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A B S T R A C T   

In this work, simplified steady-state and dynamic models of a Recirculating Aquaculture System (RAS) of Atlantic 
salmon (Salmo salar) are described. The RAS process under study includes a fish tank, a biofilter, a CO2 stripper, 
and an oxygen cone. Compared to existing models, the main contribution is that it explicitly models the pH, by 
using reaction invariants such as total inorganic carbon (TIC), total ammonia nitrogen (TAN), and alkalinity. As 
the possibility of placing the pH/alkalinity adjustment (base or buffer addition) into the fish tank or into the 
biofilter was considered, four steady-state scenarios were studied, where one of the adjustments is utilized in 
each scenario. A dynamic simulation of the process with oxygen and pH controllers was performed and compared 
with commercial RAS production data, and what adjustments had to be done to get an agreement between the 
model and the plant data.   

1. Introduction 

Fish aquaculture involves the use of large tanks filled with freshwater 
or saltwater to cultivate fish. As the global demand for food continues to 
grow, the Food and Agriculture Organization of the United Nations 
(FAO) has recognized aquaculture as a promising source of food to meet 
this demand (FAO, 2020). 

Atlantic salmon undergo freshwater stages until they reach a mature 
smolt size, after which they are transferred to net pens during the post- 
smolt phase and continue to grow until they reach market size (Global 
Salmon Initiative, 2020). Expanding the inland phase of aquaculture has 
several advantages, including reducing fish losses from escapes, 
lowering the probability of diseases due to the absence of contact with 
external pathogens, and the ability to provide controlled rearing con
ditions with vaccinations. However, the main disadvantage is that as the 
fish grow, they require more space and may need to be spread across 
multiple tanks or transferred to larger tanks on land. 

The current types of configuration of recirculating aquaculture sys
tems (RAS) show room for improvement, as they are not operated 
optimally and are not fully automated, i.e., they are operated manually 
to preserve satisfactory conditions for the welfare of the fish. 

There is room for improvement in the current configuration of 

recirculating aquaculture systems (RAS) as they are not operated opti
mally and lack full automation. Instead, they are manually operated to 
maintain satisfactory conditions for the fish’s welfare. 

Carbon dioxide (CO2), ammonia (NH3), and nitrate (NO−
3 ) can be 

toxic for fish above certain levels (Bergheim and Fivelstad, 2014; 
Davidson et al., 2017; Mota et al., 2019), and maintaining an acceptable 
pH level is also crucial. In industrial setups, CO2 and NH3 levels are 
typically monitored indirectly by measuring the concentrations of total 
inorganic carbon (TIC), total ammonia nitrogen (TAN), and alkalinity. 
These concentrations remain reaction invariant with respect to pH and 
the equilibrium reactions that occur during this process, meaning that 
their concentrations do not change when pH or the concentration of any 
component involved in the equilibrium reactions fluctuates. 

It is possible to develop a dynamic model for these quantities without 
explicitly including pH in the model by using reaction-invariant quan
tities, such as TIC, TAN, and alkalinity. Examples of such models can be 
found in the RAS model developed by Wik et al. (2009) and the model 
extended by Pedersen and Wik (2020). Both models include fish and 
bacteria metabolisms, with Pedersen and Wik (2020) extending the 
model by including a model for the stripper. However, neither model 
considers the effect of pH explicitly, as it is not necessary when using 
reaction invariant quantities. 
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To our knowledge, no dynamic models for RAS that consider the 
effect of pH have been published in the literature. One approach to 
include pH in the model is to use dynamic balances for all components, 
including the H+ concentration, and use the extent of reactions as static 
coupling variables. However, an alternative approach that uses reaction- 
invariant variables and fewer differential equations, as proposed for pH 
systems since the 1980s (Gustafsson and Waller, 1983), may be prefer
able due to numerical reasons. In this study, we test both approaches and 
show how the reaction-invariant approach is more suitable. 

In this paper, we present simple steady-state and dynamic models 
that are suitable for controlling and optimizing the design of a RAS (from 
Nofitech). Our main objective was to develop a water quality model for 
the main units (fish tank, biofilter, and stripper) that also includes pH, 
and to study the effects of the placement of substances to adjust pH and 
alkalinity. 

2. Process description 

2.1. Process overview 

The recirculating aquaculture system is composed of a fish tank and a 
water treatment system, which includes a biofilter and a CO2 stripper. 
Solid removal from the fish tank is also present, but for simplicity, solids 
are not included in our model. Additionally, denitrifying and disinfec
tion units could be present in other configurations of RAS, but the RAS 
being studied does not have these types of equipment. An illustration of 
the process is shown in Fig. 1. 

The fish tank receives two inlet streams, one containing fish feed in 
the form of solid pellets and the other containing recirculated water 
enriched with oxygen. Fish metabolism takes place in the tank, as 
described by reaction (1). The effluent water from the fish tank is then 
sent to the biofilter, where a small amount of makeup water is added. In 
the biofilter, bacteria convert ammonium into nitrate, as described by 
reaction (2), with an assumed conversion efficiency of 97% of TAN. The 
effluent from the biofilter is then sent to a CO2 stripper, where CO2 is 
removed with an efficiency of around 60–70%. To avoid the accumu
lation of nitrate and other compounds, a purge stream is taken out after 
the stripper. The remaining recycled water is then fed back to the fish 
tank after oxygen has been added to an oxygen cone. In Fig. 1, the red 
lines indicate the four options for pH correction, which can be done in 
the fish tank (T) and/or in the biofilter (B) by adding base (NaOH) or 
buffer (NaHCO3). Although buffer can be used for pH correction, it also 
adds bicarbonate to the system, making it more difficult to keep low CO2 
levels. Therefore, it is not clear which one should be used. Additionally, 
we assume that there is a possibility of adding pH correction in the fish 

tank, which might not be common practice due to associated risks. 
However, we assume that the fish farm is knowledgeable about handling 
this matter and has the power to mitigate it. 

2.2. Chemical reactions 

In this work, we only focus on modelling the water system of the fish 
tank and assume that the effect of the fish on the water system can be 
described by the following empirical chemical equation: 

1 kg feed + 0.45 kg O2 + water⟶ 0.9 kg fish biomass + 0.48 kg CO2
+0.047 kg NH3 + waste

(1) 

This assumption is based on the premise that the fish receives an 
adequate amount of feed. In practice, this is determined by monitoring 
any excess feed and the behavior of the fish. However, there may be 
instances where the feed is limited for a period, such as when the water 
is contaminated. In such situations, the biomass growth rate may 
decrease, and the fish may consume only what is necessary for survival. 
Nonetheless, in this study, we assume that the fish consumes all the 
provided feed and that the water quality remains within acceptable 
limits, thereby not affecting the fish metabolism. In reality, the apparent 
feed conversion ratio (which is assumed to be 0.9 kg biomass per kg 
feed) reduces at higher CO2 concentrations (Khan et al., 2018). How
ever, this effect is not taken into account in this paper. Although the 
reaction coefficients may vary depending on the fish size, we assume 
that they are independent for simplicity. That is, we presume that they 
hold these values during a particular stage in the fish’s life cycle while 
using a standard food type for Atlantic salmon. If the same system is 
operated throughout a significant part of the fish’s life cycle or if the 
food composition changes, a correction of these coefficients may be 
necessary. 

The water treatment system is assumed to be unaffected by fish 
biomass. Only the consumption of oxygen, as well as the production of 
carbon dioxide and ammonia, are taken into account as factors that 
could impact the water treatment process. 

The feeding rate in the fish tank typically increases exponentially 
over a 90-day period as the fish grows from approximately 200 g to 
400 g. However, in this paper, we only focus on the first day of operation 
with a constant fish feed rate of 580.6 g/min. 

In the biofilter, nitrifying bacteria convert ammonia to nitrite and 
then to nitrate, a process known as nitrification (Schreier et al., 2010). In 
our simulations, we assume that 97% of the TAN (total ammonia ni
trogen) is converted, following the overall reaction: 

NH3 + 2 O2⟶NO−
3 + H+ + 2 H2O (2) 

In addition to the biological reactions, it is assumed that all water 
streams in the process comply with the following acid-base equilibrium 
reactions: 

H2CO3 ⇌K1 H+ + HCO−
3 (3)  

HCO−
3 ⇌

K2 H+ + CO2−
3 (4)  

NH+
4 ⇌

K3 H+ + NH3 (5)  

H2O ⇌
Kw H+ + OH− (6)  

where K1, K2, K3 and K4 are the equilibrium constants for reactions 
(3–6). The concentrations of the components in the acid-base reactions 
depend on pH, which in this paper is computed as 

pH = − log10
(
cH+∕c0) (7)  

where c0 = 1 mol/l. 
In reaction (3), we assume that H2CO3 accounts for both H2CO3 and 

Fig. 1. Flowsheet for RAS process studied in this paper with 4 optional base 
and buffer intakes (in red lines). 
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dissolved CO2, which means that the equilibrium constant, K1, also ac
counts for equilibrium between these two species, represented by the 
following equilibrium reaction: 

CO2 + H2O⇌K0 H2CO3 (8) 

Reaction (8) has an equilibrium constant of about K0 = 1.2e-03 in 
water, meaning that the concentration of dissolved CO2 is about 1000 
times larger than H2CO3. Nevertheless, we represent all dissolved CO2 
and H2CO3 as H2CO3 in our model. 

The model’s operational parameters are presented in Table 1, and 
the physicochemical parameters are listed in Table 2. It is important to 
note that the equilibrium constants used are not for pure water, but for a 
mixture of seawater and pure water with a salinity of 15 g/kg and 
temperature of 14∘C. The salinity and temperature have a direct impact 
on the solubility of the compounds, thereby affecting the equilibrium 
constants. As a result, there is a shift in the equilibrium graphs compared 
to fresh water at 25∘C (refer to Fig. 2a and b). 

Three important variables for the model are TAN, TIC, and alkalinity. 
These may be viewed as pseudo-components, but, throughout this work, 
they are included in the components category for simplicity. These 
pseudo-components are reaction invariants with respect to the equilib
rium reactions (3–6), meaning that they are only affected by the in- and 
outflows of each unit and by the biochemical reactions (1) and (2). The 
TAN, TIC, and alkalinity concentrations are defined as follows: 

cTAN = cNH3 + cNH+
4

(9)  

cTIC = cH2CO3 + cHCO−
3
+ cCO2−

3
(10)  

calk = cOH− + cHCO−
3
+ 2cCO2−

3
− cH+ + cNH3 (11) 

It is important to note that these concentrations are typically 
measured in the laboratory. There are several ways to derive these re
action invariants, and it should be noted that they are not unique since 
different combinations can be made. One straightforward method is to 
formulate atom balances for nitrogen, carbon, hydrogen, and oxygen, 
which involve the eight components that participate in the equilibrium 
reactions (3–6). TAN can be obtained directly from the nitrogen (N) 
atom balance, while TIC can be obtained directly from the carbon (C) 
atom balance. The alkalinity can be derived by stoichiometric consid
erations (Gustafsson and Waller, 1983) or by combining all four atom 
balances (H, O, C, N). 

Assuming equilibrium in reactions (3–5), Fig. 2a and b illustrate the 
mole fractions for the carbonate system and ammonia system relative to 
TIC and TAN as a function of pH, respectively. To maintain low levels of 
both H2CO3 and NH3 in the fish tank, the pH should be kept within a 
specific range. From the figures, it is apparent that a pH level above 7 is 
desirable to achieve low concentrations of H2CO3, whereas a pH level 
below 8 is necessary to achieve low concentrations of NH3. Thus, a pH 
range between 7 and 8 is optimal for the fish tank. 

The nitrifying bacteria in the biofilter are adaptable to pH, but they 
do not function well at pH levels below 6 or above 10. The optimal range 
for their activity is between 7.5 and 8, as reported by Raoeliaritiana 
(2016). Therefore, it is assumed that a satisfactory conversion range falls 
between 7 and 8. To increase the efficiency of the stripper, it is desirable 
to have high concentrations of CO2 (or H2CO3 equivalent), as depicted in 
Fig. 2a. This requires a low pH level to achieve high levels of TIC in the 

form of H2CO3. In practice, it may be better to operate the biofilter at a 
pH of around 7 to achieve optimal stripper efficiency, although a higher 
pH level would be better for the bacteria’s activity. Alternatively, adding 
acid between the biofilter and the stripper could resolve this conflict, but 
this approach is not explored in this study. 

3. Process model 

3.1. Model assumptions 

For simplicity, this section describes all assumptions and the steady- 
state molar balances, which are then extended to the dynamic model. 

The main assumption made for the model is that the system can be 
described by the chemical reactions (1)–(6). Additionally, several as
sumptions were made, including: .  

1. All food is consumed by the fish and the conversion is defined by 
reaction (1). The biomass increases the mass of the fish, but it is 
assumed that it does not affect the stoichiometry of reaction (1).  

2. The tank and the biofilter are modeled as continuous stirred-tank 
reactors.  

3. Nitrification is assumed to occur only in the biofilter with operating 
conditions to achieve a given efficiency of TAN conversion according 
to reaction (2).  

4. The stripper is modeled as an equilibrium-stage column with a given 
air bypass to represent that the real column has less than one equi
librium stage while neglecting the holdup.  

5. Neither carbon dioxide nor oxygen is lost to the air in the fish tank or 
biofilter. Additionally, the variation of the oxygen concentration in 
the stripper is neglected.  

6. The makeup water does not contain TIC, TAN, or alkalinity and does 
not affect the salinity of the system.  

7. Temperature is assumed to be perfectly controlled and not affect fish 
metabolism.  

8. The only relevant addition of water is the makeup water and the only 
relevant removal is the purge.  

9. The levels of the tank and the biofilter are considered perfectly 
controlled. 

These assumptions provide a simplified model for the system, and 
although they may not capture all the complexities of the real system, 
they allow for a reasonable estimation of the system’s behavior. 

The two main approaches for modelling the stripping column are the 

Table 1 
Operational parameters.  

Parameter Value Unit Description 

ξB 0.97 – Biofilter conversion of TAN 
Poper 1 bar Stripper operating pressure 
fair 0.3324 – Stripper air bypass fraction 
VT 2300 m3 Tank liquid volume 
VB 282.5 m3 Biofilter liquid volume  

Table 2 
Physicochemical parameters at temperature of 14∘C, pressure of 1 bar and 
salinity of 15 g/kg.  

Parameter Value Unit Description 

K1 8.9002e- 
07a 

mol/L Equilibrium constant of reaction (3) 

K2 4.3112e- 
10a 

mol/L Equilibrium constant of reaction (4) 

K3 9.1592e- 
10b 

mol/L Equilibrium constant of reaction (5) 

Kw 5.2132e- 
15c 

mol2∕L2 Equilibrium constant of water 
dissociation 

KH 5.8695e- 
02d 

mol/(L 
bar) 

From Henry’s constant for CO2 in water 

[O2]sat 9.39e mg/L O2 concentration at 100% saturation 
yin

CO2 
4.15e-04f – CO2 mole fraction in air (Sept. 2021) 

MNH3 17.031 g/mol NH3 molar mass 
MCO2 44.010 g/mol CO2 molar mass 
MNO−

3 
62.005 g/mol NO−

3 molar mass 
MO2 31.998 g/mol O2 molar mass 

aMillero et al. (2006); bJohansson and Wedborg (1980); cBandura and Lvov 
(2006), and Millero and Huang (2009); dWeiss (1974); eBenson and Krause 
(1984); fCalifornia Institute of Technology (2021) 
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equilibrium-stage model and the two-film mass transfer model. In Vinci 
et al. (1996), the authors provided a detailed analysis of the latter, which 
may be more realistic than an equilibrium model. However, this model 
involves equations with decimal exponents, which can generate imagi
nary numbers when facing negative arguments during the root-finding 
process. Therefore, we decided to use an equilibrium-stage model with 
one stage and a bypass, as in Assumption 4, due to its simplicity and 
fewer numerical issues. The bypass introduces some non-ideality, which 
may be realistic since some air volumes may pass through the stripper 
without reaching equilibrium with the water. Fig. 3 illustrates this 
modelling approach. 

The bypass fraction was determined by comparing the model results 
with those from an experimental packed column. The column was 
operated with an inlet CO2 concentration of 20 mg/L (0.45 mmol/L) 
and a volumetric gas-to-liquid ratio of 5 and was found to remove 60% 
of the CO2 (Summerfelt et al., 2000). Based on this data, the calculated 
bypass fraction was determined to be 33.24% of the air inlet, as shown in 
Table 1. It should be noted that as per Assumption 4, the stripper holdup 
is neglected in the model, resulting in a static stripper model. 

3.2. Steady-state molar balances 

Based on the aforementioned assumptions, we present below the 

steady-state molar balances for water, alkalinity, TIC, TAN, nitrate, and 
oxygen. The variables’ names and units are:  

• Molar concentration, c [mol/m 3water = [mmol/Lwater]  
• Mass concentration, w [mg∕Lwater]  
• Liquid flow rate, q [m3

water∕min]  
• Molar flow rate, ṁ [mol/min] 

3.2.1. Molar balances for water 
When considering the mass balance for the mixing point of makeup 

water, the independent variables or degrees of freedom are the makeup 
water flow rate, denoted as qm, and the recirculation flow rate, denoted 
as q. Based on this, the following equation is obtained: 

qB = q + qm (12) 

It is assumed that the liquid holdups remain constant at all times. 
Therefore, the purge flow is equal to the makeup flow (qm), and the 
liquid flow rate is q after the purge and before the makeup points. After 
the makeup and before the purge, the liquid flow rate is qB, as illustrated 
in Fig. 1. 

3.2.2. Molar balances for alkalinity  

• Tank: 

qcT
alk = qcin

alk + ṁT
buffer + ṁT

base + λNH3 F (13)  

where ṁT
buffer and ṁT

base are the molar flow rates of NaHCO3 (HCO−
3 ) 

and NaOH (OH− ), respectively, being added in the tank. F is the fish 
feed rate, and λNH3 is the stoichiometric coefficient for NH3 in the fish 
metabolism, given by: 

λNH3 =
0.047
MNH3

mol
/

gfeed  

where MNH3 is the molar mass of NH3.  
• Biofilter: 

qBcB
alk = qcT

alk + ṁB
buffer + ṁB

base − 2ξBqcT
TAN (14)  

where ṁB
buffer and ṁB

base are the molar flow rates [mol/min] of 
NaHCO3 and NaOH, respectively, being added in the biofilter. The 
last term − 2ξBqcT

TAN comes from reaction (2), in which alkalinity has 
a stochiometric coefficient of − 2 because it forms H+ and consumes 
NH3.  

• Stripper: 

Fig. 2. Relative mole fraction for (a) carbonate system (TIC) and (b) ammonia system (TAN) as a function of pH. Subscript s (solid lines) are values computed for 
salinity 15 g/kg at temperature 14∘C, and subscript p are values computed for pure water at 25∘C. 

Fig. 3. Simplified model representation of stripper with single equilibrium 
stage and partial bypass of air. 
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cS
alk = cB

alk (15)   

3.2.3. Molar balances for total inorganic carbon (TIC)  

• Tank: 

qcT
TIC = qcin

TIC + ṁT
buffer + λCO2 F (16)  

where ṁT
buffer is the molar flow rate of NaHCO3 being added in the 

tank, λCO2 is the stoichiometric coefficient for CO2 in the fish meta
bolism, which is given by 

λCO2 =
0.48
MCO2

mol
/

gfeed    

• Biofilter: 

qBcB
TIC = qcT

TIC + ṁB
buffer (17)  

where ṁB
buffer is the molar flow rate of NaHCO3 being added in the 

biofilter.  
• Stripper: Assume CO2 equilibrium between gas and liquid outflow 

and use the bypass fraction fair to represent that the real stripper has 
less than one equilibrium stage. 

qBcS
TIC + (1 − fair)ṁI

air
yout

CO2

1 − yout
CO2

= qBcB
TIC + (1 − fair)ṁI

air
yin

CO2

1 − yin
CO2

(18)  

yout
CO2

=
cS

H2CO3

KHPoper
(19)  

where ṁI
air is the molar flow rate of air excluding its CO2 content, and 

yout
CO2 

is the molar fraction of CO2 at the outlet stream, meaning that 

the total air flow rate at the inlet stream is given by ṁair =
ṁI

air
1− yout

CO2
. 

3.2.4. Molar balances for total ammonia nitrogen (TAN)  

• Tank: 

qcT
TAN = qcin

TAN + λNH3 F (20)    

• Biofilter: 

qBcB
TAN = qcT

TAN − ξBqcT
TAN (21)    

• Stripper: 

cS
TAN = cB

TAN (22)   

3.2.5. Molar balances for nitrate 
The NO−

3 ions are only produced in the biofilter and removed by the 
purge, so we have at steady state:  

• Tank: 

cT
NO−

3
= cin

NO−
3

(23)    

• Biofilter: 

qBcB
NO−

3
= qcT

NO−
3
+ ξBqcT

TAN (24)    

• Stripper: 

cS
NO−

3
= cB

NO−
3

(25)   

3.2.6. Molar balances for oxygen  

• Tank: 

qcT
O2

= qcin
O2

− λO2 F (26)  

where λO2 is the stoichiometric coefficient of O2 in the fish meta
bolism, which is given by 

λO2 =
0.45
MO2

mol
/

gfeed    

• Biofilter: 

qBcB
O2 = qcT

O2
− 2ξBqcT

TAN (27)    

• Stripper: 

cS
O2

= cB
O2

(28)    

• Purge + Oxygen cone: 

qcin
O2

= qcS
O2

+ ṁO2 (29)  

where ṁO2 is the molar flow rate of oxygen being injected into the 
stream in the oxygen cone. 

Note that, except for O2, which is added between the biofilter and the 
tank, we have that cin = cS. 

The pH values at the different locations are calculated based on the 
provided concentrations of alkalinity, TIC, and TAN using Eq. (30), as 
explained next. The concentrations of ionic species can be determined 
from the calculated pH values using the equilibrium reactions (3–6). 

3.3. Computation of pH 

In addition to the molar balances of reaction invariants, the acid-base 
equilibrium in the system must also be considered in order to compute 
the pH, along with the concentration of the species in equilibrium. This 
was done by writing the equilibrium relations between species, ac
cording to reactions (3–6), and solving the resulting system of algebraic 
equations as a function of the reaction invariants. 

A simple analytic expression for alkalinity was developed by Henson 
and Seborg (1994), which enables the calculation of cH+ as a function of 
cTIC and calk. We extend this analysis by including the dependence on 
cTAN to incorporate the ammonia-ammonium equilibrium. The resulting 
analytic expression, which is used to compute cH+ (or pH) at each unit 
(fish tank, biofilter, and stripper), becomes: 

ci
alk = ci

TIC
K1ci

H+ + 2K1K2
(
ci

H+

)2
+ K1ci

H+ + K1K2
+

Kw

ci
H+

− ci
H+ + ci

TAN
K3

ci
H+ + K3

,

i = T,B, S

(30)  

In the Appendix, we show in detail how this expression was derived and 
its extension to include the equilibrium of phosphate ions, if these are 
present. 
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3.4. Dynamic molar balances 

This section describes the generalized model which can be utilized 
for simulating steady-state and dynamic behavior. The model equations 
are consistent with the previous sections but presented in a more general 
form. The model considers five species or components, namely alka
linity, TIC, TAN, NO−

3 , and O2. The molar balances for these five com
ponents in the tank and the biofilter are described by Eq. (31) and (32), 
respectively. 

VT dcT

dt
= q(cin − cT) + gT + hT (31)  

VBdcB

dt
= qB

(

cT q
qB − cB

)

+ gB + hB (32)  

where cin, cT, cB and cS are column vectors containing the concentration 
of the five species at the inlet of the tank, in the fish tank, in the biofilter, 
and in the stripper, respectively. gT and gB are column vectors repre
senting the amount of each component coming from input streams to the 
tank and biofilter, respectively, and hT and hB are column vectors con
taining the amount of each component generated or removed in the 
reactions (1) and (2), respectively. From this, gT, gB, hT and hB are 
defined as follows: 

gT =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ṁT
buffer + ṁT

base

ṁT
buffer

0
0
0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

gB =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ṁB
buffer + ṁB

base

ṁB
buffer

0
0
0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

hT =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

λNH3 F
λCO2 F
λNH3 F

0
− λO2 F

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

hB =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− 2qξBcT
TAN

0
− qξBcT

TAN

qξBcT
TAN

− 2qξBcT
TAN

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

The set of ordinary differential equations (ODEs) presented above 
comprises a total of 10 equations, which govern the dynamics of the 
system. In addition, there are 4 static equations that describe the molar 
balances in the stripper and oxygen cone. 

To implement this system, we use a set of 10 differential states, as 
given in Eqs. (31) and (32), which are derived from the molar balances 
of TIC, TAN, alkalinity, oxygen, and nitrate in the tank and biofilter. We 
also use 4 algebraic states, as given in Eqs. (18) and (30), which calculate 
the values of cS

TIC and cH+ after passing through the three units (tank, 
biofilter, and stripper). Although cH+ (pH) is not necessary for dynamic 
simulation of the tank and biofilter, unless one wants to know the pH 
and individual species concentrations, it is required for modelling the 
stripper, as the H2CO3 concentration is the driving force for TIC removal. 

4. Degrees of freedom for operation 

The system can be operated through several manipulated variables 
(i.e., dynamic degrees of freedom), as illustrated in Fig. 4. These vari
ables are: .  

1. Fish feed (pellets);  
2. Recirculation flow (i.e., liquid inflow to tank);  
3. Liquid outflow from the tank;  
4. Liquid inflow to biofilter;  
5. Liquid outflow from biofilter;  

6. Liquid outflow from stripper:  
7. Liquid inflow to oxygen unit;  
8. Pure oxygen feed;  
9. Heating/cooling;  

10. Purge;  
11. Makeup water;  
12. Air inflow to stripper;  
13. Base/buffer added to tank/biofilter 

The last variable could potentially represent up to four degrees of 
freedom, although typically only one is used at a time. When proposing 
the model, it was assumed constant liquid holdup in the fish tank, bio
filter, stripper, oxygen unit, mixing point for makeup water, and exit 
point for purge. This enabled us to establish six molar balances, which 
we could utilize to eliminate six of the previously mentioned variables. 
For instance, by taking into account the total holdup in all units, we 
determined that the purge flow was equal to the makeup water flow rate, 
qm. Additionally, the feed to the biofilter was equivalent to the sum of 
the liquid flow out of the fish tank and the makeup water. Furthermore, 
the liquid flow rate of the outlet of the fish tank, biofilter, stripper, and 
oxygen unit was equivalent to their respective inlet flow rates. To 
simplify the system further, we assumed that the temperature of the 
liquid streams was perfectly controlled, removing the heating/cooling as 
a degree of freedom. In total, this eliminates seven degrees of freedom, 
leaving us with six steady-state degrees of freedom for operation and 
control. For our simulations, we consider the fish feed, F, as a measured 
disturbance. As a result, we focus on the five degrees of freedom 
(manipulated variables) for operation, which are provided in Table 3. 

The process flowsheet is shown in Fig. 4, with the first four degrees of 
freedom indicated with valve symbols. The degree(s) of freedom related 
to buffer/base addition is not assigned in this flowsheet, as it can be any 
of the buffer/base feed streams. Moreover, the flowsheet includes two 
stabilizing controllers to control the nitrate and oxygen concentrations 
in the tank, which are later used in the dynamic simulations. 

Fig. 4. Flowsheet of RAS process where the valve symbols show control de
grees of freedom. Two stabilizing controllers for nitrate and oxygen are 
included. In addition, we usually have a stabilizing pH controller using buffer/ 
base addition. 

Table 3 
Control degrees of freedom (manipulated variables) with steady-state effect.  

Description Variable Unit 

Recirculation flow rate q m3∕min 
Air feed to stripper ṁair mol/min 
Oxygen feed ṁO2 mol/min 
Makeup water qm m3∕min 
Base/buffer feed ṁbase∕ṁbuffer mol/min  
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With a given feed rate, there are five steady-state operational degrees 
of freedom, and therefore we need five specifications to define the 
operation. In the simulations, we use a typical set of specifications 
provided in Table 4. Out of these specifications, two are on manipulated 
variables (MVs), namely the recirculation flow rate and air feed to the 
stripper, while the other three are on controlled variables (CVs). These 
three CV specifications (O2 saturation, nitrate concentration, and pH) 
indirectly determine the value of the three remaining MVs (O2 feed, 
makeup water, base/buffer addition). 

5. Simulation results 

In this section, we present some steady-state and dynamic simulation 
results, which also contribute to validating the model. 

5.1. Steady-state simulations 

For the steady-state calculations, we utilized the five specifications in 
Table 4 in combination with the given feed rate. It is worth noting that 
we maintained the oxygen level, the nitrate level, and the pH in the 
biofilter at fixed values. To achieve control of the pH in the biofilter, we 
considered four different scenarios, where we implemented one type of 
pH/alkalinity adjustment at a time (see Fig. 4):  

1) Base addition in the tank (ṁT
base)  

2) Base addition in the biofilter (ṁB
base)  

3) Buffer addition in the tank (ṁT
buffer)  

4) Buffer addition in the biofilter (ṁB
buffer) 

The steady-state system was solved for the four scenarios considering 
the conditions for day 1. The makeup water flow rate was the same in all 
scenarios (qm = 0.992 m3∕min) because the nitrate concentration was 

specified. Since the recirculation flow rate, q, was specified at 
30 m3∕min, the recirculation ratio was r = q∕(q + qm) = 0.968 in all 
scenarios. The oxygen feed rate was constant for all scenarios at 
11.49 mol/min. The results presented in Table 5 indicate that the 
amount of base or buffer is the same regardless of the location where it is 
added. 

Tables 6, 7, 8, 9 present the results obtained from the steady-state 
simulation. We see that the pH in the fish tank was generally higher 
than in the biofilter in most scenarios, except in Scenario 2 where base 
was added to the biofilter. The decrease in TAN and oxygen concen
trations from the tank to the biofilter can be attributed to reaction (2) 
and dilution by the makeup water. In terms of maximizing fish growth, 
low levels of NH3 and CO2 (H2CO3) are preferred in the fish tank. The pH 
in the fish tank significantly affects these values. For instance, a high pH 
of 7.34 resulted in a high concentration of ammonia (Scenario 1), while 
a low pH of 7.01 resulted in a high concentration of H2CO3 (Scenario 2). 
To achieve low levels of CO2, it is better to use NaOH (base) (Scenarios 1 
and 2) instead of NaHCO3 (buffer) for pH adjustment. 

Despite using a large amount of buffer, Scenarios 3 and 4, which both 
use sodium bicarbonate (buffer) for pH adjustment, have almost iden
tical steady-state values. This result is expected due to the well-known 
buffer effect. 

5.2. Dynamic simulation 

Figure Fig. 5 illustrates the dynamic response of the system to a step 
increase of 56.5 g/min in the fish feed (about 10% disturbance) with all 
the five manipulated variables kept constant, including the oxygen 

Table 4 
Nominal operational specifications used in simulations.  

Variable Value Unit Description 

q 30 m3∕min Recirculation flow rate 
ṁair 6285 mol/min Air feed to stripper 
cO2% 80% – O2 saturation 
wT

NO−
3 

100 mg/L NO−
3 mass concentration in fish tank 

pHB 7.05 – pH in biofilter 
F 580.6 g/min Fish feed rate on day 1  

Table 5 
Required addition of base (NaOH) or buffer (NaHCO3) to keep desired pH in 
biofilter in each scenario [mol/min].  

Variable Scenario 1 Scenario 2 Scenario 3 Scenario 4 

ṁT
base  3.75  0  0  0 

ṁB
base  0  3.75  0  0 

ṁT
buffer  0  0  5.46  0 

ṁB
buffer  0  0  0  5.46  

Table 6 
Steady-state concentrations [mmol/L or -] for each unit for Scenario 1.  

Variables Tank Biofilter Stripper 

calk 2.2458 2.0706 2.0706 
cTIC 2.341 2.2661 2.13 
cH2CO3 0.1159 0.2054 0.0833 
cTAN 0.055 0.0016 0.0016 
cNH3 2.8901e-04 4.4167e-06 1.0700e-05 
cNO−

3 
1.6128 1.6128 1.6128 

cO2 0.2348 0.124 0.124 
pH 7.3299 7.05 7.436  

Table 7 
Steady-state concentrations [mmol/L or -] for each unit for Scenario 2.  

Variables Tank Biofilter Stripper 

calk 2.124 2.0706 2.0706 
cTIC 2.341 2.2661 2.13 
cH2CO3 0.2266 0.2054 0.0833 
cTAN 0.055 0.0016 0.0016 
cNH3 1.4151e-04 4.4167e-06 1.0700e-05 
cNO−

3 
1.6128 1.6128 1.6128 

cO2 0.2348 0.124 0.124 
pH 7.0186 7.05 7.436  

Table 8 
Steady-state concentrations [mmol/L or -] for each unit for Scenario 3.  

Variables Tank Biofilter Stripper 

calk 3.846 3.6195 3.6195 
cTIC 4.0922 3.9612 3.7081 
cH2CO3 0.2721 0.359 0.1338 
cTAN 0.055 0.0016 0.0016 
cNH3 2.1214e-04 4.4167e-06 1.1611e-05 
cNO−

3 
1.6128 1.6128 1.6128 

cO2 0.2348 0.124 0.124 
pH 7.195 7.05 7.4717  

Table 9 
Steady-state concentrations [mmol/L or -] for each unit for Scenario 4.  

Variables Tank Biofilter Stripper 

calk 3.6729 3.6195 3.6195 
cTIC 3.9192 3.9612 3.7081 
cH2CO3 0.2701 0.359 0.1338 
cTAN 0.055 0.0016 0.0016 
cNH3 2.0427e-04 4.4167e-06 1.1611e-05 
cNO−

3 
1.6128 1.6128 1.6128 

cO2 0.2348 0.124 0.124 
pH 7.1785 7.05 7.4717  
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addition. 
The simulation results indicated that the fish would not survive, even 

for a day, mainly due to the oxygen level becoming negative in less than 
one day. This result was caused by the consumption of oxygen according 
to reaction (1). Furthermore, the nitrate concentration steadily 
increased, which is harmful to the fish. 

To prevent negative oxygen levels and the buildup of nitrate in the 
system, the oxygen intake was controlled in the fish tank, and makeup 
water addition was used to control nitrate in the tank, as shown in Fig. 4. 

With those controllers, we see in Fig. 6 that oxygen and nitrate 
concentrations are now kept constant, but other variables still go out of 
bounds, including the pH in the tank and in the biofilter. This indicates 
the need to introduce additional control loops, using buffer or base 
addition. However, since the aim of this work was to present the process 
modeling, a more detailed control design will be considered in future 
work. 

6. Comparison with real data 

To validate the model, we compared it to data collected from a 
commercial fish farm of Atlantic salmon that used the same RAS 
configuration as in Scenario 2, where base was added to the biofilter to 
regulate the pH. The data was collected over a 44-day period and con
sisted of sensor readings taken every 30 min, including temperature (T), 
salinity (S), oxygen saturation (cO2%), and pH in the fish tank (pHT) and 
stripper (pHS), as well as various flow rates. Laboratory measurements 
were also taken every other day on the outflow from the tank, which 
included the concentrations of NO−

3 , H2CO3, TAN, and alkalinity (c*alk).  
Fig. 7 displays the average daily measurements of temperature and 

salinity. 
In Fig. 8, we compare the measured data with the simulated dynamic 

responses. The upper six plots display the six operational degrees of 
freedom, including the fish feed. The lower nine plots show six con
centrations in the fish tank (T) along with the pH after the fish tank, 
biofilter, and stripper. 

The simulation model is similar to the one described earlier, with the 
exception of the stoichiometric coefficient for ammonia in reaction (1), 
which was halved to 0.0235 to better match the experimental data for 
TAN concentration in the fish tank. The variation in the stoichiometric 
coefficients is expected as they depend on the composition of the fish 
feed. Since the measured temperature and salinity are not constant, the 
equilibrium constants change slightly over time as they are a function of 
temperature and salinity. 

It is important to note that the simulated responses were not 
generated by directly entering the independent variables, i.e., feed flow 
rates, into the dynamic model. This is because some flow rates were 
missing from the data, such as air and oxygen inlet streams, and directly 
entering the measured base flow rate would have resulted in significant 
offsets in pH and other concentrations. This is due to the model pre
dictions being highly sensitive to errors in the base feed flow rate. 
Instead, the pH and concentration measurements were used as setpoints, 
since these are more reliable, and feedback controllers were employed to 
adjust the feed flow rates and match them with the measured values. 

In order to match the simulation results with the measured data, 
several adjustments were made to the model inputs. The details of these 
adjustments are outlined below: 

Fig. 5. Dynamic behavior for a step change of 56.5 g/min in the fish feed, F, at day 1, with no oxygen and nitrate control.  

A.M. dos Santos et al.                                                                                                                                                                                                                         



Aquacultural Engineering 102 (2023) 102346

9

• The measured data for fish feed, denoted as F, was used in the model 
after excluding the very small values. To account for situations where 
the fish stop eating and operators stop feeding (which leads to these 
excluded values), the feed rate was always set to be higher than a 
minimum amount of 50%Fi, where Fi is the planned amount of feed 
for day i. Moreover, due to the nature of the data, which reports the 
cumulative mass of food each day, we assumed a step-like feed rate 
for each day, which may result in occasional large deviations in 
concentrations.  

• The measured rate of makeup water, qm, was used directly in the 
model.  

• The measured recirculation rate, q, was also used directly in the 
model. It remained almost constant over the 44-day period, except 
for two days with slightly lower values.  

• The airflow to the stripper, V̇air, was not measured, so it was assumed 
to be 10 times the recirculation flow rate of project, which was 
assumed to be 23.7 m3∕min (the mean of all q).  

• The flow rate of the oxygen inlet was not measured. It was estimated 
by matching the measured and simulated oxygen concentrations 
using a feedback O2 controller with the measured oxygen saturation 
as the setpoint.  

• The base addition was calculated by matching the measured and 
simulated pH after the stripper, using a feedback pH controller with 

Fig. 6. Dynamic behavior for a step change of 56.5 g/min in the fish feed, F, at day 1, with oxygen and nitrate controllers.  

Fig. 7. Temperature and salinity measured data.  
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Fig. 8. Simulated (blue lines) and measured (red dots) flow rates and concentrations for a real RAS plant over a 44-day period.  
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the daily average of measured pH as the setpoint. To improve the 
match with other measured data, such as alkalinity and CO2/H2CO3 
concentrations in the fish tank, a bias of 0.2 pH units was introduced 
for the measured pH after the stripper. This means that the simulated 
pH after the stripper is 0.2 units lower than the measured value (see 
the lower right plot in Fig. 8). 

The calculated base addition showed significant deviations from the 
measured value, particularly during the first 14 days, which could be 
attributed to measurement errors. The later deviations or peaks could be 
explained by inaccuracies in the feed rate F, leading to errors in the CO2 
produced by fish metabolism, and thereby affecting the pH and the 
amount of base required. The bias of 0.2 pH units introduced in the 
stripper was carried over to the fish tank, resulting in a similar deviation. 
The reason for the deviation could be a sensor error or modelling 
inaccuracies in the thermodynamics, which were not modelled in much 
detail. The simulated concentrations of TAN, alkalinity, and H2CO3 in 
the fish tank were in good agreement with the measured values from the 
laboratory. The simulated pH was also close to the measured values, 
except for the bias of about 0.2 pH units. In Assumption 3, the constant 
conversion of TAN might not always reflect reality. The operating region 
under study includes a change in behavior of the conversion of TAN, 
where a constant value provides a better representation of reality 
(0.1–0.5 mgTAN/L), and beyond which the Monod model might be more 
suitable (when TAN mass concentration exceeds 0.5 mg/L) (Malone 
et al., 2006). To evaluate the impact of TAN conversion on concentra
tions, a sensitivity analysis was conducted, revealing that it only had a 
significant effect on TAN concentration. This can be attributed to the 
disparity in magnitudes between nitrate and ammonia quantities, 
resulting in the efficiency effect being negligible on nitrate concentra
tion. Consequently, the nitrate concentration is primarily influenced by 
purge/makeup water. Fig. 9 illustrates that the amount of nitrate for
mation in the biofilter is insufficient to significantly impact its 
concentration. 

The simulated nitrate concentration was approximately twice the 
measured value, which could be attributed to the accumulation of ni
trate in the recirculating system due to the small purge. In the model, 
some of the nitrogen from the feed exits the system in the purge, mainly 
as nitrate. Since the simulated TAN concentration in the fish tank was 
similar to the measured values, it is likely that the actual system has 
other nitrate exits, such as in solid waste and denitrification in the 
biofilm. However, the model did not account for solids or denitrification. 
Therefore, the fish farm system could benefit from nitrate control to 
better use of the makeup water. 

7. Discussion 

7.1. Stripper model 

At first, we attempted to model the stripper by assuming a constant 
efficiency. However, this resulted in the existence of multiple solutions, 
each of them in a different pH zone. Therefore, it was numerically better 
and more physically correct to model the stripping unit as a single-stage 
equilibrium column with some air bypass. In this model, the efficiency 
was indirectly dependent on the pH, as the concentration of H2CO3 
available for stripping depends on pH. 

7.2. Numerical solver 

CasADi is an open-source tool that enables nonlinear optimization 
and algorithmic differentiation. Its symbolic framework facilitates 
model simulation and implementation of numerical optimal control, 
which is the intended focus of future work. The equation systems were 
solved using CasADi version 3.5.5 in Python version 3.8.8, and required 
a DAE solver, so IDAS from SUite of Nonlinear and DIfferential/ALge
braic Equation Solvers (SUNDIALS) (Hindmarsh et al., 2005), distrib
uted along with CasADi, was used for the steady-state and dynamic 
simulations. 

7.3. Use of reaction invariants 

In this work, the model development relied on incorporating three 
reaction invariants, namely TAN, TIC, and alkalinity. Instead of repre
senting individual components, including pH, as dynamic states, static 
equilibrium relationships like Eq. (30) were used to obtain their 
concentrations. 

An alternative, and more straightforward, approach for this model
ling involves writing dynamic balances for all chemical components and 
introducing four extents of reactions to represent reactions (3)–(6). This 
model was also implemented, and the results agree with the model 
presented in this work, which serves as validation of the proposed 
model. While the model based on the extent of reactions avoids the use 
of reaction invariants, which can be non-physical quantities, it resulted 
in numerical difficulties. The steady-state solution was highly dependent 
on the initial condition, often leading to infeasibility with negative 
concentrations. To overcome this issue, a numerical trick was used by 
making these states equal to the exponential of the concentrations. 
While this solved the infeasibility problem, the numerical solver could 
still diverge with the iterations approaching very high concentrations. 
Thus, the approach based on reaction invariants was preferred as it was 
more stable and reliable. 

7.4. Steady-state simulations 

The steady-state simulation yielded valuable insights into the sys
tem. Because of the nitrate requirement, the amount of makeup water 
was constant in all scenarios. To decrease the amount the makeup water, 
one may add a denitrification unit to the process to convert nitrate into 
nitrogen gas, as suggested by Tal et al. (2009). 

The steady-state results presented in Tables 6–9 indicate that the 
concentration of H2CO3 in the tank was the lowest in Scenario 1 
(cT

H2CO3
= 0.1257 mmol/L), where base was added in the biofilter, which 

is preferable for fish growth since they thrive best with low H2CO3 levels 
(Khan et al., 2018). On the other hand, the pH in the tank was also the 
highest in Scenario 1 (pHT = 7.3142), resulting in a high concentration 
of ammonia (cT

NH3
= 2.755 e-04 mmol/L). Previous research has shown 

that high H2CO3 levels have a negative impact on fish growth, while 
high ammonia concentrations induce stress, which also affects growth 
(Thorarensen and Farrell, 2011). Fig. 9. Nitrate concentrations before and after the nitrification in the biofilter.  
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8. Conclusion 

A generalized and simplified steady-state and dynamic model of a 
Recirculating Aquaculture System (RAS) water treatment was developed 
for control and optimization purposes. 

Dynamic simulation of a nominal case with no control (Fig. 5) 
revealed the importance of a basic stabilization control structure that 
included controlling the oxygen and nitrate concentrations in the fish 
tank (Fig. 6). Additionally, pH needs to be controlled in practice, and 
steady-state results in Tables 6–9 show four scenarios using base or 
buffer to control the pH in the biofilter. The optimal location of the base 
or buffer feed and the choice between the two require detailed analysis, 
as it depends on economic factors. 

The proposed model demonstrated excellent performance when 
simulated using real data, resulting in a trajectory with high similarity to 
reality, considering the simplified nature of the model. However, to 
obtain more accurate carbon dioxide and nitrate levels, all losses of these 
quantities should be taken into account. 

Overall, the proposed model is numerically robust and well-suited 
for further studies on optimal operation and control of RAS water 
treatment systems. 
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Appendix A. Derivation of Eq. (30) 

Eq. (30) is used to compute pH as a function of the concentrations of the reaction invariants (TAN, TIC, and alkalinity). Comparing Eq. (30) with the 
equivalent equation in Henson and Seborg (1994), an extra term for TAN is added, which is caused by the contribution of NH3 in the alkalinity 
definition. 

Recall from Eq. (11) that the alkalinity is defined as: 

calk = cOH− + cHCO−
3
+ 2cCO2−

3
− cH+ + cNH3 (A.1) 

To derive Eq. (30), we need expressions for each species concentration as a function of cH+ and the reaction invariants. First, we have that cOH− =

Kw∕cH+ . 
For the carbonate system, the equilibrium reactions and the definition of TIC concentration give: 

cHCO−
3
= K1

cH2CO3

cH+

(A.2)  

cCO2−
3

= K2
cHCO−

3

cH+

= K1K2
cH2CO3

(cH+ )
2 (A.3)  

cTIC = cH2CO3 + cHCO−
3
+ cCO2−

3
(A.4) 

Combining Eqs. (A.2)–(A.4) gives: 

cH2CO3 = cTIC

(

1 +
K1

cH+

+
K1K2

(cH+ )
2

)− 1

(A.5)  

cHCO−
3
= cTIC

K1

cH+

(

1 +
K1

cH+

+
K1K2

(cH+ )
2

)− 1

(A.6)  

cCO2−
3

= cTIC
K1K2

(cH+ )
2

(

1 +
K1

cH+

+
K1K2

(cH+ )
2

)− 1

(A.7) 

For ammonium, the ammonia-ammonium equilibrium reaction and the definition of TAN concentration give: 

cNH3 = K3
cNH+

4

cH+

(A.8)  

cTAN = cNH3 + cNH+
4

(A.9) 

Combining Eqs. (A.8) and (A.9) gives: 
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cNH3 = K3
cTAN

cH+

(

1 +
K3

cH+

)− 1

= cTAN
K3

cH+ + K3
(A.10) 

Substituting these expressions into the definition of alkalinity in Eq. (A.1) gives: 

calk =
Kw

cH+

+ cTIC
K1

cH+

(

1 +
K1

cH+

+
K1K2

(cH+ )
2

)− 1(
K1

cH+

+ 2
K1K2

(cH+ )
2

)

− cH+ + cTAN
K3

cH+ + K3

(A.11)  

or 

calk = cTIC
K1cH+ + 2K1K2

(cH+ )
2
+ K1cH+ + K1K2

+
Kw

cH+

− cH+

+cTAN
K3

cH+ + K3

(A.12)  

which is the desired expression (30). 
Phosphate. The expression in (A.12) may be extended to include other acids or bases. Specifically, if we include phosphate in the system, which is 

common in wastewater treatment systems, a fourth reaction invariant is needed, namely total phosphorus (TP): 

cTP = cH3PO4 + cH2PO−
4
+ cHPO2−

4
+ cPO3−

4
(A.13)  

Additional terms must be added to the alkalinity definition to account for H2PO−
4 , HPO2−

4 , and PO3−
4 contributions. From atomic balances, the 

alkalinity with phosphate included becomes: 

calk = cOH− + cHCO−
3
+ 2cCO2−

3
− cH+ + cNH3 + cH2PO−

4
+ 2cHPO2−

4

+3cPO3−
4

(A.14)  

For the phosphate system, we have, from its three equilibrium reactions: 

cH2PO−
4
= K4

cH3PO4

cH+

(A.15)  

cHPO2−
4

= K5
cH2PO−

4

cH+

(A.16)  

cPO3−
4

= K6
cHPO2−

4

cH+

(A.17)  

Combining the definition of TP in Eq. (A.13) with Eqs. (A.15)–(A.17) gives the following expression for the three contributions from phosphate to 
alkalinity (calk): 

cH2PO−
4
+ 2cHPO2−

4
+ 3cPO3−

4
= cTP

K4(cH+ )
2
+ 2K4K5cH+ + 3K4K5K6

(cH+ )
3
+ K4(cH+ )

2
+ K4K5cH+ + K4K5K6

(A.18)  

Eq. (A.18) needs to be added to the right-hand side of Eq. (A.12) and the resulting expression for calk can be used to compute pH (i.e., cH+ ) as a function 
of TIC, TAN, TP, and alkalinity. The phosphoric acid concentration is then given by: 

cH3PO4 = cTP

(

1 +
K4

cH+

+
K4K5

(cH+ )
2 +

K4K5K6

(cH+ )
3

)− 1

(A.19)  
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