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Abstract: 
A simple method has been developed for PID controller tuning of an unidentified process using closed-loop experiments. The proposed method requires one closed-loop step setpoint response experiment using a proportional only controller, and it mainly uses information about the first peak (overshoot) which is very easy to identify. The setpoint experiment is similar to the classical Ziegler-Nichols (1942) experiment, but the controller gain is typically about one half, so the system is not at the stability limit with sustained oscillations. Based on simulations for a range of first-order with delay processes, simple correlations have been derived to give PI controller settings similar to those of the SIMC tuning rules (Skogestad, 2003). The recommended controller gain change is a function of the height of the first peak (overshoot), whereas the controller integral time is mainly a function of the time to reach the peak. The method includes a detuning factor that allows the user to adjust the final closed-loop response time and robustness. The proposed tuning method, originally derived for first-order with delay processes, has been tested on a wide range of other processes typical for process control applications and the results are comparable with the SIMC tunings using the open-loop model. 
1 Introduction
The proportional integral (PI) controller is widely used in the process industries due to its simplicity, robustness and wide ranges of applicability in the regulatory control layer. On the basis of a survey of more than 11 000 controllers in the process industries, Desborough and Miller [1] report that more than 97% of the regulatory controllers utilise the PID algorithm. A recent survey (Kano and Ogawa [2]) from Japan shows that the ratio of applications of PID control, conventional advanced control (feedforward, override, valve position control, gain-scheduled PID, etc.) and model predictive control is about 100:10:1. In addition, the vast majority of the PID controllers do not use derivative action. Even though the PI controller only has two adjustable parameters, it is not simple to find good settings and many controllers are poorly tuned. One reason is that quite tedious plant tests may be needed to obtain improved controller settings. The objective of this paper is to derive a method which is simpler to use than the present ones. 

Most tuning approaches are based on an open-loop plant model (g); typically given in terms of the plant’s gain (k), time constant (τ) and time delay (θ); see O’Dwyer [3] for an extensive list of methods. Given a plant model g, one popular approach to obtain the controller is direct synthesis (Seborg et al., [4]) which includes the IMC-PID tuning method of Rivera et al. [5]. The original direct synthesis approaches, like that of Rivera et al. [5], give very good performance for setpoint changes, but give sluggish responses to input (load) disturbances for lag-dominant (including integrating) processes with τ/θ larger than about 10. To improve load disturbance rejection, Skogestad [6] proposed the modified SIMC method where the integral time is reduced for processes with a large value of the process time constant τ. The SIMC rule has one tuning parameter, the closed-loop time constant τc, and for “fast and robust” control is recommended to choose τc= θ, where θ is the (effective) time delay. 
However, these approaches require that one first obtains an open-loop model (g) of the process. There are two problems here. First, an open-loop experiment, for example a step test, is normally needed to get the required process data. This may be time consuming and may result in undesirable output changes. Second, approximations are involved in obtaining the process model g from the open-loop data. 
In this paper, the objective is to derive controller tunings based on closed-loop experiments. The simplest is to directly obtain the controller from the closed-loop data, without explicitly obtaining an open-loop model g. This is the approach of the classical Ziegler-Nichols method [7] which requires very little information about the process; namely, the ultimate controller gain (Ku) and the period of oscillations (Pu) which are obtained from a single experiment. For a PI-controller the recommended settings are Kc=0.45Ku and τI=0.83Pu. However, there are several disadvantages. First, the system needs to be brought its limit of instability and a number of trials may be needed to bring the system to this point. To avoid this problem one may induce sustained oscillation with an on-off controller using the relay method of Åström and Hägglund, [8]. However, this requires that the feature of switching to on/off-control has been installed in the system. Another disadvantage is that the Ziegler-Nichols [7] tunings do not work well on all processes. It is well known that the recommended settings are quite aggressive for lag-dominant (integrating) processes (Tyreus and Luyben, [9]) and quite slow for delay-dominant process (Skogestad, [6]). To get better robustness for the lag-dominant (integrating) processes, Tyreus and Luyben [9] proposed to use less aggressive settings (Kc=0.313Ku and τI=2.2Pu), but this makes the response even slower for delay-dominant processes (Skogestad, [6]). This is a fundamental problem of the Ziegler-Nichols [7] method because it uses only two pieces of information about the process (Ku, Pu), which correspond to the critical point on the Nyquist curve. This does allow one to distinguish, for example, between a lag-dominant and a delay-dominant process. A fix is to use additional closed-loop experiments, for example an experiment with an integrating controller (Schei [15]). A third disadvantage of the Ziegler-Nichols [7] method is that it can only be used on processes for which the phase lag exceeds -180 degrees at high frequencies. For example, it does not work on a simple second-order process.
Therefore, there is need of an alternative closed-loop approach for plant testing and controller tuning which avoids the instability concern during the closed-loop experiment, reduces the number of trails, and works for a wider range of processes. The proposed new method satisfies these concerns: 
1. The method uses a single closed-loop experiment with proportional only control. This is similar to the Ziegler-Nichols [7] method, but the process is not forced to its stability limit and it requires less trial-and-error adjustment of the P-controller gain to get to the desired closed-loop response.
2. Of the many parameters that can be obtained from the closed-loop setpoint response, the simplest to observe is the time (tp) and magnitude (overshoot) of the first peak (see Figure 1) which is the main information used in the proposed method.
3. The proposed method works well on a wider range of processes than the Ziegler-Nichols [7] method. In particular, it works well also for delay-dominant processes. This is because it that makes use of a third piece of information, namely the relative steady-state change b = y(∞)/ys. 
4. The method applies to processes that give overshoot with proportional only control. This is less restrictive than the Ziegler-Nichols [7] method, which requires sustained oscillations. Thus, unlike the Ziegler-Nichols method, the method works on a simple second-order process.   
In summary, the proposed method is simpler in use than existing approaches and allows the process to be kept under closed-loop control. 
2. SIMC PI tuning rules
In Figure 2 we show the block diagram of a conventional feedback control system, where g denotes the process transfer function and c the feedback controller. The other variables are the manipulated variable u, the measured and controlled output variable y, the setpoint ys, and the disturbance d which is here assumed to be a “load disturbance” at the plant input. The closed-loop transfer functions from the setpoint and load disturbance to the output are: 
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In process control, a first-order process with time delay is a common representation of the process dynamics:
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Here k is the process gain, τ the dominant lag time constant and θ the effective time delay. Most processes in the process industries can be satisfactorily controlled using a PI controller: 
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which in the time domain corresponds to 
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where e = ys-y. The PI controller has two adjustable parameters, the proportional gain Kc and the integral time τI. The ratio 
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 is known as the integral gain.
The SIMC tuning rule (Skogestad, [6]) is analytically based and widely used in the process industry. For the process in Eq. (2), the SIMC tuning rule gives  
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Note that the original IMC tuning rule (Rivera et al., [5]) always uses τI = τ, but the SIMC rule increases the integral contribution for close-to integrating processes (with τ large) to avoid poor performance (slow settling) to load disturbance. There is one adjustable tuning parameter, the closed-loop time constant (τc), which is selected to give the desired trade-off between performance and robustness. Initially, this study is based on the “fast and robust” setting  
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which gives a good trade-off between performance and robustness. In terms of robustness, this choice gives a gain margin is about 3 and a sensitivity peak (Ms-value) of about 1.6. On dimensionless form, the SIMC tuning rules with τc = θ become
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The dimensionless gains 
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 are plotted as a function of τ/θ in Figure 3. We note that the integral term (
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) is relatively more important for delay dominant processes (τ/θ<1), while the proportional term 
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 is more significant for processes with a smaller time delay. These insights are useful for the next step when we want to derive tuning rules based on the closed-loop setpoint response. 

As mentioned earlier, the objective is to base the controller tuning on closed-loop data. The simplest closed-loop experiment is probably a setpoint step response where one maintains control of the process, including the change in the output variable. From the setpoint experiment (Figure 1) one may observe many values, like rise time, period of oscillations, magnitudes and times of overshoots and undershoots, etc. Of all these values, the simplest to observe is the magnitude and time (tp) of the (first) overshoot, and this information is therefore the basis for the proposed method.
We propose the following procedure:
Step 1. Switch the controller to P-only mode (for example, increase the integral time τI to its maximum value or set the integral gain KI to zero). In an industrial system, with bumpless transfer, the switch should not upset the process. 
Step 2. Make a setpoint change with a P-only controller. The P-controller gain Kc0 used in the experiment does not really matter as long as the response oscillates sufficiently with an overshoot between 0.10 (10%) and 0.60 (60%); about 0.30 (30%) is a good value. Most likely, unless the original controller was tightly tuned, one will need to increase the controller gain to get a sufficiently large overshoot. Note that the controller gain to get 30% overshoot is about half of the “ultimate” controller gain needed in the Ziegler-Nichols closed-loop experiment. 
Step 3. From the closed-loop setpoint response experiment, obtain the following values (see Figure 3):
· Controller gain, Kc0
· Overshoot = (Δyp - Δy∞) /Δy∞
· Time from setpoint change to reach peak output (overshoot), tp 
· Relative steady state output change, b = Δy∞/Δys.
Here the output variable changes are:
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To find Δy∞ one needs to wait for the response to settle, which may take some time if the overshoot is relatively large (typically, 0.3 or larger). In such cases, one may stop the experiment when the setpoint response reaches its first minimum (undershoot) and record the corresponding output, 
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. As shown in Appendix A, one can then estimate the steady-state change from the following correlation: 
Δy∞ = 0.45(Δyp + Δyu)                                                                                      (10)              
Note that (10) involves deviations from the original steady state y0; in terms of the actual variables we have y∞ = 0.45(yp + yu) + 0.1 y0. 

To illustrate the use of the closed-loop setpoint experiment, we show in Figure 4 closed-loop responses for a typical process with a unit time delay (θ=1) and a ten times larger time constant (τ=10):  

[image: image19.wmf]-s

e

g(s)=

10s+1

                                                                                                                      (11)                 

The responses in Figure 4 are for six different controller gains Kc0, which result in overshoots of 0.10, 0.20, 0.30, 0.40, 0.50 and 0.60, respectively. As expected, the closed-loop response gets faster and more oscillatory as the overshoot increases. Note that small overshoots (less than 0.10) are not shown. The main reason is that it is difficult in practice to obtain from experimental data accurate values of the overshoot and corresponding time if the overshoot is too small. Also, large overshoots (larger than about 0.6) are not shown, because these give a long settling time and require more excessive input changes. For these reasons we recommend using an “intermediate” overshoot of about 0.3 (30%) for the closed-loop setpoint experiment.   
Figure 5 shows setpoint responses when the P-controller gain Kc0 has been adjusted to give an overshoot of 0.3 for a wide range of first-order plus delay processes with a unit time delay (θ=1),
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The process time constant τ varies from 0 (pure delay process) to 100 (almost integrating process). The time to reach the first peak (tp) increases somewhat as we increase τ, but the most striking difference is that the steady-state output change (b-value) approaches 1 as we increase τ. Thus, the b-value provides an indirect measure of the value of τ/θ, and we will make use of this observation below.
 4. Correlation between setpoint response and SIMC-settings
As mentioned in the introduction, a two-step procedure could be used where first the closed-loop setpoint response experiment is used to determine the open-loop model parameters (k, τ, θ) and next the SIMC-rules (or others) are used to derive PI-settings. However, the objective of this paper is to provide a more direct approach similar to the Ziegler-Nichols [7] closed-loop method.  
Thus, the goal is to derive a correlation, preferably as simple as possible, between the setpoint response data (Figure 1) and the SIMC PI-settings in Eq. (5) and (6), initially with the choice τc=θ. For this purpose, we considered 15 first-order with delay models 
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that cover a wide range of processes; from delay-dominant to lag-dominant (integrating): 
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Since we can always scale time with respect to the time delay (θ) and since the closed-loop response depends on the product of the process and controller gains (kKc) we have without loss of generality used in all simulations k=1 and θ=1.
For each of the 15 process models (values of τ/θ), we obtained the SIMC PI-settings (Kc and τI) using Eqs. (5) and (6) with the choice τc=θ. Furthermore, for each of the 15 processes we generated 6 closed-loop step setpoint responses (Figure 4 and Figure 5) using P-controllers that give different fractional overshoots.

Overshoot= 0.10, 0.20, 0.30, 0.40, 0.50 and 0.60

In total, we then have 90 setpoint responses, and for each of these we record four data: the P-controller gain Kc0 used in the experiment, the fractional overshoot, the time to reach the overshoot (tp), and the relative steady-state change, b = Δy∞/Δys. 
Controller gain (Kc). We first seek a relationship between the above four data and the corresponding SIMC-controller gain Kc. Recall that with PI-control, the recommended Ziegler-Nichols [7] controller gain for any process is Kc/Ku = 0.45, where Ku is the “ultimate” controller gain that gives persistent oscillations in the Ziegler-Nichols experiment. As mentioned, this is generally viewed to be too aggressive and Tyreus and Luyben [9] recommend Kc/Ku = 0.31. Note that Ku is similar to our Kc0, and since the Ziegler-Nichols experiment is similar to a setpoint response with about 100% overshoot, one may hope that we may use a similar simple relationship. Indeed, as illustrated in Figure 6, where we plot kKc (scaled SIMC PI-controller gain for the process) as a function of kKc0 (scaled experimental controller gain for the same process) for the 90 setpoint experiments, the ratio 
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is approximately constant for a fixed value of the overshoot, independent of the value of τ/θ. In Figure 7 we plot the value of A, obtained as the best fit of the slopes of the lines in Figure 6, as a function of the overshoot. The ratio A is found to vary from 0.85 for overshoot=0.1, to 0.62 for overshoot=0.3, and 0.45 for overshoot=0.6. The following equation (solid line in Figure 7) fits the data well, 
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The correlation in Eq.(15) is based on data with overshoots between 0.1 and 0.6 and should not be extended outside this range. To compare with the Ziegler-Nichols [7] ultimate gain approach, note that a value of A of about 0.31 (Tyreus and Luyben [9]) seems reasonable if we imagine extending Figure 7 to overshoots over 100%.

Actually, a closer look at Figure 6 reveals that a constant slope, use of Eq.(14) and (15), only fits the data well for a scaled controller gain 
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greater than about 0.5. Fortunately, a good fit of the controller gain Kc is not so important for delay-dominant processes (τ/θ<1) where 
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, because we recall from the discussion of the SIMC rules (Figure 2) that the integral gain KI is more important for such processes. This is discussed in more detail below.

Integral time (τI). Next, we want to find a simple correlation for the integral time. We follow the SIMC tuning formula in Eq. (6) and use the minimum from two cases: 

· Case (1). τI1 =τ for processes with a relatively large delay θ.
· Case (2). τI2 =4(τc+θ) for processes with a relatively small delay θ including integrating processes. In the following we consider the nominal choice τc=θ which gives τI2 =8θ, but we will later show how to reintroduce a detuning factor.
Case (1).  We do not know the value of the dominant time constant τ. However, τ  enters into the SIMC rule for the controller gain in Eq. (8), so we can insert τ = τI1 into Eq. (8) and solve for τI1 to get: 
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Rewrite kKc as
kKc     = Kc/Kc0 ∙ k Kc0                                                                                                 (17)
Here, Kc /Kc0 =A where A is given as a function of the overshoot in Eq. (15). The value of the loop gain kKc0 for the P-control setpoint experiment is given from the value of b:
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To prove this, note from Eq.(1) that the closed-loop setpoint response is Δy/Δys = gc/(1+gc) and with a P-controller with gain Kc0, the steady-state value is Δy∞/Δys = kKc0/(1+kKc0)=b and we derive Eq.(18). The absolute value is included to avoid problems if b>1, as may occur because of inaccurate data or for an unstable process.
To sum up, we have derived the following expression for the integral time for a delay-dominant process (with τ/θ<8): 
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Case (2). For a lag-dominant (including integrating) process with τ/θ>8, the nominal SIMC integral time SIMC is
τI2=8θ                                                                                                                           (20) 

Equations (19) and (20) for the integral time have all known parameters except the effective time delay θ. One could obtain θ the directly from the closed-loop setpoint experiment, but this is generally not easy. Fortunately, as shown in Figure 8, there is a reasonably good correlation between θ and the setpoint peak time tp which is much easier to observe. 
Case (1). For processes with a relatively large time delay (τ/θ<8), the ratio θ/tp varies between 0.27 (for τ/θ= 8 with overshoot=0.1) and 0.5 (for τ/θ=0.1 with all overshoots). For the intermediate overshoot of 0.3, the ratio θ/tp varies between 0.32 and 0.50. A conservative choice would be to use θ=0.5tp because this gives the largest integral time. However, to improve performance for processes with smaller time delays, we propose to use θ=0.43tp which is only 14% lower than 0.50 (the worst case).  

In conclusion, we have for a process with a relatively large time delay: 
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Case (2). For τ/θ>8 we see from Figure 8 that the ratio θ/tp varies between 0.25 (for τ/θ=100 with overshoot=0.1) and 0.36 (for τ/θ=8 with overshoot 0.6). We select to use the average value θ= 0.305tp which is only 15% lower than 0.36 (the worst case). Also note that for the intermediate overshoot of 0.3, the ratio θ/tp varies between 0.30 and 0.32. In summary, we have for a lag-dominant process 
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Conclusion. For the nominal choice τc=θ, the integral time τI is obtained as the minimum of the above two values: 
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Remark. In effect, we are here estimating the effective delay θ from tp only, by using θ=0.43tp and θ= 0.305tp for obtaining τI1 and τI2, respectively. It is possible get a better fit to the SIMC-value of τI by making θ also a function of, for example, the overshoot and the b-value, but we have here chosen to keep it simple. 

5. Final choice of the controller settings (detuning)
So far we have derived nominal controller settings that correspond to a closed-loop time constant equal to the effective delay (τc=θ). However, in many cases one may want to use less aggressive (detuned) settings (τc>θ), or one may even want to speed up the response (τc<θ). To this end, we want to introduce a detuning factor F, where F>1 corresponds less aggressive settings and F<1 to more aggressive settings [12]. 
To find out how the factor F should be included in the expressions for the controller gain and integral time we go back to the SIMC settings in Eqs. (5) and (6). The nominal SIMC setting for τc=θ considered so far (denoted * for clarity) are

Kc* = (0.5 τ / kθ),   τI* = min(τ, τI2*) where τI2* = 8 θ

The general formulas (5) and (6) can then be rewritten as 


Kc = Kc* / F                                                                                                       (24)
            τI = min(τ,  τI2* F)                                                                                              (25)      
 where
F = (τc + θ)/ 2θ                                                                                             
 (26)
Note that τc=θ gives F=1. Formulas (24) and (25) can now be used to generalize the  proposed settings in Eqs.(14) and (23), which are based τc=θ. In conclusion, the final tuning formulas for the proposed “Setpoint Overshoot Method” method are:
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where 
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 and F is a detuning parameter. F=1 gives the “fast and robust” SIMC settings corresponding to τc=θ, see Eq.(26).  To detune the response and get more robustness one selects F>1, but in special cases one may select F<1 to speed up the closed-loop response. 

6. Analysis and Simulation
Closed-loop simulations have been conducted for 33 different processes and the proposed tuning procedure provides in all cases acceptable controller settings with respect to both performance and robustness. 
For each process, PI-settings were obtained based on step response experiments with three different overshoot (about 0.1, 0.3 and 0.6) and compared with the SIMC settings.

The closed-loop performance is evaluated by introducing a unit step change in both the set-point and load disturbance i.e, (ys=1 and d=1). 
Output performance (y) is quantified by computing the integrated absolute error, 
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. Manipulated variable usage is quantified by calculating the total variation (TV) of the input (u), which is the sum of all its moves up and down. If we discretize the input signal as a sequence [u1,u2,u3….,ui…] then 
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. Note also that TV is the integral of the absolute value of the derivative of the input, 
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, so TV is a good measure of the smoothness. To evaluate the robustness, we compute the maximum closed-loop sensitivity, defined as 
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. Since Ms is the inverse of the shortest distance from the Nyquist curve of the loop transfer function to the critical point (-1, 0), a small Ms-value indicates that the control system has a large stability margin. We want IAE, TV and Ms all to be small, but for a well tuned controller there is a trade-off, which means that a reduction in IAE implies an increase in TV and Ms (and vice versa). 

The results for the 33 example processes, which include the 15 examples (E1-E15) from Skogestad [6] and some additional examples with oscillating and unstable plant dynamics, are listed in Table 1. For first-order processes (E14, E15, E16), a small delay must be added (E14a, E15a, E16a) to be able to get the closed-loop overshoot needed to apply the proposed method. All results are without detuning (F=1). The complete simulation results for all cases are available in a technical report [1]. 

As expected, when the method is tested on first-order plus delay processes, similar to those used to develop the method, the responses are similar to the SIMC-responses, independent of the value of the overshoot. Typical cases are E17 (first-order with delay), E21 (pure time delay) and E24 (integrating with delay); see Figures 9-11.
For models that are not first-order plus delay (typical cases are E1, E5 and E8; see Figures 12-14), the agreement with the SIMC-method is best for the intermediate overshoot (around 0.3). A small overshoot (around 0.1) typically give "slower" and more robust PI-settings, whereas a large overshoot (around 0.6) gives more aggressive PI-settings. In some sense this is good, because it means that a more "careful" step response results in more "careful" tunings. Also note that the user always has the option to use the detuning factor F to correct the final tunings. Note that the proposed method works well on some unstable (E33; Figure 15) and oscillating processes (E30, E31, E32) where there are no PI-rule for the SIMC method.
The effect of using the detuning factor F is illustrated in Figure 16 using a simple second order process (case E1). As expected, using F>1 results in more robust controller settings.

7. Derivative action (PID control)
The tuning rules derived in this paper are for PI control (3). In theory, one may better robustness and/or better output performance by adding derivative action (PID control). There are many PID implementations, and we here consider the “classical” PID controller on cascade form,
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(29)
Here, τD is the derivative time and the filter parameter N is typically around 10 (O’Dwyer [3]). Because the addition of derivative action comes at the expense of a more complex controller, more sensitivity to measurement noise and more input usage, Skogestad [6] recommends that derivative action (PID control) is only justified for dominant second-order process, 
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where “dominant” means that the second-order time constant (τ2) is larger than the effective time delay θ.  Of the 33 processes in Table 1, this would apply to cases E1, E2, E3, E5, E6, E8, E10 and E27. One particular example is the double integrating process (E27, τ2=∞), which actually can be stabilized only if we add derivative action to the PI controller.  

Is it possible to use derivative action with the closed-loop tuning approach in this paper? Yes, it is, but one cannot just “add on” derivative action to the PI-controller, because also the controller gain and integral time needs to be changed to achieve the benefit of adding derivative action. 

We suggest adding the derivative action beforehand by using a PD controller during setpoint experiment,
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The idea is to include the derivative term during the experiment and then include the same term in the final controller. It is like designing a PI controller for a modified process. Two disadvantages with this approach are:

1. We must make sure that the setpoint is differentiated. The “problem” is that in order to avoid the “derivative kick”, many industrial PID implementations do not differentiate the setpoint (see Figure 17), and this will give a too small overshoot in the PD setpoint experiment. There are two fixes to this problem: (a) Temporarily use a PD-implementation with setpoint differentiation. (b) Alternatively, and this is better because it gives less input usage, record the “differentiated” output signal 
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 (see Figure 17) during the experiment. 
2. We must decide on a value for the derivative time constant (τD) before the setpoint experiment.

What value should one select for τD? 
With the cascade PID form in (29), Skogestad [6] recommends selecting τD equal to the dominant second-order time constant, i.e., τD = τ2. However, this requires that we already have some process knowledge. 
In the absence of process knowledge, a reasonable lower starting value is 
τ2 = 0.27 tp                                                                                                               (32)

where tp is the peak time from an initial P-only setpoint experiment. The starting value is derived as follows: If the true model was second-order with a delay θ0, then from the half rule (Skogestad [6]) the effective delay for a first-order with delay model is θ = θ0 + τ2/2, which gives τ2 = 2(θ - θ0). We do not know the original time delay θ0, but it should be smaller than τ2 to have a benefit of derivative action. To get a lower value for τ2 (and be conservative), let us assume θ0 = τ2, which gives τ2 = 0.67 θ. This value works well also when the process is not dominant second order, because it is only slightly higher than the derivative time 0.5 θ recommended to counteract the time delay in a first-order process (e.g., Rivera et al. [5]). Next, from Figure 8 the effective time delay θ is between 0.3tp and 0.5tp, so let us use θ = 0.4tp, and we finally obtain τ2 = 0.67 θ = 0.27 tp. 










When performing the setpoint experiment with the PD-controller, one should monitor the value of tp (with approximately the same overshoot) and make sure that this it is significantly reduced compared to the P-only setpoint experiment. If this is not the case then the expected benefits of adding derivative action are small. 
Proposed approach for PID control.  The procedure for the setpoint experiment is unchanged, expect that we use a PD-controller.

Step 1(D). Use a PD-controller (31) and select a value for the derivative time τD. A good value is τD = τ2 (second time constant), but if this is not known then a lower starting value is τD = 0.27 tp, where tp is the time to reach the peak using a P-only controller.  Make sure that (a) the PD controller is set up such that the setpoint is differentiated or (b) record the differentiated output yD. 
Step 2. Adjust Kc0 to get a setpoint overshoot between 10% and 60% (this step is unchanged, except that we use a PD-controller).
Step 3. Collect data for the setpoint experiment (unchanged). 
The recommended formulas for Kc and τI are also unchanged, but note that this assumes that we use the “cascade” PID controller in (29). To use the common “ideal” PID controller,
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 (33)
we must modify the cascade settings by a factor c = 1+ τD/τI by using the following translation formulas (e.g. Skogestad [6]) (the effect of the filter parameter N has here been neglected, i.e., N=∞ is assumed):
K’c = c Kc ,   τ’I = c τI ,  τ’D = τD / c 






(34)

Example PID control. We consider a third-order integrating process, 
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 (case E8). From the “half rule” of Skogestad [6] this can be approximated by a second-order integrating process 
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 with θ = 0.5 and 
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 = 1.5. Since τ2 is 3 times larger than the effective time delay θ, this is a “dominant” second-order process, so we expect significant benefits from adding derivative action. 
We now follow the procedure for the setpoint experiment.

Step 1(D). Switch the controller to PD mode. With P-only control we found tp = 6.19 for an overshoot of 30.7% (Table 1 and Table 2) and based on this, we select τD = 0.27 · 6.19  = 1.67, which is close to the value τD = 1.5 recommended by Skogestad [6] for this process. The filter parameter for the PD-controller (31) is set at N= 10. 
Step 2. Setpoint experiments with overshoots of about 30% are shown in Figure 18 for the P-controller (Kc0=0.58, τD=0) and PD-controller (Kc0=1.54, τD = 1.67). The time to reach the first peak (tp) is reduced from 6.2 (P-control) to 2.3 (PD-control) which indicates a large benefit of adding derivative action.
Step 3. The results of the setpoint experiment are summarized in Table 2. The resulting cascade PID settings with F=1 are Kc=0.945, τI=5.49 min and τD = 1.67 min. If one uses the ideal form (33), then one must translate the values using (34) with c=1.30.
In the closed-loop simulations in Figure 19, we use the PID structure in Figure 17 with N=10 and no differentiation of the setpoint. Comparing the closed-loop responses for PI and PID-control in Figure 19, we note that there is, as expected, a large benefit of adding derivative action for this process. This holds both for the setpoint and disturbance responses. The system is also more robust (sensitivity peak Ms is reduced from 1.75 to 1.49), but the input usage is somewhat larger and the sensitivity to measurement noise (not shown in the simulations) is larger 
8. Industrial verification
The proposed tuning method for PI control has been verified industrially at the Statoil refinery at Mongstad, Norway. They report [16] that the algorithm works well in most cases and they see it as a great advantage to be able to do the tuning in closed loop. The detuning factor was set to F=1 in most cases. They have previously used the SIMC method [6] based on an open-loop step test, but this took longer time than the closed-loop test.

Results for the pressure control loop for the crude prefractionator are shown in Figure 20 (setpoint experiment) and Figure 21 (resulting closed-loop PI response). The output y (CV) is the pressure [barg] and the input u (MV) is the valve position [%]. The responses are a bit jerky because of infrequent updates of the pressure measurements. 
From the setpoint experiment with Kc0 = 35 we obtain the following data (Figure 20):
tp
= 541 s – 516 s = 25 s = 0.417 min

y0
= 1.805 barg
ys         = 1.700 barg
yp         = 1.671 barg 
yu         = 1.741 barg
and we obtain the output changes 

Δys  
= |ys-y0| = 0.105 barg
Δyp
= |yp-y0| = 0.134 barg
Δyu
= |yu – y0| = 0.064 barg 
To save time, the experiment was not run to steady-state, but from (10) the predicted steady-state change is

Δy∞ = 0.45 (Δyp+Δyu) = 0.45 · (0.134 + 0.064) = 0.089 barg
From this we get
Overshoot = (Δyp-Δy∞)/Δy∞ =  0.506
Steady-state ratio, b = Δy∞/Δys =  0.847
With this overshoot, we find from (15) the gain ratio A=0.48, and with a selected detuning factor F = 1.2, the final settings are from (27) and (28):
Kc = Kc0*A/F = 14.0
τI = min (0.95, 1.22) = 0.95 min

The final closed-loop response with PI control is shown in Figure 21. The response is good, except for some apparent jerky behavior caused by the infrequent the measurement update.
9. Discussion: Comparison with related approaches
An obvious alternative to the proposed method is a two-step procedure where one first identifies an open-loop model g (with parameters k, θ and τ) from the closed-loop setpoint experiment, and then obtains the PI or PID controller using standard tuning rules (e.g., the SIMC rules [6]).  In fact, from (18), we can obtain the following estimate of the process gain k,
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(35)   
Similarly, from (21), we have the following estimate of the dominant time constant τ,
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where A(overshoot) is given in (16). Finally, for the effective time delay θ, we have the following estimate from case (2):

θ= 0.305tp      









(37)
One may use (35)-(37) also with other tuning rules, but note these estimates, and in particular A(overshoot) from (16),  were derived with the goal of matching the SIMC PI settings. Nevertheless, the estimates (35)-(37) may be useful, for example, for gaining insight or when comparing or combining with information obtained from an open-loop experiment. However, if the goal is to use the setpoint experiment to obtain PI settings, then we recommend the one-step procedure with PI-settings obtained from (27) and (28), rather than the two-step procedure where one first obtains the open-loop model g. 

A two-step procedure, based on a closed-loop setpoint experiment with a P-controller, was originally proposed by Yuwana and Seborg [10]. They identified a first-order with delay model by matching the closed-loop setpoint response with a standard oscillating second-order step response that results when the time delay is approximated by a first-order Pade approximation. They identified from the setpoint response the first overshoot, first undershoot and second overshoot, but the method may be modified to not use the second overshoot, as in the present paper. Yuwana and Seborg [10] then used the Ziegler-Nichols [7] tuning rules, which as mentioned in the introduction may give rather aggressive setting. We tried using the SIMC rules instead. This improves the performance, but nevertheless we found (see [11] for details) that the two-step approach of Yuwana and Seborg [10] gives results slightly inferior to the one-step approach proposed in this paper.

Veronesi and Visioli [13] recently published another two-step approach, where the idea is to assess and possibly retune an existing PI controller. From a closed-loop setpoint or disturbance response using the existing PI controller, they identify a first-order with delay model and time constant and use this to assess the closed-loop performance. If the performance is worse that should be expected, the controller is retuned, for example, using the SIMC method. So far the method has only been developed for integrating processes.

In another recent paper, Seki and Shigemasa [14] propose to retune the controller based comparing closed-loop responses obtained with two different controller settings. 
9. Conclusion
A simple and new approach for PI controller tuning has been developed. It is based on a single closed-loop setpoint step experiment using a P-controller with gain Kc0. The PI-controller settings are then obtained directly from following three data from the setpoint experiment: 
· Overshoot = (Δyp - Δy∞) /Δy∞
· Time to reach overshoot (first peak), tp 
· Relative steady state output change, b = Δy∞/Δys.
If one does not want to wait for the system to reach steady state, one can use the estimate Δy∞ = 0.45(Δyp + Δyu) where Δyu is the output change at the first undershoot.
The proposed PI tuning formulas for the proposed “Setpoint Overshoot Method” method are:
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The factor F is a detuning parameter. A good trade-off between robustness and speed of response is achieved with F=1, but one may use F>1 to get a smoother response with more robustness and less input usage. 
The Setpoint Overshoot Method works well for a wide variety of the processes typical for process control, including the standard first-order plus delay processes as well as integrating, high-order, inverse response, unstable and oscillating process. The method gives a PI controller, but for dominant second-order processes where derivative action may give large benefits, one can use a PD-controller in the setpoint experiment, to end up with a PID controller. 

Compared to the classical Ziegler-Nichols closed-loop method [7], including its relay tuning variants [3], the proposed overshoot method is faster and simpler to use and also gives better settings in most cases. The new overshoot method is therefore well suited for use in the process industries as has already been verified. 

Appendix A
The proposed method requires one to obtain the steady-state output change (Δy∞) for the setpoint response, but it may take some time for the response to settle to the new steady state. To avoid this, we propose to estimate Δy∞ from only Δyp (first peak) and Δyu (undershoot). Yuwana and Seborg (1982) derived an estimate of  Δy∞ that makes use of also the second peak, but achieve sufficient accuracy without this information. Since Δy∞ must lie between Δyp and Δyu, a first try is to consider the average. In Figure 22 we plot Δy∞ as a function of the average [(Δyp+Δyu)/2] for 15 first-order with delay process using 5 different overshoot (0.2, 0.3, 0.4, 0.5, 0.6). Somewhat surprisingly, we find for the 75 cases that there is almost a linear relationship with a coefficient of 0.895 corresponding to 

   Δy∞=0.895(Δyp+Δyu)/2≈ 0.45(Δyp+Δyu)
as given in Eq. (10). In Table 3, the correlation has been further tested on the 33 processes from Table 1. For an overshoot of about 30% we find that the deviation is less than 1 % in most cases; the main exceptions are for processes with overshoot in the open-loop response (positive zeros; E12, E13, E24) and oscillations (E30, E31) where it underpredicts the b-value by as much as to -18% (E23).  
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Table 1: PI controller setting for proposed method (F=1) and comparison with SIMC method (τc=θeffective obtained using half rule)
	Case 
	Process model
	  P-control setpoint experiment
	                                                      Resulting PI-controller

	
	
	Kc0
	overshoot
	tp
	b
	Kc 
	τI
	Ms
	                 Setpoint
	      Load disturbance

	
	
	
	
	
	
	
	
	
	IAE (y)
	TV(u)
	overshoot(y)
	IAE (y)
	TV(u)
	peak value (y)

	E1
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	5.0
	0.127
	0.710
	0.833
	4.074
	1.732
	1.33
	0.44
	8.0
	0.03
	0.43
	1.17
	0.20

	
	
	15.0
	0.322
	0.393
	0.937
	9.031
	0.958
	1.74
	0.30
	23.72
	0.29
	0.11
	1.81
	0.11

	
	
	40.0
	0.508
	0.230
	0.976
	19.23
	0.561
	2.62
	0.33
	74.74
	0.53
	0.03
	3.05
	0.06

	
	
	SIMC
	-
	-
	-
	5.50
	0.80
	1.56
	0.36
	12.65
	0.23
	0.15
	1.55
	0.15

	E2
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	0.85
	0.131
	5.31
	0.46
	0.688
	3.141
	1.41
	4.56
	1.20
	0
	4.57
	1.01
	0.60

	
	
	1.50
	0.303
	4.450
	0.60
	0.929
	3.562
	1.56
	3.83
	1.76
	0
	3.83
	1.09
	0.56

	
	
	2.50
	0.567
	3.886
	0.714
	1.148
	3.836
	1.73
	3.43
	2.43
	0.04
	3.35
	1.28
	0.54

	
	
	SIMC
	-
	-
	-
	0 .85
	2.50
	1.66
	3.56
	1. 90
	0.1
	2.97
	1.26
	0.57
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	2.75
	0.107
	0.711
	0.846
	2.315
	1.734
	1.48
	0.55
	4.74
	0.03
	0.75
	1.20
	0.35

	
	
	5.0
	0.314
	0.527
	0.909
	3.043
	1.287
	1.70
	0.43
	7.16
	0.17
	0.43
	1.48
	0.30

	
	
	9.50
	0.599
	0.402
	0.950
	4.283
	0.981
	2.18
	0.45
	12.88
	0.36
	0.23
	2.14
	0.24

	
	
	SIMC
	-
	-
	-
	2.33
	1.05
	1.55
	0.47
	4.96
	0.12
	0.45
	1.29
	0.34
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	0.50
	0.10
	6.60
	0.333
	0.426
	2.416
	1.36
	5.66
	1.0
	0
	5.66
	1.0
	0.69

	
	
	1.25
	0.304
	5.250
	0.556
	0.773
	3.489
	1.56
	4.50
	1.49
	0
	4.50
	1.09
	0.62

	
	
	2.50
	0.598
	4.414
	0.714
	1.128
	4.281
	1.85
	3.99
	2.56
	0.06
	3.80
	1.44
	0.56

	
	
	SIMC
	-
	-
	-
	0.30
	1.50
	1.46
	5.59
	1.15
	0.05
	5.40
	1.10
	0.71

	E5
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	3.0
	0.104
	0.922
	0.750
	2.534  
	2.005
	1.33
	0.79
	4.76
	0
	0.79
	1.08
	0.28

	
	
	6.50
	0.292
	0.615
	0.867
	4.093
	1.50
	1.59
	0.46
	9.13
	0.13
	0.37
	1.42
	0.21

	
	
	15.0
	0.599
	0.429
	0.938  
	6.766
	1.048
	2.18
	0.47
	20.96
	0.37
	0.16
	2.28
	0.16

	
	
	SIMC
	-
	-
	-
	3.72
	1.10
	1.59
	0.45
	8.26
	0.16
	0.30
	1.45
	0.22
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	0.40
	0.110
	7.636
	1.0
	0.335
	18.63
	1.48
	6.14
	0.75
	0.23
	55.66
	1.46
	2.91

	
	
	0.80
	0.301
	4.987
	1.0
	0.496
	12.169
	1.77
	4.74
	1.29
	0.37
	24.51
	1.81
	2.13

	
	
	2.0
	0.576
	3.199
	1.0
	0.913
	7.805
	2.73
	4.71
	3.57
	0.58
	8.55
	3.08
	1.32

	
	
	SIMC
	-
	-
	-
	0.296
	13.5
	1.48
	6.50
	0.67
	0.28
	45.61
	1.55
	3.09


	Case 
	Process model
	    P-control setpoint experiment
	                                                            Resulting PI-controller
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	0.22
	0.111
	6.717
	0.180
	0.184
	1.062
	1.96
	7.42
	1.41
	0.16
	8.92
	1.63
	1.06

	
	
	0.40
	0.309
	5.979
	0.286
	0.245
	1.263
	2.13
	7.04 
	1.57
	0.21
	8.62
	1.83
	1.08

	
	
	0.60
	0.604
	5.595
	0.375
	0.270
	1.298
	2.28
	7.13
	1.73
	0.26
	8.75
	2.01
	1.10

	
	
	SIMC
	-
	-
	-
	0.214
	1.50
	1.66
	6.78
	1.05
	0.02
	8.34
	1.28
	1.03
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	0.32
	0.106
	8.985
	1.0
	0.270
	21.923
	1.51
	7.22
	0.60
	0.23
	81.26
	1.46
	3.62

	
	
	0.58
	0.307
	6.188
	1.0
	0.357
	15.10
	1.75
	6.21
	0.90
	0.35
	42.33
	1.72
	2.92

	
	
	1.15
	0.610
	4.492
	1.0
	0.516  
	10.961
	2.30
	5.61
	1.67
	0.52
	21.26
	2.50
	2.25

	
	
	SIMC
	-
	-
	-
	0.330
	12.0
	1.76
	6.45
	0.84
	0.38
	36.36
	1.78
	3.02
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	0.50
	0.116
	4.55
	0.333
	0.415
	1.622
	1.43
	3.91
	1.0
	0
	3.91
	1.0
	0.73

	
	
	1.0
	0.321
	3.85
	0.50
	0.603
	1.995
	1.58
	3.31
	1.27
	0
	3.31
	1.04
	0.69

	
	
	1.70
	0.623
	3.453
	0.63
	0.758
	2.251
	1.74
	3.03
	1.69
	0.03
	2.97
	1.19
	0.67

	
	
	SIMC
	-
	-
	-
	0.50
	1.50
	1.61
	3.38
	1.32
	0.06
	3.14
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	-
	-
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	τc=θeffective=0 so SIMC-rule does not apply (gives infinite controller gain) 
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	4.647
	1.476
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	10.54
	2.12
	7.69
	9.48
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	4.0
	2.73
	0.56

	
	
	4.0
	0.30
	3.671  
	1.333
	2.487
	7.852
	2.33
	7.96
	10.15
	0.96
	3.81
	3.12
	0.58

	
	
	5.30
	0.607
	3.164
	1.233
	2.379
	6.475
	2.67
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	-
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* For pure time delay process (E21), obtain tp as end time of peak (or add a small time constant in simulation). 
Table 2: P/PD setpoint experiment and resulting PI/PID controller for process 
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Table 3: % Error in steady-state output Δy∞  when using Δy∞=0.45(Δyp+Δyu)
	Case 
	% Error in  Δy∞ (b value)


	
	overshoot ≈0.30
	overshoot ≈0.60          

	E1
	-0.3
	1.2

	E2
	-0.6
	1.0

	E3
	-2.9
	-2.5

	E4
	-1.1
	-1.3

	E5
	-0.8
	0.04

	E6
	-1.0
	  -1.2
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	0.9
	6.7

	E8
	-0.8
	-1.0
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	-0.1
	1.2
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	-0.5
	0.9
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	0.2
	1.0
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	-7.3

	E13
	-13.9
	-13.0

	E14a 
	1.1
	9.0

	E15a
	2.1
	10.9

	E16a
	0.4
	4.3

	E17
	-0.4
	1.8

	E18
	0.4
	2.8

	E19
	-0.4
	1.8

	E20
	-0.6
	0.8
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	-0.6
	0.8
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	1.7
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	-18.2
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	E24
	-0.3
	1.7

	E25
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	-1.1

	E26
	-0.6
	1.5

	E28
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	6.7

	E29
	0.03
	2.9

	E30
	-6.2
	-8.9

	E31
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	-11.2

	E32
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	4.2

	E33
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Fig. 1. Closed-loop step setpoint response with P-only control.
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Fig. 2. Block diagram of feedback control system. 
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    Fig. 3. Scaled proportional and integral gain for SIMC tuning rule.      
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Fig. 4. Step setpoint responses with various overshoots for first-order plus time delay process,
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Fig. 5. Step setpoint responses with overshoot of 0.3 (30%) for eight first-order plus time delay processes with τ/θ ranging from 0 to 100  
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Fig. 6. Relationship between P-controller gain kKc0 used in setpoint experiment and corresponding SIMC controller gain kKc.  
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Fig. 7. Variation of A with overshoot using data (slopes) from Figure 6.
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Fig. 8. Ratio of process time delay (θ) and setpoint overshoot time (tp) as a function of overshoot for four first-order with delay processes (solid lines). Dotted lines: Values of θ/tp used in final correlations.
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Fig. 9. Responses for PI-control of simple first-order process 
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 (E17). Setpoint change at t=0; load disturbance of magnitude 1 at t=40.
[image: image102.emf]0 6 12 18 24 30

0

0.5

1

1.5

2

time 

OUTPUT  y

 

 

Proposed method with F=1 (overshoot=0.10)

Proposed method with F=1 (overshoot=0.30)

Proposed method with F=1 (overshoot=0.60)

SIMC (



c

=



=1)


Fig. 10. Responses for PI-control of pure time delay process 
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 (E21), Setpoint change at t=0; load disturbance of magnitude 1 at t=15.
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Fig. 11. Responses for PI-control of integrating process 
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 (E24), Setpoint change at t=0; load disturbance of magnitude 1 at t=50.
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Fig. 12. Responses for PI-control of second-order process 
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 (E1), Setpoint change at t=0; load disturbance of magnitude 1 at t=5.
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Fig. 13. Responses for PI-control of high-order process 
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 (E5), Setpoint change at t=0; load disturbance of magnitude 1 at t=10.
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Fig. 14. Responses for PI-control of third-order integrating process 
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 (E8), Setpoint change at t=0; load disturbance of magnitude 1 at t=100.
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Fig. 15. Responses for PI-control of first-order unstable process 
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 (E33), Setpoint change at t=0; load disturbance of magnitude 1 at t=40. 
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Fig. 16. Effect of detuning factor: Responses for PI-control of second-order 
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Fig. 17.  Cascade implementation of PID controller without differentiation of setpoint. 
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Fig. 18. Setpoint experiment with P and PD controller for 3rd order integrating process (E8). PD controller has filter parameter N=10 and setpoint is differentiated.
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Fig. 19.  Response with PI- and PID-controller for for 3rd order integrating process (E8). PID controller has filter parameter N=10 and setpoint is not differentiated.
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                 Fig. 20. Industrial verification. Setpoint experiment 
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           Fig. 21. Industrial verification. Final closed-loop PI response
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Fig. 22. Relationship between Δy∞ and (Δyp+Δyu)/2 for 15 first-order with delay process with 5 different overshoots.

*  The PD controller is with D-action on the setpoint


** The PID controller is without D-action on the setpoint








� This is an extended version of a paper presented at the IFAC Symposium on Dynamics and Control of Process Systems (DYCOPS) in Belgium in July 2010. 
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		3		0.4		0.2		1		0.4		0.178		0.1511		0.1663		0.1499		0.1581		0.1511		0.292		0.2259		0.2711		0.2189		0.245		0.2259				0.4		0.404		0.2877		0.3739		0.2669		0.3204		0.2877

		4		0.8		0.4		1		0.8		0.376		0.2732		0.3006		0.2708		0.2857		0.2732		0.544		0.3523		0.4228		0.3398		0.3813		0.3523				0.8		0.7		0.4118		0.5354		0.3792		0.4573		0.4118

		5		1		0.5		1		1		0.481		0.3248		0.3573		0.3218		0.33955		0.3248		0.675		0.403		0.4836		0.3883		0.43595		0.403				1		0.855		0.4609		0.5994		0.4234		0.5114		0.4609

		6		1.5		0.75		1		1.5		0.752		0.4292		0.4722		0.4252		0.4487		0.4292		1.008		0.502		0.6025		0.4833		0.5429		0.502				1.5		1.243		0.5541		0.7202		0.5081		0.61415		0.5541

		7		2		1		1		2		1.031		0.5076		0.5584		0.5029		0.53065		0.5076		1.345		0.5736		0.6884		0.5521		0.62025		0.5736				2		1.636		0.6206		0.8069		0.5685		0.6877		0.6206

		8		2.5		1.25		1		2.5		1.314		0.5678		0.6247		0.5625		0.5936		0.5678		1.685		0.6276		0.7532		0.604		0.6786		0.6276				2.5		2.03		0.6699		0.871		0.6134		0.7422		0.6699

		9		3		1.5		1		3		1.6		0.6154		0.6771		0.6095		0.6433		0.6154		2.03		0.67		0.8045		0.6446		0.72455		0.67				3		2.424		0.7079		0.9203		0.6482		0.78425		0.7079

		1		5		2.5		1		5		2.75		0.7333		0.8069		0.7263		0.7666		0.7333		3.406		0.773		0.9277		0.7437		0.8357		0.773				5		4.012		0.8004		1.0406		0.7326		0.8866		0.8004

		11		7.5		3.75		1		7.5		4.192		0.8074		0.8881		0.7997		0.8439		0.8074		5.135		0.837		1.0044		0.8051		0.90475		0.837				7.5		6.002		0.8571		1.1141		0.7842		0.94915		0.8571

		12		10		5		1		10		5.64		0.8494		0.9344		0.8413		0.88785		0.8494		6.87		0.8729		1.0478		0.8395		0.94365		0.8729				10		8		0.8889		1.1557		0.8129		0.9843		0.8889

		13		20		10		1		20		11.44		0.9196		1.0117		0.9108		0.96125		0.9196		13.8		0.9324		1.1189		0.8967		1.0078		0.9324				20		16		0.9412		1.2244		0.86		1.0422		0.9412

		14		50		25		1		50		28.859		0.9665		1.0634		0.9571		1.01025		0.9665		34.6		0.9719		1.1662		0.9347		1.05045		0.9719				50		39.9		0.9756		1.2677		0.8922		1.07995		0.9756

		15		100		50		1		100		57.9		0.983		1.0817		0.9735		1.0276		0.983		69.3		0.9858		1.1831		0.9479		1.0655		0.9858				100		79.9		0.9876		1.2844		0.9026		1.0935		0.9876

		A/C=.4		A/C=.4		ymax		ymin		Del Y		b		C=(b-ymin)/(ymax-ymin)								A/C=.5		A/C=.5		ymax		ymin		Del Y		b		C=(b-ymin)/(ymax-ymin)						A/C=.6		A/C=.6		ymax		ymin		Del Y		b		C=(b-ymin)/(ymax-ymin)						Avg=(ymax+ymin)/2

		KC pred		yss(b)																		KC pred		yss(b)																KC pred		yss(b)

																Avg=																						Avg=

		0.4		0.2856		0.4006		0.24		0.1606		0.2856		0.2839352428		0.3203		0.1				0.5		0.3333		0.5009		0.25		0.2509		0.3333		0.3332		0.3332		0.37545		0.6		0.3749		0.6013		0.24		0.3613		0.3749		0.3733739275		0.5620833333				0.42065

		0.409		0.2903		0.4064		0.2472		0.1592		0.2903		0.2707286432		0.3268		0.2				0.51		0.3377		0.5068		0.2586		0.2482		0.3377		0.3058778036		0.3058778036		0.3827		0.61		0.3789		0.6063		0.2505		0.3558		0.3789		0.3608768971		0.5125748503				0.4284

		0.515		0.3399		0.4759		0.2955		0.1804		0.3399		0.2461197339		0.3857		0.4				0.625		0.3846		0.5771		0.3055		0.2716		0.3846		0.2589198036		0.2589198036		0.4413		0.735		0.4236		0.6781		0.297		0.3811		0.4236		0.3321962739		0.4262626263				0.48755

		0.85		0.4594		0.6432		0.3956		0.2476		0.4594		0.2576736672		0.5194		0.8				0.998		0.4995		0.7493		0.392		0.3573		0.4995		0.2742346939		0.2742346939		0.57065		1.143		0.5333		0.8535		0.3695		0.484		0.5333		0.3384297521		0.4433017591				0.6115

		1.027		0.5067		0.7095		0.4343		0.2752		0.5067		0.2630813953		0.5719		1				1.195		0.5444		0.8167		0.4242		0.3925		0.5444		0.2833569071		0.2833569071		0.62045		1.361		0.5764		0.9221		0.3948		0.5273		0.5764		0.3443959795		0.4599797366				0.65845

		1.471		0.5953		0.8334		0.5076		0.3258		0.5953		0.2691835482		0.6705		1.5				1.693		0.6286		0.9433		0.4848		0.4585		0.6286		0.2966171617		0.2966171617		0.71405		1.91		0.6563		1.0497		0.4419		0.6078		0.6563		0.3527476143		0.485177642				0.7458

		1.917		0.6572		0.9202		0.5592		0.361		0.6572		0.271468144		0.7397		2				2.189		0.6863		1.0293		0.5277		0.5016		0.6863		0.3005495547		0.3005495547		0.7785		2.46		0.711		1.1376		0.4751		0.6625		0.711		0.3560754717		0.4965270469				0.80635

		2.365		0.7028		0.9846		0.5973		0.3873		0.7028		0.2723986574		0.79095		2.5				2.688		0.7288		1.0931		0.559		0.5341		0.7288		0.3037567084		0.3037567084		0.82605		3.009		0.7506		1.2007		0.4997		0.701		0.7506		0.3579172611		0.5021012608				0.8502

		2.809		0.7375		1.0323		0.6268		0.4055		0.7375		0.2729963009		0.82955		3				3.187		0.7612		1.1417		0.5831		0.5586		0.7612		0.3054364603		0.3054364603		0.8624		3.558		0.7806		1.2486		0.5157		0.7329		0.7806		0.3614408514		0.5136707388				0.88215

		4.6		0.8214		1.1496		0.6978		0.4518		0.8214		0.2735723772		0.9237		5				5.181		0.8382		1.257		0.6413		0.6157		0.8382		0.3070325901		0.3070325901		0.94915		5.756		0.852		1.3631		0.5641		0.799		0.852		0.3603254068		0.5103705017				0.9636

		6.846		0.8725		1.2217		0.7408		0.4809		0.8725		0.2738615097		0.98125		7.5				7.68		0.8848		1.3275		0.6761		0.6514		0.8848		0.3086821476		0.3086821476		1.0018		8.51		0.8948		1.4321		0.591		0.8411		0.8948		0.3611936749		0.5140439932				1.01155

		9.1		0.901		1.2619		0.7643		0.4976		0.901		0.2747186495		1.0131		10				10.17		0.9105		1.3651		0.6962		0.6689		0.9105		0.3078138466		0.3078138466		1.03065		11.26		0.9184		1.4695		0.6063		0.8632		0.9184		0.3615616311		0.5147616691				1.0379

		18.1		0.9476		1.3273		0.8036		0.5237		0.9476		0.2749665839		1.06545		20				20.19		0.9528		1.4296		0.7272		0.7024		0.9528		0.3102310231		0.3102310231		1.0784		22.28		0.9571		1.5322		0.6305		0.9017		0.9571		0.3622047244		0.518001586				1.08135

		45.09		0.9783		1.3696		0.8297		0.5399		0.9783		0.2752361548		1.09965		50				50.19		0.9805		1.4708		0.7484		0.7224		0.9805		0.3101282737		0.3101282737		1.1096		55.3		0.9822		1.5722		0.6474		0.9248		0.9822		0.3620242215		0.5171455051				1.1098

		90.1		0.989		1.3849		0.8387		0.5462		0.989		0.275173929		1.1118		100				100.16		0.9901		1.485		0.7562		0.7288		0.9901		0.3093097064		0.3093097064		1.1206		110.3		0.991		1.5861		0.6536		0.9325		0.991		0.3618230563		0.5162178703				1.11985

						0.3						0.4								0.5						0.6								0.2										0.1

				avg		b		b/avg				b		Avg=		b/avg				b		Avg=		b/avg		b		Avg=		b/avg				avg		b		b/avg						avg		b		b/avg

				0.25515		0.2306		0.903782089				0.2856		0.3203		0.8916640649				0.3333		0.37545		0.8877347183		0.3749		0.42065		0.891239748		0.1		0.18005		0.1667		0.9258539295						0.095		0.0909		0.9568421053

				0.26175		0.2361		0.9020057307				0.2903		0.3268		0.8883108935				0.3377		0.3827		0.8824144238		0.3789		0.4284		0.8844537815		0.2		0.1863		0.1722		0.92431562						0.10197		0.0975		0.9561635775

				0.3204		0.2877		0.8979400749				0.3399		0.3857		0.8812548613				0.3846		0.4413		0.8715159755		0.4236		0.48755		0.8688339657		0.4		0.245		0.2259		0.9220408163						0.1581		0.1511		0.9557242252

				0.4573		0.4118		0.9005029521				0.4594		0.5194		0.8844820947				0.4995		0.57065		0.8753176203		0.5333		0.6115		0.8721177433		0.8		0.3813		0.3523		0.9239444007						0.2857		0.2732		0.9562478124

				0.5114		0.4609		0.9012514666		0.4		0.5067		0.5719		0.8859940549				0.5444		0.62045		0.8774276735		0.5764		0.65845		0.8753891715		1		0.43595		0.403		0.9244179378						0.33955		0.3248		0.9565601531

				0.61415		0.5541		0.9022225841				0.5953		0.6705		0.8878448919				0.6286		0.71405		0.8803305091		0.6563		0.7458		0.8799946366		1.5		0.5429		0.502		0.9246638423						0.4487		0.4292		0.9565411188

				0.6877		0.6206		0.9024283845				0.6572		0.7397		0.888468298				0.6863		0.7785		0.8815671162		0.711		0.80635		0.8817511006		2		0.62025		0.5736		0.9247883918						0.53065		0.5076		0.9565627061

				0.7422		0.6699		0.9025869038				0.7028		0.79095		0.8885517416				0.7288		0.82605		0.882271049		0.7506		0.8502		0.8828510939		2.5		0.6786		0.6276		0.9248452697						0.5936		0.5678		0.9565363881

				0.78425		0.7079		0.90264584				0.7375		0.82955		0.8890362245				0.7612		0.8624		0.8826530612		0.7806		0.88215		0.8848835232		3		0.72455		0.67		0.9247118901						0.6433		0.6154		0.9566298772

				0.8866		0.8004		0.9027746447				0.8214		0.9237		0.8892497564				0.8382		0.94915		0.8831059369		0.852		0.9636		0.8841843088		5		0.8357		0.773		0.9249730765						0.7666		0.7333		0.9565614401

				0.94915		0.8571		0.9030184902				0.8725		0.98125		0.8891719745				0.8848		1.0018		0.8832102216		0.8948		1.01155		0.8845830656		7.5		0.90475		0.837		0.9251174358						0.8439		0.8074		0.9567484299

				0.9843		0.8889		0.9030783298				0.901		1.0131		0.8893495213				0.9105		1.03065		0.8834230825		0.9184		1.0379		0.884863667		10		0.94365		0.8729		0.9250251682						0.88785		0.8494		0.9566931351

				1.0422		0.9412		0.9030896181				0.9476		1.06545		0.8893894599				0.9528		1.0784		0.8835311573		0.9571		1.08135		0.885097332		20		1.0078		0.9324		0.9251835682						0.96125		0.9196		0.9566710013

				1.07995		0.9756		0.9033751563				0.9783		1.09965		0.8896467058				0.9805		1.1096		0.8836517664		0.9822		1.1098		0.8850243287		50		1.05045		0.9719		0.9252225237						1.01025		0.9665		0.9566938877

				1.0935		0.9876		0.9031550069				0.989		1.1118		0.8895484799				0.9901		1.1206		0.8835445297		0.991		1.11985		0.8849399473		100		1.0655		0.9858		0.9251994369						1.0276		0.983		0.956597898

												0.3333		0.37545

												0.3377		0.3827

												0.3846		0.4413

										0.5		0.4995		0.57065								Plot average vs b

												0.5444		0.62045

												0.6286		0.71405								Avg=		b

												0.6863		0.7785						0.6		0.42065		0.3749

												0.7288		0.82605								0.4284		0.3789

												0.7612		0.8624								0.48755		0.4236

												0.8382		0.94915								0.6115		0.5333

												0.8848		1.0018								0.65845		0.5764

												0.9105		1.03065								0.7458		0.6563

												0.9528		1.0784								0.80635		0.711

												0.9805		1.1096								0.8502		0.7506

												0.9901		1.1206								0.88215		0.7806

										0.6		0.3749		0.42065								0.9636		0.852

												0.3789		0.4284								1.01155		0.8948

												0.4236		0.48755								1.0379		0.9184

												0.5333		0.6115								1.08135		0.9571

												0.5764		0.65845								1.1098		0.9822

												0.6563		0.7458								1.11985		0.991

												0.711		0.80635								0.37545		0.3333

												0.7506		0.8502								0.3827		0.3377

												0.7806		0.88215								0.4413		0.3846

												0.852		0.9636						0.5		0.57065		0.4995

												0.8948		1.01155								0.62045		0.5444

												0.9184		1.0379								0.71405		0.6286

												0.9571		1.08135								0.7785		0.6863

												0.9822		1.1098								0.82605		0.7288

												0.991		1.11985								0.8624		0.7612

												0.2306		0.25515								0.94915		0.8382

												0.2361		0.26175								1.0018		0.8848

										0.3		0.2877		0.3204								1.03065		0.9105

												0.4118		0.4573								1.0784		0.9528

												0.4609		0.5114								1.1096		0.9805

												0.5541		0.61415								1.1206		0.9901

												0.6206		0.6877								0.3203		0.2856

												0.6699		0.7422						0.4		0.3268		0.2903

												0.7079		0.78425								0.3857		0.3399

												0.8004		0.8866								0.5194		0.4594

												0.8571		0.94915								0.5719		0.5067

												0.8889		0.9843								0.6705		0.5953

												0.9412		1.0422								0.7397		0.6572

												0.9756		1.07995								0.79095		0.7028

												0.9876		1.0935								0.82955		0.7375

												0.1667		0.18005								0.9237		0.8214

										0.2		0.1722		0.1863								0.98125		0.8725

												0.2259		0.245								1.0131		0.901

												0.3523		0.3813								1.06545		0.9476

												0.403		0.43595								1.09965		0.9783

												0.502		0.5429								1.1118		0.989

												0.5736		0.62025						0.3		0.25515		0.2306

												0.6276		0.6786								0.26175		0.2361

												0.67		0.72455								0.3204		0.2877

												0.773		0.8357								0.4573		0.4118

												0.837		0.90475								0.5114		0.4609

												0.8729		0.94365								0.61415		0.5541

												0.9324		1.0078								0.6877		0.6206

												0.9719		1.05045								0.7422		0.6699

												0.9858		1.0655								0.78425		0.7079

																						0.8866		0.8004

																						0.94915		0.8571

																						0.9843		0.8889

																						1.0422		0.9412

																						1.07995		0.9756

																						1.0935		0.9876
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