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In this paper, we characterize the achievable input performance for linear time invariant
systems under feedback control. We provide analytical expressions for minimal input require-
ment for stabilization in both of the H, and H, optimal control frameworks. The achievable
input performance primarily depends on the joint controllability and observability of unstable
poles. These results are also extended to systems with time delay. It is shown that time delay
poses no serious limitations on the achievable input performance for systems with slow
instabilities and vice versa. The proposed results unify the available results on input perfor-
mance limitations and are useful for various purposes including selection of variables for
the stabilizing layer, process design and formulation of the optimal controller design problem.

1. Introduction

In this paper, we characterize the minimal control effort
required for stabilization of linear time invariant
systems under feedback control. This problem is impor-
tant in practice because input saturation is often the
main problem for system stabilization. In the H; control
framework, the problem of control effort minimization
is the dual of the well studied minimum variance or
cheap control problem (Qiu and Davison 1993, Huang
and Shah 1999). It is known that the output perfor-
mance of the system is limited by its unstable zeros
and time delay. Similarly, the unstable poles and time
delays pose limitations on the minimal control effort
required for stabilization. Here, the minimal control
effort required for stabilization is referred as the
achievable input performance.

The broad area of fundamental performance limita-
tions has drawn a lot of interest in the past two decades.
An overview of the available results and some recent
developments in this area can be found in Skogestad

*Corresponding author. Email: skoge@chemeng.ntnu.no

TA preliminary version of this work was presented at American
Control Conference 2004, Boston, MA, USA (Kariwala et al. 2004).
**Present address: Department of Chemical Engineering, Norwegian
University of Science and Technology, N-7491, Trondheim, Norway.

and Postlethwaite (1996), Seron et al. (1997), Chen and
Middleton (2003) and their references. Though the
focus has largely been on obtaining bounds on sensitivity
and complementary sensitivity functions, which primar-
ily address output performance issues, (see e.g. Chen
2000), some researchers have considered characterizing
achievable input performance directly or indirectly.
Glover (1984) studied the robust stability of systems
in the presence of unstructured additive uncertainty.
With this description of uncertainty, maximizing robust
stability is equivalent to minimizing the H., norm of
the transfer matrix from disturbances to inputs.
Clearly, the results of Glover (1986) are relevant to the
problem considered here, but the disturbance model
and frequency dependent weight are assumed to be
minimum phase stable. Havre and Skogestad (2001)
relaxed the assumption of a minimum phase stable
disturbance model and frequency dependent weight,
and derived expressions for a lower bound on the achiev-
able input performance. Using a novel approach of pole
vectors, Havre and Skogestad (2003) provide exact
expressions for rational systems with a single unstable
pole driven by measurement noise. Chen et al. (2003)
studied the optimal regulation problem with input
usage penalized for rational unstable systems driven by
input disturbances in the H; optimal control framework.
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These results can be related to the present problem
by an appropriate choice of weights.

It is clear from the previous discussion that, whereas
optimal and sub-optimal solutions for different
instances of the achievable input performance char-
acterization problem are available, the solution for the
general case is lacking. This motivates the present
work. In this paper, we characterize the minimal input
requirement for stabilization in both of the H, and H,
optimal control frameworks. The system is considered
to be driven by output disturbances, where the distur-
bance model may share unstable poles with the system.
This representation is not limiting and the case of input
disturbances is easily handled by setting the disturbance
model same as the system. We further generalize these
results to systems with input—output time delay. It is
shown that time delay poses no serious limitations on
the achievable input performance for systems with
slow instabilities and vice versa. We consider both
single-input  single-output (SISO) and multi-input
multi-output (MIMO) systems. Naturally, the results
presented for MIMO systems are also applicable to
SISO systems. The results presented here are useful
for (i) selection of input and output variables for
stabilization (Havre and Skogestad 2003); (ii) process
design considering achievable control performance and;
(ii1) optimal controller synthesis problem formulation.

For a given system, the control effort required for
stabilization can easily be calculated using available
numerical techniques for optimal controller design.
A limitation of such a numerical approach is that it
does not provide any information regarding the factors
limiting the input performance. These insights are
useful for making appropriate design modifications,
when the system cannot be stabilized by constraining
the inputs of the system within their maximal allow-
able ranges. In some special cases, these insights can
also provide simple analytic methods for selection of
variables for the stabilizing layer (Havre and
Skogestad 2003).

The organization of the remaining discussion in this
paper is as follows: key results from linear systems
theory including optimal control are reviewed in §2;
the problem of designing the optimal controller that
minimizes input usage for stabilization is formulated
and simplified in §3; the achievable input performance
for SISO and MIMO systems is characterized in §4
and § 5, respectively; § 6 concludes this paper.

2. Preliminaries
In this section, we standardize notation and collect some

general results from linear systems theory, which form
the basis for further development in this paper.

2.1. Notation

We represent matrices by boldface uppercase letters and
vectors by boldface lowercase letters. Given a matrix
A € €™, A’ is its transpose and A* is its complex con-
jugate transpose. A; denotes the ith column of the matrix
and accordingly A’ represents the ith row. A matrix
made of elements ajy,...,di,,...,ay,, s represented as
[a;]. The maximum and minimum eigenvalues (singular
values) are represented as A(A) and A(A) (6(A) and o(A))
respectively. p(A) denotes the spectral radius of the
matrix. For A,B € C"*", A oB is the element-wise or
Hadamard product.

For a transfer matrix G(s), u, and y, are called the
input and output zero directions, corresponding to the
zero z;, respectively if (Skogestad and Postlethwaite
1996)

G(z)u;; =0 and G(s)u, #0 Vs#z
and yIG(z)=0 and yIG(s)#0 Vs#z.

With a slight abuse of terminology, the poles of G(s)
can be alternatively defined as the zeros of G~!(s).
Then u,, and y, are called the input and output pole
directions, corresponding to the pole p; respectively
if (Skogestad and Postlethwaite 1996)

wGl(p)=0 and w;G'(s)#0 Vs#p
and G*I(pi)ypi =0 and G*l(s)ypi #+0 Vs # p;.

The set of all rational stable systems is denoted as R H .
Let G(s) = Gi(s) + Ga(s) such that G(s) € RHL and
G(s) € RHo. Then G(s) is the unstable projection of
G(s) represented as U(G(s)), where U(G(s)) € RH;.
The H, and H. norms of the transfer matrix
G(s) € RH are defined as

o0

GO =5 | (Gl Gldo

IG($)lleo = sup a(G(s)) = sup 6(G(jw)).

Re(s)>0 weR

The symbol <> represents the minimal state space reali-
zation of a transfer matrix, e.g. G(s) <> (A,B,C, D).
Consider that for G(s) € RHs, there exists X,Y > 0
which solve the following Lyapunov equations

AX +XA*+BB* =0
A*Y + YA+ C'C=0.

Then X,Y are called the controllability and observ-
ability gramians, respectively. Furthermore, o4:(G(s)) =
A}/Z(XY) are the Hankel singular values of G(s)
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(Glover 1984, Zhou and Doyle 1998), which are a
measure of joint controllability and observability of
the poles of the system. As before, the maximum and
minimum Hankel singular values are represented as
or(G(s)) and o,(G(s)) respectively. The state space
realization of the transfer matrix is said to be balanced,
if the X and Y that solve the corresponding Lyapunov
equations are diagonal and equal. For notational conve-
nience, we drop the frequency argument for a transfer
matrix in the remaining discussion, i.e. G(s) is simply
represented as G.

2.2. All pass factorization

A linear system with right half plane (RHP) poles and
zeros can be factored into an all-pass factor and a mini-
mum phase or stable part. Such a factorization is useful
for manipulation and simplification of expressions
arising later in this paper. The two popular approaches
for all-pass factorization of linear systems are inner—
outer factorization and use of Blaschke products. For
SISO systems, both these approaches produce identical
results. For MIMO systems, use of Blaschke products
provides analytical expressions and is preferred over
inner—outer factorization in which solution of algebraic
Riccati equations (AREs) is required (Morari and
Zafiriou 1989). The idea of using Blaschke products
for factorization of RHP poles and zeros was introduced
by Wall er al. (1980) and has been earlier used for
characterization of achievable performance by Chen
(2000) and Havre and Skogestad (2001).

Let {z;}, i=1,...,n, be the non-minimum phase or
RHP zeros of G. Then G can be factored as follows:

2Re(21)ﬁ o (1)
Z1 Yz

G=G'B —
s+ z) -

Bi=1-

where @, is the input zero direction of z;. With this
factorization, z; is not a zero of G'. By repeated applica-
tion of (1) on G', i=1,...,n.—1, G can be factored
into a minimum-phase part and an all pass filter as

G= GmiBzi Bzi = H(I - 2Re(2i) ﬁzﬁi). (2)

3
k] s+ z;

In (2), G,,; is minimum phase with the RHP zeros of G
mirrored across the imaginary axis and B.; is an all pass
filter. Note that except for the direction associated with
the zero factored first, W, differs from u.,, as it is calcu-
lated based on GY~V and not G. The RHP zeros can
be alternatively factored at system’s output similarly

1

2RC(Z,'),\A
G =B..Gn B.o=|](1- ). G
B..Gn, B H( Hz;ky_,yb,) ©)

When G has RHP poles at {p;}, i =1,...,n,, these poles
can also be factored into a stable part and an all pass
filter on the input and output sides as follows:

1
o 2Re(pi) . .
1 1 *
G=G,B,' B, = 1__[<1+ P u,,,.upl) (4)

~ - 2Re(p) . .
G=B8,G, B, = H(I + S_pl_yp,_y;,). (5)

i=1

For later development in this paper, we derive the
balanced state-space realization of the Blaschke product
B;il. For notational simplicity, we consider that the
number of unstable poles n, =2 and similar results
can be derived for systems with n, > 2 by induction.
A similar method has been used by Chen (2000) earlier
for finding the balanced realization of B.;.

Let B;,l = B;ZIB;II. Using (4), the balanced realization
of B;l is given as B;il < (A4, B;,C;,D;), where

A,’ =Di B,’ =4/ 2Re(p,)ﬁ;’ C,‘ =4/ 2Re(p,«)ﬁpi D,' =L
(6)

Using (6), the balanced realization of B;,-l is given as
B,! < (A,B,C,D), where

A, B2C1:|
A:

0 A
[ 2y/Re(p)Re(p) ﬁ;zﬁ,,l}
L 0 pi

B _BzD] :| B \/2RC([72) ﬁ;z ] (7)
LB | ReGoE,

C=[C: D]

= [ V2Re(p) i,/ 2Re(p) iy |

D=D,D, =1L

2.3. Optimal control

In this paper, we use a state-space approach for charac-
terization of achievable input performance. For this
purpose, we briefly review the pioneering results on H,
and H., optimal control due to Doyle et al. (1989).
Further details can be found in many recently published
textbooks dealing with optimal control, e.g. Zhou and
Doyle (1998). In later sections, we show how these
general results simplify when input performance is
maximized.
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Let z and w denote the exogenous outputs and inputs
and, y and u be the measured and manipulated vari-
ables, respectively. The model of the generalized plant
from w to z has the following form

X = Ax + B,,w + Bu
y=Cx+Dyw ®)

z=C.x+Djpu

Assumption 1: System (8) is assumed to be in the
standard form (Doyle et al. 1989)

For the minimization of ||T., |, let Xs, Yoo > 0 solve
the following AREs,

A X + XA — Xoo(y*B, B, — BB*)X, + CXC. =0
(11

AYo + YooA* — Yoo (y2CIC. — C*C)Yo + BB =0,
(12)

where y > 0. The existence of X, Yoo > 0 that solve the
AREs (11)—(12) is guaranteed, if Assumption 1 holds
and p(XoYs) < ¥>. A suboptimal controller achieving
Tyl < v is (Doyle et al. 1989)

Foo

Aso = A + 7 2B, B*Xo + BFo + ZoLooC | —ZooLL

(a) (A,B,) is stabilizable and (A, C.) is detectable.
(b) (A, B) is stabilizable and (A, C) is detectable.
(C) DTleg =1 and D31D21 =1

(d D},C.=0and D} B, =0.

In addition, the assumptions that D;; =0 and Dy =0
are implicit in the realization of the generalized
plant (8). The assumption that Dy; = 0 can be easily
satisfied by a linear fractional transformation on the
controller K (Zhou and Doyle 1998, p. 261). D;; =0 is
necessary for well-posedness of the H, optimal control
problem. In general, this assumption can be relaxed
for the H,, optimal control problem, but this compli-
cates the formulae substantially. Some additional details
on physical interpretation of Assumption 1 and trans-
forming the problem to satisfy them can be found
in Skogestad and Postlethwaite (1996, p. 363).

It follows from Assumption 1(a)-(b) that there exist
X5,Y; > 0, which solve the following AREs,

A*Xs + XoA — XoBB*X, + CIC. =0
AY, + Y2A>k — YzC*CYz + BwB:kv =0.

Let T.,, be the closed loop transfer matrix from w to z.
The unique controller minimizing ||T,,|, is given
as (Doyle et al. 1989):

A + BF, + L,C —L,
opt — |: ‘ ], (9)

F, ]0

where F, = —B*X,, L, =-Y,C* and optimal cost
is (Zhou and Doyle 1998),

B= inf IT.ol3 = tr(B: XuB,,) + tr(F,Y,F3).  (10)

] 0

where Fo, = —B*'Xy, Lo =-YC* and Z, =
(I— y72p(XYs0))~'. The optimal cost is given as

I = lﬂf”Tzn”oo = pl/z(XooYoo) (14)

3. Problem formulation and simplification

In this section, we formulate an optimal controller
design problem that minimizes input usage for stabil-
ization. It is shown how the general results on optimal
control can be simplified when only input perfor-
mance is considered. This simplification in turn enables
us to explicitly characterize the achievable input
performance.

Consider the system shown in figure 1, where all
exogenous inputs have been collected in the block G,,.
The closed loop transfer matrix from disturbances to
inputs is given as

T, = W,KI+ GK)"'G,. (15)

The objective is to characterize the minimal input
usage required for stabilization expressed in terms of

Z w
! I
w.] [Gu

FKUT G . Y

Figure 1. Closed loop system for characterization of achiev-
able input performance. The effect of all exogenous inputs
including sensor noise, disturbances and set point changes is
collected in G,,.
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the norm of T, as
I =W, KI+GK)'G,|; i=200.  (16)

Assumption 2:  We make the following assumptions

(a) G is strictly proper.

(b) W, is left invertible and (if unstable) has the same
unstable poles as G with the associated input pole
directions.

(c) G, isright-invertible and (if unstable) has the same
unstable poles as G with the associated output pole
directions.

Assumption 2(a) is made for notational simplicity
and the extension to the general case is simple
(see Zhou and Doyle (1998, p. 261) for details). The
left and right invertibility of W, and G,,, respectively,
ensures that the optimal controller design problem is
non-singular.

To illustrate the necessity of W, and G,, having the
same unstable poles as G with the associated input
and output pole directions respectively, consider that
W, =1 and G, has a single unstable pole p, such
that G;'(pw)ypw =0. Let p1,...,py,, Re(p;)) = 0 be the
unstable poles of G such that G_l(pi)ypl =0. For
internal stability, the unstable poles of G and GK are
the same and

K'G™'(p)y, =0
I+K'G'(p)y, =,
GK(p)(I+GK(p) 'y, =V,
K(p)d+ GK(p) 'y, =G '(p)y, =0. (17)

Equation (17) is similar to the interpolation or analyti-
city constraints on sensitivity and complementary sensi-
tivity functions derived by Zames (1981). It follows
from (17) that the location and input zero directions
of KI+ GK)™! are same as the locations of RHP
poles and output pole directions of G. Defining the sen-
sitivity function as S = (I + GK)~! and using the results
on Blaschke products (2) and (5),

KSG, = (KS) le(KS) 8;01 (Gw) (Gw)so

n

- (Ks)mj Bpa(G) B;gl (Gu) (Gw)xo'

If the controller is designed to stabilize KS, the stability
of T, depends on the stability of B,,(G) B;ol (G,,). Since
the Blaschke products can be calculated for any permu-
tation of poles and zeros, B,,(,(G)B;U1 (G,,) is stable if and
only if p, =p; and y, =y, for some i, i=1,...,n,
Similar conclusions can be drawn when G,, has more
than one unstable pole or when W, is also unstable.

With Assumption 2, let W, and G,, be factorized as

W, = Bp_ol (W)B.o(W.) (W),
G, = (GW)smB;il(Glt’)BZi(G“')’

where (W,),,, and (G,,),,, are the stable minimum-phase
parts of W, and G,,, respectively. Define

G =(G,); GW,);} (18)

sm

K = (Wu)smK(Gn’)sm ’

where G is an n, x n, dimensional transfer matrix.
It follows from (15) that

ITuell; = 1B, (W) Boo( WK+ GK) ™' B, (G)B-(G);

= |KA+GK)'|; i=2,00. (19)
We point out that in (19), B;Dl (W,) and B;,I(Gw) can be
factored out without jeopardizing the internal stability,
only when Assumptions 2(b)—(c) are satisfied. Now,
ITull;» = 2,00 is minimized by designing an optimal
controller for G, where the following are equivalent:
(a) K stabilizes G and (b) K stabilizes G. In the remain-
ing discussion, we treat G as the system without loss
of generality. These manipulations further allows us to
represent the generalized plant as

X = AX + Bu
y=Cx+w (20)
Zz=u,

where G < (A, ]§, é). Notice that we have transformed
a controller design problem where the closed loop
system is driven by disturbances filtered through an
arbitrary disturbance model to an equivalent problem,
in which the closed loop system is driven by measure-
ment noise only. The latter problem is much simpler
to solve, as demonstrated latAer ip this segtionA.

For the system (20), let X5,Y, and X, Y be the
solutions of corresponding AREs for the H, and Hy,
optimal controller design problems, respectively (see
§2.3). By comparing (20) with the standard form of
generalized plant (8), we notice that for the
system (20), the corresponding AREs for the H, and
Hoo optimal controller design problems are the
same. It follows that X, =X, =X agd Y2A: YOOA: Y.
This qbserva}ion in turn implies that F, = F, = F and
L,=L,=L.

Let T be a state transformation matrix such that
T AT = diag(Py, P), where Py and P contain all the
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stable and unstable modes, respectively. Rearranging
and partitioning the states of the transformed system

. . . P, 0 B,
X=T 'ATX+ T 'Bu= X+ u
0o P B 1)

Let X = T"'XT and Y = T"'YT solve the correspond-
ing ARE:s for the transformed system (21). Then, to be
non-negative definite, X and Y must assume the form

< 0 0 ~ 0 0
x=[o %] ¥=[o V]
where X, Y € C"*" = (. Then it suffices to solve

XP +P*X - XBB*X =0 (22)

YP* + PY — YC*CY = 0. (23)

Let G :S}] + Gz such that Gl = u(é) and Gz € RHxo.
Here U(G) denotes the unstable part of G. The triplet
(P,B,C) can be seen as the realization of G; and
(22)—(23) as the corresponding AREs for G;. Then, the
achievable input performance depends only on the
unstable part of the system. This is further illustrated
by defining K = K;(I — G,K;)~!. With this parametri-
zation of K

KI-GK)'=K,1-G K.
Z W
Wu Gw

_ [Wu]sm ] [Wli]s_ﬂ'l? - >

[Gw]sm | [Gw].s_n%, <

4

=
4
=<:

’—VKl uT#Gl >

Thus K exactly cancels the stable part of the system.
The different transformations used in this section and
their equivalence are shown in figure 2.

For the transformed system (21), the state feedback
and the output injection matrices are given as

F=FT=[0 F]=[0 -BX] (24)
[

=
I
-

‘L=[0 L]=[0 —-YC*]. (25)

By substituting for X, Y,F and L in (10) and (14), the
expressions for achievable input performance can be
simplified as

B = tr(FYF*) = tr(L*XL) (26)
I = p'A(XY). (27)

The equations (22) and (23) form the cornerstone for
much of the remaining development in this paper. In
general, for H., optimal control, the resulting AREs
are dependent on y and thus need to be solved itera-
tively. In contrast, the expressions (22)—(23) are indepen-
dent of y and can be solved directly. Further note that
when (22) and (23) are pre- and post-multiplied by
X! and Y~!, the resulting expressions are similar to
Lyapunov equations. When all of the unstable poles
of the system are distinct, closed form solutions
of (22)—(23) can be derived, which are expressed in
terms of the unstable poles and the matrices B and C
only, as shown next.

For a system with distinct unstable poles, we can
select the state transformation matrix T such that P is
diagonal and is given as P =diag(pi,....pn),

4 v
B, L(Wy) B.i(Gw)

= 4 v
Bao(Wu) B H(Guw)

Figure 2. Simplifying transformations on the closed loop system.
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Re(p;) > 0. Let the Hermitian matrix M € C"*"* be
defined as

[my] = 1/(pi + pj)- (28)

Lemma 1: For a system with distinct unstable poles, let
X,Y = 0 solve the AREs (22)—(23) and M be given by
(28). Then

X! = Z diag(B;) M diag(B,)* (29)
i=1

Y =) diag(C)* M diag(C). (30)
J=1

Proof:  Pre- and post multiplying (22) by X! gives

PX~! + X~ 'P* = BB*. (31)

Then X' =Mo (BB*) (Horn and Johnson 1991).
Noting that BB* = )", B,B},

ny

X' = Z M o (B;B})
i=1

and (29) follows. Equation (30) follows from a dual
argument. L]

4. SISO systems

In this section, we quantify achievable input perfor-
mance for SISO systems with and without time delay.
These results are generalized to MIMO systems in
the next section, which naturally also hold for SISO
systems. SISO systems are considered separately primar-
ily for two reasons: (i) under the minor assumption that
the unstable poles of the system are distinct, the expres-
sions for the achievable input performance can be
written in terms of the unstable poles and the matrices
B and C only, providing more insight and (ii) they
facilitate the derivation of some of the more involved
expressions for MIMO systems (particularly for time
delay systems).

4.1. Rational systems

We derive the expressions for achievable input perfor-
mance for rational SISO systems and demonstrate
their usefulness with a simple design example. These
results also form the basis for derivation of similar
expressions for SISO systems with time delay.

Lemma 2: For M defined by (28), let p; # p; for all

i,j=1,...,n,. Then M~ " is given as
Cy_ 4Re(p)Re(p) | 14 (P + o)
M™]; = : 5
PP+ o (P7 = 1))

k#i

o (pj+ 1))
o (pj — PK)
k#j

Lemma 2 is easily verified by evaluating MM ™' or
M~'M and the proof is omitted. Note for SISO systems,
b=[bl.c=[c]

Proposition 1:  For the rational SISO system g in (18)
with distinct unstable poles, let U(g) <> (P,b,¢) such
that P = diag(py, . .., ps,).Re(p;) > 0. Then

b 2 9
o | 4 q;
h= [bici}M[b}kC}k] 32

L, = |A~!(diag(b} ;)M diag(b;c;)M)], (33)

where M is defined by (28) and q; is the sum of ith
column of M~! or q = l’pM_].

Proof
(1) For (32), substituting for X and Y in the expression
for I, (26) using Lemma 1,
B = fYf* = b*XYXb
= ljij’l(diag(b)diag(c))’l(M’)’l
x (diag(b*)diag(c*))"'M'1,, . (34)

Based on Lemma 2,

n,,

Z”" - Ppi+rD). .
i = M 1]1"=2Re i)ll—; i=1,...,n
a j=1 ! (p k=1 (pi _pk) ’

ki

(35)

and M~! = diag(q*)M'diag(q). By substituting for
M~ and q, (34) can be simplified as,

5 = q(diag(b)diag(c)) ' diag(q)Mdiag(q")
x (diag(b*)diag(c*)) 'q*.
Equation (32) can be obtained by simplifying the
above expression.

(2) For (33),

Py = p(XY) = |2~ (Y'X )|
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By substituting for X! and Y~! using Lemma 1

L, = [ "(diag(c*) M’ diag(c)diag(b) M diag(b"))|
= [1~!(diag(b*)diag(c*) M’ diag(c)diag(b) M)|

Using Proposition 1, the optimal value of z can be
characterized explicitly. As z — p;, the joint con-
trollability and observability of p;, reduces monoton-
ically, increasing the input requirement. Using (32)
and (36),

= [~ (diag(b}cr) M'diag(bic;)M)|. O
2 _ 801+ (P2 = 2° + P31 — 2 + P23 — pipo)] (37)
? (p1 —2)(p2 — 2)°
I 4p1p2(p1 + p2) (39)

In the realization, U(g) <> (P, b, c), when ¢ has only real
unstable poles, diag(hict) = diag(hic;) and M =M.
In this case, the expression for I, (33) can be further
simplified as,

P, = | ((diag(b,c)M)?)|

I = |27 (diag(bic)M)). (36)

The expression for q in (35) appears to suggest that in
general, I, — oo as p; — p; for some i, j, which is clearly
not true. Since bic; = [g(s)(s — pi)ls—p,» bici — 00, as
pi — pj, which negates the effect of q. When the
system has an RHP zero close to RHP poles, b;¢; fails
to increase monotonically and stabilization can be
difficult. For example, consider

5 _ (s =)
(s—pt+eis—p—e

As € — 0, the RHP poles approach the RHP zero. Due
to near cancellation of the unstable pole by the unstable
zero, I, I, — oo as € — 0.

Example 1: In order to demonstrate the utility of
Proposition 1 for process design purposes, consider a
rational SISO system with two distinct unstable poles
p1,p2 € R, p; < p, and a RHP zero z. The location of
z can be influenced by process or operating point
changes. Such a system can arise, when different systems
are connected in parallel. The objective is to choose z
in the range p; <z < p,, such that input usage for
stabilization is minimal. A purely numerical approach
requires solving the following nested optimization
problem

min inf (1 + g7, i=2, 0.

2(p1 +p2) — [PI2p2 — 2> + P32p1 — 2)* + 2p1p2(322 — 2pipo)

]0.5 :

The locally optimal value of z in the range p; <z < p»
can be obtained by evaluating the stationary points of
(37) and (38),

P1p23(p1 +p2) + \/517% + 5p3 + 6p1p2)
2(p} + p3 + 3p1p2)
4p1p2(p1 + p2)
pPiAp+opipy

(39)

ZH,y, opt =

ZH,o.sub = (40)

As an example, for g = (s —z)/((s — p1)(s — p2)) with
p1 =1 and p, =2, the variation of I, with z is shown
in figure 3. The locally optimal zero location in the
range 1 <z <2 is zy, opt = 1.37, which can also be
confirmed using (39).

It is also noted that unlike the output performance,
unstable zeros do not limit the achievable input
performance, except when located close to unstable
poles resulting in near pole-zero cancellation. As an
example, consider two SISO systems g =(s—z)/
((s—1)(s—2)) and g2 =(s+2)/((s — D(s—2)), z> 0.
Note that g; and g> have same unstable poles, but

P1 Zopt b2

Figure 3. Variation of [, with z for g=((s—2)/
(s — p)(s — pr)) with py =1 and p, = 2. The locally optimal
zero location in the range p; < z < py S 2y, op = 1.37.
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have zeros at z and —z, respectively. Using (37), it can
be shown that in the range, 0 < z < 0.25, the achievable
‘H, optimal input performance for these two systems
is nearly the same (for example, I, ~ 14.5 for z = 0.25
in either case). When z approaches 1, however, the
input requirement for the non-minimum phase system
becomes much larger than its minimum-phase counter-
part due to near pole-zero cancellation.

4.2. Time delay systems

Many systems arising in practice contain time delay.
These irrational systems cannot be handled directly
in the optimal control framework discussed in §2.3.
A common approach for optimal control for such
systems is to design the controller based on a rational
approximation (e.g. Pade approximation) of the time
delay system. In this paper, we use this approach and
the achievable performance is characterized by letting
the order of approximation approach infinity in the
limit.

To extend Proposition 1 to systems with a finite
time delay, let g in (18) be expressed as

g=ge", (41)

where g is the delay-free part of the system. If g, also
contains delay, the delay can be factored as an all-pass
factor and thus g remains causal (cf. (18)).

Lemma 3: Consider H < (P,B,C) such that P=

diag(pi,...,ps,), Re(pi) >0, p;#p;. Let Hy € RHw
with no zeros at p;. Then

ny

UMHH) =
;S —Di

H,(p;))CB,. 42)

Proof: Using a dyadic expansion of H,

n
|
H= CB.
;S —Pi o
Let U(HH) < (P,B, (~3).~Since H; does not cancel
the RHP poles of H, P=P. Now, CB;=[HH:
(s = pi)ls=p, and (42) follows. ]

Note that the applicability of Lemma 3 is not limited
to the case where H only has unstable poles, since
UHH) = UH UH)).

Proposition 2:  Let the SISO system expressed by
(41) have distinct unstable poles and U(g) <> (P,b,¢)
such  that P =diag(pi,...,ps,), Re(p) >0 and

I' = diag(e?", ..., eé%w). Then
2 27
B= [f‘{]er* T (43)
bici bTCT

Py = |47 (0 diag(5;é)M'T diag(Bié)M) |, (44)

where M is defined by (28) and q = 1;1]7M_1.

Proof: Let f(6s, n) be the nth order rational approxima-
tion of e~ (e.g. Padé approximation). For any n, if a
RHP zero of f(0s,n) cancels a RHP pole of g(s), the
system is not stabilizable due to presence of hidden
unstable modes; however, as n — oo, the magnitude
of RHP zeros of f(6s,n) approaches infinity. Thus,
for an FDLTI system with poles at finite locations,
such cancellation of RHP pole of g(s) by an RHP
zero of f(6s,n) does not occur for all n>N for
sufficiently large N.

(1) For (43), using (42), bic; & b f(Opi,n),n > N and

122(’/1):[~~ q12 :|M[,.,~ ql2 :|
biciﬂgpia I’l) b;kcfﬂepla n)

n, ny q2 q2
=3 = Lmyf T Opin)f T Opjn).  (45)
=1 =1 bicibic;

As n — oo, the Padé approximation is convergent
(Parington 2004). Thus, lim,_. f~'(0p;,n) = e
and lim, .o /' (Opi,n) f~1(6pj, n) = e, Noting
that except the bilinear term f~'(0p;,n) £~ (Op;, n),
all other terms in (45) are independent of n, we
conclude that lim,,_, », I7(n) exists and is given by (43).

(2) For (44), using similar arguments as before and
following the proof of Proposition 1,

12,(n) = |»~ ! (diag(f(6pi, n)")~ diag(hr&)M'

ivi

x diag(/(6p;, n))~" diag(b;é)M)

The eigenvalues are roots of a polynomial equation,
whose coefficients are functions of f~'(6p;,n). As
n — oo, these coefficients and thus the roots
converge. Hence, lim,_ Igo(n) exists and is given
by (44). [

Similar to (36), for a system with real unstable poles
only, (44) can be simplified to

12 = |27 (0 diag(bic)M)|.
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By differentiating (43) with respect to 6,

% _ i 3 P'P'i i
= iPj=- =2
de i=1 j=1 bicibjc;

myel?el’ > min p?I3.

The last inequality follows since ¢”? > 1 for positive
pi and 6. Thus, d/>/d6 > 0 for all 6. Similar conclusions
can be drawn by differentiating 7, with respect to 6.
This shows that for SISO systems, the input usage
cannot be decreased by introducing additional lag in
the system. Surprisingly, for MIMO systems, such intui-
tive conclusion does not hold, as is shown later.

Corollary 1:  Under same conditions as Proposition 2,
let g, <> (P,I"'b,¢) or (P,b,el'™"). Then ©L(g)=
IZ(gp) and Ioo(é;) = oo(gp)~

It follows from Corollary 1 that I; and I, for a time
delay system depend on its unstable projection, which is
rational.
Corollary 2: For a SISO system with a single real
unstable pole p,

) 8p3€2p0 _ 2pe?

T oke Y kel

(46)

Corollary 2 can be shown to be true by considering (43)
and noting that in this case b, ¢ are scalars and
M =1/2p. For delay-free systems, Havre and
Skogestad (2003) obtained expressions similar to (46).
Propositions 1 and 2 can be seen as the generalizations
of the results of Havre and Skogestad (2003) to SISO
systems with multiple unstable poles and time delay.
We point out that the expression for I, in (46) can
alternatively be obtained using the approach of Havre
and Skogestad (2001).

Remark 1: The time-delay enters (43)—(44) assuming
the form ¢ and thus does not pose any serious
limitations on input performance for systems with
slow instabilities and vice versa. This happens as
e”i ~ | 4 6p;, when |6p;| much smaller than 1 and thus
the achievable input performance is nearly the same
for time delay and delay-free systems. It follows from
Corollary 1 that time delay essentially reduces the
controllability (or observability) of poles and the
faster the instability, the weaker the controllability (or
observability) of the pole is, as compared to the
delay-free system.

Example 2: To illustrate the findings of this section,
consider

A 2(s+10) ot

E= =2 (s+04) “n

Here, b= [(s—2)gl,_» =10 and using (46),
I, = 0.4¢*. Thus, for =0, 0.05 and 0.5, I, = 0.4,
0.44 and 1.08, respectively. It should be noted that
the additional limitation on the achievable input
performance due to a small delay is minimal (see also
Remark 1).

For any practical system, the manipulated variables
are physically bounded and input saturation is a major
concern for stabilization. Input saturation is avoided
(D] < tmax for all ), if 151 +k) "z, < tmaxs
where ||.|lz, is the induced Li-norm. This implies that
stabilization without input saturation is not possible,
if Ioo > timax, since ||l < Il.Iz, (see e.g. Zhou and
Doyle (1998)). Then, for g in (47) with 6=0.5, the
physical limits on u must be larger than 1.08 to avoid
input saturation.

The lower bound on the physical limits on u, as
derived above, inherently assumes that the inputs can
be manipulated arbitrarily fast and thus is somewhat
unrealistic. To take the finite bandwidth of real systems
into account, we consider the frequency-dependent
weight w, = « + s/wp, @ > 0 where it is desired that
w, k(1 4+gk)™'|lo <1. This weight requires that
k(1 + gk)~"| < 1/a for w € {0, wp} and then approaches
0 with a slope of —1 on a log-log plot, as w — oo . Here,
a is closely related to the allowable peak value of
input (umax ~ 1/a) and wp is the available bandwidth.
Though the weight is improper, the regularity assump-
tions can be easily satisfied by adding a stable pole at
high frequency. In the present case, we can treat w;,'g
as the generalized system and thus the requirement
we k(1 4+ gk) 'l <1 implies 0.4¢*(a +2/wp) < 1.
A rearrangement of this expression reveals the trade-off
between wp and «

a <257 - 2/wp. (48)

For 6=0.5, (48) requires that wum,x ~ 1/ > 1.39 and
1.92, when wp =10 and 5rad/s, respectively. For
wp < 2.175rad/s, the inequality (48) becomes infeasible.
This is expected as unstable systems require fast control
and wp ~ p (Skogestad and Postlethwaite 1996) is the
lower limit on the required bandwidth for practical
stabilization, even when manipulated input are allowed
to have arbitrarily large variations.

5. MIMO systems

In this section, we generalize the results of the last
section to MIMO systems. It is shown that the achiev-
able input performance primarily depends on the joint
controllability and observability of the unstable poles
of the system. These results can be directly used for
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selection of the subset of controlled and manipulated
variables for stabilization.

5.1. Rational systems

Similar to SISO systems, the achievable input perfor-
mance is first characterized for rational systems. Later
in this section, these results are extended to MIMO
systems with time delay. To obtain expressions for I,
and I, for MIMO systems, we relate X and Y solving
the AREs (11)(12) to the Hankel singular values of
U(G)*. When G has distinct unstable poles, the next
lemma also provides an alternate expression for the
Hankel singular values of Z/{(G) which may also be
of independent interest.

Lemma4: Let G be a rational system and X, Y = 0 solve
the corresponding AREs (22)—(23). Then,

o (UG = (XYY i=1,..,m,  (49)

Further, if G has distinct unstable poles, let LI(G) <~
(P, B, C), such that P =diag(p,...,ps), Re(p)>0.
Then o;(U(G)") is given as,

omU(G)*) = A*[((BB*) o M)((C*C) o M')],  (50)

where U(-) denotes the unstable part and M is defined
by (28).

Proof: Pre- and post-multiplying (31) by T, and Tj
respectively, where T is a state transformation matrix,

T,PX'T} + T\ X 'P*T} = T\BB*T} 651
< PX ' +X7'P* = BB,

where P=TPT{', B=TB and X=T"XT[".
Similarly, by setting C = CT;' and Y = T, YT},

PY ' +Y 'P=CC. (52)

Note that Y~' and X! are the controllability and
observability gramians of stable system U(G)" <
(—P*,C*,B*) and (51)—(52) are the corresponding
Lyapunov_equations. If T; is chosen such that
(- P*, C*, B*) is a_balanced realization, then X! =
Y ! = dlag(aH,(Z/{(G) )) (Zhou and Doyle 1998) and

2 UG)) = XY = AT XY T
= XY .

When G has distinct unstable poles, the alternate
expression for the Hankel singular values of U(G)

(50) can be obtained by substituting for X! and Y~!
in (49) using Lemma 1. [
Proposition 3:  For the rational MIMO system Gin (18)

having n, unstable poles, let (P,B,C) be the balanced
realization of L{(G) Then

= 2|Re(i)ii)|
L=) — " (53)
? Z;a%,(U(G)*)
Lo = oy UG)) (54)

Proof:
(1) For (53), based on the expression for 5 (26) ,

Define Ty = diag(o(U(G)")). Since (—P*, C*, B¥)
is the balanced realization of U(G)*, using (51) and
setting X = E,‘, ,

= tr[(PZy + EuPHE}]
= tr(PL;}) + tr(E;°P*) = ZM
=T 07 (UG)")

lll

where |P; + I_’;’}| = 2|Re(P;)|.
(2) For (54), based on (27) and (49)

Lo = 272(X7Y ) = o7 UG)). O

The expressions (53)-(54) show that I and I mainly
depend on oy;(U(G)*), which is a measure of joint
controllability and observability of the unstable poles.

Glover (1986) studied the robust stability of systems
in the presence of additive unstructured uncertainty.
With the additive description of uncertainty, maximiz-
ing robust stability is equivalent to minimizing the H,,
norm of transfer matrix from disturbances to inputs.
Thus, the results of Glover (1986) are also applicable
to the present case of minimization of input energy
required for stabilization. The expression for I, as
derived here is as an alternative proof of the
similar result by Glover (1986), but is generalized to
the case where W, and G,, can be minimum phase and
share common unstable poles with the system.

Remark 2: In general, the H, and H, norms of
a transfer matrix can be arbitrarily far apart.
Proposition 3 shows that when input norm is
minimized, the ratio /»// is always bounded as

L THUG)) ¢ B 0N rei
IRe(Pi)| < <2 [Re(Py)l, (59
&H(LI(G) )Z L~ ;
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where AI_’ is the state matrix of the balanced realization
of U(G). The closeness of I, and I, follows from
the fact that when input usage is minimized, the
corresponding AREs (22)-(23) for the H, and He
optimal controller design problems are the same.
The ratio ky = ox(U(G)")/ay(U(G)") is the condition
number of U(G)* expressed in terms of Hankel singular
values and can be interpreted similar to the Euclidian
condition number. A system that has a large Euclidian
condition number has strong directionality and may be
difficult to control (Skogestad and Postlethwaite 1996).
Similarly, «y can be large due to small o, U(G)*) indi-
cating that the input requirement for stabilization is
large. When «y = 1, the upper and lower bounds on
B/, in (55) are the same with 53/, =237, |Re(P;)!.

In this paper, we assumed that the disturbances enter
the closed loop system through the output channels.
Proposition 3 can easily be applied to cases where
disturbances enter through the input channels by
setting G, = G (see figure 4). For minimum phase
systems affected by input disturbances, the expressions
for achievable input performance are much simplified,
as derived by Chen et al. (2003) for I,. The result
of Chen et al. (2003) is shown to be a special case of
Proposition 3 by the next Corollary.

Corollary 3: With reference to figure 4, let G be
minimum phase, right invertible and have n, unstable
poles. Then,

Tp
L=2) Rep) Io=1. (56)
i=1

Proof Let G:GSZS’;,'l such that Gy is stable. With
G,, =G and using (15),

ITuell = 1L+ KG,B,) ' KGB, |
= 10+KB,") 'K,

where K = KG;,. Let(f’, B.C, ]_)) be the balanced realiza-
tion of B,". Since B," is all-pass and stable,
oHi(B;A*) =1 (Glover 1984). Then, using Proposition 3,

1

Ix =1 and B =37, 2|Re(P;)|. The expression for

1

follows by noting that P; = p; (cf. (7)). O

Z

K2 T T Gy
i

Figure 4. Closed loop system with disturbances entering
through input channels.

5.2. Time delay systems

In extending Proposition 2 to MIMO systems, we use
a similar method as used for SISO systems, i.e. by
using a rational approximation of the time delay
system and then letting the order of approximation
approach infinity. We consider systems that can be
expressed as

G=(G,);'GW,);! =Go0; @=[c%], (57

sm

where G is the delay-free part of the system. A system as
G in (57) with delay associated with individual elements
of the transfer matrix, which cannot be separated at
inputs or outputs, is sometimes referred to as a multiple
delay system in the literature. It is pointed out that (57)
does not represent the most general case and in practice
is satisfied only when the W, and G, are diagonal.
The remaining discussion in this section is limited to
the cases where n, > n, and similar expressions for
n, < n, can be obtained with minor modifications.

Lemma 5: Consider H < (P,B,C) such that P =
diag(pi,....pn,), Re(pi) > 0, pi # pj. Let H; € RHw
with no zeros at p;. Then

n,,

Z/{(Hl OH) =
;S—Pf

Hi(pi) o (C;B)). (58)

The proof of Lemma 5 is similar to the proof of
Lemma 3 and is omitted. We make the following
additional technical assumption:

Asumption 3: Let UG) < (P, B, é). Then the matrix
(CB;) o O(p;) has full column rank for all i =1,...,n,.

Proposition 4: Consider that the MIMO system
expressed by (57) has distinct poles and _the system
satisfies Assumption 3. Let U(G) <> (P, B, C) such that
P =diag(pi,....ps,), Re(p) > 0. If G, < (A, B,,C)),
where

!/

un); By =[Ly..... 1]
C, = [(€B)oO(p).....(C,B)) 0 O(p,)]

A, =diag(pil,,, ...

L(G) = 1(G,), Io(G) = Io(G,).

Proof: Let ® be approximated by an nth order rational
function as before. As n— oo, using Lemma 5 and the
same arguments as used in the proof of Proposition 5,

n »

UG =>y"

— (CiB) 0 O(p). (59)
i=1 b pl

Due to Assumption 3, (1/(s—p))O(p) o (CB)) <
(pily,. L, O(p;) o (CB))). Then the result follows by
considering the aggregation of these subsystems. ]
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It is interesting to note that when @ is unstructured
(delays cannot be separated at inputs or outputs),
stabilization of the irrational system with n, unstable
poles is equivalent to stabilizing a rational system with
n, x n, unstable poles. For systems not satisfying
Assumption 3, the triplet (A,, B,, C,) is not necessarily
a minimal realization. This assumption can be relaxed
for generalization purposes, but this makes the expres-
sions difficult and complex. A practical case, where
Assumption 3 is always violated, occurs when the
delays are associated with the sensors or actuators of
the system. Systems with delay associated with sensors
are handled next and the expressions for systems
with delay associated with actuators can be obtained
analogously.

Corollary 4: Let G =diag(e")G and UG) <
(P,B,C) such_that P =diag(p,...,ps,). Re(p)>0.
Let G, < (P,B,C),), where

C, = [diag(e‘e"")él, L diag(e_e"”"v)énp]

Then, I,(G) = I(G,) and 1.o(G) = Io(G,).

The proof of Corollary 4 follows by considering
the dyadic expansion of G in (59) and noting that
(C;B)) 0 O(p;) = diag(e %" )C;B/. It was shown earlier
that for SISO systems, /I, and [, are non-increasing
functions of 6, but this does not hold for MIMO
systems.

Example 3: Consider the system G = G o ©, where
efalS e*OtzS

5 0= |: :|
e—()th e—()t]S

The variation of I, with «j,a, is shown in figure 5,
which leads to the counter intuitive conclusion that the
input requirement for stabilization of MIMO systems
can decrease when the delay in some of the elements
of the system increases. When « # ay, by virtue of
Proposition 4, the unstable projection of the irrational
system has 4 unstable poles (2 poles each at 0.2
and 0.5). When o =ar =a, G can be expressed
as G = Ge*. Then, using Corollary 4, the unstable
projection of the irrational system has only 2 unstable
poles.

With slight abuse of terminology, the case of
o) =ay =« can be interpreted as the system having
4 unstable poles and 2 unstable zeros at 0.2 and 0.5.
Thus, when o) # a,, these RHP zeros differ from their
nominal values of 0.2 and 0.5 and effectively reduce
the joint controllability and observability of the

Figure 5. Variation of I, with «; and «,. This counter-
example shows that the input requirement for stabilization
can decrease with increase in time delay for MIMO systems.

unstable poles. Keeping «; (or @) constant and
increasing o, (or «;), these RHP zeros recede away
from the unstable poles reducing the input requirement
for stabilization. It is also worth pointing out that
similar to input performance, an increase in time delay
can also improve the output performance (Skogestad
and Postlethwaite 1996, p. 220).

When the system has a single unstable pole, the
expressions for I, and I, simplify considerably, as
shown next.

Corollary 5: Consider a MIMO system G that is
expressed by (57) and satisfies Assumption 3. If G has
a single real unstable pole p,

3 ;o 2p
* o((CB) o O(p)
(60)

2 8p

2 Y 02(CB) 0 O(p))

where Z/l((}) < (p,B,C).

Proof: Define G, < (pl,,L,,.,(CB)o@®(p). Now,
similar to the proof of Proposition 4, it can be shown
that 1,(G) = I(G,), I(G) = Ix(G,). Since G, has a
single pole repeated n, times, M = (1/2p)[1,,,...,1,,].
Using the alternate expression for the Hankel singular
values (50),

7)) = (5, )1 [(€B) 2 0() (€B) < 01p)]
1 N/
= <2p)oi[(CB ) o O p)]. 61)

Now, (60) is obtained by substituting (61) in the
expressions for I, and I, (53)—(54). ]
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For a system that is delay free and has a single unstable
pole, M = 1/2p, BB* = |B|5 and C*C = |C||3. Then,
using the alternate expression for Hankel singular
values (50),

2 8P3 2p

= o =—
STBRIBIC T T IBILICH,

(62)
The expression for I, in (62) was earlier obtained
by Havre and Skogestad (2003). Propositions 3 and 4
can be seen as the generalization of the results of
Havre and Skogestad (2003) to systems with multiple
unstable poles and time delay.

Further, note that for a system with distinct unstable
poles, the rows of B and columns of C matrices of
the state-space realization with diagonal state matrix
are the same as the input and output pole vectors, respec-
tively (see e.g. Skogestad and Postlethwaite (1996) for
definition of pole vectors). Then, it follows from (62)
that for a rational system with single unstable pole, the
input requirement for stabilization is minimized by
selecting the input and output variables corresponding
to largest entries in input and output pole vectors, respec-
tively (Havre and Skogestad 2003). This simple “‘pole-
vector” approach avoids the problem of combinatorial
complexity, but cannot provide the optimal solution for
systems with multiple unstable poles. In the general
case, the optimal subset can be found by evaluating the
expressions for achievable input performance presented
in this paper for different subsets of input and output
variables, but such an approach can be computationally
intractable. Sequential approaches that provide sub-
optimal solutions in reasonable time are discussed in
Havre and Skogestad (2003) and Kariwala (2004).

6. Conclusions

We used a state-space framework to obtain analytic
expressions for achievable input performance for SISO
and MIMO systems with and without time delay.
Regarding the factors affecting achievable input perfor-
mance, the following general conclusions are drawn:

(1) The input performance primarily depends on the
joint controllability and observability of unstable
poles.

(2) Plant’s unstable zeros do not limit the achievable
input performance, except when located close to
plant’s unstable poles resulting in near pole-zero
cancellation.

(3) Time delay poses no serious limitation on the
achievable input performance for a system with
slow instabilities and vice versa.

(4) The input performance of a MIMO system, where
the delays cannot be separated at the inputs or

outputs, can be much worse as compared to a
system with delays that can be factored at the
inputs or outputs.

(5) In contrast to the SISO systems, the achievable
input performance may decrease for MIMO systems
with an increase in time delay in some elements
of the transfer matrix relating controlled and
manipulated variables.

In this paper, we focussed on characterizing the achiev-
able value of the H, and H. norms of the transfer
matrix from disturbances to input, W,KSG,,. In turn,
these results provide the minimal control effort required
for system stabilization. For system stabilization, input
saturation is one of the primary concerns. When the
achievable bound on ||[W,KSG, |, exceeds the allow-
able bounds on the inputs, system stabilization without
input saturation is not possible, but the converse is not
necessarily true. The issue of input saturation is
best handled in the £;-optimal control framework and
this problem can be numerically solved using the linear
programming approach of Dahleh and Diaz-Bobillo
(1995). Explicit expressions for the achievable input
performance in the £;-optimal control framework can
provide additional insights regarding the limiting factors
and is an open area for research.

In conjunction with the achievable bounds on the
(weighted) sensitivity and complementary functions
(Chen 2000), the proposed results on input performance
are useful for input-output controllability analysis.
The available results, however, consider only one
closed-loop transfer matrix of interest at a time and
thus may be misleading, for example, for minimum
phase stable systems, the achievable bounds on indivi-
dual closed-loop transfer matrices is zero indicating no
limitations. A better approach is to consider the input
and output performances together or establish bounds
on the achievable output performance with bounded
inputs. This problem is somewhat more involved and
the results of Pérez et al. (2002) and Chen et al. (2003)
can be seen as good starting points for further research.
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