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Distributed Sliding Mode Control of pH
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Abstract— This paper describes the development of a
distributed sliding mode control controller to regulate the pH of
a tubular photobioreactor using the total inorganic carbon as
the controlled variable of the process. The main purpose of
the control system is to maintain the pH around a desired
reference value and, at the same time, attenuate the undesirable
transients caused by the disturbances. To study this problem, it
is considered that this system is written as a set of hyperbolic
partial differential equations. The distributed parameter model
of the photobioreactor is transformed into a finite dimensional
system by the method of characteristics. Then, the control design
is performed in the finite dimensional system instead of the
original distributed parameter model. The proposal allows to
characterize the sliding regimes and their fundamental properties
by a geometric approach. Through simulation and experimental
results, the method is shown to be effective in controlling a
tubular photobioreactor.

Index Terms— Distributed parameter systems, method of
characteristics, microalgae, pH control, sliding mode
control (SMC), tubular photobioreactor.

I. INTRODUCTION

M ICROALGAE are a promising source of biomass for
sustainable energy production. They can be extremely

efficient in terms of land-use, as the potential oil productiv-
ity per hectare is considerably higher than traditional seed
crops [1]. Until now, microalgae have been used with the
purpose of obtaining high-value products mainly related to
applications for humans and aquaculture [2]. Other microal-
gae applications include their use as biofilters to remove
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nutrients and other pollutants from wastewaters and as indi-
cators for environmental change. Moreover, in some recent
reviews [3], [4], the microalgae appear to be the only source
of renewable biodiesel capable of meeting the global demand
for transport fuels with potential to displace the fossil fuels
dependence. Nonetheless, the costs associated with microalgae
cultivation are high and they yield low profits. The worldwide
production of microalgal biomass is 9000 t dry matter per year
with a price ranging from 30 e/kg to 300 e/kg [5]. To be
competitive in the bioenergy market, the microalgal production
must become lower than 0.5 e/kg, much lower than actual
cost [6].

Microalgae cultures have been traditionally cultivated in
open raceway photobioreactors mainly due to their low costs
and simplicity, but these photobioreactors have low operating
control level and are susceptible to contamination. On the other
hand, closed photobioreactors, for instance tubular photobiore-
actors, are preferred to produce high-value algal products,
mainly from strains that cannot be cultivated in open ponds.
This is achieved by adjusting the culture conditions to optimal
values requested by microalgae strain used, especially pH.

In tubular photobioreactors, the pH is controlled by means
of injection of pure carbon dioxide and helps to avoid car-
bon limitation enhancing the performance of the culture [7].
Depending of the control strategy, the costs associated with
carbon dioxide represent 30% of the production costs [6].
Moreover, the carbon losses can be higher than 50% in extreme
cases, and as consequence, a relevant amount of greenhouse
gases are released into atmosphere, damaging the environment.
A possible solution for this issue is to design advanced control
strategies in order to regulate the pH of the culture, where the
CO2 losses can be reduced [8]. In this context, some control
approaches have been proposed in the literature. For example,
in [9] and [10], classic Proportional Integral (PI) controllers
with feedforward scheme were developed based on simplified
linear models of pH. In [11], a filtered Smith predictor strategy
has been used to deal with photobioreactors with significant
time delay due to pH sensor location. Even further, model-
based predictive control strategies were also tested to regulate
the pH in photobioreactors, such as the generalized predictive
control (GPC) technique [8] or event-based GPC [12].

All these control techniques for pH control are based on
simplified lumped linear parameter models. However, photo-
bioreactors are characterized by disturbances, nonlinearities,
uncertainties, and distributed parameters [partial differential
equations (PDEs)]. Also, the dynamics of these plants is
highly dependent upon the operating conditions, which can
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change widely. It is well known that neglecting the infinite
dimensional nature of the original system may lead to a
low control performance [13]. Therefore, it is desirable that
the feedback control scheme implemented on such a process
incorporates the mixing, mass transfer, and the spatial system
dynamics to effectively operate in the whole operating range
and to improve the microalgae growth performance.

Roughly speaking, there are two different scenarios in
control of PDE systems (depending where the sensors and
actuators are located):

1) boundary control [14], [15], where the actuator and sens-
ing are applied only through the boundary conditions;

2) domain control [13], [16], where the actuation penetrates
inside the domain of the PDE system or is distributed
in the domain.

The photobioreactor treated in this paper corresponds to the
second class above mentioned, where the actuation penetrates
inside the domain of the system.

In this context, a sliding mode control (SMC) design
approach, based on a first principle distributed parameter
model [17], to regulate the pH of a tubular photobioreactor
is proposed in this paper. The application of the SMC strategy
in tubular photobioreactors is motivated by the improvement
of the pH control to increase the photosynthesis rate and
consequently the biomass productivity. The central idea of the
proposal is the combination of the method of characteristics
and SMC [18]. The method of characteristics is a mathematical
technique to transform hyperbolic PDEs into a system of
ordinary differential equations (ODEs), called characteristic
equations. Then, the control design is performed based on
these ODEs, which means that the results of ODEs control
theory can be used to characterize sliding mode conditions
of the original PDE system [19], [20]. Part of the results
presented in this paper are contained in a preliminary form
in [21] with only simulation results, where the control law
is derived using the total inorganic carbon as the controlled
variable. As will be shown, the studied photobioreactor is a
system with relative degree 2, i.e., the output must be dif-
ferentiated twice to generate an explicit relationship between
the output and the input. However, it is well known that the
classical sliding condition exists if and only if the system has
a relative degree equal to 1 [22]. In order to overcome this
problem, a new sliding condition, based on the ideas of [18]
and [22]–[24], is developed in this paper to induce sliding
regime in the photobioreactor system. Besides the conditions
for sliding regime, the reachability and the chattering are
another issues that need to be addressed in SMC strategies
(see [25] for the classical concepts in SMC systems). These
problems are resolved in this paper by applying a continuous
control strategy derived from a candidate Lyapunov function.

The contributions of this paper are as follows. First, it is
shown that it is possible to control the pH of the system using
the total inorganic carbon as the controlled variable of the
plant and using a nonlinear control approach (thus, obtaining
more precise results than using linear control approaches,
for instance, a classical PI controller). This hypothesis can
be valid as carbon consumed by microalgae is compen-
sated by supplying CO2 to maintain pH and, as a conse-

Fig. 1. Real view of a tubular photobioreactor at the Las Palmerillas
experimental station, Almería (Spain).

quence, a desired level of total inorganic carbon is achieved.
A comparison by simulation of the proposed control
system with a PI controller with feedforward scheme is
presented, since this is the most common control scheme
used. In addition, several performance indexes are calculated
in order to provide a quantitative comparison between the two
controllers. The performance of the proposed controller is also
illustrated by means of experiments performed in an industrial
plant.

This paper is organized as follows. The tubular microal-
gal photobioreactor plant used in this paper is described
in Section II. The SMC theory is presented in Section III.
The experimental results are shown in Section IV. Some
concluding remarks are summarized in Section V.

II. TUBULAR PHOTOBIOREACTOR

The tubular photobioreactor used in this paper to test
the automatic control strategy is located at the Palmerillas
Experimental Station, property of CAJAMAR foundation
(Almería, Spain), located inside a greenhouse where the
Scenedesmus almeriensis microalga is cultivated (see Fig. 1).
This kind of microalga is characterized by a high growth
rate, withstanding temperature up to 45 °C and pH values up
to 10 [7]. The biomass is produced in continuous mode with
a dilution rate of 0.34 L/day.

A general scheme of the plant is depicted in Fig. 2, showing
the main components: 1) the external loop and 2) the bubble
column.

The external loop is made of transparent tubes with 0.09 m
diameter and joined into a loop configuration to obtain a total
horizontal length of 400 m, with a capacity of 2200 L. The
objective of the external loop is to increase the surface exposed
to the sun in order for the microalgae to capture a larger
amount of radiation and perform photosynthesis. Moreover,
CO2 in gas phase is injected at the beginning of the loop to
provide the inorganic carbon to grow and to control the pH of
the culture.

The bubble column is 3.25 m high and 0.5 m in diameter,
with a capacity of 400 L, and performs several functions.
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Fig. 2. Schematic of a tubular photobioreactor at the Las Palmerillas experimental station, Almería (Spain).

On one hand, it is used for mixing the culture and desorption
of O2 produced during the photosynthesis by air injection
at a flow rate of 140 L/min. On the other hand, nutrients
are also added in the column and the biomass harvesting
is performed in this part of the process. The culture is
continuously recirculated between the loop and the column
using a pump located in the bottom of the column.

The pH, temperature, and dissolved oxygen are measured
with Crison probes at several points of the solar receiver of
the photobioreactor: three positions for dissolved oxygen and
five positions for pH and temperature. These measurements are
well distributed along the tube. The biomass concentration is
estimated from a turbidity meter located at the bubble column.
Moreover, liquid and gas flow rates are measured using
digital flow meters. All these measurements are connected
to a control computer through a data acquisition device
National Instruments Compact FieldPoint.

A. Control Problem

The pH control problem in tubular photobioreactors deals
with keeping the outlet pH of the external loop at a desired
reference value in spite of disturbances. For this microalga
specie, the optimal pH reference value is 8 [26].

The pH behavior in a microalgal culture is mainly influ-
enced by two phenomena. On one hand, the intake of CO2
as nutrient causes the formation of carbonic acid, leading to
a decrease in the pH of the culture. On the other hand, when
the microalgae perform the photosynthesis, they consume
CO2 and generate O2, causing an increase in the pH. The
provided CO2 is transferred to the culture medium as a
function of mass transfer coefficient in the system. Remaining
fractions of injected CO2 produce an oscillatory behavior in
the measured pH, because of the continuous recirculation of
the culture, until its total elimination.

The main system disturbances are the medium injected
to perform the biomass harvesting, which introduces total
inorganic carbon to the culture, and thus decreasing the
pH value and solar irradiance changes, caused by the solar
cycle and presence of clouds, produces changes in the rate
of photosynthesis and thus in the rise of pH. The control
variable is the CO2 flow/velocity provided by a valve located
at the beginning of the loop (see Fig. 2), which flow range
is 0–5 L/min. In this paper, a control design based on control-
ling the total inorganic carbon is proposed. It must be stressed
that this is not the only way to control this process. However,
using the total inorganic carbon as controlled variable reduces
the complexity of the calculus involved in the control law
design if compared with directly using the pH variable for
control design, due to the model equations. More details are
given in the following sections.

B. Dynamic Model

The microalgal culture is a two-phase system and has been
modeled by a set of coupled PDEs. In the liquid phase, bio-
mass, dissolved oxygen, and total inorganic carbon concentra-
tions mass balances are considered, while the gas phase takes
into account the mass balance of carbon dioxide and oxygen
molar fraction. The dynamic model of microalgal production
of photobioreactors was previously developed and described
in [17] and [27]. The photobioreactor used operates under
atmospheric pressure, in which no significant overpressure
existing in whatever place of the reactor. The flow is assumed
to be 1-D. The reactor operates under controlled tempera-
ture conditions. The variation of temperature along the solar
receiver is lower than 1 °C and ranging from 20 °C to 28 °C
along the daily cycle, thus no large changes taking place. For
this reason, the temperature balance is not considered in this
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work. In the following, the photobioreactor model is briefly
described. Note that the time and space variables are not
explicitly written to save space and for readability.

The biomass mass balance is directly dependent on the
photosynthesis rate, thus the equation for the biomass con-
centration is expressed as

∂Cb

∂ t
+ Vl

∂Cb

∂x
= PO2 CbYp/x (1)

where t ∈ [0, +∞) is the time, x ∈ [0, L] is the
space, Cb is the biomass concentration, Yp/x is the biomass
yield coefficient produced by the oxygen unit mass,
Vl = Ql/(A(1 − ε)) is the liquid velocity, A is the cross-
sectional area of the tube, ε is the gas holdup, and Ql is the
volumetric flow rate of liquid. The oxygen production rate
per biomass mass unit is given by

PO2 = PO2 max I n
av

Ki exp(Iavm) + I n
av

(
1 −

( [O2]
KO2

)z)

×
(

B1 exp

(−C1

pH

)
− B2 exp

(−C2

pH

))
− r PO2 max

where KO2 is the oxygen inhibition constant, [O2] is the
dissolved oxygen concentration, PO2 max is the maximum
photosynthesis rate for micro-organisms under the culture con-
ditions, B1 and B2 are pre-exponential factors, C1 and C2 are
the activation energies, Iav is the average solar irradiance, r is
the respiration factor, and Ki , m, and z are form parameters.

Regarding the dissolved oxygen, this is related to the
gas–liquid mass transfer rate and the photosynthesis rate as

∂[O2]
∂ t

+ Vl
∂[O2]
∂x

= PO2 Cb

MO2

+ Kl al ,O2

([
O∗

2

] − [O2]
)

(2)

where MO2 is the molecular weight of oxygen, Kl al ,O2 is the
volumetric gas–liquid mass transfer coefficient for oxygen,
[O∗

2] = HO2 PT yO2 is the oxygen equilibrium concentration
with gas phase, HO2 is the Henry’s constant for oxygen, PT is
the total pressure, and yO2 is the oxygen molar fraction in the
gas phase.

The mass balance of the total inorganic carbon concentration
is written in a similar way to the dissolved oxygen balance as

∂[CT ]
∂ t

+ Vl
∂[CT ]

∂x
= PCO2Cb

MCO2

+ Kl al ,CO2

([
CO∗

2

] − [CO2]
)

(3)

where [CT ] is the total inorganic carbon concentra-
tion, Kl al ,CO2 is the mass transfer coefficient for CO2,
PCO2 = −PO2 is the carbon dioxide consumption rate,
[CO∗

2] = HCO2 PT yCO2 is the dioxide carbon in equilibrium
with the gas phase, HCO2 is Henry’s constant for carbon
dioxide, [CO2] is the dissolved carbon dioxide, and yCO2 is
the carbon dioxide molar fraction in the gas phase.

The gas phase is made of CO2 and O2 molar fractions. The
mass balance for carbon dioxide molar fraction is described
as

∂yCO2

∂ t
+ Vg

∂yCO2

∂x
= − Vmol

ε
(1−ε)Kl al ,CO2

([
CO∗

2

] − [CO2]
)

(4)

where Vg = Qg/(Aε) is the gas phase velocity (control
variable), Qg is the volumetric flow rate of the gas, and
Vmol the molar volume.

For the oxygen, an analogous mass balance can be
established

∂yO2

∂ t
+ Vg

∂yO2

∂x
= − Vmol

ε
(1 − ε)Kl al ,O2

([
O∗

2

] − [O2]
)
.

(5)

Equations (1)–(5) describe the photobioreactor state equa-
tions. In addition, a relationship between the total inorganic
carbon concentration and the dissolved carbon dioxide in the
culture is also needed for system closure. Such relationship is
described as follows.

In microalgal cultures, the changes in pH are due mainly
to consumption of carbon dioxide; pH variations due to
consumption of other nutrients and degradation of excreted
metabolites can be neglected [28]. As dioxide carbon in gas
phase dissolves in the media, it breaks down into different
species, namely, dissolved dioxide carbon, CO2, carbonic
acid H2CO3, bicarbonate, HCO−

3 , and carbonate CO2−
3 . This

chemical process can be described as follows. First, CO2 reacts
with water to yield carbonic acid

CO2 + H2O ↔ H2CO3. (6)

H2CO3 is a weak acid and it dissociates, yielding HCO−
3

H2CO3 ↔ H+ + HCO−
3 . (7)

The reaction equilibrium (7) can be described by an
equilibrium constant K1, expressed as

K1 =
[
HCO−

3

][H+]
[CO2] = 10−6.381. (8)

The HCO−
3 that is produced will further dissociate as

HCO−
3 ↔ H+ + CO2−

3 . (9)

The dissociation (9) can also be described by a second
equilibrium constant, K2, such that

K2 =
[
CO2−

3

][H+][
HCO−

3

] = 10−10.377. (10)

Finally, the water dissociates according to

H2O ↔ OH− + H+ (11)

which is described by the following equilibrium constant:
Kw = [OH−] · [H+] = 10−14. (12)

The [H+] concentration is generally given as a pH value,
defined as the negative logarithm, pH = − log10[H+].

The total inorganic carbon is equal to the sum of inorganic
carbon species

[CT ] = [CO2] + [
HCO−

3

] + [
CO2−

3

]
. (13)
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Fig. 3. Distribution of the forms of inorganic carbon in the photobioreactor
with changes in pH.

Combining (8), (10), and (13), it is obtained

[CT ] =
(

1 + K1

[H+] + K1 K2

[H+]2

)
[CO2] (14)

∂[CT ]
∂ t

=
(

1 + K1

[H+] + K1 K2

[H+]2

)
∂[CO2]

∂ t

−
(

K1

[H+]2 + 2K1K2

[H+]3

)
[CO2]∂[H+]

∂ t
. (15)

In addition, the following electroneutrality constraint must
be satisfied:

∂[H+]
∂ t

+ ∂[Cat+]
∂ t

= ∂[OH−]
∂ t

+ ∂[HCO−
3 ]

∂ t

+ 2
∂[CO2−

3 ]
∂ t

+ ∂[An−]
∂ t

. (16)

Assuming constant concentrations of cations, [Cat+], and
anions, [An−], (16) is rewritten as

∂[H+]
∂ t

=
K1[H+] + 2K1 K2

[H+]3

1 + Kw

[H+]2 + K1[CO2]
[H+]2 + 2 K1 K2

[H+]3

∂[CO2]
∂ t

. (17)

If the chemical equilibria between the different forms are
disturbed—as when dioxide carbon is added to the culture,
removed in photosynthesis, or vented to the air—the reaction
will shift one way or the other in an attempt to re-establish
equilibrium. For example, when CO2 is added to the system
the H+ increases following the production of H2CO3, as can
be seen in (6) and (7). So, the pH decreases and consequently
the total inorganic carbon rises. Conversely, when CO2 is
removed during photosynthesis or lost to the air by diffusion,
the reactions shift to the left in (6) and (7). The H+ con-
centration declines, but the CO2−

3 concentration slightly rises,
preventing a rise in pH and a decrease in the total inorganic
carbon concentration.

Fig. 3 shows the distribution of the forms of inorganic
carbon in the photobioreactor with changes in pH in steady
state. Note that at pH 6.5–10.5, bicarbonate is the most
abundant form. CO2 dominates at low pH, while carbonate
dominates at high pH values.

As can be noted, if the pH is at an equilibrium point, the
total inorganic carbon, with its inorganic carbons species, is
at equilibrium too. In the case treated in this paper, carbon
consumed by microalgae is compensated by supplying CO2 to

maintain pH and, as a consequence, a desired level of inorganic
carbon is achieved. Based on this hypothesis, in this paper,
the total inorganic carbon is used as output variable to control
the pH.

In sum, the tubular photobioreactor model is given
by (1)–(5), (15), and (17), which can be written in the
following compact form:

∂z

∂ t
+ A(z(x, t))

∂z

∂x
= G(z(x, t)) (18)

where z = [Cb, [O2], [CT ], [CO2], [H+], yCO2 , yO2] A is a
7 × 7 matrix, and G is a vector function.

Since the controlled variable is the outlet total inorganic
carbon of the external loop, the system output is defined as

y(t) = [CT ](t, L).

Regarding the boundary conditions, they are given at the
entrance of the external loop to specify the inlet concentration
values of the liquid and gas phase components, in which can
be expressed by

z(0, t) = φ(t) (19)

where φ is a column vector. Moreover, the initial condition
for model (18) is given by

z(x, 0) = ϕ(x), 0 ≤ x ≤ L (20)

where ϕ is a given C1 function.
In this paper, it is assumed that the boundary conditions (19)

and the initial condition (20) satisfy the conditions of C1 com-
patibility (see [29]). Therefore, it can be guaranteed that there
exists δ > 0 such that system (18) with initial condition (20)
and boundary conditions (19) is well-posed, i.e., it admits a
unique local C1 solution on the domain

{(t, x)|0 ≤ t ≤ δ, 0 ≤ x ≤ L}.
Questions related to the well-posedness of quasi-linear

hyperbolic systems have been intensively studied in the lit-
erature. The interested reader is referred to [29] and [30] for
more details.

1) Model in Terms of the Characteristic Equations: The
photobioreactor model described in the previous section
is a quasi-linear hyperbolic PDE system, i.e., for every
x and t , the matrix A of (18) has real eigenvalues. Therefore,
system (18) can be transformed into a set of first-order ODEs,
called characteristic equations, by means of the method of
characteristics. The basis of this transformation is the geo-
metric analysis of the formation of surfaces from families of
curves [30]. For the application of the method of characteris-
tics, it suffices to consider (1)–(5) only, because the differential
equations (15) and (17) are already in the desired form. This
section is devoted to briefly present the transformation of the
PDE system (18) into characteristic equations.

The left-hand side of (1)–(3) can be viewed as the direc-
tional time derivative of the unknown vector function zi ,
i = 1, . . . , 3, at a point (x, t) of the plane, along the curve
having slope

ẋ = Vl

ṫ = 1 (21)
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which implies that (1)–(3) can be written as

Ċb = PO2CbYp/x

˙[O2] = PO2Cb

MO2

+ Kl al ,O2

([
O∗

2

] − [O2]
)

˙[CT ] = PCO2Cb

MCO2

+ Kl al ,CO2

([
CO∗

2

] − [CO2]
)
. (22)

It follows that the total inorganic carbon constraint (15) and
electroneutrality (17) are rewritten as:

˙[CO2] = 1

P2 − [CO2]P1 P3

×
[

PCO2Cb

MCO2

+ Kl al ,CO2

([
CO∗

2

] − [CO2]
)]

˙[H+] = P3

P2 − [CO2]P1 P3

×
[

PCO2Cb

MCO2

+ Kl al ,CO2

([
CO∗

2

] − [CO2]
)]

(23)

where

P1 = K1

[H+]2 + 2K1 K2

[H+]3

P2 = 1 + K1

[H+] + K1 K2

[H+]2

P3 =
K1[H+] + 2K1 K2

[H+]2

1 + Kw

[H+]2 + K1[CO2]
[H+]2 + 4 2K1 K2

[H+]3

.

Similarly, (4)–(5) can be viewed as the directional time
derivative of the unknown vector function z j , j = 6, 7, at
a point (x, t) along the curve defined by

ẋ = Vg

ṫ = 1. (24)

Along the curve (24), the following equations are satisfied:
ẏO2 = − Vmol

ε
(1 − ε)Kl al ,O2

([
O∗

2

] − [O2]
)

ẏCO2 = − Vmol

ε
Kl al ,CO2

([
CO∗

2

] − [CO2]
)
. (25)

The curves defined by (21) and (24) are called characteristic
curves and the system of ODEs (21)–(25) are called character-
istic equations. In general, a closed solution of these equations
cannot be found. Therefore, it is necessary to integrate them
simultaneously using some numerical method. Note that on the
region 0 < x ≤ L, the system solution is obtained from the
characteristic equations (21)–(25), with initial condition (20).
For the case where x = 0, the characteristic curves leave the
domain. Therefore, the characteristic equations (21)–(25) are
replaced by the boundary condition (19).

III. DISTRIBUTED SLIDING MODE CONTROL

SMC was introduced in [31] as a method of discontinu-
ous control for nonlinear systems. Basically, in this control
approach, a surface must be designed in such a way that
the system has some desired performance. A Lyapunov-like
stability condition guarantees that the distance to the surface
decreases along all system trajectories and constrains the

trajectories to point toward the surface. The basic elements
of this control strategy for lumped parameter systems can be
seen in [25] and [32]. In this section, an approach for the
photobioreactor distributed parameter model, called distributed
SMC (DSMC), is presented following the ideas of [18]–[20].
The proposal uses the characteristic (22)–(25) for control
design instead of the original PDE system. In this way, the
well-known results for the description of sliding motions in
lumped parameter systems become immediately available [19].

In the sequel, the control variable Vg will be called u, for
sake of legibility. A variable structure feedback switching law
is available to the controller as follows:

u =
{

u+, if h > 0

u−, if h < 0
(26)

where u+ > u− and h is a scalar function of the states,
so-called switching boundary function.

The condition h = 0 defines an isolated smooth manifold
solution [CT ] = ϑ(x, t). It is assumed that the graph of ϑ is
a smooth time varying surface with locally nonzero gradient.
The zero level set of ϑ is labeled as sliding surface and is
defined as

S = {(z, x, t) ∈ R
9|h = 0}. (27)

Since the total inorganic carbon [CT ] is the controlled vari-
able and the gas velocity/flow Vg is the control variable, then
the system’s relative degree1 is 2. The output variable [CT ]
must be differentiated twice to generate an explicit relationship
between the output and the input [this can be seen by analyzing
(3) and (4)]. It is well known that the classical theory of
SMC just guarantees the sliding regime existence if and only
if the system has a relative degree equal to 1 [22]. For this
class of systems, it is sufficient to analyze the first-order time
derivative of the sliding surface to determine the attractive
sliding regime (see [33]). However, for systems with relative
degree 2 this is not a sufficient condition, since the control
variable does not appear in the first-order time derivative of
the sliding surface. This is the case for the system studied in
this paper. To deal with this problem, a second-order sliding
manifold is developed to create a local sliding motion. For the
following developments, it will be called κ1 as the vector field
generated by (21)–(23) and κ2 as the vector field generated
by (24) and (25).

Under switching control law (26), the characteristic
equations (25) have two characteristic curves generated by
the vector field κ2,u+ and κ2,u− , respectively. It is referred to
as κ2,u+ , when u = u+ is the control input and similarly κ2,u− ,
when u = u−. The vector field κ1 does not have any
effect changing the control u from u+ to u−. Therefore, the
characteristic curve associated with (22) is not defined for both
values of the binary switching control law.

Basically, the controlled system has three different behaviors
at the sliding surface: 1) crossing; 2) attractive sliding; and
3) repulsive sliding [21]. The main idea in sliding control
system is to perform the following:

1A similar concept, called characteristic index, was introduced by
Christofides and Daoutidis [13]. However, in this paper, the term relative
degree is preferred over characteristic index.
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1) to define the desired operating point (a stable
pseudoequilibrium point) in such a way that it is in the
attractive sliding region;

2) to guarantee that the system trajectories reach the surface
from a defined local set of initial conditions.

Once the system trajectories are on this surface, they slide
toward the pseudoequilibrium point and remain there. Note
that the invariance condition h = 0 necessarily requires that
(dh/dt) = 0. This last condition can be expressed in terms of
the system trajectories by

Lκ1 h = 0 (28)

where Lκ1h represents the Lie derivative of h with respect to
the vector field κ1

Lκ1h = ẋ
∂h

∂x
+ ∂h

∂ t
+ Ċb

∂h

∂Cb
+ ˙[O2] ∂h

∂[O2] + ˙[CT ] ∂h

∂[CT ]
+ ˙[CO2] ∂h

∂[CO2] + ˙[H+] ∂h

∂[H+] (29)

where ẋ , Ċb, ˙[O2], ˙[CT ], ˙[CO2], and ˙[H+] are directly obtained
from (22).

As before mentioned, the vector κ1 does not depend of the
control variable u. Therefore, it is not possible to induce the
system trajectories to the sliding surface h = 0 by directly
acting on the vector field κ1. In order to solve this problem,
a new boundary function must be defined as the tangency set
of the vector field κ1 with h = 0, i.e., Lκ1h = 0. The attractive
sliding conditions are now defined on the vector field κ2

Lκ2,u+ (Lκ1 h) < 0, if h > 0 (30)

Lκ2,u− (Lκ1 h) > 0, if h < 0 (31)

where Lκ2,u+ (Lκ1 h) represents the Lie derivative of (Lκ1 h)
with respect to the vector field κ2,u+ and Lκ2,u− (Lκ1h) repre-
sents the Lie derivative of (Lκ1h) with respect to the vector
field κ2,u− . For sake of brevity, these expressions were omitted
in this paper. Evidently, (∂/∂u)[Lκ2,u(Lκ1h)] �= 0, therefore,
an attractive sliding regime can be locally created on an open
set M of S for a system with relative degree 2.

In sum, the idea of this methodology is to induce the vector
field κ2 by means of the feedback switching controller (26)
to the hypersurface Lκ1 h = 0, which is contained in h = 0.
In this way, it becomes possible to indirectly induce the vector
field κ1 to h = 0, since the vector fields κ1 and κ2 are coupled.

For all initial conditions of the system located on a
vicinity of the attractive sliding surface, the unique control
function, ueq, locally constraining the system trajectories to
the open set M of S is known as the equivalent control. The
equivalent control turns the open set M of S into a local
integral manifold of the controlled vector field. According
to Filippov’s method [34], the dynamics ideally constrained
to M is named as the ideal sliding dynamics. Since M locally
becomes an integral manifold, it follows that the gradient
of Lκ1 h is orthogonal to the controlled vector field κ2 :

Lκ2,ueq
(Lκ1 h) = 0 (32)

where κ2,ueq stands for the ideal sliding dynamics induced
by the interactions of the two vector fields κ2,u+ and κ2,u− .

Note that this orthogonality condition also implies that the
gradient of h is orthogonal to the vector field κ1. The
equivalent control is given by the solution of (32) for ueq,
which is derived on the nominal system dynamics, and is
effective only once the attractive sliding region is reached.

In [19], it has been shown that if the problem is
well-posed, the attractive sliding regime will exist for
the closed-loop system. Furthermore, the switching control
law (26) must satisfy the reaching condition [25] to achieve
the attractive sliding region in a finite time. This methodology,
however, leads to the chattering phenomenon in the control
action and in the controlled variable, which degrades
the system performance. A possible solution to guarantee the
reachability of the system to the sliding surface and, at the
same time, to reduce the chattering problem is to design a
continuous control law as

u = ueq + uN (33)

where uN is the control action designed for the reaching phase
during which the system trajectories starting off the sliding
surface moves toward it, and ueq is the control component
that acts when the system is on the attractive region of the
sliding surface [32]. In what follows, a methodology, based
on a candidate Lyapunov function, to obtain such control law
is described.

Let V = (1/2)h2 be a candidate Lyapunov function.
If the function dV /dt is negative definite, then the system
trajectories will decrease until they reach the sliding surface.
Evaluating such operation results in

dV

dt
= h

dh

dt
< 0

or in terms of Lie derivative of the function h with respect to
the vector field κ1

dV

dt
= h(Lκ1 h) < 0. (34)

Taking Lκ1h = −λ1h, with λ1 > 0, the above inequality
is satisfied. However, due to the fact that (∂/∂u)Lκ1 h = 0,
it is not possible to directly impose Lκ1 h = −λ1h by a
control action. In order to tackle this problem, it is considered
V = 1/2(Lκ1h+λ1h)2 as a new candidate Lyapunov function.
The time derivative of this Lyapunov function with respect to
the vector field κ2 is

dV

dt
= (Lκ1 h + λ1h)(Lκ2,u (Lκ1h + λ1h)) < 0. (35)

Choosing (Lκ2,u (Lκ1 h + λ1h)) = −λ2(Lκ1 h + λ1h), with
λ2 > 0, it is easy to see that inequality (35) is satisfied. Since
(∂/∂u)(Lκ2,u (Lκ1h+λ1h)) �= 0, this condition can be achieved
by solving the following equation for u:

(Lκ2,u (Lκ1 h + λ1h)) + λ2(Lκ1 h + λ1h) = 0. (36)

Again, it is easy to see that solving (36) for u will
result in a smooth control law of the form (33), where
λ1 and λ2 are design parameters that directly influence in
the reaching condition of the system to the sliding surface.
Although this smooth control law depends on the model
parameters, it has robustness properties whenever λ1 and λ2
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Fig. 4. Comparison of the simulation results between the DSMC and PI controller with feedforward scheme under real disturbances data.

are adequately tuned. The detailed derivation of the explicit
control law for the photobioreactor system can be found in
the Appendix, resulting in (45).

IV. RESULTS

This section shows simulation and real experiments using
the DSMC strategy, in which the control law is given by (44),
applied to pH control in tubular photobioreactors. First, the
DSMC strategy was tested in simulation and compared with a
classic PI controller, where the model presented in Section II-B
was used as virtual plant. All data used in simulations were
collected from the real photobioreactor operating in continuous
mode. The objective of this comparative study is to highlight
the benefits that can be achieved using an advanced control
strategy to regulate the pH of the photobioreactor. Afterward,
the proposed control system is tested through real exper-
iments on the industrial tubular photobioreactor described
in Section II. In both simulation and real experiments, the
pH set-point is set to 8, since this is the optimal value for the
microalga strain used in this paper, and the maximal deviation
is ±0.075 in order to keep the optimal photosynthesis rate.

It must be stressed that for the numerical simulations,
system (18) was used, and not the characteristic (22)–(25).
The method of characteristics was used only to derive the
control law.

A. Simulation Results

In this section, a comparison of the proposed controller with
a PI controller with feedforward scheme is performed. For the

simulation results shown here, it was considered that all
state variables are being measured in the photobioreactor and
are available for the controllers. Moreover, only the nominal
case has been considered, and the total inorganic carbon set-
point was obtained from the curve shown in Fig. 3. Some
comments about the implementation of the proposed controller
for systems, in which not all the state variables are measured,
are given in Section IV-B.

The DSMC controller was implemented with λ̃1 = 128,
λ̃2 = 126, and Ti = 600 s. For the PI controller with
feedforward scheme, the same parameters as those proposed
in [27] were used. Finally, the sampling time of both control
systems is 60 s.

Fig. 4 shows the response of the DSMC controller and
that of the PI controller with feedforward scheme for a
representative day with rapid changes in solar irradiance.
Fig. 4 shows the simulation test where the behavior of the two
control schemes, with disturbance rejection capabilities, can be
observed. The PI controller tracks the pH reference with small
oscillations around the reference due to the poor compensation
of the solar irradiance and dilution process disturbances, where
fresh medium is injected in the photobioreactor. The fresh
medium directly influences in the pH response, because the
dilution process introduces total inorganic carbon. On the other
hand, the DSMC controller adequately compensates for the
disturbances caused by the solar irradiance transients and the
dilution process of the system. Moreover, note in the bottom
graph of Fig. 4 that the output variable of the proposed control
strategy, the total inorganic carbon, is maintained constant
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Fig. 5. Block diagram of control structure.

TABLE I
PERFORMANCE INDEXES CALCULATED TO THE DSMC

AND PI CONTROLLERS IN SIDR AND MIDR
DISTURBANCES REJECTION CAPABILITIES

along the simulation in such a way that the pH tracks the
desired reference.

To analyze the controller responses, their performance was
characterized using the following indexes: integral of the
square error, integral of time-weighted square error, integral of
the absolute error, and integral of the time-weighted absolute
error for medium injection disturbances rejection (MIDR)
and solar irradiance disturbances rejection (SIDR) capabilities.
Table I shows the performance indexes calculated for the
two controllers. As can be observed, the DSMC controller
performance overcomes the PI controller with feedforward
scheme under the same conditions. Note in the top graph of
Fig. 4 that the deviation of pH using the PI controller is greater
than ±0.075. Therefore, it can be deduced that microalgae
growth performance is improved using the proposed control
strategy, since it keeps the system closer to its optimal opera-
tion condition than the PI controller with feedforward scheme.

B. Experimental Results

This section shows the results obtained when using the
proposed sliding mode controller to control the pH in the
photobioreactor. The controller was implemented on an indus-
trial computer located at the plant facility. A LabVIEW-based
software executes the DSMC strategy, which was coded in the
MATLAB environment. All systems sensors and actuators are
connected to a Compact-FieldPoint unit from National Instru-
ments. In such configuration, the controller node communi-
cates with Compact-FieldPoint through a dedicated Ethernet
network to perform sensing and control tasks.

The DSMC algorithm was implemented with the
same parameters as in the simulation study. In addition,
the implementation of the control law (44) contains a state

Fig. 6. Time-response dynamics of the total inorganic carbon, the
CO2 injection, and the pH when a step change at the total inorganic carbon
reference was applied.

observer to estimate the total inorganic carbon and the other
variables present in the control law that are not measured in
the real plant. This observer is based on the model (18)–(20)
described in Section II-B. These equations were solved
by the method of lines using a backward finite difference
approximation. To ensure stability and to impose limits
in the computational cost, the Courant–Friedricks–Lewy
condition was used. Since this model was validated with
real photobioreactor data with a discrepancy of around 1.2%
between the values of the model states and the real system
states [17], [27], no correction mechanism between the
estimated state values and the real system states was used.
Note that other effective approaches for state estimation could
be used here, for instance, the work proposed in [16] on
distributed state estimation, where a correction mechanism
is used to enforce a fast decay of the discrepancy between
the estimated and the actual values of the states of the
system.

In addition to the DSMC controller, an outer feedback loop
with integral action is used to calculate the total inorganic car-
bon concentration set-point required to maintain the system pH
in its optimal value. The outer feedback loop is a PI controller
with the following structure:

[CT ](L, t) = k p

(
	pH(t) + 1

Ti

∫ t

0
	pH(τ )dτ

)
(37)

where 	pH = pHref (t) − pH(t) and pHref is the desired
pH reference. The pH reference is kept in its optimal value
during the experiments to guarantee maximal photosynthesis
rate, i.e., pHref (t) = 8. A block diagram of the entire control
system is shown in Fig. 5.
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Fig. 7. Experimental results July 1, 2014.

Fig. 8. Experimental results July 3, 2014.

For a constant set-point [CT ]ref(L, t) (calculated by the
PI controller), the set-point profile [CT ]ref(x, t) is obtained
from (40), which is a steady-state solution of the total

inorganic carbon. This set-point profile is modified to obtain
a perfect match between the desired pHref and the pH of
the plant.
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The design of the PI controller of the outer feedback
loop was based on the Approximate M-constrained Integral
Gain Optimisation (AMIGO) tuning rule [35]. This tuning
rule methodology is based on a first-order transfer function
plus dead time of the system. Thus, the reaction curve
method based on an open-loop test [35] was used to calculate
such model. In this way, during the night period of the
day, where the solar irradiance does not affect the system,
a step change at the total inorganic carbon reference was
applied to capture the dynamics between the total inorganic
carbon and the pH, as shown in Fig. 6. For this experiment,
the inner DSMC-photobioreactor closed-loop system was
considered.

As can be observed in Fig. 6, the increase in the total inor-
ganic carbon produces a decrease in the pH, observing a time
delay of 390 s. The evolution of the pH response is governed
by two main dynamics [8], one second-order oscillatory term
(natural frequency ωn = 0.0140 rad/s and relative damping
factor ξ = 0.0420) and the other overdamped dynamic (with
time constant 450 s). The fraction of the remaining injected
CO2 is recirculated producing the oscillatory behavior in the
measured pH. However, to design the PI controller only the
overdamped dynamic is considered. Then, the following first-
order model with dead time, relating the pH output to the total
inorganic carbon input, is obtained:

G(s) = −1.59

450s + 1
e−390s (38)

where s is the Laplace operator. The resulting PI parameters,
using the AMIGO tuning rule, are kp = −0.1778 (m3 L)/
(mol min) and Ti = 547.9434 s.

In Fig. 7, the response of the sliding mode controller
on July 1, 2014 is shown. The experiment lasted around
12:30 h. Between 09:00 and 11:00 h, the harvesting of the
culture was performed, where fresh medium is injected in
the photobioreactor. The controller responds by decreasing the
carbon dioxide injection. It can be observed in the bottom
graph of Fig. 7 that the total inorganic carbon remains constant
along the day in such a way that the pH of the photobioreactor
tracks the reference. Smooth changes in irradiance are about
100 W/m2 and the controller compensates it in such a way
that no tracking errors (more than ±0.1) were found.

Another experiment performed on July 3, 2014 is shown
in Fig. 8. The harvesting operation was performed between
09:00 and 11:00 h. The controller was regulating the dioxide
carbon correctly flow during the whole test. In spite of the
disturbances, the system response is smooth and the tracking
error was less than ±0.1 for the pH. This is a promising result,
taking into account the disturbances affecting the plant and the
uncertainties present in the system model.

V. CONCLUSION

This paper describes the development of a DSMC controller
to regulate the pH of a tubular photobioreactor using the total
inorganic carbon as the output of the process. The central
idea of the control approach is the combination of the method
of characteristics and SMC. The method of characteristics is
employed for a general first-order PDE system to derive a

nonlinear ODE system, which exactly describes the original
PDE system. Then, the control design is performed in the
ODE system instead of the original PDEs, which means that
all known results for the description of sliding regimes in the
control theory of lumped parameter systems become available
for the PDE control problem. This approach was first proposed
in [19].

Since the photobioreactor system has a relative degree 2,
a second-order sliding manifold was developed, based
on [18]–[20], to create a local sliding regime in the sliding
surface.

The automatic control system developed was tested by
simulations and implemented in an experimental plant, show-
ing that the results satisfy the pH control objective better
than a PI controller with feedforward scheme. Moreover, the
use of the total inorganic carbon as output to control the
pH of the system facilitates the derivation of the control
law, under the hypothesis that carbon consumed by microal-
gae is compensated by supplying CO2 to maintain pH, and
as a consequence, a desired level of inorganic carbon is
achieved.

APPENDIX

DERIVATION OF THE CONTROL LAW

In this appendix, the design of the continuous control law,
based on the SMC methodology of Section III, to control the
photobioreactor system is presented.

The sliding surface is chosen to be

h = ([CT ](x, t) − [CT ]ref(x, t)) + 1

Ti

∫ t

0
〈[CT ] − [CT ]ref〉dσ

(39)

where Ti is the time constant of the integral term, [CT ]ref(x, t)
is the total inorganic carbon reference profile, and 〈·〉 is
the mean value of its arguments. The reference profile
[CT ]ref(x, t) for this control strategy is calculated as

[CT ]ref(x, t) = [CT ](0, t) + δ(x)([CT ]ref(L, t) − [CT ](0, t))

(40)

where δ(x) = a exp(bx) is a spatial-dependent function valid
for x ∈ [0, L], where a = 0.039 and b = −0.014. The
[CT ](0, t) value is directly obtained from the state observer.
Equation (40) is used to compute the set-point profile in the
DSMC control law. This expression was obtained by fitting the
steady-state numerical solution of (3) over the photobioreactor
operating point.

The control law is based on (36), which must be solved
for u � Vg . It uses the two sets of characteristic vector fields
to define the equivalent sliding dynamics. Evaluating such
equation, it is obtained

(Lκ2,u (Lκ1 h + λ1h)) + λ2(Lκ1h + λ1h)

= ∂2h

∂ t2 + Vlu
∂2h

∂x2 + (Vl + u)
∂2h

∂ t∂x
+ λ̃1

(
∂h

∂ t
+ u

∂h

∂x

)

+ λ̃2

(
∂h

∂ t
+ Vl

∂h

∂x

)
+ λ̃1λ̃2h = 0 (41)
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where λ̃1 = (1/4)λ1 and λ̃2 = (1/3)λ2. Substituting h
into (41) yields

∂2[CT ]
∂ t2 + (u + Vl)

∂2[CT ]
∂ t∂x

+ uVl
∂2[CT ]

∂x2

− uVl
∂2[CT ]ref

∂x2 + 1

Ti

∂[CT ]
∂ t

+ u

(
∂[CT ]

∂x
− ∂[CT ]ref

∂x

)

+ λ̃1

[
∂[CT ]

∂ t
+ 1

Ti
([CT ] − [CT ]ref)

+ u

(
∂[CT ]

∂x
− ∂[CT ]ref

∂x

)]

+ λ̃2

[
∂[CT ]

∂ t
+ 1

Ti
([CT ] − [CT ]ref)

+Vl

(
∂[CT ]

∂x
− ∂[CT ]ref

∂x

)]
+ λ̃1λ̃2

×
[
[CT ] − [CT ]ref + 1

Ti

∫ t

0
〈[CT ] − [CT ]ref〉dt

]
= 0. (42)

Note that the first three terms in (42) can be expressed by
the Lie derivative of [CT ] with respect to the two characteristic
fields

Lκ2(Lκ1[CT ])
= ∂2[CT ]

∂ t2 + uVl
∂2[CT ]

∂x2 + (u + Vl)
∂2[CT ]
∂ t∂x

= Kl al ,CO2

[
∂[CO2]

∂ t
+ u

∂[CO2]
∂x

+ Vmol

ε
(1−ε)

×Kl al ,CO2HCO2 PT
([

CO∗
2

] − [CO2]
)]

− PCO2

MCO2

(
u

∂Cb

∂x
+ ∂Cb

∂ t

)
. (43)

Substituting (43) in (42), the following control law is
obtained:
u =

{
Kl al ,CO2

×
[

HCO2 PT
Vmol

ε
(1−ε)Klal ,CO2

([
CO∗

2

] − [CO2]
)+β2

]

+ λ̃2

[
PCO2Cb

MCO2

+Kl al ,CO2

([
CO∗

2

]−[CO2]
)−Vl

∂[CT ]ref

∂x

]

+
(

λ̃1λ̃2 + λ̃1 + λ̃2

Ti

)
([CT ] − [CT ]ref) + λ̃1β1+ λ̃1λ̃2

Ti

×
∫ t

0
〈[CT ] − [CT ]ref〉dt − PCO2

MCO2

β3 + 1

Ti

∂[CT ]
∂x

}/

×
{

PCO2

MCO2

∂Cb

∂x
+ Vl

∂2[CT ]ref

∂x2 − Ka,CO2

∂[CO2]
∂x

− λ̃1

[
∂[CT ]

∂x
− ∂[CT ]ref

∂x

]}
(44)

where

β1 = −Vl
∂[CT ]

∂x
+ PCO2Cb

MCO2

+ Kl al ,CO2

([
CO∗

2

] − [CO2]
)

β2 = β1

P2 − [CO2]P1 P3

β3 = −Vl
∂Cb

∂x
+ PO2 CbYp/x .

To avoid the requirement of setting the slope of the total
inorganic carbon profile set-point along the photobioreactor
tube, (44) is integrated with respect to space. This results in
the following final control law:
u =

{
Kl al ,CO2

×
[

HCO2 PT
Vmol

ε
(1−ε)Klal ,CO2

〈[
CO∗

2

]−[CO2]
〉+〈β2〉

]

+ λ̃2

[
PCO2〈Cb〉

MCO2

+ Kl al ,CO2

〈[
CO∗

2

] − [CO2]
〉

−Vl [CT ]ref |L
0

]
+

(
λ̃1λ̃2 + λ̃1 + λ̃2

Ti

)

× 〈[CT ] − [CT ]ref〉 + λ̃1〈β1〉 + λ̃1λ̃2

Ti

×
∫ t

0
〈[CT ] − [CT ]ref〉dt − PCO2

MCO2

〈β3〉 + 1

Ti
[CT ]|L

0

}/

×
{

PCO2

MCO2

Cb|L
0 + Vl

∂[CT ]ref

∂x

∣∣∣∣
L

0
− Ka,CO2 [CO2]|L

0

− λ̃1([CT ] − [CT ]ref)|L
0

}
. (45)

It is noteworthy that despite the fact that the control design is
based on the theory of sliding modes, the implemented control
law is continuous, hence avoiding the undesirable chattering
effect of the SMC. Moreover, for implementation purposes,
the derivative terms of the control law (45) were discretized
by a backward finite difference scheme.
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