.

Mejdell and Skogestad(1993) performeda comparative study betweenthe following
threeestimationmethods:

1) Kalman-Bucy filter,
2) Brosilow’s inferentialestimator,
3) Staticregression(PCR),

usingasacase-studytheestimationof productcompositionsin ahigh-puritydistillationcol-
umn. Theperformanceof theestimatorswerecomparedusingrobustperformanceanalysis
( � -analysis).Their conclusionis: For high-purity distillation, onecanachieve remarkably
good control performancewith the static PCR estimator, which is almostas good as the
dynamicKalman filter. Furthermore,they concludethat a particulardisadvantageof the
Brosilow inferentialestimatoris thattheestimatemaynot improveby addingmeasurements
dueto thesensitivity to modelingerrors.For all estimators,they foundthat theuseof input
flow measurementsdoesnot improvetheestimatorperformance,but doesin factdamagethe
performanceif a staticestimatorlike Brosilow’s inferentialestimatorandthe PCRis used.
Thisseemsto contradicttheimportanceof estimatingtheeffectof theunknown disturbances
(inputs)at leastfor thehigh-puritydistillationexample.

A differentapproachto the problemof measurementselectionfor linear multivariable
controlsystemis taken in (GhoshandKnapp,1989). They considerbothdeterministicand
stochasticsystems.The approachtaken is to choosefrom all availablemeasurementsthat
subsetwhich minimizesa criterionof performancesubjectto an investmentcostconstraint.
Theproblemis formulatedasannon-linearintegerminimizationproblem.Thecontrolper-
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formancecriterionused,is thestandardquadraticcriterionfrom optimalcontroltheory. Note
thatin thisapproachthenumberof measurementsis traded-off againstamaximumallowable
investmentcostin themeasurements.

Thethreepapers(LeeandMorari, 1991;Leeetal.,1995;LeeandMorari, 1996)consider
robust control structuredesignthroughproperchoiceof measurementsandmanipulations.
The paper(Lee andMorari, 1991)outline threeapproachesto secondarymeasurementse-
lection. Thefirst approachis to selectthesetof measurementswhich minimizesthe robust
performancespecification( � -analysis).It involvessynthesizinga controller

î
for eachcan-

didatemeasurementset, and then comparethe � valuesfor eachset and choosethe one
with minimum � . As they note,therearesignificanttheoreticalandpracticaldrawbacks(in
termsof computation)in this formulation. They concludethat in view of the combinato-
rial natureof the problemthis first approachaloneis clearly not a feasiblesolutionto the
measurementselectionproblem. In thesecondapproach,necessaryconditionsfor theexis-
tenceof a controllerachieving robust performanceareusedasscreeningtools to eliminate
candidatemeasurementsetsfor whichno controllerexiststhatachievesrobustperformance.
In approachthree,sufficient conditionsareusedto locatemeasurementsetsfor which con-
trollersachieving robustperformanceexists. Thedevelopmentof tight sufficient conditions
usefulfor measurementselectionandcontrollerdesignis thefocusof thepaper. They derive
design-dependent(assumeInternalModel Control,IMC) measurementselectioncriteriafor
bothindirectandinferentialcontrol.

In the secondpaper, Lee et al. (1995)introducesa setof design-independentscreening
toolsthatcanbeusedto reducethenumberof controlstructurecandidates.Many of thesame
ideasin (LeeandMorari,1991)carryoverbut they managetomakethetoolsindependentof a
particularcontrollerdesignby droppingthecausalityrequirementonthecontrollerandusing
theYoulaparameterization.Thetoolsderivedinvolvescheckingthespectralradiusof convex
matrix functions. Thus,the screeningtoolscanbeevaluatedvia convex optimization. The
generalapproachtaken in thepaperis complicatedboth in termsof computationandin the
effort requiredto definetherobustperformanceobjective. In thepaperLeeet al. compares
thetwo selectioncriteria:

1) Minimizing a weightedsumof theprojectionerrorandtheconditionnumber(assug-
gestedBrosilow etal.).

2) Minimizing theworst-caseclosed-looperror.

Leeet al. shows that thefirst onecorrespondsto minimizing anupperboundon theworst-
caseclosed-looperror. Theresultsshow that this selectioncriterionprovidesconservatism,
andthisconservativenessstemsnotonly from theinequalitiesin thederivationbut alsofrom
the fact that it assumesa least-squarestypecontroller. Fromtheresultsit is notedthat this
conservatismcancausetheselectioncriterionto selectmeasurementsetswhicharenotphys-
ically intuitive.

In thethird paper, LeeandMorari (1996)summarizestheresultsfrom thetwo first papers
anddiscussimplementationof the controller, capableof handlinghardconstraintsthrough
the useof on-lineoptimization,i.e. a MPC implementationof the controller. In all papers
they apply the resultsto the problemof selectingtemperaturemeasurementsfor indirect
control of the productcompositionsin high-purity distillation columns. In the papers(Lee
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andMorari,1991;LeeandMorari,1996)they usecolumnA studiedbySkogestadandMorari
(1988)andin thepaper(Leeetal.,1995)they usethecolumnstudiedin (Josephetal.,1978).

The approachtaken in inferentialcontrol andthe above mentionedarticles,differ from
the approachtaken in this paper. We considerindirect control wherethe aim is to reduce
theerror in theprimaryvariablesby controllingthesecondaryvariables.Indirectcontrolas
discussedin this paperis obviously relatedto inferentialcontrolandit is worth noting that
Marlin (1995)usesthe term inferentialcontrol to meanindirectcontrolasdiscussedin this
paper. So,thereis nouniversalagreementon theseterms.

8.3 Analysisof indir ectcontrol

Weconsiderlineartime invarianttransferfunctionmodelson theformâ�������� é ������ã������! éHì ����� ë �"�#� (8.1)

whereã is thevectorof manipulatedinputs,ë is thevectorof disturbancesand â is thevector
of outputs.

é �"�#� and
éHì ����� arerationaltransferfunctionmatricesof dimensions$�%'& and$(% ò ì . To simplify the notationwe omit to show the dependenceon the complex number� for signals.However, to emphasizethat theresultsarefrequency dependentwe explicitly

show thedependency of thecomplex variable� for transferfunctionsin themainequations.
With the partitioningof the inputsandthe outputsgiven in Section8.1, the open-loop

model(8.1)becomes â¾å(� é åNå#���#��ã�å� é å/æ)���#��ãµæ� éHì å)����� ë (8.2)âçæ�� é æXå#���#��ã�å� é æNæ)���#��ãµæ� éHì æ*����� ë (8.3)

In thispaperwe donot considertheuseof ã�å , i.e. theset ã>å is empty, so ã�æ canberegarded
asthesetconsistingof all inputs,i.e. ã�æ��#ã . Nevertheless,wewill keepthevariablesã>å for
completeness.

Weassume1 that
é æNæ+����� is squareandinvertible(atagivenvalueof � ). Wecanuse(8.3)

to expressã�æ asa functionof âbæ , ã>å and ëã�æ,� é.- åæNæ ��������âbæ�
 é æXå#���#��ã�å�
 éíì æ*����� ë � (8.4)

Substituting(8.4) into (8.2)yieldsâRå/�10�23������ã>å� �0 ì �"�#� ë  �0�45�"�#��âçæ (8.5)

where 0�23����� 6 é åNå#�����7
 é å/æ é - åæNæ é æXå#����� (8.6)0 ì ����� 6 éHì å)�����7
 é å/æ é - åæNæ éHì æ+����� (8.7)0�48����� 6 é å/æ é - åæNæ ����� (8.8)

1Strictly speaking,this is afrequency-by-frequency analysis,97:<;>= (oneparticularfrequency beingthesteady-
state,=�:@? ).
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Here 0 ì is thepartial disturbancegain, 0�4 is thegain2 from âbæ to âRå and 0�2 is thepartial
inputgainfrom theunusedinputs ã>å .

If we look more carefully at (8.5) then we seethat the matrix 0 ì gives the effect of
disturbanceson theprimaryoutputsâRå , whenthemanipulatedinputs ã�æ areadjustedto keepâbæ constant,whichis consistentof theoriginaldefinitionof thepartialdisturbancegaingiven
by SkogestadandWolff (1992).

REMARK 1. Notethatno approximation3 hasbeenmadewhenderiving (8.5). Equation(8.5) applies
ona frequency-by-frequency basis.
REMARK 2. Skogestadand Wolff (1992) consideredthe specialcasewith one uncontrolledoutput
( A ) andoneunusedinput (B ) andderived in this specialcasethe following expressionfor the partial
disturbancegain CED õ�F G û#HG �+I

JJJJLK>MONQPSRUTV M F W õYX ú õ1ö>Z\[ IW õ X ú Z [ H (8.9)

REMARK 3. The expression(8.9) was generalizedby Zhao (1996) to the casewith ] uncontrolled
outputsand ] unusedinputs C öEF W õ X ú Z X úú�ú W õ X ú õ!öOZ ú (8.10)

where õ X ú arepartionedaccordingto the dimensionsof ûçú , û�ü , ý�ú and ýYü and
W õ X ú Z ú�ú denotesthe

upperleft blockof õ	X ú and
W õ	X ú õ1ö^Z ú is theupperblockof õYX ú õ1ö .

REMARK 4. Similarly wehave C P F`_ W õ X ú Z X úú�ú W õ X ú Z ú_ü (8.11)

Proofof (8.11). Set õ1öEF a õ1ö úõ1ö ücb F a.d_fe b in (8.10). g
For thecasewith oneuncontrolledoutput A andoneunusedinput B weobtainC P FhG û#HG ù I JJJJLK>MONQPSRUTV M F`_ W õ X ú Z\[ IW õ X ú Z [ H (8.12)

In general,we want theeffect of disturbancesë on theerror in theprimaryoutputsâRå to be
small.To require0 ì �ji implies

éHì åE� é å/æ ék- åæNæ éHì æ or if
é.- åì æ exists

é å/æ ék- åæNæ � éíì å é.- åì æ ,
that is, theeffect of ë on lnâRå)l^mnlnâbæ*l is thesameastheeffect of ãµæ on lnâRåol^mnlnâçæ*l . This can
be achieved if

é å/æ*÷hprq éíì å and
é æNæ ÷sprq éHì æ for any constantp . However, we also

needto take into accounthow easyit is to control âbæ , i.e. the control error �}ær�©âbæ,
 ô æ .
So,theselectionof controlledoutputsandinputsusedfor control shouldnotbebasedon the
expressionfor 0 ì alone.

In thenext two sectionsweapply(8.5) to indirectandcascadecontrol.

8.3.1 Relating tfu to the disturbancesand control error

Thefirst expressionis justaslightvariationof (8.5)wherewe introducethecontrolerrorforâbæ , definedas ��æ�6)âbæv
 ô æ (8.13)

2 w P is closelyrelatedto the partial referencegain w8x andthe partial gain for measurementsnoise,definedin
Chapter7. Morepreciselywehave w8x : w Pzy ü and wc{ : w Pz| ü .

3The assumptionthat } X úü�ü exists for all frequenciescanbe relaxed by replacingthe inversewith the pseudo-
inverse.
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where ô æ is the referencevaluefor the secondaryoutputs âbæ , seeFigure7.1. SubstitutingâbæE� ô æf ~��æ in (8.5)yieldsâRåv�10�23���#��ã�å� �0 ì ����� ë  �0�45����� ô æ� �0�45�"�#���}æ (8.14)

or �çåv�)âRåf
 ô å(�10�2!������ã>å� �0 ì ���#� ë  �0�4����#� ô æf �0�45�������}æ�
 ô å (8.15)

Importantly, we assumethat ô æ and �}æ areindependentvariables.Therearetwo sourcesfor
thecontrolerror �}æ :

1) Thecontrolof thesecondaryvariablesâbæ is not “tight”.
2) Measurementnoiseò æ in thesecondaryvariablesâbæ .

8.3.2 Relating tfu to the optimization and control error

For a shortmomentlet us move onelayer up in the control hierarchyandassumethat the
control loopsat the regulatorycontrol layer are closed,i.e. the secondaryoutputs âbæ are
controlledusing ã�æ . We assumethat thereferencesô æ to thecontrolledvariablesâbæ canbe
usedasdegreesof freedomto improvecontrolof theprimaryvariables.We put ourselvesin
thepositionof anoptimizerandconsiderthe“optimal” valuesof âbæ for a givendisturbanceë andreferenceô å . Theseareobtainedby settingâRåv� ô å in (8.5)andsolvingfor âçæ . Weget
(assumingthattheappropriateinverseexists)âbæ>� ���^�^� ë5� ô åO���10 - å4 ����� ô å�
�0 - å4 0�23���#��ã�å�
�0 - å4 0 ì ����� ë (8.16)

where 0 - å4 �"�#� � é æNæ é - åå/æ ���#� (8.17)0 - å4 0�2!�"�#� � é æNæ é - åå/æ é åNå�������
 é æXå#�"�#� (8.18)0 - å4 0 ì �"�#� � é æNæ ék- åå/æ éHì å#������
 éHì æ*���#� (8.19)

Wehaveassumedthattheinverse
é - åå/æ existsfor all �Y�~�+� .

To expressthe differencebetweenthe implementedvalueof ô æ andits “optimal” valueâbæ>� ���^�^� ë5� ô å�� , it is usefulto introducethe“optimizationerror”�}æ>� ���>��� ô æ(
 âbæ>� ���^� (8.20)

Wethenget âbæE�)âbæ>� ���>�� ~�}æ>� ���^�� �^� ����  	��æ (8.21)

Substituting(8.21)and(8.16)into (8.5)yields�,åv�)âRåf
 ô å(�10�4����������}æ� ~��æ>� ���^�S� (8.22)

Equation(8.22)makessensesincewe musthave â¾åE� ô å if âbæ is at its “optimal” valuesuch
that �}æ��ji and �}æ>� ���^�f�ji .
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8.4 Measurementselectionfor indir ectcontrol

In thissectionweconsiderthefollowing problem:ä Whichvariablesshouldbeselectedassecondarymeasurements?

Morespecificallywewantto answerthefollowing question:ä How smallcanwekeep�,å by controllingthesecondaryvariablesâbæ ?
From(8.15)and(8.22)wegetthefollowing two approaches(seethederivationbelow):

1) Minimize theeffectof disturbancesandcontrolerror, i.e. minimize � W C ö C P Zo� .
2) Minimize themagnitudeof 0�4�� é å/æ é - åæNæ , which corresponds4 to maximizethegain

in theweakdirectionof thecontrolledsubsystem
é æNæ , i.e. maximize� � é æNæ�� .

Thescalingof thevariablesarediscussedin SectionA, andasimpleexampleto demonstrate
thetwo approachesis givenin Section8.6.

For indirect control all frequenciesshouldbe consideredandin particularsteady-state.
The resultsalsoapply to cascadecontrol,but in thesecasesfrequenciesaroundandhigher
thanthe bandwidth�� of the outerloop aremostimportant. Also, for cascadecontrolwe
mustconsiderthecontrollability of 0�2!���#� and 0 � �"�#����0�4#�Uæ)���#� at frequencieslower than�� .

8.4.1 Approach1: Minimize ���O��� �� �¡¢�
Thefollowing additionalassumptionsarereasonablefor indirectcontrol:

1) ã>å is emptyor ã>å is constant,i.e. weset ã�åv�ji .
2) ô å is constant,i.e. weset ô åv�ji .
3) ô æ is constant,i.e. weset ô æE�ji .

We thengetfrom (8.15) �çå(�10 ì ����� ë  �0�4��������}æ (8.23)

First,we want 0 ì to besmallsuchthat,whenthesecondaryvariablesâçæ arecontrolled,the
effect of thedisturbancesë on theprimaryvariablesâ¾å aresmall. Furthermore,we want 0�4
to besmall,suchthattheeffectof thecontrolerror(which is mainlycausedby measurement
noise) in the secondaryvariables âbæ on the primary variables âRå are small. This can be
summarizedin theproceduregivennext.

Procedure for selectingcontrolled outputs for indir ectcontrol. Assumethatthevariables
havebeenscaledasfollows:

1) Disturbances:for eachdisturbanceë¤£ themaximumallowedvariationis of magnitude¥
, i.e. ¦ ë§£ ¦*¨ ¥�© p .

2) Secondaryoutputsâçæ : theexpectedcontrolerror �}æ>� ª in eachsecondaryoutput(which
includesthemeasurementnoiseò æ>� ª ) is of magnitude

¥
, i.e. ¦ ��æ>� ª>¦*¨ ¥�©Y«

.
3) PrimaryoutputsâRå : theexpectedcontrolerror �,å�� ª in eachprimaryoutputis of magni-

tude
¥
, i.e. ¦Q�,å�� ª�¦¤¨ ¥�©	«

.

4Since } ú_ü is independentof thechoiceof ¬ ü .
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For further informationon thescalingsapplied,seeSectionA. To keep �,å smallwe should
thenfrom (8.23)selectsetsof controlledsecondaryoutputsâbæ which:

Minimize: l�®0 ì 0�4�¯�l (8.24)

andwewantthisnormto belessthan
¥
.

REMARK 1. Whenwe scalethe outputsû�ü relative to the measurementnoise ] ü , C P in (8.24) is the
sameasthepartialgainfor measurementnoise

C { introducedin Chapter7 (page181).
REMARK 2. Thechoiceof normin (8.24)dependsonthescaling,but thechoiceis usuallyof secondary
importance.Themaximumsingularvalue �¢°O��F²±³7´ °\µ arisesif � � � üv¶�· and ��¸ ü � ü(¶�· , andwewant
to minimize �z¸ ú � ü .
8.4.2 Approach2: Maximize the weakgain of ¹jºoº
Thesecondapproachis lessexact,but providesmoreinsightandis alsoapplicableto other
input/outputselectionproblemsthanindirectcontrol.Equation(8.22)formsthebasisfor this
approach �,åv�)âRåf
 ô å(�10�4����������}æ� ~��æ>� ���^�S�
Assumethat ���}æ� »�}æ>� ���^�¼� is of magnitude

¥
. Thenfrom (8.22)we seethatwe shouldselect

secondaryoutputsâbæ suchthat 0�4�� é å/æ é - åæNæ is small,andsince
é å/æ is independentof the

choiceof âçæ , this is thesameaswanting
é.- åæNæ small. Rememberthat ½��� ék- åæNæ �,� ¥ m#� � é æNæ�� ,

sowewantthesmallestsingularvalueof
é æNæ to belargeandpreferablyaslargeaspossible.

Thecriterionof maximizing � � é æNæ�� assumesthatthesecondaryoutputsâbæ andtheinputsã�æ hasbeenscaledasfollows:

1) Secondaryoutputsâbæ : eachof thecandidatesecondaryoutputsâbæ>� ¾ shouldbescaled
suchthat the sum of the control error ( �}æ ) and the optimizationerror ( �}æ>� ���^� ) is of
magnitude

¥
, i.e. wewant ¦ ��æ>� ¾8¦^ ¿¦ �}æ>� ¾�� ���>��¦*¨ ¥�© � .

2) Inputs ãµæ : we shouldscalethe inputs ã�æ suchthat they have similar effect on the
primaryoutputsâRå .

Notethatwe usedifferentscalingsfor âbæ in thetwo approaches.In approach1 we scaleâbæ
basedon theacceptablecontrolerror ��æ (which at steady-stateis equalto themeasurement
noise),whereasin approach2 theeffectof thedisturbancesontheoptimalvalue âbæ>� ���^� is also
included.For furtherinformationon thescalingsapplied,seeSectionA. Through(8.22)we
havederivedthefollowing selectioncriterionä Undertheassumptionof properscalingof secondaryoutputsâbæ andinputs ãµæ auseful

criterionfor selectingsecondaryoutputsto beusedfor indirectcontrolis to maximize� � é æNæ+�À�+�v�¼� .
This criterionactuallyhasa muchwider applicabilitythanfor indirectcontrolasconsidered
here.SkogestadandPostlethwaite (1996)first derivedthis criterionfor thegeneralclassof
objectives Áv�Åã �në � , but they only consideredsteady-state.

Thedesireto have � � é æNæ�� largeis consistentwith our intuition thatweshouldensurethat
thecontrolledoutputsareindependentof eachother. Also notethatthedesireto have � � é æNæ��
large(andpreferablyaslargeaspossible)is herenot relatedto theissueof inputconstraints.
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Restrictions.

1) The selectioncriterion to maximize � � é æNæ�� assumesthat the “worst-case”combina-
tion of theoutputsâbæ correspondingto thedirectionof � � é æNæ�� for eachfrequency may
occurin practice.From(8.22)weseethatthisassumesthattheelementsin thevectors�}æ and �}æ>� ���>� areuncorrelatedat eachfrequency. This maybereasonablefor thecon-
tributionto thecontrolerror �}æ from themeasurementnoise.However, since�}æ>� ���^� is a
functionof ô å and ë , i.e. �}æ>� ���^��� ô å �në � , it maybeunrealisticto assumethattheelements
in thevector �}æ>� ���^� areuncorrelated.

2) Anotherassumptionfor considering� � é æNæ�� whenselectingsecondaryoutputsis that
the “fix ed” matrix

é å/æ is suchthat maximizing � � é æNæ��Â� ½��� é - åæNæ � alsominimizes½���Ã0�4*�/�Ä½��� é å/æ é - åæNæ � . For example,this will becaseif onecanchoosethescalingof
theinputs ã�æ suchthat

é å/æ is closeto aunitarymatrix timesascalar.

In summary, themethodbasedonmaximizing� � é æNæ�� is lessexactthanminimizing � W C ö C P Zo� .
On theotherhand,� � é æNæ�� is a well known tool for controllabilityanalysis,with a wider ap-
plicability.

8.5 Partial control and modeluncertainty

Model uncertaintyis an importantreasonfor applyingfeedbackcontrol insteadof feedfor-
ward control. In particular, we canat steady-statewith integral action in the control loop
achieve perfectcontrol of the measurements,in spiteof uncertainty. However, uncertainty
maycausepoorperformanceat higherfrequencies,andevenleadto instability. Thereason
for theseproblemswith uncertaintyandfeedbackcontrolis thatthecontroller

î
is designed

from thenominalplantmodel
é

, whichmaydiffer from theactualplant
é,Å

. However, these
argumentsdonot reallyapplyto ouranalysistools,suchas 0 ì and 0�4 , aswedonotperform
any controllerdesign.This mayseemstrange,takeninto accountthatmuchof theprevious
work on measurementselection,suchasthe work of Brosilow andcoworkers(Weberand
Brosilow, 1972;Josephet al., 1978)and the work by Morari andStephanopoulos(1980),
have put a large emphasison the issueof modeluncertainty. Thereare two reasonswhy
uncertaintyenteredinto theirwork:

1) They consideredtheproblemof obtainingthebestestimateof theprimaryvariables,øâ¾å , ratherthan(asin ourwork) obtainingthebestindirectcontrol of âRå . Clearly, model
uncertaintyentersdirectly into theestimationproblem,becauseheretherealplant

é,Å
will differ from thenominalmodel

é
usedwhendesigningtheestimator.

2) In thework by Brosilow andco-workers,theimportanceof uncertaintywasamplified
by the particularmethodchosen.They suggestedto usetemperaturemeasurements
( âbæ ) to estimatethedisturbances( ë ), andthenusetheseestimatesto computethecom-
positions( øâRå ) in a feed forward fashion. As pointedout by Mejdell andSkogestad
(1993),this ideais not very well suitedto mostdistillation columnproblemsbecause
of its strongsensitivity to modeluncertainty.

In our analysistheeffect of uncertaintyentersonly indirectly throughthemagnitudeof the
controlerror �}æ,�)âçæ�
 ô æ andwehavethat �}æ will belargeat frequencieswhereit is difficult



8.6 A SIMPLEEXAMPLE 205

to achieve tight controlof âbæ dueto modeluncertainty.

8.6 A simpleexample

The simplestexampleof output selectionfor indirect control containsthreeoutputs(one
primaryoutputwhich we assumecannot bemeasured,andtwo secondaryoutputsof which
oneshallbeselectedasthecontrolledoutput),oneinput andonedisturbance.This example
is mainly includedto show betterhow thescalingof thevariablesenterinto theprocedure.
Themodelin termsof theunscaledvariables5 in this caseis (lower caselettersareusedto
emphasizethatthemodelsareSISO transferfunctions):øâRå � øÆ å/æqøã�æf møÆ ì å øë (8.25)

Choice1: øâçæ>� å � øÆ æNæ>� å¾øãµæf møÆ ì å�� å øë (8.26)

Choice2: øâçæ>� æ � øÆ æNæ>� æVøãµæf møÆ ì å�� æ øë (8.27)

whereãµæE�#ã and øâbæ>��å and øâbæ>� æ representsthetwo choicesof thesecondaryvariables.Let us
considersteady-stateandassumethatthefollowing modelis given:øâRå � Ç>øãµæ� `Ç øë (8.28)øâbæ>� å � È�øãµæ� `Ç øë (8.29)øâbæ>� æ � Ç>øãµæ� ~È øë (8.30)

where ¦ øë*ÉfÊSË ¦�� ¥
and ¦Åø�,å�� ÉfÊSË ¦�� ¦BøâRå�
Ùøô åo¦ ÉfÊSË � ¥

. The measurementerror for the two
secondaryoutputsare ¦ ò æ>� å)¦)�Ìi8Í ¥ and ¦ ò æ>� æ+¦)�Ìi8ÍÎÇ . Thequestionis:ä Whichof thetwo secondaryvariables( âbæ>� å or âbæ>� æ ) shouldbecontrolledsothatthepri-

maryvariableâRå canbekeptclosetosomedesiredvaluefor somenon-zerodisturbance
and/ornon-zeromeasurementerror?

In thespirit of a truecontrollability measurewe would like to answerthis questionwithout
designingcontrollersfor eachof the two choices,otherwisethe resultswould bebiasedby
thecontrollertypeandthecontrollertuningsapplied.

Thecommonscaling“matrices”usedin bothapproachesare:

1) ¦ øë§ÉfÊSË ¦o� ¥�ÏÑÐyì � ¥
.

2) ¦�ø�,å�� ÉfÊSË ¦+�Ò¦BøâRå�
�øô å)¦ ÉfÊSË � ¥�ÏÓÐ�ÔSÕ � ¥
.

3) We assumeintegral actionin thecontrollerssothecontrolerror in thesecondaryout-
putsat steady-stateis equalto themeasurementerror, which impliesÐ�Ô � �1Ö�×ÙØoÚ�Û�¦ ò æ>� å)¦ � ¦ ò æ>� æ)¦ÝÜ � where

ÐÞÔ ��ß Õ ��¦ ò æ>� å#¦o�ji8Í ¥ and
Ð�Ô ��ßQ� �Ò¦ ò æ>� æ*¦)�ji8ÍÎÇ¤Í

5Herethehat àÎá âLã is usedto denoteunscaledvariables(andnotestimatedvariables).
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8.6.1 Approach1: minimizing ������� �f �¡ä�
Wehave 0 ì � Ð - åÔSÕ �XøÆ ì å�
FøÆ å/æRøÆ - åæNæ øÆ ì æ�� ÐDì and 0�4å� Ð - åÔ¼Õ øÆ å/æÈøÆ - åæNæ ÐÞÔ �

Choice1: 0 ì � ¥ q¤��Ç,
�Ç	q åæ q�Ç+��q ¥ � ææ ÷ji8ÍÝç§è and 0�4å� ¥ q#ÇYq åæ qzi8ÍéÇí÷ji8Í ¥ È .
l§�0 ì 0�4�¯�l æ ÷ëê i8ÍÝç§è æ  ~i8Í ¥ È æ ÷²i8ÍÝç+ì

Choice2: 0 ì � ¥ q¤��Ç,
�Ç	q åæ q�È§��q ¥ �í
 ¥ and 0�4å� ¥ q#ÇYq åæ q�i8Í ¥ �Ìi8Í ¥ .l§®0 ì 0�4�¯�l æ �ëê ¥ æ  �i8Í ¥ æ ÷ ¥ ÍÝi+i
Theconclusionis to usethefirst of thetwo secondaryoutputsâbæ>��å . Notethatin thiscasethe
measurementnoiseis of secondaryimportance,however, whenthecorrelationbetweenthe
primary andthe secondaryvariablesaregoodthenthe assumptionaboutthe measurement
noiseis of greatimportance.This is thecasein thedistillationcolumn.

8.6.2 Approach2: maximizing î ïz¹jºoºnð
Wehave that Æ æNæ/�ñ� ÐÞÔ �  Ð�Ô � � ���^�¼� - å øÆ æNæ
where ÐÞÔ � � ���^���ÒlÈøÆ æNæÈøÆ - åå/æ øÆ ì å�
 øÆ ì æ§l

Choice1:
Ð�Ô � � ���^���Ò¦QÈ�q åæ q#Ç	
�Çn¦)� ¥

Æ æNæE�ñ��i8Í ¥  ¥ � - å qzÈH÷òÇ¤Íéè)È
Choice2:

Ð�Ô � � ���^���Ò¦LÇYq åæ q#Ç	
óÈä¦)� ¥
Æ æNæE�ñ��i8ÍéÇE ¥ � - å q#ÇÒ÷ ¥ ÍÝç§è

Again, theconclusionis to usethefirst of thetwo secondaryoutputssince� � Æ æNæ>�v�ô¦ Æ æNæ*¦ is
largestfor choice1.

8.7 Summary

In thispaperwehavelookedat theselectionof secondaryvariablesto beusedin indirectand
cascadecontrol. In eithercasewe first closethe loopsinvolving thesecondaryoutputsand
considerthepartiallycontrolledsystem.Thefollowing two questionsarise:

1) Whichvariablesshouldbeselectedassecondarymeasurements?
2) How muchcanwe improve thecontrolof theprimaryoutputsby controllingthesec-

ondaryoutputs?
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By usingthe controllability measuresintroducedfor partial control onemay answerthese
questions.Basedonthesecontrollabilitymeasuresthefollowing twoapproachesfor selection
of secondarymeasurementsarederived:ä Minimize the combinedeffect of disturbancesandcontrol error on the primaryvari-

ablesunderfeedbackcontrolof thesecondarymeasurements.ä Maximizethesmallestsingularvalueof theselectedsubsystemto becontrolledusing
feedbackcontrol.

Thefirst approachis straightforwardto apply, but it is restrictedto thecaseof indirectcontrol.
Thesecondapproachis moredifficult to apply(at leastfor indirectcontrol),but it appliesto
a more generalclassof control problemsthan indirect control. Both approachesdepend
on properscalingof the variables,but the scalingof the variablesin the secondapproach
may in somecasesbe more involved to find. The criteria derived do only dependon the
characteristicsof the plant (they are design-independent),so they do not suffer from bad
choicesin thecontrollerdesign,andthey caneasilyandefficientlybeevaluatedin acomputer.

In Chapter9 thetwo approachesdescribedin thispaperareappliedto theproblemof se-
lectingsecondarytemperaturemeasurementsto beusedin indirectcontrolof productcompo-
sitionsin ahigh-puritydistillationcolumn.Thiscasestudyclearlydemonstratesthetrade-off
betweendisturbancerejectionandrejectionof measurementnoisein thesecondaryvariables.
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Appendix A Scalingwhenselectingsecondaryoutputs

In thestudyof controlsystemwith linearizedmodelsobtainedfrom physicalnon-linearmod-
elsin aselectedoperatingpoint,all of thevariablesaredeviationvariablesfrom theoperating
point. However, the unitson the deviationsarethengiven in the units in the original non-
linearmodel,andmaythereforenot besuitablefor thepurposeof studyingperformancein
controlsystems.In generalwe needto rescaleall thevariablesof importancein themodel.
Also notethatwhenapplyingthedifferenttechniqueswithin linearcontrol theorydifferent
scalingsof thevariablesmaybeassumed.In our casethetwo approachesfor selectingsec-
ondarymeasurementsrequiredifferentscalingsof thevariablesto beused.Thescalingto be
appliedin thetwo approachesfor selectingsecondaryoutputsarediscussedin thisappendix.

Let theunscaledlinearizedmodelbasedon thenon-linearmodelberepresentedbyøõ8ö � ø÷ ö�ö øøùö  ø÷ ö�ú øø!ú  ø÷üû ö øý (8.31)øõ§ú � ø÷ ú>ö øøùö  ø÷ ú�ú øø!ú  ø÷üû ú øý (8.32)

where(ø q ) indicatesthatthemodelandthevariablesareunscaled,i.e. they arein theiroriginal
physicalunits. Introducethefollowing scalingmatrices:

Ð û � þÿ� ÿ� ú N������ .. . ÿ� {�� N �����
	�
� � Ð�Ô � � þÿ� ÿ¸ ü N ú N ����� .. . ÿ¸ ü N {� � N �����

	�
�
Ð�Ô ��ß ����� � þÿ� ÿ¸ ü N ú N ����� . .. ÿ¸ ü N {� � N������

	 
� and
ÐÞÔ¼Õ � þÿ� ÿ¸ ú N ú N������ . .. ÿ¸ ú N {� Õ N������

	 
�
where øý £ � ÉfÊSË is themaximumexpectedchangein disturbance

ý £ .
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ø� ú � ª"� ÉfÊSË is the maximumallowed control error in secondaryoutput � ú � ª . This error
can be split into the error causedby the imperfectnessof the control algo-
rithm andthe error causedby measurementnoisefor the particularchannel,
i.e. ø� ú � ª�� ÉfÊSË �Þø� ú � ª"� É�ÊSË ��� ú �! ø�7ú � ª"� ÉfÊSË where:ø�7ú � ª"� É�ÊSË is themaximumexpectedmeasurementnoisein measurementofõ*ú � ª .ø� ú � ª"� ÉfÊSË ��� ú � is the allowedcontrol error in secondaryoutput � ú � ª dueto the

imperfectnessof � ú .ø� ú � ª"� ���^� is themaximumexpectedoptimizationerrorfor secondaryoutput õ§ú � ª .ø� ö � ª"� ÉfÊSË is themaximumallowederrorin primaryoutput õ8ö � ª .
Let usalsodefine

Ð�� 6 Ð�Ô �  ÐÞÔ ��ß ����� . In additionfor method2 we assumethattheinputsø3ú arescaledsuchthateachinputhassimilareffecton theprimaryoutputsõ8ö (suchthat
÷ ö�ú

is closeto aunitarymatrix timesa scalar).
Note that if we whereinterestedin input constraintsthenwe would scalethe inputs ø

suchthat ¦ ø! #"%$ ¦'& ¥
for eachinput. However, in this paperwe assumethat this is not the

case,sothatnoparticularscalingof theinputsarenecessary.

REMARK. The reasonwe do not needto assumeany particularscalingof the inputs is that for the
closed-loopsystem(seeFigure8.1) with û�ü controlledusing ýYü , the variablesýVü are internal to the
system,sothevariablesýYü arenotvisiblefrom theexternalinputs(

�
, ] ü and ù`ü ) to theprimaryoutputsûçú . If theinputsareconstrainedweneedto take into accountthemagnitudeof theinputs.

A.1 Approach1: minimizing ���O��� �� �¡¢�
Scalingsapplied: ý � Ð - öû øý Ï øý � Ð û ý (8.33)õ8ö � Ð - öÔSÕ øõcö Ï øõ8ö � Ð�ÔSÕ õ8ö (8.34)õ§ú � Ð - öÔ � øõ*ú Ï øõ§ú � Ð�Ô � õ§ú (8.35)

Thescaledmodelbecomes

õcö �
( Õ �� �^� �Ð - öÔ¼Õ ø÷ ö�ú 2 ����^���øø3ú  ( � Õ� �^� �Ð - öÔ¼Õ ø÷üû ö Ð û ý (8.36)õ*ú � Ð - öÔ � ø÷ ú�ú� �^� �( ��� øø3ú���^���2 �  Ð - öÔ � ø÷üû ú Ð û� �^� �( � � ý

(8.37)

Thepartialdisturbancegainandthegainfrom õ§ú to õ8ö , for thescaledmodelin termsof the
unscaledmodelandthescalingmatricesbecomes

0 û � Ð - öÔSÕ �
)* �� �^� �ø÷åû ö 
 ø÷ ö�ú ø÷ - öú�ú ø÷üû ú � Ð û (8.38)0�4 � ÷ ö�ú ÷ - öú�ú � Ð - öÔSÕ ø÷ ö�ú ø÷ - öú�ú� �^� �)*,+ Ð�Ô � (8.39)
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Only thescalingof the controlerror in the primaryvariables( õ8ö ), thedisturbances(
ý
) and

thecontrolerror( � ú ) in thesecondaryvariables( õ§ú ) mattershere.Thelastoneincludesthe
measurementnoise.As predictedthescalingof ø3ú doesnotmatter.

A.2 Approach2: maximizing î ï�¹ ºoº ð
Recallthematrix

Ð�� � ÐÞÔ �  ÐÞÔ ��ß ����� . Scalingsappliedare:

1) õ*ú � Ð - ö� øõ§ú
2) Make surethat each ø3ú hassimilar effect on the primary outputs õ8ö (otherwiseno

particularscalingareneeded).

Then ÷ ú�ú � Ð - ö� ø÷ ú�ú �ñ� ÐÞÔ �  ÐÞÔ ��ß ����� � - ö ø÷ ú�ú (8.40)

We have that � ú � ���^�f�.- ú 
 õ§ú � ���^� whereõ§ú � ���^�^� ý � dependson thedisturbance.Whereas,we
assumethat - ú is constant,i.e. - ú �Ìi . From(8.16)thevariationin õ§ú � ���>� dueto variationin
disturbances

ý
is õ§ú � ���>�^� ý ���òÛ ÷ ú�ú ÷ - öö�ú ÷üû ö ���#�7
 ÷üû ú ���#�� �^� �*,/ � ß �10 �32�4 *65 Õ/7* �80 �92 Ü ý (8.41)

This equationcanbeusedto generatescalingsfor the candidatesecondaryvariablesõ§ú by
taking the norm of the rows in 0�4 � � û . Denoterow

«
in 0�4 � � û by Q0�4 � � û ¯ ª , thena reasonable

scalingfor thesecondaryoutput õ§ú � ª dueto disturbances
ý

is ÐÞÔ � � ���^� ¯ ªÀª7�;:) ø÷ ú�ú ø÷ - öö�ú ø÷åû ö 
 ø÷åû ú ¯Ùª<: and  Ð�Ô � � ���>�®¯ÙªÎ¾Y�Ìi � ©¢«#=�~� (8.42)

Note that the scalingof ø!ú cancelout in (8.42), whereasthe scalingof ø!ú still appliesin
(8.40),this is thereasonwhy we requirethateachcandidateinput shouldhavesimilar effect
on theprimaryvariables.

Scalingsof inputs ø!ú : 0�4k� ÷ ö�ú ÷ - öú�ú , to avoid takinginto accountthedirectionsin
÷ ö�ú

whenconsidering
÷ - öú�ú we shouldscaletheinputssuchthat

÷ ö�ú is closeto a unitarymatrix
timesa scalar, i.e. suchthat all the inputs ø!ú have a similar effect on the primary outputsõ8ö . However, this may not be possiblewith a diagonalscalingmatrix (too few degreesof
freedom).This is a fundamentallimitation of thisapproach.



Chapter 9

Input/output selectionand partial control.
Part III: Applied to selectionof
temperature locationsin distillation
columns

Kjetil Havre> andSigurdSkogestad?
ChemicalEngineering,

NorwegianUniversityof ScienceandTechnology
N-7034Trondheim,Norway.

Thiscasestudywaspresentedin (Havreetal., 1996)at:
UKACC,Control’96,2-5September, Exeter, UK, 1996.

@
Also affiliated with: Institute for energy technology, P.O.Box 40, N-2007 Kjeller, Norway,

Fax: (+47)63811168,E-mail: Kjetil.Havre@ife.no.A
Fax: (+47)73594080,E-mail: skoge@chembio.ntnu.no.



212 CHAPTER9. I/O SELECTION:APPLIEDTO SELECTIONOF TEMP.. .

Abstract

In this paperwe considerindirectcontrolof productcompositionsby control-
ling thetemperatureon two selectedstagesin a binarydistillation column.We
considertwo approachesfor selectingthe beststagesto measurethe temper-
atures. The mostobvious (direct) approachis to minimize the combinedef-
fect of (temperature)measurementnoiseand disturbances(changesin feed-
rate and feed composition)on the productcompositions. That is, minimizeBDC�EGF EIHKJ�BML

, where
EGF

is the partial disturbancegain and
ENH

is the partial
gainfor measurementnoise.Thesecond(indirect)approachis to maximizethe
gain in theweakdirectionof theselectedsubsystemto becontrolled.That is,
selectthestagesfor temperaturemeasurementsso that O P�Q L�L<R is maximized,
where Q L�L is the subsystemlinking the manipulatedvariablesto the temper-
aturemeasurements.Underthe assumptionof properscalingwe find that the
two approachesyield thesame“optimal” stagecombination.



9.1 INTRODUCTION 213

9.1 Intr oduction

Thefollowing two approachesfor selectionof secondarymeasurementsto beusedin indirect
controlaregivenin Chapter8:

1) Minimize theeffectof disturbancesandcontrolerror, i.e. minimize
B'C�EGF ENSIJTB

.
2) Maximizethegain in theweakdirectionof thecontrolledsubsystemUWVXV , i.e. maxi-

mize Y Z[U\VXV^] .
It is notedin Chapter8 that the methodbasedon maximizing Y Z[U\VXV8] is lessexact than
minimizing

B_C�EGF ENSGJTB
. On theotherhand,Y Z[UWVXV8] is a well known tool for controllability

analysis.
In thischapterweapplythesetwo methodsto selectionof temperaturemeasurementsfor

indirecttwo-pointcontrolof productcompositionsin a binarydistillationcolumn.
Sincesteady-stateis of particularimportancein indirectcontrol,we applythetwo ways

of selectingthesecondarymeasurementsat steady-state.By includingintegral actionin the
secondarycontrol loops,we caneasilyobtainperfectcontrolof themeasuredtemperatures
(includingthemeasurementnoise).We thereforescalethecontrolerror `�V in thesecondary
controlloopsrelativeto themeasurementnoise.Thenthematrix aKb is identicalto thepartial
gainfor measurementnoise adc (seeChapter7 for furtherdetails).We thereforereplaceaKb
with aKc in theselectioncriterion e6f�a6g aKbKhie in thispaper.

9.2 Problemdescription

Indirect control of productcompositionsthroughtemperaturecontrol on selectedstagesin
distillation columnsis widely usedin practice. In this casestudywe will first focuson the
selectionof stagesfor temperaturemeasurements.We will apply the two approachesfor
selectingcontrolledvariablesderived anddescribedin Chapter8. Thenwe show how the
partially controlledplant can be analyzedusing the tools describedin Chapters7 and 8.
Relatedwork on temperaturecontrolof distillation columnsincludes:JosephandBrosilow
(1978), Tolliver and McCune(1980), Yu and Luyben (1984; 1987), Moore et al. (1987),
Mejdell (1990),Wolff andSkogestad(1996),Leeet al. (1995)andLeeandMorari (1996),
seeChapter8 for furtherdetails.

We considerabinarydistillationcolumnwherethepressurein thecolumnandtheliquid
holdupsin the condenserandthe reboilerarecontrolledusingcondensercooling duty, top
andbottomproductflows, respectively. This leavesreflux j andboilup k left for product
compositioncontrol,i.e. theLV-configuration.Thedistillationcolumnwith control loopsis
shown in Figure9.1. The columndatacorrespondto columnA studiedby Skogestadand
Morari (1988):

#Stages lnm oqpsrut vxw y^w zd{8| }�~�{1| @ }�m�{8| @ }�t�{8| @� o �T���1� �T���1� �D��� o1��� �n���no �T��� ��� o1o@
[min]

The temperaturedifferenceacrossthe columnis �1�i����� C. The model includescomposition
andliquid flow dynamics,resultingin a ��� ordermodelwhich is linearizedin the nominal
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Figure9.1: Distillation columnwith controlloops

operatingpoint1. The stagesarenumberedfrom the bottomto the top, i.e. stage � is the
reboilerandstage¦�� is thecondenser. Stage�§� is thefeedstage.

For abinarymixturewith constantpressurethereis adirectrelationshipbetweentemper-
ature Z�¨©] andcomposition Z�ª�] . In termsof deviation variableswe have ¨«Z�¬�]«¯® � ª6Z�¬�] ,
for simplicity we assumethat ® � is independentof stagelocation. For ideal mixtures® � is approximatelyequalto the differencein purecomponentboiling points,i.e. we use® � ±°²�1�i�³� � C.

Thecontrolobjective is to keeptheprimaryoutputswhicharetheproductcompositions´iµ ¶f ´D· ªN¸¹h �
attheirdesiredvalues.Thecandidatesecondaryoutputsarethetemperaturesonall thestages,
of which two shallbeselected(seeFigure9.1)´ Vº C ¤�¥ ¤ ~ J �
This is a caseof indirectcontrol,seeSection8.4. We take into considerationmeasurement
noisein thesecondaryoutputs » Vº¶f »G¼ »�½ h �

1Thenon-linearmodelimplementedin MATLAB is availableon theinternet:
http://www.chembio.ntnu.no/users/skoge/book/matlab m/cola/cola.html
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where
»G¼

is thesizeof thetemperaturemeasurementnoisein theupperstage(stage¾ ) and
»�½

is thesizeof thetemperaturemeasurementin thelowerstage(stage¿ ). Inputsarereflux Z�jÀ]
andboilup Z�k\] Á ¶f�j kÂh �
Disturbancesarechangesin feedflowrate Z�Ã\] andfeedcompositionZ[Ä1ÅÆ]Ç ¶f�Ã Ä1ÅÈh �

Scalings. Thevariablesin the linearmodelhave beenscaledsuchthata magnitudeof �
correspondsto a changein Ã of Éi�³� [kmol/min], achangein Ä�Å of Éi��� molefractionunits,a
changein ªN¸ and ´D· of Éi��Éi� molefractionunits,anda changein j and k of � [kmol/min].
For simplicity, we assumethat the measurementnoisehasthe samemagnitude Ê » Ê on all
stages,althoughin practicalcasesit is probablylargertowardsthemiddleof thecolumn(see,
Mejdell, 1990,Figure7.5 on page131 andAppendixA on pages155–172).To studythe
effect of measurementnoiseon the measurementlocations,we vary the magnitudeof the
measurementnoisebetweenÊ » Ên7Éi�Ë� � C and Ê » Ên±� � C.

9.3 Selectionof stagesfor temperaturecontrol

Weconsidertwo approachesfor selectingthestagesZ�¿�Ìx¾i] for thetemperaturemeasurements.
In thefirst approachwe minimizethenorm

B,C�EGF ENHKJ3BML
at steady-state.In thesecondap-

proachwemaximizethesmallestsingularvalueof theselectedsubsystemto becontrolledat
steady-state,i.e. maximize Y Z�U\VXVDZÍ¾�É�]�] , over all subsystemsU\VXV of size �ÏÎÐ� . In theplots
presented,we only considercombinationsof two temperaturemeasurementslocatedsym-
metricaroundthefeedstage.Indeedwe find, for this “symmetric” column,thattheoptimal
stagecombinationis nearlysymmetricaroundthefeedstage(e.g.seeTable9.1below).

9.3.1 Two-point control, minimizing ÑÓÒ�Ô�Õ ÔÏÖ�×�Ñ!Ø
To indirectly achieve tight controlof ´iµ , we wantto selectthecombinationof two tempera-
turemeasurements´ V which minimizes enf9a6g aKcÙh9e V . Both a6g and aKc dependson output
scaling Z ´iµ ] , a6g dependsoninputscaling Z Ç ] and aKc onthescalingof themeasurementnoiseZ » Vx] . To scalethevariableswe usedthescalingsoutlinedin Section8.4.1(alsodiscussedin
SectionA.1 in Chapter8).

Figure 9.2 shows the effect of the measurementlocationson a6g§ZÍ¾�É�] , aKc'ZÚ¾§É�] and the
combined e�f9a6g§ZÍ¾�É�] adc'ZÍ¾�É�]�h9e V for measurementnoise

» V of magnitude Ê » Ê# Éi�Û� � C.
Theeffectof disturbanceson thecompositionsZ ´iµ ] with thetemperaturesZ ´ V^] controlled,is
givenby e^a6gIe V . e^a6gIe V approacheszerofor measurementslocatedcloseto thecolumnends,
becauseat thecolumnendsthetemperatureis a uniqueindicatorof theproductcomposition
(for binaryseparationandwith no measurementnoise). For temperaturemeasurementslo-
catedaway from thecolumnends,thecorrelationwith theproductcompositionis no longer

2Only stagecombinationssymmetricaroundthefeedstageareshown.
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B�C�EGF ENHKJîB L

, ï ð�ï�ñò�T����ó^ô
unique,andasexpectedthemagnitudeof exa6gNe V increasestowardsthemiddleof thecolumn.
Thereasonwhy exa6gIe V is largeandapproachesinfinity whenbothmeasurementsarelocated
in themiddleof thecolumn,is becausewe cannotindependentlyestimatetwo compositionsZ ´�µ ] with bothtemperaturemeasurementsZ ´ V8] at thesamelocation.

In practice,thetemperaturemeasurementscontainsnoise.Theeffectof temperaturemea-
surementnoiseon theprimaryoutputs(see exaKc�e V in Figure9.2), is largeat theendsof the
columnwherethetemperatureprofile (not shown) is almostconstant.

Thecombinedeffectof thedisturbanceandmeasurementnoise,isgivenby e§f�aKg adcõhMe V
in Figure9.2. Thecurve indicatesthattheoptimalstagecombinationis ��Ìn�T¦ . Whenconsid-
eringall ö á8µVø÷ .���nÉ possiblecombinationswefind thatstagecombination��Ìn��� minimizee,f9a6g aKcÙh<e V when Ê » Ên7Éi�Û�Æ�8ù . Theupperpartof Table9.1givestheresultsfor someother
noiselevels. Fromthe tablewe find, asexpected,that theoptimal locationfor temperature

Table9.1: Optimalstagecombinationsfor differentnoiselevels.

Measurementnoise,
»ûú�üXý�þ Éi�Ë� Éi��� Éi�³ÿ �D�ÛÉe,f�a6g aKcÀh<e V Syma �DÌn��ÿ ��Ìn�T¦ �1É�Ìn��� �D��Ìn�i�

All b �DÌn��ÿ ��Ìn��� �1É�Ìn�D� �D��Ìn�i�Y Z�U�� VXV ] Syma �DÌn��ÿ ��Ìn�T¦ � Ìn�D� �1É�Ìn���
All b �DÌn��ÿ ��Ìn��� � Ìn�D� �1É�Ìn���

aStagecombinationssymmetricaroundthefeedlocationareconsidered.
bAll � è<é stagecombinationsareconsidered.

measurementis closerto thecolumnendswith decreasingmeasurementnoise.



9.3 SELECTIONOF STAGESFORTEMPERATURECONTROL 217

9.3.2 Two-point control, maximizing � ��� ØTØ	�
We scalethevariablesasdescribedin Section8.4.2(alsodiscussedin SectionA.2 in Chap-
ter8). Thatis, wecomputethetwo scalingfactors¬ ¼ ;e�f9a�
 µc a6giZÚ¾§É�]�h ¼ e V� Ê » Ê�� ¬ ½ ;e�f9a�
 µc a6giZÚ¾§É�],h ½ e V� Ê » Ê
where Ê » Ê is themagnitudeof themeasurementnoisein thetemperaturemeasurements.The
scalingsof theoutputś V is thentakento be ��� ����������,��ÌD¬ ¼ � ��ÌD¬ ½�� , i.e. we have U � VXV ���%UWVXV whereU\VXV is thelowerpartof themodeland U�� VXV is thecorrespondingrescaledmodel
usingthescalers¬ ¼ and ¬ ½ .

Figure9.3 shows Y Z[U\VXV^] , Y Z[U�� VXV ] , ¬ ¼ and ¬ ½ when Ê » Ê� Éi���Ù�^ù andwith temperature
measurementssymmetriclylocatedaroundthefeedlocation.Thecurve Y Z[U�� VXV ] in Figure9.3
indicatesthat theoptimalstagecombinationis ��Ìn�T¦ . Notethat if rescalingis left out, curveY Z[UWVXV8] in Figure9.3, theresultis far from thecombination��Ìn�T¦ . It is thereforeimportant
to scalethesecondaryoutputś V properlywhenusingthis selectionprocedure. Whenwe
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Figure9.3: Effectof stagecombination3 ì �[í on O P�Q10 L�L R , ï ð�ïnñ �T��� ó ô
considerall ö á8µVø÷  ���nÉ combinations,we find that the combination ��Ìn��� maximizesY Z[U�� VXV ] , which is thesameaswe foundwhenminimizing e,f9a6g aKcÀh%e V . Thelower partof
Table9.1summarizestheresultsfor theothernoiselevels.

9.3.3 One-point control, minimizing ÑÓÒ�Ô Õ Ô Ö ×,Ñ Ø
Figure9.4 shows e�f�a6g aKcÀhMe V , i.e. the combinedeffect of disturbancesZ Ç ] andthe mea-
surementnoise Z » V8] , for all possiblestagesusingeither j or k astheinput for temperature
control.As expectedthevaluesarehigherthanwith two-pointtemperaturecontrol(seeFig-
ure 9.2). The “optimal” choiceis to measurethe temperatureat stagenumber ��� (in the
bottomsection)andusetheboilup k to controlthis temperature.

3Only stagecombinationssymmetricaroundthefeedstageareshown.
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9.4 Steady-stateand dynamic analysisand simulation

In thissectionweexaminemorecloselytwo-pointtemperaturecontrolonstagecombinations3 Ìn��ÿ , ��Ìn��� and �1É�Ìn�D� , respectively. We applythesamescalingsasusedin indirectcontrol.

9.4.1 Steady-stateanalysis

For all combinationstheopen-loopeffect of themanipulatedvariables
Á

anddisturbances
Ç

on theprimaryvariablesat steady-stateare

U µ VDZÚ¾§É�]q54 ��ÿ§���n� °#� 3 �Ë��ÿ�1ÉD�i��¦§ÿ °²�1É � �Û�D�7698 U g µ ZÍ¾�É�]q54 ÿ§�Û�D� ��ÿ§� 3 ��D�D�³ÿD� �D�§�Û�D�76
Theremainingsteady-statematricesaregivenin Table9.2,for thethreedifferentstagecom-
binations.From UWVXV we seethat theeffect of the inputs

Á
on thesecondarymeasurements

Table9.2: Steady-stateresults.

Stagecombination: {8��� ;�{8��� o<��{1�1�
Q L�L < µ�á/=/> V 
 µ�á(?@>BAV µ�=/>BC 
 V µED@>ÛµGF < V ?H?@>BC 
 V ?HA@> ??H?HI@>BC 
 ?�á(?@> ?JF < ?�á/K/>BA 
 ?�á V >L=á(IH?@> V 
 á(IHD@>B?JFQ F L < µE?@>�µ V I@> áV ?@> V áXáM>BD F < V µH>B?±á/K/>BC?HC@>B?NKOA@>BI F < ?^µH>BD K<µH> V= V >BC µEAH?@> á FE!F < A 
 A@>BAHDHC^µA 
 A@>ÛµEDHA�áJF < A 
 A@>Ûµ�KHKOAA 
 A@> V I^µ V F < A 
 A@> V DHC VA 
 A@> á8µEIPK�FENH < A@> C V µE? 
 A@> A^µ V ?
 A@> A V DHD A@>L= VXV = F < A@>B?HIHI�á 
 A@>BA^µ�KOA
 A@>BAH?HAP= A@> ?�á(A�á F < A@> V D^µEA 
 A@>BA V AH?
 A@>BAH?^µEI A@> V á V á F
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increasesaswe move closerto the middle of the column,but alsothe effect of the distur-
bancesincreasesZ[U gxV8] .

From a6g we seethatwith perfecttemperaturecontrolwe getperfectsteady-staterejec-
tion of disturbance� , Ç µ  Ã (changesin feedflowrate),for all stagecombinations.The
reasonis that all the intensive variablesareunchanged.Also for disturbance� , Ç V  Ä1Å
(changesin feedcomposition)two-point temperaturecontrol improve disturbancerejection
(comparea6g with open-loopU g µ ) in the primary variables. The cost is that we introduce
themeasurementnoiseinto theclosed-loopsystemwith feedbackcontrol.Thesensitivity in
theprimaryvariables(productcompositions)to themeasurementnoiseis givenby aKc , see
Table9.2. However, open-loopeffect of the disturbancesareclearly muchlarger thanthe
combinedeffect of thedisturbancesandmeasurementnoisefor theclosed-loopsystemZ�a6g
and adc!] . So,thebenefitof controllingthetemperaturescomparedto open-loopis large.

Table9.3: RGA-elementQ	RSR atsteady-state.T µXµ of U\VXV forU µ V 3 Ìn��ÿ ��Ìn��� �1É�Ìn�D�T µXµ ���§� � ¦ �D�i�Û��ÿ ¦,Éi� 3 É ¦,�i� 3 �
It is interestingto look at the relative gain array(RGA). TheRGA-element

T µXµ of U\VXV
at steady-statefor the threestagecombinationsaregiven in Table9.3. From the tablewe
seethat the interactionsin U\VXV at steady-stateincreaseslightly aswe move thetemperature
measurementscloserto thefeedlocation,which is reasonable.

Objective UWV XGY$Z\[^]_Z_Xa`` . Although the problemconsideredin this paperis a indirect
controlproblem,we evaluate b  e ´iµ °dc µ e VV at steady-stateandin a neighborhoodof the
operatingpoint. We assumeperfectcontrol of the temperatures(integral actionin the sec-
ondarycontrol loopseasilyachieve perfectcontrolat steady-state),thenthecontrolerror `�V
in thesecondarycontrolloop is equalto themeasurementnoise

» V . Thesteady-statecontrol
error ` µ  ´iµ °�c µ in theprimaryvariables(productcompositions)dueto measurementnoise
anddisturbances

Ç
becomes(8.15)

´iµ °dc µ  a6g Ç � aKc » Vº¶f�a6g aKcÀh 4 Ç» V 6
whereaKg and aKc arethepartialdisturbancegainandthepartialgainfor measurementnoise
at steady-state.We evaluate b by varying

Ç
and

» V . From a6g in Table9.2 we seethat it
is no reasonfor varying Ã , since Ã hasno effect at steady-state.Denotethe stronginput
direction(theinputdirectioncorrespondingto thelargestsingularvalue)of aKc for e µ (whereegfµ e µ  � ). We only vary themagnitudeof themeasurementnoise

» V in this direction,i.e.
weconsider

» V he µ » . Weobtain´iµ °dc µ  aKgji é çlk Ä1Å � adcme µ » hn iPo wp k
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Table9.4 summarizese µ and n for the stagecombinations

3 Ìn��ÿ , ��Ìn��� and �1É�Ìn�D� . The

Table9.4: Steady-stateresultsto obtain u .

Stagecombination: {8��� ;�{8��� ox��{8�1�{ R a ú A@>BIHD V µ 
 A@>ÛµEDHDHC þ�| ú A@> I�á(C^µ 
 A@>B? V ?HI þ}| ú A@>BDHIHD^µ 
 A@> á(?HIHD þ~|} < A@>BAHDHC^µ A@>BC^µ V =A@>ÛµEDHA�á 
 A@>Ûµ V CHD F < A@>Ûµ�KHKOA A@>B?HDH?H?A@> V I^µ V 
 A@>ÛµE?HI^µ F < A@> V DHC V A@> V C^µE?A@> á8µEIPK 
 A@>ÛµE?P= V F� P�} � } R
b

< A@> ?HIH?PK AA A@>BAH?PK9á F < A@>Ûµ�KODH? AA A@>ÛµEA�á8µ F < A@> V CHAHA AA A@>BAHD�á/K F� P�} � } R
c

< A@>BAHD�á8µ A@>BIHIHCP=A@>BIHIHCP= 
 A@>BAHD�á8µ F < A@> á(A V á A@>BI^µ�=H=A@>BI^µ�=H= 
 A@> á(A V á F < 
 A@>BIHI�á(C A@>ÛµEAH?�á
 A@>ÛµEAH?P= 
 A@> IHI�á(C F
aInputdirectionof

Ý H
with largestsingularvalue.

bEigenvaluematrixof � � � .
cEigenvectormatrixof � � � , sothat � � ��������� .

matrix n x n is theHessianof b with respectto Ä1Å and
»

. Theeigenvaluesof n x n (see
Table9.4)givesthecurvaturein thetwo principalaxis(theeigenvectordirections).Fromthe
eigenvaluesandeigenvectorsof n x n wecanseethat

»
haslargestinfluenceon b for stage

combination
3 Ìn��ÿ and Ä1Å haslargestinfluenceon b for stagecombination�1É�Ìn�D� .

To illustratetheeffect of stagelocationson theperformanceobjective b  e ´iµ °�c µ e VV ,
we have plotted the objective b asa function of the disturbanceÄ1Å andthe measurement
noise

»
for the threestagecombinationsin Figure9.5. Stagecombination��Ìn��� , which we

have found to minimize e§f�aKg adcõhMe VV andmaximize Y Z[U�� VXV ] at steady-state,is shown in
Figure 9.5(b). Thereis a good balancebetweenrejectingthe disturbanceÄ1Å (remember
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that rejectingchangesfeedflowrateis perfect)andthe sensitivity to measurementnoise
»

.
This canbe seenfrom the circular shapeof the objective b . For stagecombination

3 Ìn��ÿ ,
Figure9.5(a),thetemperaturemeasurementsarecloserto thecolumnendsandwegetbetter
disturbancerejection,but b becomesmore sensitive to measurementnoise. This can be
seenfrom Figure9.5(a),wheretheshapeof b is formedmorelike a valley with thenarrow
directionpointingalmostin thedirectionof

»
andthewider directionpointingalmostin the

directionof Ä1Å . It is worth notingthat thesurface b becomesgraduallymorenarrow in the
directionof

»
asthe measurementsmove towardsthecolumnends.For stagecombination�1É�Ìn�D� (wherethetemperaturemeasurementsarecloserto thefeedstagethanin theoptimal

case),thesituationis opposite,i.e. b becomeslesssensitiveto measurementnoise,but at the
expenseof lessdisturbancerejection,seeFigure9.5(c).

9.4.2 Dynamic analysis

Frequency dependentplots of the effect of disturbancesin open-loop(upper curve) and
closed-loop(lower curves; perfecttemperaturecontrol) are given in Figure 9.6. We find
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Figure9.6: Improveddisturbancerejectionin lJRKñ C lnm rut J � , for differentstagecombinations

thatthedisturbancerejectionis improvedalsofor frequencies��� É with two-pointtemper-
aturecontrol.Theeffectof thedisturbancesin theindividualprimaryoutputśiµ  C lnm rut J
aresimilarbothfor openandclosed-loop.

Frequency dependentplotsof e8a6gIe V (thecombinedeffect of the two disturbances)andexaKc�e V (theeffectof measurementnoise)aregivenin Figure9.7(a)and(b) for thethreestage
combinations.

Frequency dependentplotsof RGA-element
T µXµ of U µ V and U\VXV for thethreestagecom-

binationsaregivenin Figure9.8. For frequenciesin thebandwidthregion we seethat there
is lessinteractionsin UWVXV thanin U µ V , we alsonotethat thepeakof

T µXµ Z[UWVXV^] in theband-
width region is smallerthanthe correspondingpeakof

T µXµ Z[U µ V8] andalsothat the peakofT µXµ Z[U\VXV8] decreasesasthetemperaturemeasurementsmovecloserto thefeedlocation.Note
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that the oppositeis true for steady-stateand low frequencies,seeTable9.3. The smaller
RGA-elementsin U\VXV thanin U µ V for frequenciesaroundthebandwidth,indicatesthat it is
easierto controlthetemperaturesthanthecompositionsdirectly4.

9.4.3 Feedbackcontrol

To confirmtheresultsaboveweconsidersimpledecentralizedPI-controlof thetemperatures
on the threestagecombinations.Thecontrollertuningsaregiven in Table9.5. The tuning
for tray combination��Ìn��� was found by trial anderror. The controllergainsfor the two
othertraycombinationsareadjustedto take into accountthenon-lineargainvariationsin the

4This conclusionis solely basedon RGA for frequenciesaroundthe bandwidth. For steady-stateRGA the
oppositeconclusionis true. This exampleillustratesthat RGA for frequenciesin the bandwidthregion aremuch
moreimportantthansteady-state.
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Table9.5: PI-controllertunings.

Top,
¤�¥1� z Bottom,

¤ ~ � �
Stagecomb. ��� a ��� b �9� a �/� b: {8��� �T��� : o<� pÆ�T����� �;�{8��� � o<� pÀ�n��� �o<��{8��� o1����� o<� pºo1���1� �
a[mole/(min, ó C)]
b[min]

processgivenby theformula j x ���� ¨ ° ¨ f¨ � ° ¨
where ¨ f and ¨ � arethe boiling pointsof the heavy andlight components,see(Mejdell,
1990)for further details. The adjustmentof the controllergainsensuresthat the loop gain
andtheresultingbandwidthis similar in thethreecases.

Let usfirst considertheresultingclosed-loopfrequency response.Theeffectof
Ç
, c�V and» V on ´�µ for apartiallycontrolledplantwith controller ® V is givenby

´iµ  Z �  � '� ��  ¡U g µ Z�¬�]�° U µ V<® V�¢'VxU g<VDZ�¬�]3] Ç � £  � '� ��  ¡U µ V<® V@¢_VDZ�¬�]gc�VÆ° £  � '� ��  ¡U µ V<® V@¢_VDZ�¬�] » V n Z�¬�] Ç ��¤ Z�¬�]Ec�VÙ° ¤ Z�¬�] » V (9.1)

where¢_V ¶Z¦¥ � UWVXV^® Vx] 
 µ . Figure9.9showstheeffectof disturbances
Ç

andmeasurement
noise

» V on the primary variables ´iµ in closed-loop,i.e. e@n e V . For frequencieswhere
control is effective we seethat thereis excellentagreementbetweene8aKgIe V in Figure9.7(a)
and eMn e V in Figure9.9(a). Thereis alsogoodagreementbetweene^aKcÓe V in Figure9.7(b)
and e ¤ e V in Figure9.9(b)at frequencieswherecontrolis effective. For high frequencieswe
seethat theclosed-loopsystemwith thePI-controllersactuallyhasbetterpropertieswhenit
comesto rejectingcontrolerrors `�V (measurementnoise

» V ) (thereasonfor this is of course
theinversionof UWVXV alsofor high frequencies,which is unrealistic).

Figure9.10showsthedynamicresponseto thefollowing changesin theinputs:

1) Unit step( �nÉ % change)in
Ç µ  Ã at time §Óø�1É [min].

2) Unit step( �nÉ % change)in
Ç V#7Ä1Å at §�±�1ÉDÉ [min].

3) Stepwith size
C pÆ�T��� pÙ�T��� J � in

» V at time §�±�1ÉDÉ [min].

Gaussiandistributedmeasurementnoisewith zeromeanandstandarddeviation Éi�Ë� is in-
cludedin thesimulations.Severalthingsareworthnoting:

1) Theeffect of changesin Ã is minor in all cases.This agreeswith theplot of aKg µ , see
Figure9.6(a).

2) Theeffectof changesin Ä1Å increaseasthetemperaturemeasurementsaremovedcloser
to thefeedstage.Thisagreeswith theplot of a6g<V , seeFigure9.6(b).
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differentstagecombinations

3) Theeffect of themeasurementnoisedecreasesasthemeasurementsaremovedcloser
to thefeedstage.Thisagreeswith Figure9.7(b).

4) The bottomcompositionªI¸ is moresensitive to high-frequency measurementnoise
thanthetopcomposition(lessvariationin ´D· thanin ªN¸ ).

5) A good trade-off betweensensitivity to disturbanceÄ�Å and measurementnoiseap-
pearsto be with the temperaturemeasurementslocatedat stagecombination ��Ìn��� ,
Figure9.10(b).

To summarize,we find that there is an excellent agreementbetweenthe controller inde-
pendentcontrollability analysisbasedon a6g and aKc , and the closed-loopresponseswith
PI-controllers.

9.4.4 One-point temperaturecontrol

In this sectionwe analyzethecontrollability of one-pointtemperaturecontrol,andcompare
with the resultsfrom two-point temperaturecontrol. The effect of boilup k and the two
disturbances

Ç
on topandbottomcompositionat steady-stateare

U µ VDZÍ¾�É�]Ó 4 ° � 3 �Í��ÿ° �1É � ���D� 6 � U g µ ZÍ¾�É�]6 4 ÿ§�Û�D� ��ÿ§� 3 ��D�D�³ÿD� �D�§���D� 6
andtheeffectof thesamevariableson thetemperatureatstage��� atsteady-stateareU\VXVDZÍ¾�É�]6ø° 3 �D�§� � ÿg� U gxVDZÚ¾§É�]q¶f 3 �i���Dÿ �1� 3 ��¦ 3 h
whichgives

a6g§ZÍ¾�É�]q 4 ° �D�Í��ÿ§��� °#Éi�Û�D�T¦��Éi�Ë�1��ÿD� °#Éi�³�Dÿ 3 � 6 and adc'ZÍ¾�É�]Ó 4 Éi�Ë�1���nÉÉi�Ë� 3 ��� 6
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By comparingU g µ ZÚ¾§É�] with a6giZÚ¾§É�] we seethat the effect of the disturbanceshasbeenre-
ducedsignificantly. However, theeffectof feedratedisturbanceZ Ç µ 7Ã«] is still largerthan
one,which is undesirable.This is in contrastto two-pointtemperaturecontrol,seeTable9.2,
wherewehaveperfectrejectionof thefeedratedisturbance.

Frequency dependentplots which show the effect of Ã and Ä1Å on ´iµ (top andbottom
compositions)areshown in Figure9.11(a)and(b). Theseconfirmtheresultsfrom thesteady-
stateanalysis.

9.5 Summary

The two approachesfor selectingthe temperaturemeasurementsyield the same“optimal”
stagecombination. As expected,increasingthe measurementnoise(control error), moves
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�

the optimal measurementlocationstowardsthe middle of the column. For our casestudy,
the optimal locationsfor temperaturemeasurementsis almostsymmetricaroundthe feed
location. This doesnot apply in general,but follows sincewe have equalproductpurities,
andfeedcompositionÄ1Åò7Éi�³� . Ourconclusion,to selectstagecombination��Ìn��� compares
well with (LeeandMorari, 1996)who foundthechoice ÿDÌn��� to bethebest.

The resultsobtainedfrom the controllability analysisusing aKg and adc alsoagreesvery
well with the closed-loopresultsobtainedusingPI-controllers.Somebenefitsandconclu-
sionsof two-pointtemperaturecontrol(LV-configuration)are:

1) Improveddisturbancerejectionandrejectionof measurementnoise,comparedto open-
loopandone-pointtemperaturecontrol.

2) For thecolumnunderconsiderationandwith theassumptiontaken,sufficient perfor-
mancecanbeachievedwith two-pointtemperaturecontrol.

3) The largevalueof RGA-element
T µXµ Z[U\VXV8] at steady-statedoesnot imply difficulties

for control,themainreasonis thatthesameRGA-elementismoderatein thebandwidth
region.

4) Whencomparingthe dynamicsimulationsshown in this paperwith the onegiven in
(Wolff andSkogestad,1996)(who studiedthesamecolumn)it is advisableto include
two temperatureloops.Thiscontradictspoint2 in thediscussionin (Wolff andSkoges-
tad,1996),wherethey statethatasecondtemperaturecascadein two-pointdistillation
control is not advisable.They basetheir argumentson resultsobtainedfrom dynamic
closed-loopsimulations.

An analysissimilar to theonepresentedhereis still applicableto cascadedcontrolsystems.
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10.1 Intr oduction

Diagonalinput andoutputuncertaintyarealwayspresentin any realsystem:diagonalinput
uncertaintyin termsof unknown characteristicsin theactuatorsanddiagonaloutputuncer-
tainty in termsof imperfectmeasurementdevices. It is thereforereasonableto considerthe
effect of thesetwo typesof uncertaintyon performancefor a givencontrol system.In par-
ticular, ill-conditionedplantswith a largeconditionnumberareoftenbelievedto besensitive
to uncertainty, and the objective of the paperis to gain insight into this by answeringthe
question:³

How canill-conditioningwhichresultsin poorrobustperformancebeidentified?

In thepaperweconsiderlineartime invarianttransferfunctionmodelson theform´¶µ¸·G¹»º½¼�µ&·G¹E¾»µ&·�¹
For simplicity of theproofsweassumethat ¼ is stable.However, asnotedin theconclusion
theresultsarealsovalid for unstableplants.Theresultsin thepaperarestatedin termsof the
plantandcontrollerconditionnumbers¿Àµ¦¼Á¹�ºÃÂÄ µ¦¼Á¹Ä µ¦¼Á¹ÆÅ ¿ÀµÈÇd¹»ºÉÂÄ µ¦ÇÊ¹Ä µ¦ÇÊ¹ (10.1)

andthefollowing minimizedconditionnumbersfor theplantandthecontroller¿7ËÌ µÍ¼\¹ºhÎÐÏ�ÑÒ»Ó ¿ÀµÍ¼�Ô Ì ¹ Å ¿7ËÕ µ¦ÇÊ¹�ºhÎ�Ï�ÑÒ�Ö ¿µ¦Ô Õ Çd¹ (10.2)

where Ô Ì and Ô Õ arediagonalscalingmatrices.Theseminimizedconditionnumberscan
becomputedasoutlinedby BraatzandMorari (1994). In thepaperwe alsomake useof the
relative gainarray(RGA) which wasintroducedby Bristol (1966).TheRGA matrix canbe
computedatany frequency usingtheformula× µ¸·G¹�º�¼Øµ&·�¹ÚÙÜÛ&¼�ÝzÞGµ&·�¹�ß@à (10.3)

wherethe Ù symboldenoteselementbyelementmultiplication(HadamardorSchurproduct).
An importantpropertyof theRGA is thatit is scalingindependent.

The outline of the paperis as follows. In section10.2 we introduceinput andoutput
multiplicativeuncertainty. Section10.3discussestheimplicationsof inputandoutputuncer-
tainty on feedforwardcontrol. Section10.4givesa similar discussionon feedbackcontrol.
Theresultsin this sectionaregivenasupperboundson perturbedsensitivity function. Sec-
tion 10.4.3showsthatfor systemswith largeRGA elementsin thebandwidthregionandwith
input uncertaintytherealwaysexist a perturbationwhich resultsin poorperformance.Sec-
tion 10.5givesexampleson theresultsderived. Finally thepaperendswith theconclusion.
SectionA providesproofsof thetheorems,upperboundsandfactorizationspresentedin the
paper.

Therestof this sectionwe devoteto discusssomerelatedwork. Freudenberg andSaglik
(1991)considerrobustperformancefor á Ù á systemsby usingaintegralrelationshipbetween
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Figure10.1:Systemwith multiplicative inputandoutputuncertainty

gain andphase.They usethe classicalsensitivity integral to derive an upperboundon the
averagevalueof theplantconditionnumberat low frequencies.Theresultspresentedin this
papershow thatthefrequenciesin bandwidthregionaremoreimportantthanlow frequencies.

Nett andManousiouthakis(1987)give relationshipsbetweenRGA, Block RelativeGain
andtheEuclideanconditionnumber. TherelationshipbetweenRGA andminimizedcondi-
tion numberis alsogivenin (SkogestadandMorari,1987).NettandManousiouthakisproved
thelower boundon theconditionnumber. Theupperboundwasprovenfor á Ù á by Gros-
didier, Morari andHolt (1985),but only conjecturedfor thegeneralcase.We notethatthese
resultshavenodirectconnectionto performancein termsof thesensitivity function.

Chen,Freudenberg andNett (1994)considertheeffect of modelinguncertaintieson the
open-loopproperties. They mainly considerdiagonaluncertainty, and give estimatesfor
the worst casedeviations in termsof structuredsingularvaluesand minimized condition
numbers.Themaindifferencebetweentheir work andthis work is that they consideropen-
loop andusethestructuredsingularvalue,whereaswe considerclosed-loopandthe largest
singularvalueof thesensitivity function.

Waller, SågforsandWaller (1994a;1994b)considernominalandrobuststabilityof á Ù á
systemsandlink thequestionof robuststability to minimizedconditionnumberof theplant
androbustperformanceto theconditionnumberof theplant.They arguethatminimizedcon-
dition numberof theplantgivestight boundsfor robuststabilitywhereastheplantcondition
numbergivesconservative results.However, we will show thatplantconditionnumberalso
providesconservative resultsfor performance,in particularif oneusea diagonalcontroller
wegiveanupperboundontheperturbedsensitivity whichsaysthatthereis noproblemwith
inputuncertaintyandrobustperformanceaslongasrobuststability is provided.

10.2 Uncertainty

In practice,the true perturbedplant ¼�é differs from that of the plant model ¼ . This may
becausedby a numberof differentsources,andin this paperwe focuson input andoutput
uncertainty. Onmultiplicativeform theinputandoutputuncertaintiesare(Figure10.1)

Outputuncertainty: ¼ é ºNµ¦ê�ë ç Õ ¹�¼ or ç Õ ºNµÍ¼ é�ì ¼\¹�¼ ÝzÞ (10.4)

Inputuncertainty: ¼ é º½¼�µ¦ê�ë ç Ì ¹ or ç Ì º½¼ ÝzÞ µÍ¼ é�ì ¼\¹ (10.5)

Theseforms of uncertaintymay seemsimilar, but we will show that their implicationsfor
controlcanbevery different. In particular, notethatfor squareplants ç Õ ºí¼ ç Ì ¼ Ý7Þ . The
main reasonfor writing the uncertaintyin multiplicative (or relative) form is becausethis
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makesit easierto quantify theuncertainty. In mostcaseswe assumethat themagnitudeof
theuncertaintyateachfrequency canbeboundedin termsof its singularvalueÂÄ µ ç Ì ¹ïîñð ò Ì ð�ó ÂÄ µ ç Õ ¹ïîñð ò Õ ð (10.6)

whereò Ì µ¸·G¹ and ò Õ µ&·�¹ arescalarweights.Typically theuncertaintybound, ð ò Ì ð or ð ò Õ ð , is
0.2at low frequenciesandexceeds1 at higherfrequencies.If we allow ç Ì or ç Õ to beany
uncertaintymatrixsatisfyingthebound(10.6),thenwehave full block uncertainty. However,
in many casesthesourceof uncertaintyis in theindividual input or outputchannels,andwe
have that ç Ì or ç Õ arediagonalmatricesç Ì ºhô�Ï-õ�ö�÷�ø Ì Þ ó(ø ÌPù óMúMúMú}ûJó ç Õ ºhô�Ï�õ�ö	÷�ø Õ Þ ó(ø Õ ù óMúMúMú}û (10.7)

This is denoteddiagonalinputuncertaintyanddiagonaloutputuncertainty. We will assume
thatin eachinputchannelü andin eachoutputchannelý theuncertaintyis boundedasfollowsðBø ÌSþ ðlîñð ò ÌSþ ðÿó ðBø Õ�� ðJîNð ò Õ�� ð (10.8)

It is important to stressthat diagonalinput uncertaintyis alwayspresentin real systems
(whereasfull block inputuncertaintyis presentonly in somecases).

10.3 Effect of uncertainty on feedforward control

For the nominalmodelwith no disturbanceswe have ´hºÉ¼�¾ . The control error canbe
expressedas �9ºh´ ì�� º½¼�¾ ì��
Consider“perfect” feedforwardcontrol, ��º�� , assuminganinvertibleplant ¼ andsolving
for ¾ givesthe manipulatedinputs ¾ º ¼ ÝzÞ � . However, for the actualplant ¼ é we have´ é º½¼ é ¾ andthecontrolerrorbecomes� é ºh´ é ì�� º½¼ é ¼ Ý7Þ � ì��
Wegetfor thetwo sourcesof uncertainty

Outputuncertainty: � é º ç Õ � (10.9)

Inputuncertainty: � é º½¼ ç Ì ¼�ÝzÞ � (10.10)

From(10.9)we seethatwith outputuncertaintythe relative error
�
	����������� is equalto therela-

tive uncertainty � ç Õ � ù . However, for input uncertaintythesensitivity maybemuchlarger
becausetheelementsin thematrix ¼ ç Ì ¼ ÝzÞ canbemuchlargerthantheelementsin ç Ì . In
particularfor diagonalinput uncertaintytheelementsof ¼ ç Ì ¼ ÝzÞ aredirectly relatedto the
RGA of ¼ , SkogestadandMorari (1987)

Diagonaluncertainty: � ¼ ç Ì ¼ Ý7Þ�� ��� º ��þ�� Þ � � þ µÍ¼Á¹Sø þ (10.11)

Sincediagonalinputuncertaintyis alwayspresentwecanconclude
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If theplanthaslargeRGAelementswithin thefrequencyrangewhereeffectivecontrol
is desired,thenit is not possibleto achievegoodreferencetrackingwith feedforward
control becauseof strongsensitivityto diagonalinputuncertainty.

Wecanquantifytheresultfurtherby thefollowing theorem.

THEOREM 10.1 (DIAGONAL INPUT UNCERTAINTY AND FEED FORWARD CONTROL).
Considera plant ¼ with diagonalinputuncertaintyof magnitudeð�� Ì ð ºÃô�Ï-õ�ö�÷�ð ò Ì Þ ðÿó�ð ò ÌPù ð�óMúMúMú�û
Assumeweapplya “perfect” feedforward controller ¾ º�¼ ÝzÞ � . Thenthereexistsa combi-
nationof inputuncertaintiessuch thatat each frequency� � é � ù� � � ù º � ¼ ç Ì ¼ Ý7Þ � ù�� � × µÍ¼\¹Àð � Ì ð � �"! (10.12)

where � × µ¦¼Á¹Àð � Ì ð � �#! is themaximumrowsumof thematrix
× µÍ¼\¹Àð � Ì ð .

REMARK 1. If all input channelshave thesamerelative uncertainty$&%(')$+*,$ -.'/$ 0 . Thenwe simply
have 132546157198:1�7 * 1�;=< ' ;?>A@)1 7CB $ -.'/$ 1EDCFG;IHJ13K�L

(10.13)

REMARK 2. Theorem10.1alsoappliesto full-block uncertaintyof thesamemagnitudesincethisalso
allows for diagonaluncertainty.
REMARK 3. The RGA-matrix is scalingindependent,which makesthe useof condition(10.11)and
(10.12)attractive.
REMARK 4. We foundthat largeRGA-elementsimply difficultiesfor feedforwardcontrol. However,
the reversestatementis not true, that is, if theRGA hassmallelementswe cannot concludethat the
sensitivity to inputuncertaintyis small. This is seenfrom thefollowing expressionfor the M�NOM case;I< ' ;?>A@ *QPSR @
@UT3@WV R @ 7 T 7 XZY3[ �Y �� R @�@ F T5@ X T 7�HY � [Y3[�[ R @
@ F T3@ X T 7\H R 7 @]T3@^V R 7
7 T 7`_ (10.14)

The resultsabove arebasedon consideringthediagonalelementsin this matrix, but the off-diagonal
elementscanalsobelarge.For example,consideratriangularplantwith a @ 7 *cb . In thiscase

D *�0 so
thediagonalelementsof

;=< ' ; >A@
are T3@ and T 7

. Still, thesystemmaybesensitiveto inputuncertainty,
sincefrom (10.14)the

F M)d5e H
-elementof

;I< ' ; >A@
maybelargeif a 7 @]f a @
@ is large.

REMARK 5. Upperboundsfor theeffect of uncertaintyon performancefor feedforwardcontrolcan
beobtainedform singularvalueinequalities.For full blockanddiagonalinputuncertaintywehave

Full-blockuncertainty:
1J;=< ' ; >g@ 1 7ihkj Fl;mH\no F#< ' H

(10.15)

Diagonaluncertainty:
1J;=< ' ; >g@ 1 7ihkj ±' Fl;IH\no F#< ' H

(10.16)

10.4 Effect of uncertainty on feedbackcontrol

Oneof themainreasonsfor applyingfeedbackcontrolratherthanfeedforwardcontrol is to
reducethe effect of uncertainty. In particular, with integral actionin the controllerwe can
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achieve zerosteady-statecontrolerrorevenwith quitelargemodelerrors.Nevertheless,un-
certaintyposeslimitationsontheachievablefeedbackcontrolperformance,andtheobjective
of this sectionis to show how the conditionnumberandRGA canbe usedastools to de-
tectpotentialproblems.We will baseour argumentson thesingularvaluesof theperturbed
sensitivity function p é ºNµ¦ê�ë ¼ é Çd¹HÝ7Þ (10.17)

whichis directlyrelatedto performancemeasuredat theoutputof theplant.For example,we
have that � é º ì p é � ó õ�Ñ�ô ÎØõrq� � � é � ù� � � ù º ÂÄ µ p é ¹ (10.18)

We will derive upperboundson ÂÄ µ p é ¹ which involves the conditionnumberand a lower
boundon ÂÄ µ p é ¹ which involvesthe RGA. The lower boundis usefulfor identifying plants
which aredifficult to control. Proofsof someof theresultsin this sectionaregivenin Sec-
tion A.

10.4.1 Factorizationsof the sensitivity function

Theupperboundsarebasedon thefollowing factorizationsof thesensitivity function

Outputuncertainty:
p é º p µ¦ê ë ç Õts ¹ ÝzÞ (10.19)

Inputuncertainty:
p é º p µ¦ê�ë ¼ ç Ì ¼ ÝzÞ s ¹ ÝzÞ º p ¼ØµÈê�ë ç Ì s Ì ¹ Ý7Þ ¼ Ý7Þ (10.20)p é º µ¦ê ë s Ç ÝzÞ ç Ì Çd¹ Ý7Þ p ºhÇ ÝzÞ µ¦ê9ë s Ì ç Ì ¹ Ý7Þ Ç p

(10.21)

We assumethat the plants, ¼ and ¼�é , arestable. We alsoassumeclosed-loopstability, so
thatboth

p
and

p é arestable.We thenget that µ¦ê ë ç Õts ¹ ÝzÞ and µ¦ê ë ç Ì s Ì ¹ Ý7Þ arestable
(equivalently µ¦ê�ë s ç Õ ¹ Ý7Þ and µ¦ê9ë s Ì ç Ì ¹ ÝzÞ arestable).Whenderiving boundswe make
useof propertieslikeÂÄ µOµ¦ê9ë ç Ì s Ì ¹ Ý7Þ ¹�º Þu v Ì�w^x Ó à Ó�y î ÞÞtÝtzu{v x Ó à Ó�y î ÞÞtÝtzu|v x Ó�y zu:v à Ó�y î ÞÞtÝ~} � Ó }�zu|v à Ó�y
wherewe have madeuseof ÂÄ µ ç Ì ¹ØîÃð ò Ì ð . Of coursetheseinequalitiesonly apply if we
assumeÂÄ µ ç Ì s Ì ¹���� , ÂÄ µ ç Ì ¹ ÂÄ µ s Ì ¹i��� and ð ò Ì ð ÂÄ µ s Ì ¹���� . For simplicity, wewill notstate
theseassumptionseachtime.

10.4.2 Upper boundson the sensitivity function

Output uncertainty.ÂÄ µ p é ¹ïî ÂÄ µ p ¹ ÂÄ µtµÈê9ë ç Õ~s ¹ Ý7Þ ¹Úî zu|v�� yÞtÝtzu|v x Ö�y zu|v à y î zu:v�� yÞtÝ~} � Ö }�zu{v à y (10.22)

From(10.22)we seethatoutputuncertainty, beit diagonalor full block,posesno particular
problemwhenperformanceis measuredat theplantoutput.Thatis, if we have a reasonable
margin to stability (

1�F 0 V <i�^�=H >g@ 1 L
is not to much larger than � ) then the nominaland

perturbedsensitivity donotdiffer verymuch.
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Input uncertainty. Thesensitivity functioncanbemuchmoresensitiveto inputuncertainty
thanoutputuncertainty.

1. General case (full blockor diagonalinputuncertaintyandany controller).ÂÄ µ p éÈ¹Úî ¿µÍ¼Á¹ ÂÄ µ p ¹ ÂÄ µOµ¦ê9ë ç Ì s Ì ¹ Ý7Þ ¹1î ¿µÍ¼Á¹ zu:v�� yÞtÝ~zu:v x Ó\y zu|v à Ó�y î ¿µÍ¼Á¹ zu{v�� yÞtÝ~} � Ó }�zu|v à Ó�y (10.23)ÂÄ µ p é ¹Úî ¿µ¦Çd¹ ÂÄ µ p ¹ ÂÄ µtµ¦ê ë s Ì ç Ì ¹ ÝzÞ ¹Úî ¿Àµ¦ÇÊ¹ zu:v�� yÞtÝ~zu|v à Ó�y zu|v x Ó\y î ¿ÀµÈÇd¹ zu{v�� yÞtÝ~} � Ó }�zu|v à Ó�y (10.24)

From (10.24)we have the importantresult that if we usea “round” controllerwith ¿µ¦ÇÊ¹
closeto � , thenthesensitivity functionis notsensitiveto inputuncertainty. In many casesthe
bounds(10.23)and(10.24)arenot very usefulbecausethey yield unnecessarylarge upper
bounds.To improveonthis,wepresentbelow boundsfor somespecialcases,whereweeither
restricttheuncertaintyto bediagonalor restrictthecontrollerto beof aparticularform.

2. Diagonaluncertaintyanddiagonalcontrol. In thiscasewehave Ç ÝzÞ ç Ì Ç º ç Ì and
weget ÂÄ µ p é ¹1î ÂÄ µ p ¹ ÂÄ µtµÈê9ë s ç Ì ¹ ÝzÞ ¹1î zu|v�� yÞtÝ~zu{v à y zu|v x Ó\y î zu{v�� yÞtÝ~} � Ó }�zu:v à y (10.25)

Thus,in this importantcase
p é is notsensitive to inputuncertainty.

3. Diagonaluncertaintyanddecouplingcontrol. Consideradecouplingcontrolleronthe
form Ç µ&·�¹ º Ô µ&·G¹S¼ ÝzÞ µ&·G¹ where Ô µ¸·G¹ is a diagonalmatrix. In this caseÇ ¼ is diagonal
so s Ì º Ç ¼ØµÈê ë Ç ¼Á¹ ÝzÞ is diagonal(andwe have that ç Ì s Ì º s Ì ç Ì ). With diagonal
uncertaintywegetno FG�A4�H h�j ±' Fl;mH\no Fl��H\no F
F 0 V < ' � ' H >g@ H h�j ±' FG;IH ������/�@
> ������ Ó � ������ Ó � h�j ±' Fl;mH ������/�@
>�� � Ó � ������ Ó � (10.26)no FG� 4 H h�j ±� F#��H\no FG�WH\no F
F 0 V � ' < ' H >A@ H h�j ±� F#��H ������)�@
> ������ Ó � ������ Ó � hkj ±� F#��H ������/�@
>�� � Ó � ������ Ó � (10.27)

Thebounds(10.26)and(10.27)applyto any decouplingcontrolleron theform Ç ºhÔ ¼ Ý7Þ .
In particular, they applyto inversebasedcontrol, Ç º��Hµ¸·G¹�¼ Ý7Þ µ¸·G¹ whichyieldsinput-output
decouplingwith s Ì º s ºQ�C Jê where � º ¡Þ w ¡ . A diagonalcontrollerhas ¿ ËÕ µÈÇd¹Áº¢� ,
so from (10.25)we seethat (10.27)appliesto both a diagonaland decouplingcontroller.
Nevertheless,it doesnot seemlike (10.27)appliesgenerallyfor any controller. However,
anotherboundwhichappliesto any controlleris givenin (10.29).

4. Diagonaluncertainty (Any controller).ÂÄ µ p é ¹1î zu|v�� yÞtÝA£/¤Ó v�¥ y zu|v x Ó�y zu|v à y î zu:v�� yÞtÝ~} � Ó } £�¤Ó v�¥ y zu{v à y (10.28)ÂÄ µ p é ¹Úî zu{v�� yÞtÝg£/¤Ö v�¦ y zu|v x Ó�y zu|v à y î zu:v�� yÞtÝ~} � Ó } £�¤Ö v�¦ y zu|v à y (10.29)

Again notethat ¿ ËÕ µ¦Çd¹ ºQ� for a diagonalcontrollerso(10.29)confirmsthatdiagonalun-
certaintyposeslittle problemswhenweusea diagonalcontroller.
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10.4.3 Lower bound on the sensitivity function

Considerthespecialcaseof diagonalinputuncertaintyandinversebasedcontrolÇ µ&·�¹º��tµ&·�¹�¼�ÝzÞ�µ&·�¹
(whichisaspecialcaseof decouplingcontrolwhichyields s º s Ì º§�\ �ê and

p º p Ì º ·¨ �ê ).
In this casewe cangeneralizethe lower boundon thesensitivity functionfor the á Ù á case
givenin Gjøsæter(1995).

THEOREM 10.2 (LOWER BOUND WITH INPUT UNCERTAINTY AND DECOUPLING CON-
TROL). Considera decouplingcontroller Ç µ&·G¹ º©�tµ&·G¹S¼ ÝzÞ µ&·�¹ which resultsin a nominally
decoupledresponsewith sensitivity

p º ·= @ê andcomplementarysensitivitys º��ª @ê where�@µ&·�¹Ðº`� ì ·lµ&·�¹ . Supposethe plant hasdiagonal input uncertaintyof relativemagnitudeð ò Ì µ ü�« ¹ ð in each input channel.Thenthere existsa combinationof input uncertaintiessuch
thatat each frequency ÂÄ µ p é ¹ � ÂÄ µ p ¹I¬^�ïë ð ò Ì � ð�ïëíð ò Ì � ð � × µÍ¼Á¹ � �#!O (10.30)

where � × µÍ¼Á¹ � �#! is themaximumrowsumof theRGAand ÂÄ µ p ¹�º�ð ·mð .
It is importantto noticethat(10.30)providesa lower boundon ÂÄ µ p é ¹ , whereasourprevious
resultsdiscussedin Sec.10.4.2gaveupperbounds.A lower boundis more usefulbecauseit
allowsusto make definiteconclusionsaboutwhentheplant is notcontrollable. Specifically,
from (10.30)we seethat with an inversebasedcontrollerthe worst casesensitivity will be
muchlarger thanthe nominalat frequencieswherethe plant haslarge RGA-elements.At
frequencieswherecontrolis effective( ðL·Æð is smalland ð � ð)®¯� ) this impliesthatcontrolis not
asgoodasexpected,but it maystill beacceptable.However, at crossover frequencieswhereð ·mð and ð � ðzº5ð�� ì ·Æð areboth closeto 1, we find that ÂÄ µ p é ¹ in (10.30)may becomemuch
largerthan1 if theplanthaslargeRGA-elementsat thesefrequencies.

By comparingthe resultsfor feedbackcontrol (10.30)andthat of feedforward control
(10.13)with sameuncertaintyin all channels,onemayclearlyseethebenefitsof feedback.
For frequenciesbelow thebandwidthwehavethat ÂÄ µ p ¹���� . Theeffectof feedbackis thento
reducetheinfluenceof uncertaintyonthecontrolerror, rememberthat ð � ð)®¯� for frequencies« � «±° , where«ª° is thebandwidthof theclosed-loopsystem,i.e. ÂÄ µ p µ ü�«ª° ¹t¹�º¯�r²¨³ á . For
feedforwardcontroltheeffectof uncertaintyonthecontrolerrorispresentfor all frequencies.
For frequencies«µ´�«ª° we have ÂÄ µ p ¹Úº¶� and ð � ð|�·� , sotheresultis similar, theeffectof
uncertaintyfor feedbackcontrolis reducedcomparedto feedforwardcontrol.For frequencies
aroundthe bandwidthwe have thatboth ÂÄ µ p ¹ and ð � ð canbemuchlarger thanoneandthe
situationcanbeworsefor feedbackthanfeedforwardcontrol.

Worst-caseerrors. For simulationsit is usefulto know whichcombinationof inputerrors
givespoorperformance.If all ø3¸ have thesamemagnitude,thenthelargestpossiblemagni-
tudeof any diagonalelementin ¼ ç Ì ¼ ÝzÞ is givenby ð ò Ì ðJ  � × µÍ¼\¹ � �"! . To obtainthis value
onemayselectthephaseof eachø3¸ suchthat ¹ ø3¸ º ì ¹ � � ¸ whereý denotestherow of

× µ¦¼Á¹
with thelargestelements.In particular, if

× µÍ¼\¹ is real(e.g.,at steady-state),thesignsof theø3¸ ’s shouldbethesameasthosein therow of
× µÍ¼Á¹ with thelargestelements.
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Relationship to structured singular value, º . Theappropriatemeasureto analyzeexactly
the worst-casesensitivity underinfluenceof input uncertainty ð ò Ì ð is skewed-» ( »�¼ ). This

involvescomputing »�½¾ µl¿ ¹ with ÀÁ ºÃô�Ï-õ�öåµ Á Ì ó ÁÃÂ ¹ where ¿ º P -.' � ' -.' �Ä�@ÅÇÆ ��; @ÅÇÆ �Q_ and

varying »�¼ until » µl¿ ¹ ºÈ� , where
ÁÃÂ

is full block. Theworst-caseperformanceat a given
frequency is then ÂÄ µ p é-¹Àº » ¼ .
10.5 Examples

EXAMPLE 10.1 DISTILLATION COLUMN, LV-CONFIGURATION. In this examplewe considerthe
following modelof an ill-conditioneddistillation column, taken from Skogestad,Morari and Doyle
(1988). ; * ;IÉ�ÊiFlËÌH * eÍ Ë V e P.Î�Ï/Ð Î X ÎJÑ/Ð&Òe\b Î/Ð M X e\bJÓ Ð Ñ _ d D=Fl;IH * P ��Ô Ð e X � Ò{Ð eX � Ò¨Ð e ��Ô Ð e _ (10.31)

We considerdiagonalinput uncertaintyof magnitude $ -.'/$.*Õb Ð M at all frequencies.We have that1ÌD=Fl;�F�ÖÌ×~H
H�1 K�L * Ñ Ó Ð e Ò ,
j ± Fl;mH~Ø j ±� Fl;mHªØ e<� Î/Ð � and

j Fl;IH±Ø j ±' Fl;IH~Ø e Ò e ÐÙÏ at all frequencies.
So,wemayexpectproblemswith inputuncertaintyfor bothfeedforwardandfeedbackcontrol.

1. Feedforward control. For feedforward control we have from Theorem10.1 the lower bound$ -.'/$EÚ 1 R Fl;mHJ1 K�L *Ûb Ð MiÚ Ñ Ó Ð e Ò *§e<� Ð Î � . Theorem10.1saysthatthereexistsa combinationsof input

uncertaintywhere ÜÝ � Ü �ÜGÞ\Ü � is largerthanthebound.By introducinginputuncertaintyin thesamedirection

astheinput directioncorrespondingto thelargestsingularvalue ß
b ÐÙÏ b Ï X b ÐÙÏ b Ï^à � , with magnitude$ -.' F�ÖÌ×~H $�*Ûb Ð M in eachchannel
< ' becomes,

< 'i*âá�ã�äEå{æÌb Ð M)d X b Ð Mrç . With this inputuncertaintyone
obtains

1�;=< ' ; >g@ 1 7 *�M Î/Ð ��Ô . The differencebetweene<� Ð Î � form (10.13)and M Î/Ð ��Ô which is the
actualvaluefor theworstinput uncertainty, illustratesthattheboundin termsof RGA is generallynot
tight, but it is neverthelessveryuseful.

2. Inversebasedfeedback controller:� K�èJé FlËÌH * ê @Ë ; >A@ FlËÌH * ê @ F Í Ë V e HË P b Ð �JÓ�Ó Ò X b Ð �/e Ò Ób Ð �JÓ Ò � X Ð ��MJbJb _ d ê @ *ëb ÐÙÏ ß ìíã�î >g@ à
Thepeakvaluefor thelowerboundin (10.30)is Ñ/Ð Î e for

× *ïb ÐÙÏ Ó . As a comparison,theactualpeak
valuewith theinverse-basedcontrollerwith 20%gainuncertaintyis (Skogestadetal., 1988)

1J� 4 1 L * ððððð
ñ 0 V b ÐÙÏË ; P e Ð M b Ð Î _ ; >A@
ò >g@ ððððð L *¢e Ò¨Ð M/e

andoccursfor
× *�b Ð Ñ Ó . ThedifferencebetweenÑ�ÐÙÏÇÑ and e Ò{Ð M illustratesthat theboundin termsof

theRGA is generallynot tight, but it is neverthelessveryuseful.

Next we look at theupperbounds.Unfortunately, in this case
jAó' Fl;mH * jgó� F#��HiØ e Ò e ÐÙÏ , so the

upperboundin (10.26)and(10.27)arenot very useful(they areof magnitudee Ò e ÐÙÏ , at high frequen-
cies).
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Figure10.2:Boundsonsensitivity functionfor distillationcolumnwith DV configuration,lowerboundý @ from (10.30),upperboundsþ @ from (10.28)and þ 7

from (10.26)

3. Diagonalfeedback controller:�Ãÿ K�� FlËÌH * ê 7ÇF Í Ë V e HË P e bb X e _ d ê 7 * M Ð&Ò Ú�e\b > 7 ß ìíã�î >A@ à
We have

j F#� ÿ K�� H * jgó� F#� ÿ K�� H * e sinceboth loops are tunedequally. Tight upperboundson
perturbedsensitivity functionsare thereforeprovided by (10.24),(10.25)and (10.29). We find that
theactualpeakin theperturbedsensitivity function is

1J�^4]1 L *·e Ð b�Ô for
× * e Ð �Jbíß � äJá f ìíã�î à when< 'i* á¨ã�äEå¨æEb Ð M)d X b Ð Mrç , whereasthepeaksin theupperbounds(10.24),(10.25)and(10.29)areall e Ð M Ñ

for
× *cb Ð Ô Ñ ß � äJá f ìíã�î à .

EXAMPLE 10.2 DISTILLATION COLUMN, DV-CONFIGURATION. In this examplewe considerthe
following modelof adistillationcolumnwith DV configuration,alsotakenfrom Skogestadetal. (1988); * ; � Ê�FlËÌH * eÍ Ë V e P X ÎrÏ)Ð Î e Ð&ÒX e\b Î/Ð M X e Ð&Ò _ d D=Fl;mH * P b Ð&Ò�ÒrÎ b Ð Ô�ÔJMb Ð Ô�ÔJM b Ð&Ò�ÒrÎ _ (10.32)

We have that
1\DCFG;�F�ÖE×~H
HJ13K�L *`e ,

j ó FG;IH�Ø e Ð bJb and
j ó' FG;IH Ø e Ð eJe and

j Fl;IH(Ø Ï b ÐÙÏÇÑ andj ó� Fl;IH?Ø Ñ Ó Ð M Ò at all frequencies.We do not expectproblemswith input uncertaintyandtherefore
designaninversebasedcontroller, similar to theoneconsideredby Skogestadet al. (1988). Thecon-
troller is

� K�è�é FlË\H * � [ù ; >A@ FlËÌH d ê @ *cb ÐÙÏ ß ìíã�î >A@ à . Sinceweuseaninversebasedcontrollerwehavej Fl�ÄH * j Fl;mH
, and

j ó� F#��H * j ó' Fl;mH
. Also since

j Fl;IH
is muchlarger than

j ó' Fl;mH
we find that the

boundsin (10.23)and(10.24)aremoreconservative thantheboundsin (10.26),(10.27),(10.28)and
(10.29). In Figure10.2we show the lower boundgiven by (10.30)andthe two upperboundsgiven
by (10.26)and(10.28)for two differentuncertaintyweights.Fromthesecurveswe seethat theupper
bounds(denotedþ @ and þ 7

) canbeclosein somecases,andconcludethatthesystemis robustagainst
inputuncertainty.

10.6 Conclusionson robust performancewith input uncer-
tainty

Thesensitivity to modeluncertaintyis reducedby applyingfeedbackcontrolratherthanfeed
forwardcontrol.We find for feedbackcontrolthatplantswith largeRGA-elementsarediffi-
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cult to controldueto sensitivity to diagonalinputuncertainty. Thesituationis notquiteasbad
asfor feedforwardcontrol,becausecontrolproblemsareexpectedonly if theRGA haslarge
elementscloseto thecrossover region (where Ä � µ�� ¹ is about1 in magnitude).For example,
with integral control, largeRGA-elementsin theplantat steady-statedo not by themselves
poseany limitation on performancefor feedbackcontrol (but they do for feedforwardcon-
trol). Our conclusionson input minimizedconditionnumber, conditionnumberandRGA
aresummarizedbelow. Thestatementsapply to the frequency-rangearoundcrossover. By
“small’, wemeanabout á or smaller. By “large” wemeanabout �J� or larger.

1) Conditionnumber’s ¿µÍ¼Á¹ or ¿ÀµÈÇd¹ small:Robustto bothdiagonalandfull-block input
uncertainty.

2) Minimized conditionnumber’s ¿ ËÌ µÍ¼\¹ or ¿ ËÕ µÈÇd¹ small: Robust to diagonalinput un-
certainty. Notethatadiagonalcontrollerhas¿ ËÕ µ¦ÇÊ¹�º¯� .

3) RGA µ¦¼Á¹ haslarge elements:Inverse-basedcontrolleris not robust to diagonalinput
uncertaintyandshouldthereforenot beused(sincediagonalinput uncertaintyis un-
avoidable). Furthermore,a diagonalcontrollerwill most likely yield poor nominal
performancefor a plant with large RGA-elements,so we concludethat plantswith
largeRGA-elementsarefundamentallydifficult to control.

4) ¿ ËÌ µÍ¼Á¹ is largewhile at thesametime theRGA hassmallelements:Cannotmake any
definiteconclusionaboutthe sensitivity to input uncertaintybasedon the boundsin
thispaper.

The resultsalsoapply to unstableplants ¼ , however, the proofsare thensomewhat more
complicatedthanshown in thispaper.
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Appendix A Proofsof the results

Proofof Theorem10.1. Sincethetwo-normis largerthanthemagnitudeof any of theelementswehave
for any � , �
	�� ' 	����������� ß 	�� ' 	 �� à���� �
To get the leastconservative resultwe selectelementß 	�� ' 	 �� à ��� which hasthe largestmagnitude.
By using(10.11)and ���=* � � ' � � � ! �#"%$'& , weget( 	�� ' 	 ��*) �+� * ,-�#. �%/ � �10 	32�� � '�� � � ! �4"%$ & * ,-�#. � � / � �10 	32��65�� � ' � � �
The last equalityfollows sincewe arefree to adjustthe phaseof ��� ( 78�9� ) to get the largestpossible
sum.Notethat

� � ' � � � scalesall elementsin column: of ; . Whenmaximizingoverall rows � , weget<>=6?� � ( 	�� ' 	 �� ) ��� � � * <>=6?� ,-�#. � � / � �10 	32��@� � ' � � � * � ;A0 	32B�DC ' �E� �+F
andtheresultfollows. G
Proofof (10.19). WehaveH�I 	�J'K * HAI 0 H�I ��LM2N	�K *O0 HAI �PLM	�K 0 H�I 	3KQ2 �� 2 0 H�I 	�KQ2 *�0 H�I ��LSR�2 0 HAI 	�KQ2

G
Proofof (10.20). WehaveHAI 	�J�K * H�I 	 0 H�I � ' 2*K * 	 0 H�I 0 H�I � ' 2NKT	U2N	 ��

* 	 0 H�I � ' R ' 2 0 H�I KT	U2V	 ��W X4Y Z[�\%] ^ '4_ [a`8b * 	 0 HAI � ' R ' 2N	 �� 0 H�I 	3KQ2
G
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Proofof (10.21). Startfrom
HcI 	 J K * HcI 	 0 HdI � ' 2*K andfactorout 0 HBI 	3KQ2

to theleft to obtainHAI 	AJ�K * 0 H�I 	3KT2 0 HAI 0 H�I 	�KQ2 �� 	3� ' KQ2
* 0 H�I 	3KT2 0 HAI 	�K 0 H�I 	3KT2 ��W X#Y Ze K �� � ' KQ2
* 0 H�I 	3KT2NK �� 0 H�I KQ	 0 H3I KQ	32 ��W X4Y Ze6f � ' 2NK

G
Proofof (10.22),(10.23)and(10.24). Apply singularvalueinequalitiesto (10.19)andto thelastidentity
in (10.20)and(10.21). G
Proofof (10.25). Set

KT� ' K �� * � ' in (10.21)first identityto obtain g J *�0 HcI RA� ' 2 �� g andapply
singularvalueinequalities. G
Proof of (10.26)and (10.27). Since

� ' and
R ' arediagonal,we have

� 'Ã*ih � 'jh �� *kh �� � 'jh
and

R '.*lh R '�h �� *mh �� R '6h for any diagonalmatrix h . Then(10.20)first identitycanbewritteng J * gn0 HAI 	�� ' 	 �� RA2 �� *ogn0 HAI 0 	 h�' 2*� '@0 	 h�' 2 �� RA2 ��
* gn0 	 h�' 2 0 H�I � 'jh ��' R 'ph�' 2 �� 0 	 hÃ' 2 ��* gn0 	 h�' 2 0 H�I � ' R ' 2 �� 0 	 h�' 2 �� (10.33)

Since(10.33)appliesto any diagonal hÃ' , (10.26)follows by applyingsingularvalueinequalitiesto
(10.33).Similarly (10.27)follows from (10.21). G
Proofof (10.28)and(10.29). Apply singularvalueinequalitiesto secondidentity in (10.33),similar for
(10.29)form equivalentequationwith controller. G
Proofof Proofof Theorem10.2. Write thesensitivity functionasg J *q0 H�I 	�J'KT2 �� *lg 	 0 H�I � ' R ' 2 �� 	 �� *og 	 h 	 ��jr � 'i*ms1t =vuEw �4xzy
Since,h is adiagonalmatrix,wehavefrom (10.11)thatthediagonalelementsof g J aregivenin terms
of theRGA of theplant

	
as{ J �+� * { ,-x . � / � x6|Ex~} |Ex�0 { 2 * �� I�� 0 { 2 �4x�0 { 2 }�;k* 	O� 0 	 �� 2 e

(10.34)

The singularvalue of a matrix is larger than any of its elements,so �� 09g J 2�� <�=6? � � { J ��� � , and the
objective in thefollowing is to choosea combinationof inputerrors ��x suchthattheworst-case

� { J �+� � is
aslarge(poor)aspossible.Consideragiven � andwrite eachtermin thesumin (10.34)as/ � x6|Ex * / � x� I�� ��x * / � xP� / � x � �4x� I�� ��x (10.35)

We chooseall ��x to have the samemagnitude
� � '~0�:6� 2j�

, so we have �4x10�:�� 2 * � � ' � ! �#"%$�� . We also
assumethat

� � ��x ��� � at all frequencies,suchthat thephaseof � I�� �4x lies between���
�@� and �
�z� .1
1Theassumption� ��� x ����� is not includedin thetheoremsinceit is actuallyneededfor robuststability, so if it

doesnotholdwemayhave ���� � J¢¡ infinite for somealloweduncertainty, and(10.30)clearlyholds.



242 CHAPTER10. THE USEOFRGA AND CONDITION NUMBER.. .

It is thenalwayspossibleto select7n��x (thephaseof ��x ) suchthat the last term in (10.35)is realand
negative,andwehaveateachfrequency with thesechoicesfor ��x{ J ���{ * ,-x . � / � xv|1x=* � I ,-x . � � / � x ��5~� � ��x �� � I�� �4x � � � I ,-x . � � / � x �65~� � ' � �� I � � ' � � * � I � � ' � �� I � � ' � � ,-x . � � / � x � (10.36)

wherethefirst equalitymakesuseof thefactthattherow-elementsof theRGA sumto 1, ( £ , x . � / � xI*� ) andtheinequalityfollows,since,
� ��x � * � � ' � and

� � I¤� �4x �~¥ � I � � ��x � * � I � � ' � � . Thisderivation
holdsfor any � (but only for oneat a time),and(10.30)followsby selecting� to maximize£ , x . � � / � x �
(themaximumrow-sumof theRGA of

	
). G



Chapter 11

Conclusionsand dir ectionsfor futur e
work

11.1 Discussion

Themainobjectivewith this work hasbeento providenew resultsandtoolswhich canhelp
to reducethegapbetweencontroltheoryandprocesscontrolapplications.Thishasbeenand
still is a challengingtask. Theapproachtaken is to obtaingoodinsightsinto linearsystem
andcontrol theory, andto look for “relatively simple” but relevantpracticalprocesscontrol
problemswhichactuallycanbesolvedanalyticallyby applyingtheinsightsobtained.Unfor-
tunately, mostengineerswill regardthis thesisastheoreticalandmany mayhave problems
with seeingthepracticalimplicationsof theresultsgivenin thisthesis.Therefore,muchwork
hasbeenput into examplesandcasestudiesto exemplify andillustratetheuseof theresults,
with theconsequencethatthethesisis ratherlong.

Thedirectionalitiesof zerosandpolesin multivariablesystemsarestudiedin Chapter2.
Thechaptershowshow thedirectionalityof zerosandpolescanbecomputedfrom eigenvalue
problems.Thesedirectionsareusedin thefactorizationsof RHP zerosandpolesin multivari-
ablesystems(AppendixA), to quantify theperformancelimitations imposedby RHP zeros
andpolesin multivariablesystems(Chapters3–5),andto quantifytheminimuminputenergy
( ¦�§ -norm)neededto stabilizea plantwith oneunstablemode.It is theauthorsopinionthat
theseconceptshave importantrolesto play bothin linearsystemandcontroltheory. Rosen-
brock(1966;1970)andKalman(1966)bothnotedthatstatecontrollabilityandobservability
containinformationaboutthephysicalstructure.Thisstructuralinformationis alsoreflected
in thedirectionalityof thepoles.However, thesameis not truefor themorecommonlyused
rank testsfor statecontrollability andobservability. The usefulnessof conceptslike state
controllability andobservability in control structuredesign,is thussignificantly improved
whenintroducingthe directionalityof thepoles. However, the authornotesthesimilarities
betweenthepoledirectionsandtheway of analyticallysolvinglineartime invariantdynam-
ical initial valueproblemsin termsof eigenvaluedecomposition.Furthermore,new results
on thecontrollability of repeatedpolescanbestatedin termsof thepoledirections,andthe
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practicalsignificanceof thesearedemonstratedin thedistillationDB-configurationexample
in Chapter6.

Chapters3–5studytheperformancelimitationsimposedby RHP zerosandpolesin mul-
tivariablesystemsby deriving lowerboundsonthe ¦�¨ -normof variousclosed-looptransfer
functions.Commonto all theboundsis that they dependon interpolationconstraintson the
sensitivities or complementarysensitivities, which must (for internalclosed-loopstability)
applyif theplanthasa RHP-zeroor a RHP-pole.Theuseof interpolationconstraintto derive
a lower boundon the ¦�¨ -norm of a closed-looptransferfunction wasfirst consideredby
Zames(1981),who deriveda lower boundon theweightedsensitivity whentheplanthasa
RHP-zero.

In Chapter3 theperformancelimitationsarequantifiedin termsof peaksin thesensitivity
andcomplementarysensitivity functions.Theadvantageswith theexpressionspresentedin
this thesiscomparedto earlier work, are that they caneasily be evaluatedin a computer,
direct insightsto the limitationscanbeobtainedfrom theexpressionsandthedirectionality
of zerosandpoles,andthe expressionsaregiven in termsof algebraicratherthanintegral
relations.Oneadvantagewith theearlierwork involving sensitivity integral relationsis that
they generalizethemoreclassicalBode’ssensitivity integral.

Chapters4 and5 presentlowerboundson ¦�¨ -normof generalclosed-looptransferfunc-
tions,whentheplanthasoneor moreRHP zerosor poles.Theauthorhasnotseenany results
similar to theseandwith the samegeneralitypresentedearlierin the control literature,and
it is believed that the derived boundshave large engineeringimplications. Theseimplica-
tions involve quantifyingtheeffect of disturbancesandmeasurementnoiseon performance
measuredbothat theinputandat theoutputof theplant.This meansthatonecansaysome-
thing aboutthe achievablecontrol performancewithout actuallydesigningthe controllers.
If the lower boundsarelarge thenonecanconcludethatgoodcontrolperformancecannot
beachieved,irrespective of thecontrollerdesigned.Oneimportantapplicationof the lower
boundsis thatonecanquantify theminimuminput magnitudesrequiredfor stabilizationin
thepresenceof disturbancesandmeasurementnoise.Thecontrollersderivedin thesechap-
tersmaynotbeappliedin practicalcases,however, theimportanceof thesecontrollersis that
they provethatthelowerboundsaretight. A consequenceof thelowerboundsbeingtight, is
thatonecanconcludethat thereareno otherfactors1 thanRHP zerosandpoleswhich limit
theachievablecontrolperformance.

Mostof theresultsin thisthesis(excepttheresultsin Chapter6 onstabilizingcontrolwith
minimuminput energy) on performancelimitations in multivariablesystems,arequantified
usingthe ¦�¨ -norm.Someresultsusingthe ¦�§ -normratherthanthe ¦�¨ -normaregivenin
(Morari andZafiriou,1989).Theauthornotesthatthe“advantage”with the ¦�¨ -normrather
thanthe ¦�§ -norm,is thatthe ¦�¨ -normonly involvestheworstcasefrequency, whereasthe¦�§ -norminvolvestheintegral overall frequencies.This advantagemakesit easierto obtain
resultsusingthe ¦�¨ -normratherthanthe ¦�§ -norm.Of course,if theresultsusingthe ¦�¨ -

1In this thesiswe considerlinear time invariantdynamicalsystemswhich canbedescribedby rationaltransfer
functionmatrices(or by state-spacedescription).This doesnot includetime delayswhich alsolimit theachievable
control performance.However, by usingthe Pad́e approximationfor the time delay, the performancelimitations
imposedcanbequantifiedusingtheresultsgivenhere.
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normshallbeapplicable,they mustallow weightsto beincluded.In general,onecoulduse
any normto quantify theperformancelimitationsimposedby instability andnon-minimum
phasebehavior.

In Chapter6 thefocusmovesfrom theimplicationsof RHP zerosandpolesin multivari-
ablesystemsover to themorepracticalproblemof controlstructuredesign.In this chapter
theminimuminput usageneededfor stabilizationis quantifiedboth in termsof the ¦�§ and
the ¦�¨ norms.Theresultsinvolving the ¦�¨ -normrelatenicely to theboundsin Chapters4
and5 onperformancelimitationsimposedby RHP zerosandpolesin multivariablesystems.
Resultsdirectly applicableto control structuredesign,arepresented.Themain advantages
are that theseresultsare basedon theoreticalconsiderationsand can easily be quantified
mathematically. In general,thedifferencebetweenthe ¦�§ andthe ¦�¨ normscanbeinfinite.
However, for SISO controlminimizing the input usagefor a plantwith oneunstablemode,
thesenormsarecloselyrelated. It alsoturnsout that thebestinput andthe bestoutputare
independentof thenorm. This chapteralsocontainsseveralrealisticexampleson theuseof
thepolevectorsin controlstructuredesign.Amongothers,anunstablechemicalreactor, the
TennesseeEastmanproblemandthedistillationcolumnDB-configuration,areconsidered.

Chapters7–9 dealwith partial control, its relationto indirect andcascadecontrol, and
implicationson control structuredesignon the regulatorycontrol layer. In particular, two
approachesfor selectingsecondarymeasurementsfor indirectandcascadecontrol,aregiven.
Somenew insightsinto thetrade-off betweenrejectingmeasurementnoiseanddisturbances,
areobtainedfrom theseresults.Chapter9 containsa realisticcasestudy, in which thetools
(derivedin Chapter8) for selectingsecondarymeasurementsin indirectandcascadecontrol,
areappliedto theproblemof selectingsecondarytemperaturemeasurementsfor indirecttwo-
point controlof productcompositionsin abinarydistillationcolumn.Furthermore,thetools
(derivedin Chapter7) for addressingthecontrollabilityof partialcontrol,areusedto analyze
indirectcontrolof productcompositionsby controllingtemperaturesat two selectedstages.

Chapter10presentsresultsquantifyingtheeffectof input andoutputuncertaintyonper-
formancein multivariablesystems.For now it is justnotedthattheeffectof inputuncertainty
onperformancemeasuredat theoutputof theplantis similar to theeffectof RHP-zeros.

Mathematicaldescriptionsof chemicalprocessplantsare in generalnonlinear. In this
thesis,nonlinearitiesareonly takeninto accountin simulationsandnot in theanalysis.The
reasonis that thereis a needfor conceptuallyandsimpletoolswhich caneasilybeapplied
in the analysisand to control structuredesign,and thesetools exist so far only for linear
systems.

11.2 Main contributions

Themaincontributionsof this thesisaresummarizedbelow:

Chapter 2 shows how to computethe zeroandpoledirectionsin multivariablesystemsin
termsof eigenvaluecomputations.Thesecondpart of the chapterdealswith statecontrol-
lability andobservability in termsof poledirections.RestatingthePopov-Belevitch-Hautus
eigenvectortestsin termsof the polevectors(directions)make the resultson statecontrol-
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lability andobservability moreusefulin controlstructuredesign.If theplanthasa repeated
modewith linearly independenteigenvectors,theresultsin Chapter2 canbeusedto identify
the minimum numberof inputsandoutputsneededto control the mode. Theseresultsare
alsoapplicableto two closelylocatedpoleswith (nearly)orthogonalpoledirections.

Chapter 3. Theresultsin Chapter3 quantify the fundamentallimitationsimposedby RHP

zerosandpolesin termsof lower boundson thepeaksin theweightedsensitivity andcom-
plementarysensitivity functions. Previously derived lower boundson the sensitivity func-
tion involvessensitivity integral relations.Theresultsgiven in this chapter, arederivedus-
ing algebraicratherthanintegral constraints.A tight lower boundon the ¦�¨ -normof the
weightedsensitivity is derived. This boundis similar to theboundspresentedin (Boyd and
Desoer, 1985)and(Chen,1993;Chen,1995).However, theboundspresentedin thischapter
extendtheboundsby Boyd andDesoer(1985)andChen(1993;1995)to thecasewherethe
plant © hasmorethanoneRHP-pole. A similar resultin termsof theweightedcomplemen-
tary sensitivity ª�«c¬>¯®@° for thecasewheretheplant © hasoneor moreRHP-polesandany
numberof RHP-zeros,arealsogivenin thischapter.

Chapter 4. Thebasisfor theresultsin this chapteris the importantwork by Zames(1981),
who madeuseof the interpolationconstraint±39²V°3³µ´ andthemaximummodulustheorem
to derive boundson the ¦�¨ -normof ± for plantswith oneRHP-zero. Subsequently, these
resultswereextendedto unstableplantswith oneRHP-poleandthento plantswith combined
RHP zerosandpoles(e.g.Doyle et al., 1992;SkogestadandPostlethwaite,1996).However,
thesegeneralizationsto unstableplantsdid not considertheinput usage,which involvesthe
closed-looptransferfunction ¶·± . In thischaptergenerallowerboundson ¦�¨ -normof SISO

closed-looptransferfunctionson theforms ¬¹¸ and ±º¸ aregiven. By applyingtherelation¶»±¼³½©¿¾MÀ#¬ , it is possibleto derive lower boundson theinput usage,by usingthegeneral
lower boundon Á�¬�¸Q¯®@°1Á ¨ with ¸�³Â© ¾MÀ . But when © is unstable(with RHP-pole Ã ),
then ¸Ä³Å©¿¾MÀ hasa RHP-zero for ®Æ³·Ã . Onecontribution of this work, is the ability to
includeRHP zerosandpolesin the“weight” ¸ . An additionalimportantcontribution is the
derivationof analytical ¦�¨ -optimalcontrollerswhich achievean ¦�¨ -normof theclosed-
loop transferfunction equalto the lower bound. One importantapplicationof the lower
boundsis to quantify the minimum input usageneededfor stabilizationin the presenceof
worstcasemeasurementnoiseanddisturbances.

Chapter 5 generalizestheresultsof Chapter4 to M IMO-systems.This chapterextendsthe
work of Zames(1981)andthework givenin Chapters3 and4,andquantifiesthefundamental
limitations imposedby RHP zerosandpolesin termsof lower boundson the ¦Ç¨ -normof
importantclosed-looptransferfunctions. Fromthe resultsin this chapter, lower boundson¦�¨ -normof otherclosed-looptransferfunctionsthansensitivity andcomplementarysensi-
tivity canbederived.Furthergeneralizationsinclude:

1) Multivariableweights.
2) Unstableandnon-minimumphaseweights.

An additionalimportantcontributionof thispaperis thatthelowerboundsaretight in a large
numberof cases.That is, analyticalexpressionsfor controllerswhich achievean ¦�¨ -norm
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of the closed-looptransferfunction (which is) equalto the lower bound,aregiven. Again,
oneimportantapplicationof thelowerboundsis to quantifytheminimuminputusageneeded
for stabilizationin thepresenceof worstcasemeasurementnoiseanddisturbances.

Chapter 6 considerscontrolstructuredesignusingtheinformationgivenin thepolevectors.
It is shown how the input andoutputpole vectorsarerelatedto the minimum input usage
neededto stabilizea plant with oneunstablemodeusinga SISO controller. Theminimum
inputusageis quantifiedbothin termsof the ¦�§ -norm(inputenergy) andthe ¦�¨ -norm.The
bestchoiceof oneinputandoneoutputfor SISO stabilizingcontrolis thesamefor bothnorms
andcorrespondsto theelementsin thepolevectorswith largestmagnitude.Stablebut slow
modeswhichneedto beshiftedfurtherinto theLeft Half Plane(LHP) usingfeedbackcontrol,
arealsoconsidered.Moving stableslow modesareaccomplishedwith modalcontrol, and
theresultsareinterpretedin termsof LinearQuadraticGaussian(LQG) control. Theresults
givenin thischapteraredirectlyapplicableto controlstructuredesign.

Chapter 7 introducesthecontrollabilitymeasures:partialdisturbancegain,partialreference
gainandthepartialgain for measurementnoise,to addressthecontrollability of a partially
controlledsystem.The partial disturbancegain is the sameasthe partial disturbancegain
introducedby SkogestadandWolff (1992). Therelative gainarray(RGA) andthesingular
valuedecomposition(SVD) areintroducedasusefultoolsto assistwhenselectinginputsand
outputsto beusedin partialcontrol.

Chapter 8 considersindirectcontrolandcascadecontrol. It is shown how thetrade-off be-
tweenmeasurementnoiseanddisturbancerejectionin indirectcontrolcanbeanalyzedusing
thetoolsderivedfor partialcontrol.Two simpletoolsfor selectionof secondarymeasurement
in indirectandcascadecontrolaregivenin thischapter.

Chapter 9 exemplifiestheuseof thetoolsderivedin Chapters7 and8. Theproblemconsid-
eredis to selecttemperaturemeasurementsto beusedin two-pointindirectcontrolof product
compositionsin a binarydistillation column.Thetrade-off betweenmeasurementnoiseand
disturbancerejectionis demonstrated.Also one-pointtemperaturecontrolis considered.

Chapter 10. Therelativegainarray(RGA) andconditionnumberarecommonlyusedtools
in controllabilityanalysis.New resultsthatlink thesemeasuresto controlperformance,mea-
suredin termsof theoutputsensitivity functionwith input andoutputuncertainty, aregiven
in thischapter.

11.3 Dir ectionsfor futur ework

Somedirectionsfor futurework include:

Chapter 2. Theinputandoutputzeroandpoledirectionscaneasilybedefined,andvaluable
insightsinto thegeometricalinterpretationsof zerosandpolescanbeobtainedby using
theSmith-McMillan form. Theauthorsuggeststo definethezeroandpoledirections
for rationaltransferfunctionmatricesusingtheSmith-McMillanform andto look into
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thework by Kwakernaak(1995),on polynomialmatrix methodsin linearsystemand
controltheory.

Chapters3–5. Extensionsto theresultson performancelimitationsimposedby RHP zeros
andpolesin linearsystems,mayinclude:

1) Improvedboundson Á@ÈÉ±Ê¸Q¯®z°�Á ¨ and Á
ÈÉ±SËz¸Q¯®z°�Á ¨ whichtakesinto account
morethanoneRHP-zeroa time.

2) Improvedboundson ÁzÈi¬�¸Q¯®@°1Á ¨ and Á
Èi¬SË~¸QÌ®z°�Á ¨ whichtakesinto account
morethanoneRHP-polea time.

3) Find analytical expressionsfor the controllerswhich achieve theseimproved
lowerbounds.

At the moment,it seemsdifficult to provide thesegeneralizationsfor multivariable
systems.However, someresultshave beenobtainedon minimizing the ¦Ç¨ -normof
the input usage(i.e. minimizing Á�¶·±3¯®@°1Á ¨ ³ Á
© ¾cÀ ¬>¯®z°�Á ¨ ) for SISO systems,
when the plant hasmore than one unstablemode. Although, theseresultsare not
reportedin this thesis.

4) The controllersgiven in Chapters4 and5, which prove tightnessof the lower
boundsaresimilar to thecontrollersobtainedby usingtheearlyinterpolationthe-
oreticmethods(Doyle, 1984),andit is alsorelatedto the polynomialapproach
of Kwakernaak(1986;1993;1996).Mainly dueto thelack of time,no attempts
have beenmadein this thesisto compareandutilize thesimilaritiesin theseap-
proaches.It couldthereforebewiseto gothroughtheearlierresultsto seeif some
benefitfrom theseapproachescanbeappliedin theapproachgivenhere.

5) Findanalyticalcontrollerswhichminimizethe ¦�¨ -normof stackedclosed-loop
transferfunctions,for examplefind ¶¼¯®@° whichsolves:

Í¤Î�ÏÐ¹Ñ'Ò�Ó ÔÔÔÔ Õ ±3¯®z°¶»±UÌ®z°EÖ ÔÔÔÔ ¨
Chapter 6. Several attemptshave beenmadeto generalizeand to interpretthe resultson

moving (stabilizing)morethanoneunstablepoleusingSISO controller, however, these
arestill openissuesfor research.

Chapter 8. Relatetheresultsin Chapter8 to optimizingcontrolusinga standardquadratic
criterionfrom optimalcontroltheory.

Chapter 10. A straightforwardextensionof the work in Chapter10, would be to consider
outputuncertaintyandmeasuretheperformanceat theinputof theplant.

As notedin thediscussion,this work quantifiestheperformancelimitations imposedby in-
stability andnon-minimumphasebehavior usingthe ¦Ç¨ -norm. In general,onecould use
any normfor this quantification.Oneparticularsystemnormwhich hasgainedsomefocus
lately, is the × À -norm(inducedinfinity norm).Furtherwork canbeto quantifythelimitations
imposedby instabilityandnon-minimumphasebehavior usingthe × À -norm.
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A.1 Intr oduction

Theobjectivewith thispaperis to deriveanalyticalstate-spacerealizationsfor factorizations
of zerosandpolesin multivariablesystemsinto Blaschke products.Factorizationsof zeros
andpolesboth on the input andthe outputaregiven. Thesefactorizationscanbe usedon
any zerosand poles(both in the openLeft Half Plane(LHP) and in the openRight Half
Plane(RHP)) of a rationaltransferfunctionmatrix (whichcanbenon-square).However, the
benefitof applyingthemto zerosandpolesin the openLHP seemsto be limited sincethe
factorizationsgiventhenintroduceszerosandpolesin theopenRHP in therepresentationof
thefactorizedplant.So,our usehave beenrestrictedto factorizezerosandpolesin theopen
RHP, seeChapters3–5.We will thereforewrite this text assumingthatthefactorizationsare
appliedto zerosandpolesin theopenRHP.

The main propertyof the factorizationsis that the factorcontainingthe singularpoints
(thezerosor poles)hasall exceptonesingularvalueequalto onefor all valuesof ® in the
complex plane,andfor complex numbersontheimaginaryaxis( ®�³ÞÝEß ) thefactoris all-pass
(hasall singularvaluesequalto one). This propertyis usedextensively in the Chapters3–
5, wherethe factorizationsareusedto derive lower boundson the ¦�¨ -norm of important
closed-looptransferfunctions. Someadditionalusefulpropertiesof the factorizationsused
in Chapter5 arealsogivenin thispaper.

An alternative to the factorizationsof RHP-zerospresentedin this paperis the “inner-
outer”factorizationusedin (MorariandZafiriou,1989,page303andgivenin Theorem12.6.4
on page309). However, this factorizationis givenin termsof a stabilizingsolutionto anal-
gebraicRiccatiequation,sotheconnectionto thezerodirectionsarenot obvious. Also this
factorizationis all-passfor complex numberson the imaginaryaxis,however, for complex
numbers®>à»áÊâ and ®¿à�á ¾ morethanonesingularvalueis differentfrom one.Whenus-
ing thesefactorizationsin thederivationof thelowerboundsonthe ¦�¨ -normonclosed-loop
transferfunctions,theboundsderivedweregenerallynot tight.

Factorizationsof RHP-zeros/polesin Single Input SingleOutput (SISO) into Blaschke
productshave beenusedextensively in the control literature. Factorizationsof RHP-zeros
in Multiple Input Multiple Output(M IMO) have alsobeenknown for a period(Wall et al.,
1980;Zhouet al., 1996),andfactorizationsof RHP-polesin M IMO-systemsobtainedfrom
zerofactorizationsof theinverseplant © ¾cÀ have beenusedby Chen(1995).However, ana-
lytical state-spacerealizationsof factorizationsof RHP-polesin termsof thepolesandpole
directionshaveto ourknowledgenotbeenpresentedin theliteraturebefore.Themainreason
for thismaybethelackof properdefinitionsof poledirections.

Themainresultin thispaperis toprovidethesestate-spacerealizationsfor factorizationof
RHP-polesinto Blaschke products,andto prove someof thepropertiesof thefactorizations.
All factorizationsgivenin thispaperareapplicableto non-squaresystems.

Theconceptsof zerosandpolesandtheir directionsin multivariablesystemsareessen-
tial in this paper, andarethereforebriefly reviewedin SectionA.2. Thezero-directionsare
well known from the control literature,but the definitionsof pole-directionsmaybesome-
what moreobscure.Resultsregardingthe definitionsandcomputationsof pole directions
aregiven in Chapter2. SectionA.3 containsinput andoutput factorizationsof zerosand
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poles.SectionA.4 looksat thefactorizationsasoperationswhichcanbeappliedto arational
transferfunctionmatrix,andrevealsomeof thepropertiesof theseoperations.

For simplicity we will assumethroughoutthepaperthat thezerosandpoleser distinct,
i.e. multiplicity one. All the proofsaregiven in SectionA at the endof the paper. This
appendixcontainsthebackgroundmaterialfor Chapters3–5.

Notation. We considerlineartime invariantsystemsonstatespaceformãä ³qå äçælè>é (A.1)ê ³ìë äçælíQé (A.2)

whereåÉà�îºï�ð%ï , è à�îÊï�ð�ñ , ëòàóîºôÌðõï and í à�îºô*ðõñ , ö is thenumberof states,× is the
numberof outputsand ÷ is thenumberof inputs.Theshort-handnotation©É³ Õ å èë í Ö (A.3)

for (A.1)–(A.2)is frequentlyusedto describeastate-spacemodelof asystem© . Thetransfer
functionof © definedby (A.3) canbeevaluatedasa functionof thecomplex variable ®øà�á©Q¯®@°n³ìëQ¯®�ù�ú·åû° ¾cÀ èüæoí (A.4)

Weoftenomit to show thedependenceon thecomplex variable® for transferfunctions.
We usetheletter é to denoteinput directionsandtheletter ê to denoteoutputdirections.

ThesubscriptsÃ and ² areusedto distinguishthepoledirectionfrom thezerodirection. If
therearemorethanonezeroor onepoleweuseanadditionalsubscriptto denotethedirection
of that particularzeroor pole. For the statedirectionsthe letter ä is usedwith subscript²
or Ã asabove. To distinguishinput statedirectionfrom theoutputstatedirectionwe usean
additionalsubscriptý for inputor þ for output.

With the termdirectionwe meana unit basisvectorfor thedirection. Whenwe usethe
termvectorthelengthis generallynotnormalized.For example,theterm“input polevector”
denotesa vectorin á8ñ andthelengthof this vectoris generallynot equalto one.Theterm
“input poledirection” (a vector)is usedto denotethesamedirectionastheinputpolevector
but thelengthof thevectoris normalized.

A.2 Zerosand polesin multi variable systems

For amoredetaileddiscussionof zerosandpolesin multivariablesystemsreferto Chapter2.

A.2.1 Zeros

For asystem©Q¯®@° with state-spacerealization ÿ�� �� � �
, thezeros² of thesystem,theinput

zerodirectionsé�� andthe input zerostatevectors � �
	 à�á ï canall becomputedfrom the
generalizedeigenvalueproblemÕ åOúm²�ù èë í Ö Õ � �
	é�� Ö ³ Õ��� Ö (A.5)
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Thescalingof thevector
(� e� ��� e� )

in (A.5) is importantfor theexpressionsin thefactoriza-
tions.Thevectoris scaledsuchthat é�� is normalized,i.e. é��� é�� ³½´ .

Similarly, onecancomputethezeros² , theoutputzerodirectionsê�� andtheoutputzero
statevectors� ��� à�á8ï throughthegeneralizedeigenvalueproblem� � ���� ê ���� Õ å�úm²�ù èë í Ö ³ � � � � (A.6)

wherethevector
(������ � �� )

is scaledsuchthat ê �� ê�� ³ ´ . By takingthetransposeof (A.6)
oneobtains Õ å « ú»²�ù ë «è « í « Ö Õ �� ����ê�� Ö ³ Õ �� Ö (A.7)

wherethebar
� !
denotesthecomplex conjugate.Fromthisweseethattheinputzerodirections

of thetransposedsystem© « areequalto theconjugateof theoutputzerodirectionsof © . In
MATLAB thegeneralizedeigenvalueproblem(A.6) canbesolvedvia thetransposedproblem.

A.2.2 Poles

For a system©QÌ®z° with minimal state-spacerealization "$# %& ')( theinput  é+* ° andoutput ê,* ° poledirectionsfor adistinctpole Ã canbecomputedfrom1 (seeChapter2)é-* ³ è � ä.*/	10 Á è � ä+*/	 Á §32 ê/* ³ìë ä+*4�50 Á6ë ä+*4� Á § (A.8)

wherethe input polestatedirection ä.*/	 àlá8ï andtheoutputpolestatedirection ä+*4� àÞá8ï
aretheleft andtheright eigenvectorscorrespondingto thetwo eigenvalueproblemsä �*/	 åü³ ä �*/	 Ã 2 å ä+*4� ³mÃ ä+*4�
Wealsodefinetheinputandoutputstatevectorsfor poles� */	 ³ ä.*/	60 Á è � ä+*/	 Á §72 � *4�98Oä+*4�40 Ávë ä+*4� Á § (A.9)

Thenwe have that é-* ³ è � � */	 2 ê/* ³ìë:� *5� (A.10)

Theinputandoutputstatevectorsfor thepoleÃ areusedin thefactorizationsof polestogether
with the input andoutputpoledirections.For thecasewherethepole Ã is not distinct refer
to Chapter2.

A.3 All-pass factorizations of RHP-zerosand poles

A transferfunction matrix è ¯®z° is all-passif è «  úÆ®z° è Ì®z°�³ ù , which implies that all
singularvaluesof è  Ý1ßA° areequalto one.

1It requiresthatthemode; is observableandcontrollable,whichis thecasefor aminimalrealization.If themode; is notobservablethen
�7<4= �?>A@ , i.e. B �C<4= � B�D >E@ , andif themode; is notcontrollablethen

� � < =�F >A@ , i.e.B � � < =�F B�D >E@ .
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Gé H �
	 9©>° G © ñ 	 ¯®z° G ê©QÌ®z°
(a) Input factorizationof RHP-zeros

Gé © ñ � ¯®@° G H ��� 9©>° G ê©Q¯®@°
(b) Outputfactorizationof RHP-zeros

Gé H ¾MÀ*/	 9©�° G © Ò 	 ¯®@° G ê©QÌ®z°
(c) Input factorizationof RHP-poles

Gé © Ò � Ì®z° G H ¾MÀ*4� �©>° G ê©Q¯®@°
(d) Outputfactorizationof RHP-poles

FigureA.1: Structureof input/outputfactorizationsof RHP-zeros/poles

Righthalfplanezerosandpoles(zeros/polesin theopenrighthalf plane,áPâ ) of arational
transferfunction ©Q¯®@° canbefactorizedin eitherof thetwo Blaschkeproductslabeled“input
factorization”(subscriptý ) or “output factorization”(subscriptþ ) asfollows(seeFigureA.1)

Input Output

RHP-zeros: ©Q¯®@°n³ì© ñ 	 Ì®z° H �
	 9©Q¯®@°#° 2 ©Q¯®@°n³ H ��� 9©Q¯®@°#°�© ñ � ¯®z° (A.11)

RHP-poles: ©Q¯®@°n³ì© Ò 	 ¯®@° H ¾cÀ*/	 9©T¯®z°4° 2 ©T¯®z°n³ H ¾MÀ*4� 9©T¯®z°4° © Ò � ¯®@° (A.12)

where© ñ 	 , © ñ � – Minimum phaseversionsof ©QÌ®z° with the RHP-zerosmirrored acrossthe
imaginaryaxis.H ��� 9©�° , H �
	 9©�° – Stableall-passrationaltransferfunctionmatrices(all singularvaluesare
equalto ´ for ®Æ³ÞÝEß ) containingtheRHP-zeros(subscript² ) of ©QÌ®z° .© Ò 	 , © Ò � – Stable(subscript® ) versionsof ©Q¯®@° with the RHP-polesmirroredacrossthe
imaginaryaxis.H *4� 9©�° , H */	 9©�° – Stableall-passrationaltransferfunctionmatrices(all singularvaluesare
equalto ´ for ®Æ³ÞÝEß ) containingtheRHP-poles(subscriptÃ ) of ©T¯®z° asRHP-zeros.

A REMARK ON NOTATION. Thefilters I � F 0KJ 2
, I �6� 0KJ 2

, I =�F 0KJ 2
and I = � 0KJ 2

representfactorizations
of all RHP-zeros/polesin the rational transferfunction J . The filter is of coursedependenton the
RHP-zeros/polesandtheir input/outputdirectionsin J . This is reflectedin thenotationIML�LV0NJ 2

, whereO-OQP wSR4T r R/U r3V T r3V U y . On the other hand,the filters are rational transferfunction matricesand
are thereforefunction of the complex variable { . A strict notationwould be IML�L-WKJ r {YX , which we
simplify to IMLYLZWKJ[WN\ X6X . As thereadermayhave noticed,we sometimesavoid to show thedependency
of complex variable \ , and write IML�L]WNJ X instead. When we want to evaluatethe rational transfer
functionatacomplex number̂ for thecomplex variable\ , i.e. \�*_^ , weusethenotationIML�L-WKJ X4` a6b.c .
When the focus is on the rational transferfunction containingthe RHP-zeros/polesand someof its
propertieswhichareindependentof thezeros/polesandtheirdirectionswewrite IdWK\ X . To summarize,
thenotationis twofold:

1) Operator:IML�LZWNJ[WK\ X6X is usedto denotethefactorizationof RHP-zeros/polesin J . In thesecasesIML�L]W1e X may be viewed asoperators,andfor example I � F WKJ X , meansfactorizethe RHP-zeros
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of J into theall-passrationaltransferfunctiondenotedI � F WKJ X . Someof thepropertiesof the
operatorsaresummarizedin SectionA.4.

2) Therationaltransferfunctionmatrix IMLYL]WKJfWK\ X6X : Sometimesthesingularpointsandthedirec-
tionsareof minor importance,in thesecaseswewrite IdWK\ X .

In a similar way Wge X6h F , W1e X1h � , Wge X a F and Wge X a � maybothdenotethe operatorswhich return“minimum
phase”or “stable” versionsof a rationaltransferfunction,wherethe RHP-zerosor the RHP-polesare
factorizedeitherat the“input” or at the“output”.

WhenfactorizingRHP-zeros,thefilters
H ��	
iNjlk and

H ���]iNj�k consistof m � ( m � is thenumber
of RHP-zeros)seriesconnectedfirst orderfilters

H 	�ign5k of size oqpro , eachfactorizingone
RHP-zero s 	 . If anoutputfactorizationis consideredthen outQv andif aninput factorization
is consideredthen owtyx . In asimilarmanner, whenfactorizingRHP-polesthefilters

H */	�iKjlk
and

H *4�]iNjlk consistof m * ( m * is thenumberof RHP-poles)seriesconnectedfirst orderfiltersH 	
ign�k of size ozp{o eachfactorizingoneRHP-pole | 	 .
A.3.1 All-passfilter }�~4�C�
The generalfilter

H ign5k describing
H���� iNjlk , H���� iKjlk , H * � iKjlk and

H * � iNjlk and someof it’ s
propertiesaresummarizedin LemmaA.1.

G H�� ign5k G H?� i�n�k G H�� i�n�k G
H i�n�k

FigureA.2: All-passfilter

LEMMA A.1 (ALL-PASS FILTER). Let � �������
, � �����3�

with �-�� � � t�� , ��� � ���/�/�/�Y�
m ,
andlet thefilter

H ign5k bedefinedas(seeFigureA.2)H ign5k t H�� i�n�k H��������/�/��H�� ign5k t ���7���¡ £¢ H����¤� ign�k where (A.13)¥ � ign5k t ¦¨§ª©�«�¬ i � � knd¯®� � � � � �� (A.14)

Considerthefactor
¥ � ign�k in

¥ ign�k :
1)

¥ � ign�k has o¨§�� eigenvaluesequalto oneandtheremainingeigenvalueis° � i ¥ � ign5k±k t n §²� �n?Q®� � (A.15)

2)
¥ � ign�k has o¨§�� singularvaluesequalto oneandtheremainingsingularvalueis³ � i ¥ � ign5k±k tµ´ ° � i ¥ � ign5k±k ´¶t ´ n §²� � ´´ n?Q®� � ´ t ·¸º¹ ³ i ¥ � ign5k±k¼» � for n �½� �®³ i ¥ � ign5k±k¼¾ � for n �½� �� for n tr¿ZÀ .

(A.16)
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3)
¥ � ign�k hasRHP-zero for n t¯� � with inputandoutputzero directions� � .

4)
¥ � ign�k hasLHP-polefor n tÁ§ ®� � with inputandoutputpoledirections� � .

Theinverseof
¥ ign5k is givenby¥ ��� ign5k t ¥ ���� ign�k ¥ ���� ign�k �/�/� ¥ ���� ign5k t ���¡ 7� ¥ �7�� ign5k where (A.17)¥ ���� ign5k t ¦  ©�«�¬ i � � kn §²� � � � � �� (A.18)

5)
¥ �7�� i�n�k has o�§r� eigenvaluesequalto oneandtheremainingeigenvalueis° � i ¥ �7�� ign5k±k t ndQ®� �n §²� � (A.19)

6)
¥ �7�� i�n�k has o�§r� singularvaluesequalto oneandtheremainingsingularvalueis³ � i ¥ �7�� ign5k±k tµ´ ° � i ¥ �7�� ign5k±k ´¶t ´ n?Q®� � ´´ n §²� � ´ t ·¸º¹ ®³ i ¥ ���� i�n�k±k?¾ � for n �A� �³ i ¥ ���� i�n�k±k?» � for n �A� �� for n tr¿�À .

(A.20)
7)

¥ �7�� i�n�k hasRHP-polefor n t¯� � with inputandoutputpoledirections� � .
8)

¥ �7�� i�n�k hasLHP-zero for n tÁ§ ®� � with inputandoutputzero directions� � .
Furthermore, a minimal realizationof

¥ ign5k has m RHP-zeros for n tµ� � and m LHP-poles
for n tÂ§ ®� � . Definethetwo rational transferfunctions¥ �9Ã Ä � � ign5k t ���Å ÆÄ � � ¥ � � Ä � �±��� ign5k t ¥ � ign�k ¥ ���7� ign5k �/�/� ¥ Ä � � ign5k (A.21)

¥ Ä,���
ÃÇ� ign5k t ÄS�7���Å 7� ¥ ÄS�¤� i�n�k t ¥ ÄS�7� ign5k ¥ ÄS��� i�n�k �/�/� ¥ � ign�k (A.22)

sothat ¥ ign5k t ¥ �9Ã Ä � � ign5k ¥ Ä ign5k ¥ Ä,���
ÃÇ� ign5k (A.23)

9) If
¥ ÄS�7�
ÃÈ� ign5k hasno RHP-zerosfor n tQ� Ä , thentheinputzero directionof

¥ ign5k for the
RHP-zero n t¯� Ä becomesÉ �Y  ÊgË t ¥ �7�ÄS�7�
ÃÈ� i � Ä k � Ä�Ì½Í ¥ �7�ÄS���
ÃÇ� i � Ä k � ÄÎÍ � (A.24)

10) If
¥ �9Ã Ä � � ign5k hasno RHP-zeros for n tµ� Ä , thentheoutputzero directionof

¥ ign5k for
theRHP-zero � Ä becomesÏ �Y £ÊgË t ¥ � ��9Ã Ä � � i � Ä k � ÄCÌAÍ ¥ � ��9Ã Ä � � i � Ä k � Ä�Í � (A.25)

11) If
¥ ÄS���
ÃÇ� ign5k hasno LHP-polesfor n tÐ§ ®� Ä , thenthe input poledirectionof

¥ ign5k for
theLHP-pole n tÁ§ ®� Ä becomesÉ+Ñ  ��7ÒÊ1Ë t ¥ �ÄS���
ÃÇ� i § ®� Ä k � Ä7ÌAÍ ¥ �ÄS�7�
ÃÈ� i § ®� Ä k � Ä�Í � (A.26)
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12) If
¥ �9Ã Ä � � ign5k hasno LHP-polesfor n tÁ§ ®� Ä , thentheoutputpoledirectionof

¥ i�n�k for
theLHP-pole n tÁ§ ®� Ä becomesÏ Ñ  ��7ÒÊgË t ¥ �9Ã Ä � � i § ®� Ä k � Ä7ÌAÍ ¥ �9Ã Ä � � i § ®� Ä k � ÄÎÍ � (A.27)

REMARK 1. In LemmaA.1 it is assumedthat ^�Ó�ÔÖÕ × , however, mostof thestatementsin LemmaA.1
still apply2 for ^�Ó�Ô�Õ . The main reasonfor the assumption̂�ÓfÔ�Õ¤× is that our useof the results
have beenrestrictedto ^�Ó7ÔØÕ × . If theassumptionis relaxedto ^�Ó7ÔØÕ thenit is possiblefor thefilterÙdÚ \YÛ to havebotha poleanda zeroat thesamelocation,for examplelet ^/Ü beacomplex numberwithÝ?Þ Ú ^/Ü�Û¼ßáà and ^YâäãQå�æ^/Ü thenthefilter

Ù�Ú \YÛ haszerosandpolesfor ^/Ü and å�æ^/Ü . If thosezerosand
polescancelin aminimal realizationor not,dependson thedirectionsçèÜ and ç5â .
REMARK 2. Theeigenvectorsof

Ù Ó Ú \SÛ equalsthesingularinputvectorswhichagainequalsthesingu-
lar outputvectors.Also notethatthesevectorsareindependentof frequency.
REMARK 3. Sincetheinputandoutputsingulardirectionsof

Ù Ó Ú \SÛ areequalit followsthatthereis no
rotationof thezeroandpoledirectionsfrom theinput to theoutputin

Ù Ó Ú \SÛ .
A.3.2 Right half planezeros

Input factorization of RHP-zeros.

éê Ù Ü é Ù â é Ù�ë�ì é¥ ��� iNjíi�n�k±k î h Ó é ï
î Ú \SÛ

FigureA.3: Input factorizationsof RHP-zeros

THEOREM A.1 (INPUT FACTORIZATION OF RHP-ZEROS). A systemj with m � RHP-zeross ���½� � , canbefactorizedin a minimum-phasesystemjfð � andanall-passfilter
¥ �
� iNjlkjíign5k t j$ð � i�n�k ¥ �
� iNjíign5k±k (A.28)jfð � hasall RHP-zerosof j mirroredinto theLHP, andit is givenbyj$ð � i�n�k tòñôó õlö÷ ø ù (A.29)

2Thestatementswhich generallydo not applywhen ú Ó�ûfü areitems9)–12),in additionthefollowing changes
areneeded:

1) In (A.16): ýþÆÿ�� Ó ÿ��������
	 if

��  ú Ó�� � û�ü ×
orú Ó � � û�ü�� and ýþ.ÿ�� Ó ÿ���������	 if

��  ú Ó¤û�ü × and � û�ü �
orú Ó û�ü�� and � û�ü ×

2) In (A.20): ýþÆÿ�� � ÜÓ ÿ���������	 if

��  ú Ó � � û�ü ×
orú Ó � � û�ü�� and ýþ ÿ�� � ÜÓ ÿ���������	 if

��  ú Ó û�ü × and � û�ü �
orú Ó û�ü�� and � û�ü ×

3) � Ó ÿ���� , � � ÜÓ ÿ���� and ��ÿ���� mayall havebothLHP andRHP zerosandpoles.
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where õlö can be calculatedby applying the following two formulas repeatedlyfor �_t���/�/�/���
m � ñ ó §²s � ¦ õ �N���÷ ø ù ñ��� ����É ��� ù tòñ �� ù (A.30)

õ � t õ �K�7� § ©�«�¬ i s � k �� �!� �É ��!� (A.31)

with thevector "$#%�&' � #ê &' �)( scaledsuch that �É ��!� �É �!� tª� , õ ¢ t õ and õlö t õ � ì .
The(all-pass)filter

¥ �
� iNj�k containstheRHP-zerosof j with thesameinput zero direc-
tions as in j . It hasall singular values ³ � ign�k and absolutevalueof all eigenvalues

° � ign5k
equalto onefor n t ¿�À . Thefilter hasthesameform asthegeneral all-passfilter givenin
LemmaA.1,andit is givenby¥ �
� iNjíi�n�k±k t ¥ � ì i�n�k ¥ � ì �7� ign5k �/�/� ¥ � i�n�k t � ì �����¡ £¢ ¥ � ì �¤� i�n�k (A.32)

where ¥ � ign5k ty¦�§ ©�«�¬ i s � knd ®s � �É �!� �É ��!� (A.33)

REMARK 1. Theexpressionsabovearevalid for all *�ÔzÕ . For thecasewith +-, Ú *¶Û/.ã10 thefactoriza-
tion yield complex realizationsof

Ù ' Ó Ú î Û .
REMARK 2. When

î
containsmorethanoneRHP-zero,differentsequencesof factorizationsyield the

sameoverall
Ù ' Ó Ú î Û and

î32 Ó , however, theindividualfilters
Ù Ó aredifferentdueto differentdirections.

As anexample,considera system

î
with two RHP-zeros*5Ü and *,â . Factorizingfirst *4Ü andthen *,â

yields
Ù ' Ó Ú î Û:ã Ù Ü Ú î Û Ù â Ú î Ù � ÜÜ Û and

î32 Ó . Factorizingin the oppositesequence45*,â56�*5Ü�7 gives8Ù ' Ó Ú î Û�ã 8Ù â Ú î Û 8Ù Ü Ú î 8Ù � Üâ Û and
8î92 Ó it then turnsout that

î32 Ó[ã 8î32 Ó and
Ù ' Ó Ú î Û�ã 8Ù ' Ó Ú î Û .

However,
Ù Ü:.ã 8Ù Ü and

Ù â;.ã 8Ù â .
Recursiveformulasfor themodifiedinputzerodirectionsandmodifiedinputzerostatevectors
for distinct zeros. The input zerodirections �É ��Ë changeas the factorizationproceed.The
input zero direction ( �É �=< ) of the first RHP-zero ( s � ) factorized,is equalto the input zero
directioncalculatedfrom (A.5), i.e. �É ��< t É �=<

. Let

É �!>
denotethe “original” input zero

directionfor the secondRHP-zero to be factorized,and j � the systemwith the first RHP-
zerofactorized.We thenhavej � ign�k ¥ � iNjíi�n�k±k t jzign�k ? j � ign5k t jíign5k ¥ �7�� iNjzign5k±k (A.34)�É �!> is theinputdirectionof thesecondRHP-zeroto befactorizedfor thesystemwith thefirst
RHP-zerofactorized,i.e. j � . We thenhavej � i s � k �É �!> t j ¥ ���� ´A@  £�!> �É �!>B C5D EÉ �!> t � (A.35)

whichgivesthe(normalized)modifiedinputzerodirection

�É �!> t ¥ � ´F@  £�!> É �!>GG ¥ � ´F@  £�!> É ��> GG � (A.36)
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To generalize,the ¿ ’ th (normalized)modifiedinputzerodirection �É �6Ë becomes

�É �6Ë t H ÄS�7��Å 7� ¥ Ä,��� ´I@  £�6Ë É ��ËGGG H ÄS����¡ 7� ¥ ÄS�¤� ´A@  £��Ë É �6Ë GGG � (A.37)

Note,wemustassumethattheRHP-zeross Ä aredistinctto usetheformula(A.37).
The recursive formulasfor the modified input zero statevectorsfollow from the first

equationin (A.30)andby usingthealreadycalculatedmodifiedinputzerodirection �É �6Ë from
(A.37). We get �� ��Ë tÁ§ i ó §²s Ä ¦ k ��� õ ÄS��� �É �6Ë (A.38)

providedthat s Ä is not aneigenvalueof ó .

Output factorization of RHP-zeros.

éê
î Ú�J Ûî32LK é Ù�ë�ì é Ù�ë�ì � Ü é Ù Ü é ïÙ ' K Ú î Ú�J Û6Û

FigureA.4: Outputfactorizationsof RHP-zeros

THEOREM A.2 (OUTPUT FACTORIZATION OF RHP-ZEROS). A systemj with m � RHP-
zeros s �$�á� � , canbe factorizedinto a minimum-phasesystemjfð � and an all-passfilter¥ ��� iNj�k jíign5k t ¥ ��� iNjíign5k±k.j$ð � ign�k (A.39)jfð � hasall RHP-zerosof j mirroredinto theLHP, andit is givenbyjfð � ign�k t ñ_ó õ÷ ö ø ù (A.40)

where
÷ ö can be calculatedby applying the following two formulas repeatedlyfor �_t���/�/�/���
m � M �� ���� �Ï �����N ñ ó §²s � ¦ õ÷ �N��� ø ù t M � � N (A.41)÷ � t ÷ �N��� § ©�« ¬ i s � k �Ï �!� �� ��!� (A.42)

with thevector "$#%�O' � #ï O' �)( scaledsuch that �Ï ��!� �Ï ��� tÁ� , ÷ ¢ t ÷
and

÷ ö t ÷ � ì
.

The(all-pass)filter
¥ ��� iKjlk containsthe RHP-zeros of j with the sameoutputzero di-

rectionsasin j . It hasall singularvalues³ � ign5k andabsolutevalueof all eigenvalues
° � ign5k
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equalto onefor n t ¿�À . Thefilter hasthesameform asthegeneral all-passfilter givenin
LemmaA.1,andit is givenby¥ ��� iNjíi�n�k±k t ¥ � ign5k ¥ � i�n�k �/�/� ¥ � ì ign�k t � ì��¡ C� ¥ � i�n�k (A.43)

where ¥ � ign5k tQ¦$§ ©�« ¬ i s � kndÁ®s � �Ï ��� �Ï ��!� (A.44)

REMARK 1. Theexpressionsabovearevalid for all *�ÔzÕ . For thecasewith +-, Ú *¶Û/.ã10 thefactoriza-
tion yield complex realizationsof

Ù ' K Ú î Û .
Recursive formulasfor the modifiedoutputzero directionsand modifiedoutputzero state
vectors for distinctzeros. The ¿ ’ th (normalized)modifiedoutputzerodirectionbecomes

�Ï ��Ë t P H Ä,����Å 7� ¥ � ´A@  £��Ë�Q � Ï ��ËGGGG P H ÄS�7��Å 7� ¥ � ´ @  £�6ËRQ � Ï �6Ë GGGG � (A.45)

where

Ï ��Ë
is the “original” output zero direction definedby (A.6). The modified output

zerostatevectorbecomes(from theupperequationin (A.41) andusingthemodifiedoutput
directiongivenin (A.45)) �� ��Ë tÁ§ i ó §²s Ä ¦ k � � ÷ �ÄS�7� �Ï ��Ë (A.46)

providedthat s Ä is not aneigenvalueof ó .

A.3.3 Right half planepoles

Output factorization of RHP-poles.

éê
î Ú�J Ûî a K é Ù � ÜëTS é Ù � ÜëTS � Ü é Ù � ÜÜ é ïÙ � ÜU K Ú î Ú�J Û�Û

FigureA.5: Outputfactorizationsof RHP-poles

THEOREM A.3 (OUTPUT FACTORIZATION OF RHP-POLES). A systemj with m Ñ RHP-
poles| �ä� � � , canbefactorizedin a stablesystemj @ � andan all-passfilter

¥ Ñ � iNjlk con-
taining theRHP-polesof j asRHP-zerosjíi�n�k t ¥ ���Ñ � iNjíi�n�k±k.j @ � i�n�k (A.47)
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where ó�ö and õlö canbe calculatedby applyingthe following four formulasrepeatedlyfor�CtÁ���/�/�/�Y�
m Ñ i ó �K�7� § | � ¦ k �� Ñ � t �TV �Ï Ñ � t ÷ �� Ñ � (A.49)ó � t ó �N��� § ©�« ¬ i | � k �� Ñ � �Ï �Ñ � ÷ (A.50)õ � t õ �K�7� § ©�«�¬ i | � k �� Ñ � �Ï �Ñ � ø (A.51)

with thevector "$#%�&U � #ï &U �)( scaledsuch that �Ï �Ñ � �Ï Ñ � t�� , ó ¢ t ó , õ ¢ t õ , ó�ö t ó � S andõlö t õ � S .
The(all-pass)filter

¥ Ñ � iKjlk containsthe RHP-polesof j as RHP-zeros,with input zero
directionsequal to the outputpole directionsfor the RHP-polesof j . It hasall singular
values³ � ign5k andabsolutevalueof all eigenvalues

° � ign5k equalto onefor n t¯¿ZÀ . Thefilter
hasthesameform asthegeneral all-passfilter givenin LemmaA.1,andit is givenby¥ Ñ � iNjlk t ¥ � S ign5k ¥ � S ��� ign�k �/�/� ¥ � ign5k t � S �����Å £¢ ¥ � S �¤� ign�k (A.52)

where ¥ � ign�k ty¦�§ ©�«�¬ i | � kn¼ ®| � �Ï Ñ � �Ï �Ñ � (A.53)

Input factorization of RHP-poles.

éê Ù � ÜÜ é Ù � Üâ é Ù � ÜëTS é¥ �7�Ñ � iNjzign5k±k î a Ó é ï
î Ú�J Û

FigureA.6: Input factorizationsof RHP-poles

THEOREM A.4 (INPUT FACTORIZATION OF RHP-POLES). A systemj with m Ñ RHP-poles| �9� � � , canbe factorizedin a stablesystemj @ � andan all-passfilter
¥ Ñ � iKjlk containing

theRHP-polesof j asRHP-zerosjzign�k t j @ � ign5k ¥ �7�Ñ � iKjíign5k±k (A.54)j @ � hasall RHP-polesof j mirroredinto theLHP, andit is givenbyj @ � ign5k tòñôó�ö õ÷ ö ø ù (A.55)
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where ó�ö and
÷ ö canbecalculatedby applyingthe following four formulasrepeatedlyfor�CtÁ���/�/�/�Y�
m Ñ �� �Ñ � i ó �K�7� §E| � ¦ k t �TV �É-Ñ � t õ � �� Ñ � (A.56)ó � t ó �N��� § ©�« ¬ i | � k õ �É-Ñ � �� �Ñ � (A.57)÷ � t ÷ �N��� § ©�« ¬ i | � k ø �É+Ñ � �� �Ñ � (A.58)

with thevector " #%�OU � #ê OU � ( scaledsuch that �É �Ñ � �É+Ñ � t)� , ó ¢ t ó ,
÷ ¢ t ÷

, ó ö t ó � S and÷ ö t ÷ � S
.

The(all-pass)filter
¥ Ñ � iKjlk containstheRHP-polesof j asRHP-zeros,with outputzero

directionsequalto theinputpoledirectionsfor theRHP-polesof j . It hasall singularvalues³ � ign5k andabsolutevalueof all eigenvalues
° � i�n�k equalto onefor n t�¿ZÀ . Thefilter hasthe

sameform asthegeneral all-passfilter givenin LemmaA.1,andit is givenby¥ Ñ � iNjzign�k�k t ¥ � i�n�k ¥ � i�n�k �/�/� ¥ � S ign�k t � S��¡ C� ¥ � i�n�k (A.59)

where ¥ � ign5k ty¦�§Â©�«�¬ i | � kndª®| � �É+Ñ � �É �Ñ � (A.60)

A.3.4 Singleinput singleoutput systems

For SISO transferfunctionstheorderin multiplicationis irrelevant,sotheall-passfilter con-
tainingtheRHP-zerosor polesareidenticalfor inputandoutputfactorizations.

RHP-zeros. By settingthezerodirectionsto � in eitherTheoremA.1 or TheoremA.2 one
getsthefactorizationof RHP-zeross ���½� � for SISO-systemsjzign�k t j$ð � ign�k ¥ ��� iNjíi�n�k±k t ¥ ��� iNjzign5k±k.j$ð � ign5kXW¯j$ðÖign5k ¥ � iNjíi�n�k±k (A.61)

where ¥ � iNjzign5k±kXW � ì��Å 7� n §²s �ndÁ®s � t ¥ ��� iNjíign5k±k t ¥ ��� iNjzign�k�k (A.62)

If j is givenin termsof therationaltransferfunctionwith polynomialsY , Z and [Y (where
all rootsof [Y have realpartlessthanzero)jzign5k t Y ign5kZ ign�k t ign §²s � k,i�n §²s � k �/�/� ign §²s � ì k [Y ign5kZ ign5k t [Y ign5kZ ign�k � ì��Å 7� ign §²s � k (A.63)

then j$ð is givenbyjfðÖign�k t ign¼Á®s � k,i�n¼Á®s � k �/�/� ign¼ ®s � ì k [Y ign5kZ ign5k t [Y ign5kZ i�n�k � ì��¡ 7� ign¼Á®s � k (A.64)
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If j is representedby thestate-spacerealization(where ó �]\_^a`T^
, b �c\_^a` �

, � �c\ � `d^
and e �f\ � ` �

) jzign5k t ñ�ó b� e ù (A.65)

Thenone“input” realizationj$ð � of j$ð is givenbyjfð � t ñ ó b ö� e ù
whereb ö canbecalculated3 by applyingthefollowing formularepeatedlyfor �CtÂ���/�/�/���
m �b � thgN¦�§ ©�« ¬ i s � k�i s � ¦¨§ ó k ���=i b �N���
with b ¢ tjb and b ö tjb � ì . Similarly, one“output” realizationj$ð � of j$ð is givenbyjfð � tòñ�ó b� ö e ù
where� ö canbecalculated3 by applyingthefollowing formularepeatedlyfor �CtÁ���/�/�/�Y�
m �� � tQ� �K�7� g�¦�§ ©�« ¬ i s � k�i s � ¦¨§ ó k ��� i
with � ¢ tQ� and � ö t¯� � ì .
RHP-poles. By settingthepoledirectionsto � in eitherTheoremA.3 or TheoremA.4 one
getsthefactorizationof RHP-poles| � for SISO-systemsjíign5k t j @ � ign5k ¥ ���Ñ � iNjíi�n�k±k t ¥ �7�Ñ � iNjzign5k±k.j @ � ign5k_W¯j @ ign5k ¥ �7�Ñ iKjíign5k±k (A.66)

where ¥ Ñ iNjíign5k±kXW � S��Å 7� n §E| �nd ®| � t ¥ Ñ � iNjzign5k±k t ¥ Ñ � iNjíign5k±k (A.67)

If jzign5k is givenin termsof therationaltransferfunctionwith polynomialsY , Z and [Z (where
all rootsof [Z haverealpartlessthanzero)jíi�n�k t Y ign5kZ ign5k t Y ign5kign §E| � k,i�n § | � k �/�/� i�n § | � S k [Z ign5k t Y ign5k[Z ign5k

� S��¡ C� �n §E| � (A.68)

then j @ is givenbyj @ ign5k t Y ign5kignd ®| � k,ign? ®| � k �/�/� i�nd ®| � S k [Z ign5k t Y ign5k[Z ign5k
� S��¡ C� �nd ®| � (A.69)

3We mustassumethat k Ó is not aneigenvalueof thestate-spacematrix l . However, this assumptionis fulfilled
if wehave anminimalstate-spacerealization.
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If j is representedby thestate-spacerealization(A.65),one“input” realizationj @ � of j @ is
givenby j @ � t ñ�ó�ö b� ö e ù
where ó�ö and � ö canbe calculatedby applyingthe following formulasrepeatedlyfor �ôt���/�/�/���
m Ñ �� �Ñ � i ó �N��� §E| � ¦ k t � with �� Ñ � scaledsuchthat4: bS� �� Ñ � tÁ� ,ó � t ó �N��� § ©�«�¬ i | � k b �� �Ñ � and � � t¯� �N��� § ©�« ¬ i | � k e �� �Ñ �
with ó ¢ t ó , � ¢ tÂ� , ó�ö t ó � S and � ö tÂ� � S . Similarly, one“output” realizationj @ � ofj @ is givenby j @ � t ñ�ó�ö b ö� e ù
where ó ö and b ö canbe calculatedby applyingthe following formulasrepeatedlyfor �ôt���/�/�/���
m Ñ i ó �K�7� §E| � ¦ k �� Ñ � t � with �� Ñ � scaledsuchthat5: � �� Ñ � tÁ� ,ó � t ó �N��� § ©�« ¬ i | � k �� Ñ � � and b � tjb �N��� § ©�« ¬ i | � k �� Ñ � e
with ó ¢ t ó , � ¢ t¯� , ó�ö t ó � S and � ö t¯� � S .
A.3.5 Factorizationsof rational transfer function vectors

As for rationaltransferfunctionsthe factorizationsof rationaltransferfunctionvectorscan
alsobesimplified. Considerthe input factorizationof RHP-zerosin m where m is of sizenpo p � m ign5k tqm ð � ¥ �
� isrÐign5k±k
Clearly,

¥ �
� i m k is givenby (5.19)for all multivariable6 RHP-zerosof m , since m is single
input. We usethenotationm ign5k ttm ð ¥ � i m k � for multivariableRHP-zerosof m .

By changingtheorder7 of m ð and
¥ � i m k wegetm i�n�k t ¥ � i m k m ðwi�n�k

And weobtainm ð � ign5k ttm ðôign�k ttm ð � ign�k � ¥ ��� i m k t ¥ � i m k � ¦ ^vu and
¥ ��� i m k t ¥ � i m k

4Requiresthatthemodew Ó is controllable.
5Requiresthatthemodew Ó is observable.
6Multivariablezerosof a rationaltransferfunctionvectormustappearasa zeroin all elementsof the transfer

functionvector.
7Changingorderof ascalartransferfunctionandamultivariabletransferfunctionmatrix is allowed.
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In asimilarwaywe canshow thatfor theRHP-polesof mm @ � ign�k ttm @ ign5k txm @ � i�n�k � ¥ Ñ � i m k t ¥ Ñ i m k � ¦ ^yu and
¥ Ñ � i m k t ¥ Ñ i m k

For z of size �$p np{ we obtainfor themultivariableRHP-zerosof zz ð � ign�k tqz ðôign�k ttz ð � ign�k � ¥ �
� i z k t ¥ � i z k � ¦ ^v| and
¥ ��� i z k t ¥ � i z k

andfor theRHP-polesof zz @ � i�n�k ttz @ ign5k txz @ � i�n�k � ¥ Ñ � i z k t ¥ Ñ i z k � ¦ ^v| and
¥ Ñ � i z k t ¥ Ñ i z k

A.4 Viewing the factorizations asoperations

Definethefollowingeightoperatorswhichreturnsandtakesasanargumentarationaltransfer
functionmatrix:¥ ��� i � k – Returnstheall-passfilter definedby theinput factorizationof RHP-zeros.¥ ��� i � k – Returnstheall-passfilter definedby theoutputfactorizationof RHP-zeros.¥ Ñ � i � k – Returnstheall-passfilter definedby theinput factorizationof RHP-poles.¥ Ñ � i � k – Returnstheall-passfilter definedby theoutputfactorizationof RHP-poles.i � k�ð � – Returnstheinputminimumphaserepresentationof theargument.i � k6ð � – Returnstheoutputminimumphaserepresentationof theargument.i � k @ � – Returnstheinputstablerepresentationof theargument.i � k @ � – Returnstheoutputstablerepresentationof theargument.

A.4.1 Someproperties

Operationsapplied to identity.¥�}~} i ¦ k ty¦Î� where��� ��� sè�
�Îs$�+�¶|Î�
�è|���� (A.70)i ¦ k��5� t¯¦Î� where

Ï-Ï ��� xØ�
�Îx��-� n �±� n ��� (A.71)

Yields identity. If j hasno RHP-zerosthen¥ �
� iNj�k ty¦ V ¥ ��� iKjlk ty¦ (A.72)

andif j hasno RHP-polesthen¥ Ñ � iNj�k ty¦ V ¥ Ñ � iKjlk ty¦ (A.73)
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Repeatedapplication.¥ ��� i ¥ �
� iNj�k±k t ¥ ��� iNjlk V ¥ ��� i ¥ ��� iNj�k±k t ¥ ��� iNjlk (A.74)¥ �
� i ¥ ��� iKjlk±k t ¥ ��� iNjlk V ¥ ��� i ¥ �
� iKjlk±k t ¥ �
� iNj�k (A.75)¥ Ñ � i ¥ �7�Ñ � iNj�k±k t ¥ Ñ � iNjlk V ¥ Ñ � i ¥ �7�Ñ � iNj�k±k t ¥ Ñ � iNjlk (A.76)¥ Ñ � i ¥ �7�Ñ � iKjlk±k t ¥ Ñ � iNjlk V ¥ Ñ � i ¥ �7�Ñ � iNj�k±k t ¥ Ñ � iNjlk (A.77)¥ �
� i ¥ Ñ � iKjlk±k t ¥ Ñ � iNjlk V ¥ ��� i ¥ Ñ � iKjlk±k t ¥ Ñ � iNj�k (A.78)¥ Ñ � i ¥ �7���� iKjlk±k t ¥ ��� iNjlk V ¥ Ñ � i ¥ �7��
� iNj�k±k t ¥ ��� iNjlk (A.79)

Note,all of thesepropertiessay:Repeatinga factorizationonaall-passfilter only givesback
what is alreadyobtained.Still it maybevery usefulto repeata factorizationaswe shallsee
below.

Proof of (A.74)–(A.79). All of thesepropertiesfollow easilyfrom thestate-spacerealizationfor the
generalall-passfilter, seeLemmaA.1. �
Similarly, wehave ��� ð ��� ð � t � ð � V ��� ð ��� ð � t � ð � (A.80)��� ð ��� ð � t � ð � V ��� ð ��� ð � t � ð � (A.81)��� @ ��� @ � t � @ � V ��� @ ��� @ � t � @ � (A.82)��� @ ��� @ � t � @ � V ��� Ñ ��� Ñ � t � Ñ �

(A.83)

Proofof (A.80)–(A.83).Follows from (A.72) and(A.73). �
Pole factorization of minimum phaserepresentations.The following relationshipsare
useful ¥ Ñ � ��� ð ��� t ¥ Ñ � ��� � V ¥ Ñ � ��� ð �~� t ¥ Ñ � ��� �

(A.84)� t ¥ Ñ � ��� � � ð � @ � ¥ �
� ��� � V � t ¥ ��� ��� � � ð � @ � ¥ Ñ � ��� �
(A.85)

A REMARK ON NOTATION. With

î32 Ó a K wemean
Ú î92 ÓNÛ a K . Similarly,

î32LK a Ó�ã Ú î32LK Û a Ó .
Proof of (A.84). When factorizingthe RHP-zerosof

î
, only the input matrix � in the state-space

descriptionchanges(A.29). Theoutputfactorizationof RHP-polesin

î
dependson thepolesandthe

outputpoledirections(A.52)and(A.53). Sincetheoutputpoledirectionsonly dependonthe � andthe�
matrixin thestate-spacedescriptionit followsthatthepoledirectionsdonotchangewhenfactorizing

thezerosat theinput,andthefirst partof (A.84) follows. Thesecondpartfollowssimilarly, sinceonly
theoutputmatrix

�
in thestate-spacedescriptionchangeswhenfactorizingtheRHP-zeroat theoutput,

andtheinput factorizationof RHP-polesonly dependsonthepolesandtheinputpoledirections,which
donotchangewhenfactorizingthezeros. �
Proofof (A.84).î ã î32 Ó Ù ' Ó Ú î Û�ã Ù U K Ú î92 ÓNÛ î92 Ó a K Ù ' Ó Ú î Û�ã Ù U K Ú î Û î32 Ó a K Ù ' Ó Ú î Û
and

î ã Ù ' K Ú î Û î32LK ã Ù ' K Ú î Û î32LK a Ó Ù U Ó Ú î92LK Û�ã Ù ' K Ú î Û î32LK a Ó Ù U Ó Ú î Û �
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Applied to the inverse. Assumethat

� �7�
exists,then¥ �
� ��� � t ¥ Ñ � ��� ��� � V � ð � t ��� ��� � �7�@ � (A.86)¥ ��� ��� � t ¥ Ñ � ��� ��� � V � ð � t ��� �7� � �7�@ � (A.87)¥ �
� ��� �7� � t ¥ Ñ � ��� � V ��� ��� � ð � t ��� @ ��� ��� (A.88)¥ ��� ��� �7� � t ¥ Ñ � ��� � V ��� ��� � ð � t ��� @ �~� �7� (A.89)¥ �
� ��� � � �7� t � ���ð � V � �7� ¥ ��� ��� � t � ���ð � (A.90)¥ ���Ñ � ��� � � �7� t � ���@ � V � �7� ¥ �7�Ñ � ��� � t � ���@ � (A.91)¥ �
� ��� �7�ð � � t ¥ Ñ � ��� � V ¥ ��� ��� ���ð � � t ¥ Ñ � ��� �

(A.92)

A REMARK ON NOTATION. With

î � Ü2 Ó we mean
Ú î92 ÓNÛ � Ü , i.e.

î � Ü2 Ó ã Ú î92 ÓNÛ � Ü . Similarly,

î � Ü2LK ãÚ î32LK Û � Ü , î � Üa K ã Ú î a K Û � Ü and

î � Üa Ó ã Ú î a ÓKÛ � Ü .
Proofof (A.86)–(A.92).î ã î92 Ó Ù ' Ó Ú î Û and

î � Ü ã Ù � ÜU K Ú î � Ü Û Ú î � Ü Û a K
invert the latter to obtain

î ã Ú î � Ü Û � Üa K Ù � ÜU K Ú î � Ü Û , and(A.86) follows from inspection.Eq. (A.87)
follows similarly from theoutputfactorizationof RHP-zerosandinput factorizationof RHP-polesfor
î � Ü . Eq. (A.88) and(A.89) follow from (A.86) and(A.87) by replacing

î
with

î � Ü . Eq. (A.90)
follows from

î ã î92 Ó Ù ' Ó Ú î Û andthe latterpart from

î ã Ù ' K Ú î Û î32LK . Eq. (A.91) follows from
î ã î a Ó Ù � ÜU Ó Ú î Û andthe latter part from

î ã Ù � ÜU K Ú î Û î a K . The first part of (A.92) follows from
(A.88) by substituting

î � Ü with

î � Ü2 Ó andapplying(A.84). Thelatterpartfollowssimilarly by substi-
tuting

î � Ü in (A.89) with

î � Ü2LK andusing(A.84). �
Applied to products. Considertheproduct � r betweenthetwo rationaltransferfunction
matrices� and r , seeFigureA.7. Four additionalrulesfor caseswhenthereareno RHP-é r é � é

FigureA.7: Product��� of thetwo transferfunctions� and � .

zero/polecancellationsbetweenthetwo transferfunctionsr and � are:¥ �
� � � r � t ¥ �
� � ¥ �
� � � � r �
(A.93)¥ ��� � � r � t ¥ ��� � � ¥ ��� � r ���
(A.94)¥ Ñ � � � r � t ¥ Ñ � � ¥ �7�Ñ � � � � r �
(A.95)¥ Ñ � � � r � t ¥ Ñ � � � ¥ ���Ñ � � r �!�
(A.96)

Proofof (A.93)–(A.96). Caneasilybeverifiedby drawing thecorrespondingblockdiagrams.Equation
(A.93) canbeprovedby consideringFigureA.8(a),wegetÙ ' Ó Ú ����ÛMã Ù ' Ó Ú¡Ù ' Ó Ú �ÖÛ��rÛ
since� 2 Ó hasno RHP-zeros.Equations(A.94)–(A.96)follow similarly by consideringFigureA.8(b)–
(d). �



REFERENCES 269

é � é � � ÜU Ó ÿ��;� é � a Ó é
(c) � ��� � a Ó � � ÜU Ó ÿ��;� � é � a K é � � ÜU K ÿ � � é � é

(d) � ��� �:� � ÜU K ÿ � � � a K
é � é � ' Ó ÿ��;� é � 2 Ó é

(a) � ��� � 2 Ó � ' Ó ÿ��;� � é � 2LK é � ' K ÿ � � é � é
(b) � ��� �:� ' K ÿ � � � 2LK

FigureA.8: Proofof (A.93)–(A.96)

Let � beunstable,acounterexampleon(A.93) couldbe¦�� ¥ �
� � ��� ��� � � ¥ �
� � ¥ ��� � � � � ��� � � ¥ �
� � � ���ð � � � ¥ Ñ � � � ð ��� � ¥ Ñ � � � � ��¯¦
So, we needthe assumptionof no RHP-pole/zerocancellationbetween� and r (i.e. we
needto consideraminimal realizationof theproduct� r ).

Next, assumethat r �7�
existsandthat r �-¡ �

hasminimal realization,then¥ �
� � ¥ ��� � r � r �7� � � � ¥ �
� � ¥ Ñ � � r � � �
(A.97)¥ ��� � � r �7� ¥ ��� � r ��� � ¥ ��� � � ¥ Ñ � � r �!�
(A.98)

Proofof (A.97)and(A.98). Equation(A.97) follows fromÙ ' Ó Ú Ù ' Ó Ú ��Û$� � Ü �ÖÛ�ã Ù ' Ó Ú � � Ü2 Ó �ÖÛ�ã Ù ' Ó Ú Ù ' Ó Ú � � Ü2 Ó Û��zÛ�ã Ù ' Ó Ú Ù U K Ú � 2 ÓNÛ��ÖÛ�ã Ù ' Ó Ú Ù U K Ú ��Û$�zÛ
Thefirst equalityfollows from first partof (A.90), thesecondequalityfollows from (A.93), the third
equalityfollows from (A.86) andthefourth equalityfollows sincetheoutputpoledirectionsof � do
notchangewith input factorizationof RHP-zeros.Theproofof (A.98) followssimilarlyÙ ' K Ú ��� � Ü Ù ' K Ú ��Û6ÛMã Ù ' K Ú ��� � Ü2LK ÛMã Ù ' K Ú � Ù ' K Ú � � Ü2LK Û6ÛMã Ù ' K Ú � Ù U Ó Ú � 2LK Û6ÛMã Ù ' K Ú � Ù U Ó Ú ��Û6Û
by using(A.90), (A.94), (A.87) andthatthefactthattheinputpoledirectionsof � donotchangewith
outputfactorizationof RHP-zeros. �
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Appendix A Proofsof the results

Proofof LemmaA.1.
Ù Ó Ú�J Û canbewritten

Ù Ó Ú�J Û�ãc¢¤£ Ú�J Û�¢ O ã ¥ ¢¦ §!¨ ©" ê Ü ª=ª=ª ê�« � Ü ç/Ó (
¥ £ Ú�J Û¦ §!¨ ©¬® à ª=ª=ª¯0 0

...
. . .

...
...0 ª=ª=ª)à 00 ª=ª=ª¯0 a �v° �a ×�±° �

²´³³³µ
ã¶¢ O¦ §!¨ ©¬® ê�O Ü...ê�O« � Üç OÓ

²´³³³µ (A.99)

whereweselectthesetof vectors4 ê Ü·6 ê â¸6¹ª=ª=ª ê�« � Ü 7 suchthatthey form anorthonormalbasisfor Õ «
togetherwith ç4Ó . Equation(A.99) gives Ù Ó Ú�J Û�¢rãc¢¤£ Ú�J Û
consequently,

Ù Ó Ú�J Û hasº�å à eigenvaluesequalto à andoneeigenvalueequalto» « ã J åE^�ÓJp¼ æ^�Ó
Furthermore,ona frequency-by-frequency basis

Ù Ó Ú�J Û Ù OÓ Ú�J Û�ãc¢:£ Ú�J Û$¢ O ¢¨ ©!¦ §½�¾ Ú £ Ú�J Û�Û O ¢ O ã]¢ £ Ú�J Û £ Ú�J Û�¢ O ã¶¢ ¬® à ª¹ª=ª¿0 0
...

. . .
...

...0 ª¹ª=ªÐà 00 ª¹ª=ª¿0 À a �d° � À >À a ×�±° � À >
² ³³³µ ¢ O

andit follows that
Ù Ó hasº�å{à singularvaluesequalto à andonesingularvalueequaltoÁ « Ú Ù Ó Ú�J Û6ÛMã ` J å ^�Ó `` JÂ¼ æ^�Ó `

To prove ` » « Ú Ù Ó Ú�J Û6Û ` ã Á Ú¡Ù Ó Ú�J Û6Û�ã ` J åØ^�Ó `` JÂ¼ æ^�Ó `�Ã à for
J 66^�Ó ÔzÕ × or

J 6�^�Ó ÔÖÕ �
assumè

JL¼ æ^�Ó ` Ã ` J åu^�Ó ` andset
J ãÅÄ a ¼ÇÆ ï a and ^�Ó�ãÈÄ ° ¼�Æ ï ° . Then ` JL¼ æ^�Ó ` Ã ` J åØ^�Ó ` , impliesÚ Ä a ¼ Ä ° Û â ¼ Ú ï a å ï ° Û â Ã Ú Ä a å�Ä ° Û â ¼ Ú ï a å ï ° Û â which gives É�Ä ° Ä a Ã 0 . It follows thatwhen

J
and ^�Ó arein thesamehalf planethen À a �d° � ÀÀ a ×�±° � À Ã à , otherwise À a �d° � ÀÀ a ×�±° � ÀËÊ à . Wheneither

J
or ^�Ó is on the

imaginaryaxisthen À a �v° � ÀÀ a ×�±° � À ã�à .
It follows from (A.99) that

Ù Ó haszerofor
J ã¯^�Ó with input andoutputdirection ç4Ó andthat

Ù Ó
haspolefor

J ã�å�æ^�Ó with inputandoutputdirectionsç4Ó .
Theinverseof

Ù Ó Ú�J Û is givenby

Ù � ÜÓ Ú�J Û ã ¢¤£ � Ü Ú�J Û�¢ O ãÌ" ê Ü Í=Í=Í ê�« � Ü ç4Ó ( ¬® à ª=ª=ª¯0 0
...

.. .
...

...0 ª=ª=ª)à 00 ª=ª=ª¯0 a ×�±° �a �v° �
² ³³³µ

¬® ê O Ü...ê O« � Üç OÓ
² ³³³µ

ã ¢ ¢ O ¼jÎ Ý?Þ Ú ^�ÓKÛJ å ^�Ó ç4ÓÅç OÓ ã1Ï ¼ÐÎ Ý¼Þ Ú ^�Ó�ÛJ å ^�Ó ç4ÓÅç OÓ (A.100)
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It follows that
Ù � ÜÓ Ú�J Û has º9å à eigenvaluesandsingularvaluesequalto à ,» « Ú Ù � ÜÓ Ú�J Û�Û�ã JL¼ æ^�ÓJ å ^�Ó 6 Á « Ú Ù � ÜÓ Ú�J Û6Û�ã ` » Ü Ú Ù � ÜÓ Ú�J Û6Û ` ã ` JÂ¼ æ^�Ó `` J å ^�Ó `

andwhen
J 66^�Ó$Ô Õ¤× or

J 66^�Ó$Ô Õ � then æÁ Ú Ù � ÜÓ Ú�J Û�Û¨ã À a ×�±° � ÀÀ a �d° � À ß)à andotherwiseÁ Ú Ù � ÜÓ Ú�J Û6Û$ãÀ a ×�±° � ÀÀ a �v° � ÀaÑ à .
It follows from (A.100) that

Ù � ÜÓ haspole for
J ãQ^�Ó with input andoutputdirection ç4Ó andthatÙ � ÜÓ haszerofor

J ãáå�æ^�Ó with inputandoutputdirectionsç/Ó .
By splittingup

ÙdÚ�J Û into threepartsasgivenin (A.23)Ù�Ú�J Û�ã Ù�ë_Ò Ó × Ü Ú�J Û Ù�Ó¶Ú�J Û Ù�Ó � Ü Ò Ü Ú�J Û
where

Ù�ë_Ò Ó × Ü Ú�J Û is given in (A.21),
Ù�Ó¶Ú�J Û is givenby (A.14) with Ô�ã Æ

and
Ù�Ó � Ü Ò Ü Ú�J Û is givenby

(A.22). Since,
Ù�ÓèÚ�J Û hasa zerofor

J ã�^ Ó it follows that
ÙdÚ�J Û hasa zerofor

J ã�^ Ó sincethereis no
poleto cancelthiszero(nopolein Õ × ). Since

J ã_^ Ó is azeroof
Ù�Ó

with inputdirection ç Ó , it follows
that ÙdÚ ^ Ó Û ê ã Ù�ëXÒ Ó × Ü Ú ^ Ó Û Ù�ÓèÚ ^ Ó Û Ù�Ó � Ü Ò Ü Ú ^ Ó Û ê¨ ©!¦ §½ÖÕ Ë ã¶0
whereç Ó ã Ù�Ó � Ü Ò Ü Ú ^ Ó Û ê since

Ù�Ó � Ü Ò Ü Ú ^ Ó Û is non-singular(by assumption)and ç Ó is theonly singular
directionfor

Ù�ÓèÚ ^ Ó Û . Wegetthenormalized inputzerodirectionfor ^ Óê ' ½ ° Ë ã Ù � ÜÓ � Ü Ò Ü Ú ^ Ó Û¶ç ÓË×�ØSÙ � ÜÓ � Ü Ò Ü Ú ^ Ó Û¶ç Ó�Ø â
In a similarway we have ï O Ù�ë_Ò Ó × Ü Ú ^ Ó Û7ã ç OÓ for theoutputdirection,andwe getnormalizedoutput
zerodirectionfor ^ Ó ï ' ½ ° Ë ã Ù � Oë_Ò Ó × Ü Ú ^ Ó Û�ç Ó�×�ØSÙ � Oë_Ò Ó × Ü Ú ^ Ó Û�ç ÓTØ â
Since å�æ^ Ó is a pole of

ÙdÚ�J Û it is a zeroof
Ù � Ü Ú�J Û with input zerodirectionequalto the outputpole

directionandoutputzerodirectionequalto theinputpoledirection.Inverting(A.23) givesÙ � Ü Ú�J Û�ã Ù � ÜÓ � Ü Ò Ü Ú�J Û Ù � ÜÓ Ú�J Û Ù � Üë_Ò Ó × Ü Ú�J Û
Wethenhave ê O Ù � ÜÓ � Ü Ò Ü Ú å�æ^ Ó ÛMã ç OÓ and

Ù � Üë_Ò Ó × Ü Ú å�æ^ Ó Û ï ã ç Ó
Whichgivesthenormalizedinputandoutputpoledirectionsfor å�æ^ Óê U ½ � ±° Ë ã Ù OÓ � Ü Ò Ü Ú å�æ^ Ó Û¶ç Ó and ï U ½ � ±° Ë ã Ù�ë_Ò Ó × Ü Ú å�æ^ Ó Û¶ç Ó �
Proof of TheoremA.1. The proof is only given for � ' ãÐà (in this case #ê ' ã ê ' and #% ' ã % ' Ó ).
The proof for � ' ß à is to apply the proof of � ' ã à repeatedly. To seethat the minimum phase
representation

î32 Ó canbewrittenasgivenin (A.29) with thematrix �:Ù givenby (A.31) onehasto use
thegeneralizedeigenvalueproblem(A.5). For

î Ú�J Û , J ã]* is azeroso(A.5) becomesÚ ��å�*~Ï �� £ÜÛ Ú #% '#ê ' Û ã Ú 00�Û (A.101)
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For theminimumphasesystem,

î32 Ó Ú�J Û , thezero
J ãÂå[æ*wãªå Ý¼Þ Ú *�Û ¼ +-, Ú *�Û Æ hasthesameinput

directionandthesamestatedirectionas

î Ú�J Û for
J ã1* . ThegeneralizedeigenvalueproblembecomesÚ � ¼ æ*~Ï � Ù� £ Û Ú #% '#ê ' Û ã Ú 00 Û (A.102)

By subtracting(A.102)from (A.101)oneobtainsÚ ��å���åf*�Ïäå æ*¸Ï �rå��9Ù0 0 Û Ú #% '#ê ' Û ã Ú 00�Û (A.103)

from thefirst equationonegets å/*~ÏL#% ' å æ*~ÏL#% ' ¼ � #ê ' å�� Ù #ê ' ã10
By extracting #ê ' on theright andsolvingfor �:Ù oneobtains� Ù ã¶� å Î Ý?Þ Ú *�Û #% ' #ê O'
which proves(A.29) and(A.31). The all-passfilter with RHP-zerofor

J ãÝ* with input andoutput
zerodirections #ê ' , and LHP-pole for

J ã åfæ* with input andoutputpole directions #ê ' is given by
LemmaA.1, (A.13) and(A.14) with � ' ã à , ç4Ó7ã #ê ' and ^�Ó�ãÞ* . Fromtheconstructionof

î32 Ó Ú�J Û
we know thereis a zerofor

J ã åfæ* with input direction #ê ' . We may thereforecancelthe pole forJ ãáå[æ* in
Ù ' Ó Ú î Û with thezeroin samelocationin

î92 Ó Ú�J Û andit follows that

î32 Ó Ù ' Ó Ú î ÛMã î
. �

Proofof TheoremA.2. Since*SÓ is a RHP-zerofor

î Ú�J Û it follows that *YÓ is a RHP-zeroforî & ã Ú � & � &� & £ & Û
FromTheoremA.1 wehaveî & ã Ú î & Û 2 Ó Ù ' Ó Ú î & Û ß î ã Ù &' Ó Ú î & Û Ú î & Û &2 Ó
Weget î92LK ã Ú î & Û &2 Ó ã Ú � & � Ù &� & £ & Û & ã Ú � �� Ù £ Û
Therelationbetweenmodifiedzero-inputdirectionsï Ó andthemodifiedzero-input-statevector % Ó for
thetransposedsystem

î & andthecorrespondingoutputdirectionsfor

î
, follows fromÚ � & åf*SÓ�Ï � &Ó � Ü� & £ & Û Ú % Óï Ó Û ã10 ß " % &Ó ï &Ó ( Ú �{å
*YÓ�Ï �� Ó � Ü £ Û ã10

which implies #ï ' � ãQæï Ó and #% ' � ã æ% Ó
Themodifiedinput matrix

� Ù canbecalculatedby applyingthefollowing formularepeatedlyfor Ô�àá Í=Í¹Í=6�� ' ��â àÞã � &â �aäËå Î5æèç ãs* âêé % âRë Oâ é & à ��â ��ä å Î5æìç ãs* â�é¸íëîâ % &â à ��â ��ä å Î5æìç ãs* â�é #ë ' � #% O' �
with

��ï à �
and

� Ù à �Xðañ
. Theall-passfilter becomesòËó K ã�ô é à òÂõó�â ã�ô õ�é à ð�ñöâ ½ ä òËâ ã J5é with

òËâ à1Ï å Î5æìç ãs÷ â�éJL¼øí÷ â íë â�ë�õâ àÅÏ å Î¸æèç ã�÷ â�éJp¼ùí÷ âÜúë ó�û úë Oó û �
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Proof of TheoremA.3. Assumewithout lossof generality(seediscussionbelow) that ô is squareand
thatthestatespacematrix £ is non-singular. Then £ýü ä existsand ô ü ä is givenby (2.33)ô ü ä à Úÿþ å�� £ ü ä�� å�� £ ü ä£ ü ä � £ ü ä Û
Furthermore,� â is a RHP-zero of ô ü ä which can be factorizedin an “input” factorization(Theo-
remA.1) ô ü ä à ã�ô ü ä é���â�òËó!â ã�ô ü ä é ß ô¶à ò ü äó�â ã�ô ü ä é ã�ô ü ä é ü ä��â
Therelationsbetweentheinput zerodirection

ë â
, the input zerostatevector � â for ô ü ä (dueto RHP-

pole � â in ô ) andtheoutputpoledirection úë
	¹û , theoutputpolestatevector ú� 	=û are(2.37)

� â à å ú� 	 û and
ë â à úë
	 û

Wethenhave that ò�	�� ã�ô é à òËó!â ã�ô ü ä é and ô 	�� à ã�ô ü ä é ü ä��â
whereò�	�� ã�ô é à òËó!â ã�ô ü ä é à ð� ü äöâ ½ ï òpð� ü â ã�� é with

òËâ ã�� é à1Ï å Î5æìç ã�� é� ¼Þí� ë â�ë��â àÅÏ å Î5æìç ã�� é� ¼Þí� úë
	 û úë��	 û
ã�ô ü ä é���â à Ú þ å�� £ýü ä � å�� £ýü ä ¼��£ ü ä�� £ ü ä Û

where
�

is thechangein theinputmatrixdueto thefactorizationof RHP-zerosin ô ü ä . Weobtainô 	�� à ã�ô ü ä é ü ä��â à Úÿþ å�� £ýü ä � å ã å�� £ýü ä ¼�� é £ÿ£�ü ä � å�� ¼�� £� £ Ûà Ú þ å � � å�� ¼�� £� £ Û à Ú þ Ù � Ù� £ Û
Thechange

�
becomes

� à å�� £ å ð�� â ½ ä Î¸æèç ã�� â�é Ä â�ë �â ¼ � £qà ð�� â ½ ä Î5æìç ã�� â�é úÄ 	¹û úë �	¹û
themodifiedmatrices

þ Ù and � Ù canbefoundby applyingthefollowing formulasrepeatedlyã þ â ü ä å � â Ï é úÄ 	=û à���� úë
	¹û à � úÄ 	=ûþ â à þ â ü ä å Î5æìç ã�� â�é úÄ 	¹û úë �	¹û � and � â à � â ü ä å Î5æìç ã�� â�é úÄ 	¹û úë �	¹û £
for Ô�à á �=Í=Í¹Í ��! 	

with
þ ï à þ

, � ï à � ,
þ Ù à þ ð�

and � Ù à � ð�
. Notethatthevector "$#% õ	 û #& õ	 û('

is scaledsuchthat úë �	 û úë)	 û à á
.

Non-square and strictly proper systems * (singular + matrix). The outputpole directionsare
independentof the matrix £ in the statespacedescription. Also the relation betweenoutput pole
directionsof ô andtheinput zerodirectionsof ô ü ä is independentof £ , this meansthatwe canadd
non-zeroelementsto £ withoutaffectingthethepoledirections.So,if £ is singularwe addnon-zero
elementsalongthediagonalof £ sothatit becomesnon-singular. Considernext thecasewhere ô has
moreoutputsthaninputs.Thenfictitiousinputswith zeroeffecton

ë
canbeincludedby addingcolumns
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with zerosin � and £ so that £ becomessquare.Thenext stepis thento addnon-zeroelementsto£ , sothat £ becomesnon-singular. Similarly if ô hasmoreinputsthanoutputsonecanaddrowswith
zerosto the � and £ matrices.Note, thataddingcolumnswith zerosto the � matrix androws with
zerosto the � matrixdonotchangethedirectionof thepole,it only expandsthedimension. ,
Proofof TheoremA.4. Since� â areRHP-polesof ô ã�� é it follows that � â alsoareRHP-polesofô õ à Ú�þ õ � õ

� õ £ õ Û
FromTheoremA.3 wehaveô õ à ò ü ä	�� ã�ô õ�é ã�ô õaé�-.� ß ôcà ã�ô õ�é�õ-.� ò ü õ	�� ã�ô õ�é
Weget ô -�â àÌã�ô õ�é�õ-.� à Ú þ Ù õ � Ù õ� õ £ õ Û à Ú þ Ù �� Ù £ Û
Theoutputpoledirection/ â andtheoutputpolestatevector � â for thetransposedsystemô õ arerelated
to theinputpoledirection ú/ 	 û andthetheinputpolestatedirection ú� 	 û , (2.31)and(2.29)í/ â à ú/ 	 û and

í� â à ú� 	 û
Themodifiedmatrices

þ Ù and � Ù canbecomputedby applyingthe following formularepeatedlyforÔ�à á �=Í=Í=Í0��! óþ â àÞã þ õâ ü ä�å Î5æìç ã�� é � â / �â � õ é õ à þ â ü ä å Î5æèç ã�� é � í/ â � õâ à þ â ü ä å Î5æìç ã�� é � ú/ 	 û ú� �	¹û� â à ã � õâ ü äËå Î¸æèç ã1� é � â / �â £ õ é õ à � â ü ä å Î5æèç ã1� é £ í/ â � õâ à � â ü ä å Î5æìç ã�� é £ ú/ 	 û ú� �	¹û
with

þ ï à þ
, � ï à � ,

þ Ù à þ ð�
and � Ù à � ð� . Theall-passfilter becomesò�	=â ã�ô é à ò�õ	�� ã�ô é à ð�öâ ½ ä òËâ ã�� é

with òËâ ã�� é à ã�Ï å Î5æìç ã�� â�é� ¼ í� â / â / �â é õ àÈÏ å Î5æìç ã�� â�é� ¼Ýí� â í/ â / õâ àÈÏ å Î5æìç ã�� â�é� ¼ í� â
ú/ 	 û ú/ �	 û ,



Appendix B

Eigenvalueproblemsand Jordan form

B.1 Left and right eigenvalueproblems

Assumein thefollowing thatthedimensionsof 2 is 35463 . Thestandardeigenvalueproblem
(referredto in thiscontext astheright eigenvalueproblem)is to find theeigenvalue 7 andthe
eigenvector(referredto astheright eigenvector) 8�9 whichsatisfy

2:8;9=<>7�8�9 (B.1)

In a similarway, theleft eigenvectorproblemis to find eigenvalue 7 andtheleft eigenvector8�? whichsatisfy 8;@? 2A<B8;@? 7 (B.2)

It is well known thatany scalar CEDGF timesaneigenvectoralsois aneigenvectorandthat
eigenvectors8IH)J)K)K)K0J�8;L correspondingto differenteigenvalues7MH)J)K)K)K0J$7NL , thenthoseeigen-
vectorsarelinearly independent.Thesepropertiesareof coursevalid for bothtypesof eigen-
valueproblems.

Thefollowing propertyrelatestheright eigenvector 8�9PO1H , correspondingto aneigenvalue7QH , to theleft eigenvector 8;?;OSR , correspondingto aneigenvalue 7TR , when 7MHVU<>7�R .
PROPERTY B.1 Left andright eigenvectors which correspondsto differenteigenvalues,are
orthogonalto oneanother.

Proof. Let WYXTZ ä bearight eigenvectorcorrespondingto theeigenvalue [ ä and WY\]Z_^ bealeft eigenvector
correspondingto theeigenvalue [`^ wethenhaveþ WYXTZ ä àa[ ä WYXTZ ä and W �\]Z_^ þ àa[�^bW �\]Z_^
Multiplying thelatteron theright by WYXTZ ä gives

[�^�W �\]Z_^ W�XTZ ä à=W �\]Zc^ þ W�XTZ ä àdW �\]Zc^ [ ä WYXTZ ä
which implies W �\]Zc^ W�XTZ ä àe� since [�^gfà�[ ä . ,
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Theeigenvalueproblems(B.1)and(B.2)canbewrittenonmatrixform by arranging8�9PO h
and 8�?;O h sothatthey bothcorrespondto eigenvalue 7Yh . We thenform thematricesi 9j<lkm8;9PO�H 8;9POcR n)n)no8;9PO prqi ?�<skt8;?;O1H 8;?;OcR n)n)nu8;?;O p�q
andthediagonalmatrix vw<yx�z|{�}Y~(7�h�� . Thenwehave thefollowing relationships

2 i 9d< i 9Pv and
i @? 2><yv i @? (B.3)

Theright eigenvalueproblemof thetransposeof 2 becomes

2g� i < i v (B.4)

Takingthetransposeof (B.4) gives i ��2A<�v i � (B.5)

Comparing(B.5) andthe lastequationin (B.3) givesthat
i ?�< �i . That is, the left eigen-

vectorsare equal to the conjugateof the right eigenvectorsto 2 � . In MATLAB the left
eigenvectorscanthereforebecomputedastheconjugateof theright eigenvectorsof 2 � .

B.1.1 Scaling

Sinceany scalartimesaneigenvectoris aneigenvector, theeigenvectorscanbescaledinde-
pendently. It is usualto scalethe eigenvectorsso that the norm of the vectorsareequalto
one. Note that the eigenvectorsarestill not uniquethey canbe multiplied with a complex
numberwith magnitudeoneandarbitraryphase.In this work we assumethatboth left and
right eigenvaluesarescaledsothattheir normareone.Considernext a pair of left andright
eigenvectors( 8;?;O hbJ�8�9PO h ) correspondingto theeigenvalue 7�h , definethescalarC
h�<A8 @?;O h 8�9PO h
andthediagonalmatrix �=<�x�z|{�}Y~(C
hm� . In thecaseof 3 linearly independenteigenvectorswe
canwrite thediagonalizationof 2 in termsof

i 9 ,
i ? and � asgivenin (B.9).

B.1.2 � linearly independenteigenvectors

It is well known thata matrix 2 with 3 linearly independenteigenvectors8�9PO h canbediago-
nalizedby thematrix

i 9 id� H9 2 i 9j<yv or 2�< i 9Pv i�� H9 (B.6)

In asimilarway 2 canbediagonalizedby
i ? if 2 has3 linearly independentleft eigenvec-

tors. i @? 2 i � @? <yv or 2�< i � @? v i @? (B.7)

From(B.6) and(B.7) wehave i��? < id� @9 (B.8)
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when 2 has3 linearly independentright eigenvectors.Whencomputingtheleft eigenvectors
accordingto (B.8) it follows that the left eigenvectorsarescaledso that 8 @9PO h 8�?;O hg<�� . To

seethis multiply
i �? on theleft with

i @9 to obtain
i @9 i �? < i @9 id� @9 <A� . It is therefore

necessaryto normalizethe left eigenvectors,
i ?w< i �? � , where � containsthe inverseof

thenormof thecolumnsin
i �? on thediagonal.Multiplying

i ? on theleft by
i @9 revealsi @9 i ?�< i @9 i �? �=< i @9 id� @9 �=<>�

which is desired. Multiplying (B.3) on the left by
i @? , using(B.8) and

i ?�< i �? � we
obtain i @? 2 i 9=<>� @ vw<yv�� @ (B.9)

The last identity follows sincetwo diagonalmatricescommute. In a similar way we can
multiply (B.3) on theright with

i � H9 <>� � @ i @? to obtain

2A< i 9Pv�� � @ i @? < i 9�� � @ v i @? (B.10)

B.1.3 � distinct eigenvalues

In thecaseof 3 distincteigenvaluesthereexists 3 linearly independenteigenvectorsandwe
have i @? i 9j< i @9 i ?�<>�d<yx�z�{�}�~)8 @?;O h 8�9PO h��
B.2 Jordan form

It is not our intentionto show how to computetheJordanform or to derive it. However, the
intentionis to show how wecanusetheJordanform to obtainbothleft andright generalized
vectorswhich canbeusedto describethedirectionalityof thosepolesor eigenvalueswhich
donot havesufficientnumberof linearly independenteigenvectors.

A defective matrix 2 is a matrix which doesnot possess3 linearly independenteigen-
vectorsandcanthereforenot bediagonalized.Thosematriceswhichcannotbediagonalized
canbebroughtinto Jordanform.

If amatrixhas� linearly independenteigenvectors,thenit is similar to amatrixwhich is
in Jordanform with � squareblockson thediagonal:

� <y� � H 2g� <
������
�

� H
... ���

... ���

�������
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Eachblockhasoneeigenvector, oneeigenvalue,and1’s justabove thediagonal:

��� <
���
�
7 � �

...
...7 � �7 �

����
 

It followsthat 2g� <�� �
, thesingleeigenvectorfor eachblocksatisfy 2g¡�hI<>7Yh.¡�h , andfor

eachblock
���

of sizegreaterthanonethereexists ¢¤£¥� , where ¢ is thesizeof
���

, additional
vectors¡�h whichsatisfy2g¡�hP<>7�h.¡�h§¦¨¡�h � H . Theseadditionalvectorsarecalledgeneralized
vectors. Theeigenvectorstogetherwith thegeneralizedvectorsform thematrix � whichhas
rankequalto 3 . Since� hasrankequalto 3 , � � H existsand

� <y� � H 2g� .
Fromthis point we changenotationanduse �e9 in the meaningof � above, since �

multiplies 2 on theright in 2g�a9=<y�a9 �
. Following thesameargumentsfor constructions

of �a9 and
�

(seeStrang,1986)it followsthattherealsoexistsa �e? suchthat

�©@? 2�< � ��@? (B.11)

Sinceboth �a9 and �e? arenonsingularwecanwrite� <y� � H9 2g�e9 or 2�<y�e9 � � � H9 (B.12)� <y� @? 2g� � @? or 2�<y� � @? � � @? (B.13)

From(B.12)and(B.13)it followsthat

� �? <y� � @9 (B.14)

REMARK 1. Wecansplit up both
þ�ª X5« ª X¬ and

ª �\ þ «w¬ ª �\ . To do this let
ª XTZ ® and

ª \]Z ®
denotethethecolumnsin

ª X and
ª \ correspondingto ¬ ® . Fromtheright Jordanform weget

þ°¯tª XTZ²± ³�³ ³ ª XTZ ® ³0³ ³ ª XTZ ´Mµ�« ¯tª XTZ²± ³ ³ ³ ª XTZ ® ³ ³ ³ ª XTZ ´µ
¶·····¸ ¬�± .. . ¬ ® ³ ³�³ ¬¹´

º�»»»»»
¼

whichgives
þ�ª XTZ ® « ª XTZ ® ¬ ® , andfrom theleft Jordanform weget¶·······¸

ª �\]Z�±
...ª �\]Z ®
...ª �\]Z ´

º »»»»»»»
¼
þ «

¶······¸
¬�±

. .. ¬ ®
. .. ¬¹´

º »»»»»»
¼

¶·······¸
ª �\]Z�±

...ª �\]Z ®

...ª �\]Z_´

º »»»»»»»
¼

whichgives
ª �\]Z ® þ «¥¬ ® ª �\]Z ® .
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REMARK 2. From
þ�ª X�« ª X¬ andfor Jordanblock number½ , þ�ª XTZ ® « ª XTZ ® ¬ ® it follows that

thefirst column¾¿XTZ À in
ª XTZ ® is theeigenvectorandtheremainingcolumnsin

ª XTZ ® arethegeneralized
vectors.Let ¾ÁXTZ_À bethefirst columnin

ª XTZ ® andassumethatthesizeof theJordanblock is three,we
get þÂ¯ ¾¿XTZ ÀÃ¾¿XTZ ÀÅÄ;± ¾ÁXTZ_ÀÅÄY^�µ�« ¯ ¾¿XTZ Àu¾ÁXTZ_ÀÅÄ�± ¾¿XTZ ÀÅÄN^]µ ¶¸ [ ® Æ �� [ ® Æ� � [ ®

º¼
or

þ ¾¿XTZ ÀN«e[ ® ¾ÁXTZ_À , þ ¾ÁXTZ_ÀÅÄ�±I«e[ ® ¾ÁXTZ_ÀÅÄ�±QÇ°¾ÁXTZ_À and
þ ¾ÁXTZ_ÀÅÄY^È«�[ ® ¾ÁXTZ_ÀÅÄY^�Ç°¾¿XTZ ÀÅÄ;± .

REMARK 3. Importantly, for the left Jordanproblemthe orderingof the vectorsin
ª \ arereversed

comparedto thatof theright Jordanproblem.That is, the lastcolumnin
ª \]Z ® is theeigenvectorand

theremainingcolumnsarethegeneralizedvectors.We have
ª �\ þ «�¬ ª �\ andfor Jordanblock ½ ,ª �\]Z ® þ «G¬ ® ª �\]Z ® . Let ¾Á\]Z_À bethefirst columnin

ª \]Z ® andassumethatthesizeof theJordanblock
is three,weget ¶¸ ¾ �\]Z_À¾ �\]Z_ÀÅÄ�±¾ �\]Z_ÀÅÄY^

º¼ þ « ¶¸ [ ® Æ �� [ ® Æ� � [ ®
º¼ ¶¸ ¾ �\]Z À¾ �\]Z ÀÅÄ;±¾ �\]Z ÀÅÄN^

º¼
or ¾ �\]Z À þ «e[ ® ¾ �\]Z_À Ç°¾ �\]Z ÀÉÄ�± , ¾ �\]Z ÀÅÄ;± þ «�[ ® ¾ �\]Z ÀÅÄ;± Ç°¾ �\]Z ÀÉÄY^ and ¾ �\]Z_ÀÅÄY^ þ «e[ ® ¾ �\]Z_ÀÅÄY^
B.2.1 Scaling

Weknow thateacheigenvectorcanbescaledindependently, however, thegeneralizedvectors
describedby 2g¡�hÊ<o7 � ¡�hP¦y¡�h � H mustbe scaledwith the samescalarasthe eigenvector
which startsor endsthe chain. As anexample,supposethatwe have foundaneigenvector¡ËH andtwo generalizedvectors ¡ÌR and ¡�Í so that 2g¡ËH�<Î7Y¡ËH , 2g¡ÌR�<Ï7�¡ÌRg¦>¡ËH and2g¡�ÍÌ<>7Y¡�ÍÈ¦�¡ÌR areall satisfied.Next, assumethatwescaletheeigenvector ¡ÊH to become¡ � H <ÐC)¡ËH where CEDaF . In orderto satisfy 2g¡ÌRÑ<Ð7�¡:R�¦B¡ � H we mustscale¡ÌR with the
samescalar C to obtain ¡ �R <ÒC)¡ÌR and 2g¡ �R <Ò7�¡ �R ¦B¡ � H which againimply thatwe must
scale¡ÓÍ with C . So,for eachJordanblock we have onedegreeof freedomfor scaling.The
structureof thescalingmatrix for amatrix 2 with � linearly independenteigenvectors

�=<
�������
�
C�H��)Ô$Õ

... C � �)ÔbÖ
... C � �)Ô�×

� ������
  (B.15)

where C � DjF andthesizesof theidentity matrices�)Ô$Õ)J)K)K)K0J��)Ô�× areequalto thesizesof the
correspondingJordanblocks

� H)J)K)K)K$J ��� , i.e. ¢�H)JMK)K)K§J$¢ � . It followsfrom (B.14)thatselecting�e?°<y� �? � , � @9 �e?°<y� @9 � �? �d<y� @9 � � @9 <>� (B.16)

Usually, we selectthescalingsC�H
J)K)K)K0J$C � to berealandequalto theinverseof thenormsof
the columnsin � �? correspondingto the left eigenvectors. This implies that all C�H
J)K)K)K0J$C �
arereal,andby takingthecomplex conjugatetransposeof (B.16)weobtain

� @? �a9j<�� @ <>�=<�� @9 �e? when C � D�ØÓJÚÙYÛÊD�~��ÜJ)K)K)K$J��� (B.17)
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Multiplying (B.11)on theright with �e9 gives

�©@? 2g�e9d< � ��@? �a9j< � �Ý@ (B.18)

which is valid for all diagonalscalingmatrices� with the predescribedstructuregiven in
(B.15). In asimilarwaywecanmultiply 2g�a9=<y�a9 �

on theleft by � @? to get

� @? 2g�e9d<>� @ � < � � @ (B.19)

So, � and
�

commute,whichcanalsobeseenfrom

� � <
��
�
� H

... ���
���
 

��
� C�H��)Ô$Õ ... C � �
Ô�×

���
  <

��
�
� H$CÜH��)Ô$Õ

... ��� C � �)Ô�×
���
 

<
��
� CÜH��)Ô$Õ

� H
... C � �)Ô�× ���

���
  <

��
� CÜH���H ... C � �
Ô�×

���
 

��
�
� H

... ���
���
  <>� �

Multiplying 2g�e9=<y�e9 �
on theleft with � � H9 <y� � @? <>� � @ � @? gives

2><y�e9 � � � @ � @? <��a9È� � @ � � @? (B.20)

B.2.2 Inverseof Jordan block Þ
Theinverseof ¬ consistingof ß squareblocksalongthemaindiagonalis thematrix

¬ ü ± «
¶······¸
¬ ü ±±

. . . ¬ ü ±®
. .. ¬�ü ±´

º »»»»»»
¼

andtheinverseof aJordan¬ ® blockof size à with �á«e[ ®
¬ ® «

¶·····¸ � Æ ³ ³ ³â� �� � ³ ³ ³â� �
...

...
. ..

...
...� � ³ ³ ³A� Æ� � ³ ³ ³â� �

º »»»»»
¼
ã äääääåäääääæ à (B.21)

is

¬ ü ±® «
¶·····¸ Æ
ç � è Æ
ç � ^ ³ ³0³êéëè Æ§ìtí ü ^ ç � í ü ± é�è Æ§ìmí ü ± ç � í� Æ§ç � ³ ³0³êéëè Æ§ìtí ü�î ç � í ü ^ éëè Æ§ìmí ü ^ ç � í ü ±

...
...

.. .
...

...� � ³ ³0³ Æ§ç � è Æ
ç � ^� � ³ ³0³ � Æ
ç �

º »»»»»
¼ (B.22)
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