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Two-Degree-of-Freedom Controller Design for an lll-
Conditioned Distillation Process UsingSynthesis

Petter Lundstim, Sigurd Skogestadiember, IEEE,and John C. DoyleMember, IEEE

Abstract—The structured singular value framework is applied frequency domain specifications. These specifications cannot
to a distillation benchmark problem formulated for the 1991 pe directly transformed into frequency dependent weights, but
IEEE Conference on decision and control (CDC). A two degree have to be approximated to fit into theframework.
of freedom controller, which satisfies all control objectives of T . . .
the CDC problem, is designed usingu-synthesis. The design The distillation problem in [18] and var_lants of this problem,
methodology is presented and special attention is paid to the like the CDC problem [9], has been studied by several authors,

approximation of given control objectives into frequency domain e.g., Freudenberg [6], Yaniv and Barlev [22], Lundstret al.

weights. [11], Hoyle et al. [7], Postlethwaiteet al. [15], Yaniv and
Index Terms—H -infinity control, process control, robustness, Horowitz [23] and Zhou and Kimura [25]. In three recent
structured singular value, uncertainty. studies; Limebeeet al. [10], van Diggelen and Glover [3]

and Whidborneet al. [21], two degree of freedom controllers
are designed for the CDC problem. The three latter papers are
all based on the loop shaping design procedure of McFarlane
HE PURPOSE OF THIS paper is to demonstrate, léhd Glover [14], where uncertainties are modeled#as-
way of an example, how the structured singular valugounded perturbations in the normalized coprime factors of the
(SSV, p) framework [4] may be used to design a robusjlant. To obtain the desired performance, [10] use a reference
controller for a given control problem. The problem involvegodel design approach, [3] use the Hadamard weighted
an uncertain system and control objectives that cannot pgbenius formulation from [2], while [21] use the method
directly incorporated into the-framework. In particular, we of inequalities [24] where the performance requirements are
consider how to approximate the given problem agi-a explicitly expressed as a set of algebraic inequalities.
problem by deriving suitable frequency dependent weights.The two degree of freedom design in this paper differs from
These define the model uncertainty and control objectives[iro], [3], and [21] in that we use-synthesis for our design.
the p-framework. With this method uncertainty is modeled as linear fractional
The control problem studied in this paper was introduced %Certainty and performance is specified as in a starittagd
Limebeer [9] as a benchmark problem at the 1991 Conferenggntrol problem. Like [10], we specify some of the control
on Decision and Control (CDC), where it formed the basigbjectives as a model-matching problem.
for a design case study aimed at investigating the advantageshis paper is organized as follows: A brief introduction to
and disadvantages of various controller design methods {ae ;;-framework is presented in Section Il. The benchmark
ill-conditioned systems. problem is defined in Section IIl. In Section IV we outline the
The problem originates from Skogestatial. [18] where a design method used in this paper. In Section V we gradually
simple model of a high purity distillation column was usegansform (approximate) the given problem intq.groblem
to demonstrate that ill-conditioned plants are potentially e¥nd demonstrate the effect of different weight adjustments.
tremely sensitive to model uncertainty. In [18] uncertainty anfhe final controller designed in this section demonstrates that
performance specifications were given as frequency dependgt control objectives defined by Limebeer [9] are achievable.
weights, i.e., the problem watefinedto suit they-framework  Finally the results are discussed and summarized.
and therefore @-optimal controller yields the optimal solution  All of the results and simulations presented in this paper

to that problem. were computed using the MATLAB~Analysis and Synthesis
However, in the CDC benchmark problem [9] uncertaintyoolbox” [1].

is defined in terms of parametric gain and delay uncertainty
and the control objectives are a mixture of time domain and

I. INTRODUCTION

II. CDC PrROBLEM DEFINITION
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is ill-conditioned, as is here given by
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In physical terms this is equivalent to a gain uncertainty of n . é<
+20% and a delay of up to 1 min in each input channel. The

set of possible plants defined by (1)-(2) is dendik¢h the
sequel.
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Fig. 1. Block diagram without weight functions.

B. Design Specifications

_ SpecificationsS1 to S4 should be fulfilled forevery plant A
G e 1L v AU<_—| , u
S1 Closed-loop stability. P[~
S2 For a unit step demand in channel 1tat 0 the plant d — P —>

— € <—>
outputsy; (tracking) andy. (interaction) should satisfy: u |: :' y - Mll 1\/11 e
« yi(t) > 0.9 for all ¢ > 30 min; K ;le M22
o y(t) < 1.1 for all ¢;
* 0.99 < y(00) < 1.01; Fig. 2. General problem description.

o yo(t) < 0.5 for all ¢;

* —0.01 < y2(o0) < 0.01. For an ODF controllek,. = K,,, which yields the following

Corresponding requirements hold for a unit step dema#f@nsfer functions:

in channel 2. e S T —Tyria -T d
S3 5(K,S) < 316, Yw. This specification is mainly added yl| = S T -7 T 4)
to avoid saturation of the plant inputs. m -K,S K,S —-K,5 | |n

S4 Alt.l: 6(GK,) < 1 for w > 150. _ o _
S4 Alt.2: 5(Ky$‘) < 1 for w > 150. where S = (I + GK,)~ ! is the sensitivity function” =

1 . L .
Here K, denotes the feedback part of the controller anngGKy) G, is the complementary sensitivity function

g (I—i—GKy)—l the sensitivity function for the worst cage and?y, ;a4 is the reference model for the setpoint change. Note

SpecificationsS3 and S4 are not explicitly stated in [9], tThat ;Tyr’id - é then the transfer function from to c s
“ _ ; — Lyrid = —.
but forml_JIated as “the closed I(_)op transfer func_t|on_ b_etweenFor a TDF controllerk, # K, which yields the following
output disturbance and plant inpQi,.S] be gain limited S

transfer functions:

to about 50 dB 4316 (S3)] and the unity gain cross over

frequency of the largest singular value should be below 150 | € S SGK, — Tyria =T d
rad/min [(S4)].” Different researchers have given the latter |y | =| S SGK, =T . (5)
specification different interpretations, e.g., [3] use Alt.1. while |u -K,S (I+K,G)7'K, -K,S||n

[21] use Alt.2. qu the. purpose of this paper, t.h's diversity ' this case, the transfer function fromto ¢ is not equal to
advantageous, since it gives us the opportunity to start W|£h5 T =
the easier alternative (Alt.1) and then show how to refine the yryid '
pu-problem to achieve the tougher requirement (Alt.2).
In practice, specificatio4 Alt.1 is implied by S1, so the
actual performance requirements &2andS3(andS4Alt.2). This section gives a very brief introduction jeanalysis
Most of the specifications in this paper may be viewednd synthesis and defines some of the nomenclature used in
as bounds on transfer functions from some inputs to sortiee rest of the paper. For further details, the interested reader
outputs. The notation for these transfer functions is defined may consult for example [18], [19] and [1].
Fig. 1 and the matrices in (4)—(5). The controll§rin Fig. 1 TheH..-norm of a transfer functiod (s) is the peak value
may be a one degree of freedom controller (ODF) or a twaf the maximum singular value over all frequencies

degree of freedom controller (TDF). A TDF controller may be

. THE p-FRAMEWORK

partitioned into two parts 1M ()]0 = S‘ipa'(M(jw))- (6)
K=[K K= Arx Bgr Bry 3) The Ie_ft bI_ock diagram in Fig. 2 shows the general problem
= Ay T 0k Dgr Dy, formulation in thep-framework. It consists of an augmented

plant P (including a nominal model and weighting functions),
where K, is the feedback part of the controller a#d is the a controller X and a (block-diagonal) perturbation matrix
prefilter part. Ay = diag{A1,---,A,} representing the uncertainty.
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Uncertainties are modeled by the perturbatiods’s) and Each of the minimizations (ste@@K2 and DK4) are convex,
uncertainty weights included i#. These weights are choserbut joint convexity is not guaranteed.
such that|Ay|l.c < 1 generates the family of all possible The H.-controller synthesized in stepK2 has the same
plants to be considered. In principl&;; may contain both number of states as the augmented plahplus twice the
real and complex perturbations, but in this paper only compleximber of states ab, hence it is desirable to keep the order
perturbations are used. of P and theD-scales as low as possible whilst satisfying the
The performance is specified by weights ihwhich nor- controller specification criteria.
malized ande such that a closed-loof,.-norm fromd to e
of less than 1 (for the worst cagk;;) means that the control IV. DESIGN PROCEDURE

objectives are achieved. The CDC specifications in Section Il cannot be directly

The framework in Fig. 2 may be used for both one degree 86 s ; .
plied in theu-framework. The reasons for this are: 1) The
Lree_doml (%DF())SEd t\/vo-(r:i]egree—ofl—lfregdom (r-]r D('j:])cf COntrOII'E'drain—delay uncertainty in (1)—(2) has to be approximated into
betS|gn. ntte int casgt econtrg elrlntgulstt et ') €rence \inear fractional uncertainty (Fig. 2); 2) Specificati8@ needs
etween Set-points and measured plant OutpISs” = Ym. g pe approximated since it is defined in the time domain; 3)

Ha i _ T T
while in the TDF casey = [r* —y,,]". In the p-framework, it is not possible to directly bound the

The right block diagram in Fig. 2 is used for robustnesfgur SISO transfer functions associated w88 and the 2x

analysis.M is a function of” and K, andAp ([ Apllec < 1) 5 yransfer function associated wig8 (andS4 Alt.2). Instead

is a fictitious “performance perturbation” connectiago d. hese control objectives must be reflected in #e-norm of
Provided that the closed-loop system is nominally stable t e transfer function frondl to e (Fig. 2)

condition for robust performance (RP) is The following approach makes it possible to apply
synthesis to this kind of problem.

1 Approximate the given problem into &problem.

2 Synthesize a robust controller for theproblem.

where A = diag{Ay, Ap}. 3 Verify that the controller satisfies the original specifica-
p is computed frequency-by-frequency through upper and  tions (51-S4) for the original set of plant§IT).

lower bounds. Here we only consider the upper bound  gia) 1 s our major concern in this paper. Several approaches

may be used to obtain theproblem, however, the following

are general guidelines: 1) Choosgk and e such that all

essential control objectives are reflected inthg-norm of the

whereD = {D | DA = AD}. transfer function between these signals. At the same time keep
At present there is no direct method to synthesizg-a the dimension ofl ande as small as possible. 2) Use low-order

optimal controller, howevery-synthesis (DK-iteration) which uncertainty and performance weights to keep the ordeP of

combines p-analysis andH,.-synthesis often yields goodand thereby the order of the controller low. The complexity and

results. This iterative procedure was first proposed in [5] ardder of these weights may be increased later, if required. 3)

RP & prp = sup pa(M(jw)) < 1 (7)

pa(M(jw)) < if 5(DMD™) (8)

[16]. The idea is to attempt to solve Use weighting parameters with physical meaning, since these
parameters are the “tuning knobs” during the design stage. The
min inf sup (DMD™") (9) derivation of such weighting functions for the CDC problem

is treated in detail in the next section.

(where M is a function of K) by alternating between min- Step 2 is fairly straightforward using DK-iteration and the
imizing sup,_, (DM D=!) for either K or D while holding available software (e.g., [1]). Experience with this iterative

d controller synthesized in stdpK2 is slightly suboptimal {{..-
norm 5-10% larger than the optimal) and that fxascale fit in
FtepDKS is of low order. In subsequent iterations, controllers
dimensions is a common initial choice). that are closg to optimality anq higher orderscales may be
DK2 Synthesize ari{..-controller for the scaled problem,qsed i requwe_d. However, It is also.recom_me_nded that the
ming sup, (DM D). final controller is slightly suboptimal since this yields a blend
« Pf H, andH, optimality with generally better high frequency
roll-off than the optimal¥_.-controller.

Step 3 is, in this paper, performed using time simulations
with the four extreme combinations of gain uncertainty (2)
and a 1 min delay (approximated as a second-ordei Pad
proximation).

DK1 Scale the interconnection matrid with a stable an
minimum phase rational transfer matri(s) with
appropriate structure (an identity matrix with righ

DK3 Stop iterating if the performance is satisfactory or i
the H..-norm does not decrease, else continue.

DK4 Compute the upper bound gm (8) to obtain new
D-scales as a function of frequengy(jw).

DK5 Fit the magnitude of each element &f(jw) to a
stable and minimum phase rational transfer functio®’
and go toDK1.

V. CONTROLLER DESIGN

INote thatd ande in Fig. 2 are not equivalent td ande in Fig. 1, but In this section we design controllers for the benchmark

may containd ande among other signals. problem, using the design procedure outlined above. Actually,
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TABLE |
CoNTROL PERFORMANCE FORODF-CRIGINAL WITH GAIN UNCERTAINTY AND A
WA o A SECOND-ORDER PADE APPROXIMATION OF A 1-MiN DELAY. (SEEALSO FiG. 4)
A - A
RS KY‘H» G W C. step | gain unc. set-point tracking interaction
%_ c ch. | ky | ko |t=30| max |{t=100| max |t=100

1 (1.2 1.2 ] 0.989 | 1.008 | 1.000 | 0.856 | 0.000
1.2 0.8 | 0.934 | 1.001 | 1.001 | 1.047 | 0.000
0.8 1.2 | 0.941 | 1.006 | 1.600 | 0.427 | -0.001
0.8 0.8 | 0.889 | 1.000 | 1.000 | 0.625 | 0.000
1.2} 1.2 | 0.993 | 1.095 | 1.000 | 0.859 | 0.001
1.2 0.8 | 0.964 | 1.007 | 1.000 | 0.536 | -0.001
0.8 1.2 | 0.956 | 1.198 | 1.001 | 0.934 | 0.000
0.8 0.8 | 0.929 | 1.000 | 1.000 | 0.627 | 0.000

Fig. 3. Original ODF-problem formulation.

we start with a controller designed for the “original” problem
defined in Skogestaet al. [18] and check the performance of
this controller with respect to the CDC specifications defined
in Section Il. We then gradually refine theformulation by
adding further input and output signals ¢band e and by
adjusting the uncertainty and performance weighting functions.
This gradual approach clearly demonstrates the effect gf o TDFTAOBRLE I i

the weghing functon refinemenis, and thereby is of L0 o b e o P )

DN BN DN DD = —

problems, since one should not put more effort into the |step| gain unc. set-point tracking interaction
formulation than required, that is, one should start with a| ch. | &1 | k2 =30 | max {¢t=100] max |t =100
simple problem formulation, and refine the problem formu-{ 1 | 1.2 | 1.2 | 0.889 | 1.008 | 1.003 | 0.175 | 0.004
lation if the specifications are not met. 1 [1.2] 0.8 | 0913 | 1.000 | 1.000 | 0.497 | 0.000
1 108} 1.2 | 0902 | 1.000 | 1.000 | 0.257 | 0.000
A. ODF-Controller for “Original” Specifications 1 108108 | 0.905 | 1.000 1.000 | 0.156 | 0.000
- _ . S 2 (1.2 1.2 | 0.891 | 1.014 | 1.005 | 0.175 | 0.004
The “orlglnal“ problem presented n [18] is defined in the 9 121 0.8 0.917 | 1.000 | 1.000 |0.126 | 0.000
frequency domain in terms of Fig. 3 and the following transfer| 5 | gs | 1.2 { 0.928 | 1.000 | 1.000 | 0.368 | 0.000
function matrices: 2 |08 0.8 | 0921 |1.000 | 1.000 |0.156 | 0.000
1 0.878 —0.864
)= Tt 1 {1.082 —1.096} (10)
here
(s +0.2) w
W, =—"1I 11 <
al8) = o 1y 1272 A sy = 204103
1(20s+ 2 s+ 1000)(s + 0.25)(s + 0.054
WF(S) — _g12><2 (12) X ( - )( )( - ) .
2 20s (s +0.67 4 j0.56)(s + 0.67 — j0.56)(s + 0.013)
Ay(s) = diag{A1, Az};  ||Au(s)]lee 1. (13) (16)

Remark: As shown in [12], the uncertainty weight in (11) We denote this controller “ODF-original.” In fact, it can be
does not quite cover (include) the gain and delay uncertairifown [8] that the resulting controller has the form of a SVD-
defined in Section II; the allowed time delay is about 0.9 migontroller K (s) = VK (s)U” where K (s) is diagonal and”
rather than 1 min, and the magnitude of the weight approactfil U are the input and output singular vector matrices for

2.0 at high frequencies rather than 2.2. the plantG(s), which in this case are real and independent
The resultingu-synthesis problem is then of frequency.
The performance of this controller applied to the CDC
min (M) N = <WAKSG WAKS> problem is demonstrated in Fig. 4 where time responses are
K ’ W.5G wW.S (14) shown for the four extreme uncertainty combinations defined
A = diag{Ay, Ap}. in (1), i.e., the four gain combinations with maximum input

delay. The simulation results are also summarized in Table |

Skogestaet al. (1988) [18] used DK-iteration with some earlywhere bold entries mark violations d82 We see that the
H..-software to design a controller with six states givinglosed-loop system is stable, ensuring tBais satisfied. The
a value ofx = 1.067. Lundstbm et al. [11] assumed full Setpoint tracking requirements B2 are almost satisfied, but
block uncertaintyA;; (for numerical convenience) and usedhe interaction is far too strong.
the state-spac@{.,-software to obtain a-optimal controller ~ The performance with respect 83 is demonstrated in
with 22 states and: = 0.978. In the following we use a Fig. 5. It is clear thato(K,S) [the gain from setpoints,,
slightly improved controller with 18 states apd= 0.9735. noisen and output disturbances to manipulated inputs,
This controller may be synthesized usifi,,-synthesis and see (4)] is far too high at high frequencies and also around the
the following D-scales: closed-loop bandwidthu( =~ 0.1 rad/min).
The performance specification in the original problem is
D(s) = diag{d(s),d(s), Iax2} (15) expressed as a bound on the sensitivity functfnFig. 6
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Fig. 4. Output responses for ODF-original controller with plant-model mis- . . . N .
match.y, ; shows response in outpiifor step change of set-poifitat ¢ = 0. Fig. 6. Maximum anc_i ‘minimum singular valuesv 6f for ODF-original
All responses with 1 min delay (second-order &ad” controller. Dashed: Original upper bound 6n[(1/W., (11)].

B. TDF-Controller for “Original” Specifications

10* ' : T ' ' Strictly speaking, the original problem formulation of Sko-
gestadet al. [18] cannot take advantage of a TDF controller,
because the specification is on the sensitivity functibr=
(I + GK,) ', which depends only on the feedback part
_______ . _._._0PCC. OS5 L ] of the controller,K,,. However, if instead, we interpret the
specification in terms of the transfer function from references
r to errorse, SGK, — I (see (5), withZ},,. ;4 = I), then robust
performance can be improved by use of a TDF controller.
Lundstm et al. [11] interpreted the specifications in this way
and were able to redugezp from 0.978 to 0.926 with a TDF
controller. We denote this design “TDF-original.”

Simulations and tabulated data for the TDF-original design

P are shown in Fig. 7 and Table Il. The setpoint tracking spec-

Spec. 54 Alt.2 ification is still not quite satisfied, but the interactions have

4 . . . . almost disappeared compared to the ODF-original response.
1010-3 102 10" 10° 10' 1(')2 10 However, there are unpleasant high-frequency oscillations in
all responses. These oscillations also show up as a “ringing
peak” in the closed-loop transfer functions, for example, the
Fig. 5. Maximum and minimum singular values Af,$ for ODF-original P€ak at approximately 2 rad/min in Fig. 8. This phenomena
controller for four different plants. could have been eliminated if a better uncertainty weight had
been used, i.e., an uncertainty weight that covers a 1 min

shows the maximum and minimum singular values of tIA_Qeela_y (rather tha_m o.nly O.9lmin). More ser.iously, as illqstrated
sensitivity function for the four extreme combinations of un!l Fi9- 8, specificatior83 with respect to input usage is not
certainty. From this plot we see that the original performané@tisfied. The reason is that we have not included in the
requirement (S) < |1/W. | is not satisfied forw ~ 2 rad/min  SPecifications any explicit penalty for input usage.

despite the fact thatrpr < 1.0. The explanation is that the We conclude that we are not able to meet the CDC-

uncertainty weight¥ only covers a time delay of about Olgspecifications by designing a-optimal controller using the
min, whereas the actual delay is 1 min “original” uncertainty and performance weights. We therefore

In conclusion, the one degree-of-freedom controller g@€€d to modify the uncertainty weight, and consider the CDC-

signed for the “original problem,” almost satisfies the trackingP€cifications explicitly, e.g., by including a weight ), 5
requirements for the CDC-problem, but the closed-loop suff satisfy S3

from strong interactions and excessive use of manipulated ) ) o

inputs, in particular at very high frequencies % 10 rad/min). ©- Weight Selection for CDC Specifications

We next see if a two degree-of-freedom (TDF) design canln this section we approximate the CDC specifications as
alleviate these problems. frequency dependent weights.

Frequency [rad/min]
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Fig. 9. Block diagram for one degree of freedom controller.

It is often fruitful to start with the simpler weight (17) and if
the performance verification (Step 3 of the design procedure in
Section 1V) shows that this uncertainty model does not yield a
robust controller for the set of plantk then the more rigorous
uncertainty model (18) should be used. This is the approach
taken here.

-0.5, 50 100 0.5, 50 100 ODF Performance V_V_eightsA simple way to approximgte
Time [mia] Time [min] the performance specificatio®2 and S3into a p-problem is
shown in Fig. 9, wherég,, is an ODF-controller.
Fig. 7. Output responses for TDE-originaI controller with plgnt-model mis- Here, the weighWWss on the sensitivity function represents
match.r, shows esponse in oulpufor sep ehange of setpoiat =0 speifcationS2 and weightIVs, represents specificaticsa
A reasonable choice foiVs, is the following which is taken
from the original formulation:

10*
1 7as+ Mg
3 Wsa(s) = Ms ras+ A 2 (19)
10
. For |Ws25||lso < 1 this weight yields: 1) Steady-state error
T 4 \" /T less thanA; 2) Closed-loop bandwidth higher thang =
10° 1/74; and 3) Amplification of high-frequency output distur-
bances less than a factdfs. The values used in [18] were
M, =2 A=0and7r, = 20.
10’ To satisfy specificatiors3 (|| K,S||- < 316), we choose
the weight
10° P Wss = f{sbxz (20)
Spec. S4 Alt.2
As a starting point we may choosd s = 316; the value
10 ) = = ] - . given in S3 However, in practice this value will be too low
10 10 10 10 10 10 10" (too tight). The reason for this is discussed in Section V-D.
Frequency [rad/min] In accordance with the results in Section V-A, we found

o 8. Maxi o mini ol es &L & for TOF-oridinl that a ODF-controller did not yield the required performance;
1g. o. aximum and minimum singuiar values fil, or -original H . H
controller for four different plants. v thus in the following We_focus on the TDF-de_S|gn.
TDF Performance WeightsFor the TDF-design we use the
Uncertainty Weights:As already noted, the gain-delay unblock diagram in Fig. 10. The objective for thesynthesis is
certainty in (2) is not quite covered by the uncertainty weighd minimize the worst-case weighted transfer function from
defined in (11). A better weight is presented in [13] references and noisen to control errore and input signals:
1+ 50 stk . . (th_e hats used in the flgure_ |nd|_cate that_the S|gnals have been
( + 62 ) i Lyo = 11;974_02]”2 (17) weighted). Note that the noise signadnd input signal: were
s+l 05s+1 not included in oup:-optimal design for the original problem,
wherek, = 0.2 is the relative gain uncertainty afg,., = 1 but these are needed to satisfy the CDC-specifications.
is the maximum delay. This weight has the same low order asFig. 10 gives
that_of (11) ar_u_j |a!mostcovers 'Fhe gain an_d delay uncertainty. P W.NLW.  —W.NW, ] [#
A slight modification to (17) yields a weight thabmpletely AT W N W N |
covers the uncertainty ([13]), but is of higher order " wital wi¥22Wn [ {1

WA (S) =

(21)

2 Here
1154+0.2 (55=) +2-08385:2=5+1
WA(S) — . ( 2.363) 2.363

= IQ 2.
0.55+1 (1292 4+2.068552-+1 Nu =Ty — Tyria = SGK, = Tyrja; Ni2=GK,S =T

2.363 2.363
(18) Noi=(I+K,G)'K,; No=({I+K,G)'K,=K,S
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W.W, = 1/Mr at low frequencies. (Note that simply
 Tyrid selecting,,(s) = (MpW,(s))~! may not satisfy the
£ Wi AU . R above requirement thav,, should approach one at high
—=W, K Gl We_e_ frequencies.)
A »(]: 5) Note thatW, W, = W,, = _1/M_K5 forms a bound on
—= W, - 7 a Noy = (1 + KyS)*lKT which is the transfer function
= Wy— from references to inputs. Although, there is no specifi-
cation on this transfer function, is seems reasonable that
Fig. 10. Block diagram for two-degree-of-freedom controller. it should be limited in a way similar t(KyS_
The following weights satisfy the above requirements:
whereS = (I + GK,)~L. (Strictly speaking? and S should Wo(s) = Lxa (23)
have a subscripp to denote the perturbed plang, = 1 7us + Ms
G(I + AyWy), but this has been omitted to simplify the We(s) = e ros g A e (24)
notation.) We now need to select the four performance weights, f ol
W,, W, W,,,W,, and the ideal tracking respongg,. ;4. Wals) = 57— Taxz (25)
The set-point tracking should ideally be decoupled and the TI‘;JF 4
response and overshoot requirements are the same for both Wo(s) = <l (26)

channels. To keep the order ¥§, ;4 small, while at the same _ : Co
time have the freedom to allow for some overshoot in the FOr the input uncertainty we use the weight in (17) for

ideal response, we use a second-order reference model in e%cﬂgn TDF-Alt.1 and the slightly tighter weight in (18_) for
channel design TDF-AIlt.2. Note that the perturbation mated; in

1 (13) is diagonal. However, to simplify the numerical calcula-

) Irys. (22) tions we use an unstructured perturbation matkix which
Tias" + 2CiaTias +1 yields a very simpleD-scale for theyu-synthesis,D(s) =

For simplicity, we use scalar times identity weights fodiag{d(s),d(s),Isx4}. In any case, for this particular plant
the four weights, that isfW; = w;Isx». To determine the it seems that the structure of the input uncertainty does not
weights we should first consider the resulting bounds on theatter. Initially d(s) is set to 0.01, obtained from a natu-
four closed-loop transfer function®,;, Ni2, No; and Nop. ral physical scaling (“logarithmic compositions” [17]). This
We note thatiW, W, forms a bound onVy;, which is closely simple scaling substantially reduces the number of iterations
related to specificatio2 FurthermoreW,, W,, forms a bound required to obtain “good’D-scales.
on Nao, which is directly related to specificatior®3 (and to
specificationS4, Alt.2). The following should be considered

Tyr,id =

when selecting the four weights. D. TDF-Controller for CDC Specifications; Alt.1
1) Since the weights are scalar, we may choose one of thenin this section we synthesize a TDF controller for CDC
freely. Thus we choos®,. = I at all frequencies. specificationsS1, S2 S3 and S4, Alt.1, by adjusting the pa-

2) In order to penalize the difference between the actuameters in the above weights. Since all of the parameters have
and ideal tracking the combined weight. WV, may physical significance it is easy to find reasonable values, and
be chosen similar tdVs,(s) in (19), i.e, we choose almost all of them were determined directly from the original
We = Wasa. specifications in Section Il. Based on these specifications we

3) SpecificatiorS3limits the peak value ok,S, which is may as a starting point choose= 0.01, 7 = 20, Mg = 2
the transfer function from output disturbances (noise) #nd My s = 316; the value given inS3 However, it is
inputs. In practice, the peak occurs at higher frequenciiigeley that these values fa¥/s and M s are too small. The
just beyond the closed-loop bandwidth. Thus, we mugtason is that the formulation in Fig. 10 lumps the four SISO
make sure thatV, W,, = 1/My s at frequencies where requirements ofS2 and the 2x 2 requirement ofS3 into a
K,S has its peak. For simplicity, we seleé¥, = bound on the entire 4 4 transfer function given in (21).
1/Mks (a constant). It then follows tha,, should From relations of the kind

approach one at high frequencies, and one should make_ ,_ A) (BN < 514 BT < /32 S(A). 5(B
sure that it reaches this value around the bandwidthnax{g( ),o(B)} <o 1") < V2max{z(4),5(B)}

(which is approximately equal to/7.; with the selected (27)
weight for W,). it is clear that the physical interpretation of the weights results
4) The inverse oV W,, forms an upper bound oi¥;> = in performance requirements that are slightly too tight.

T, the complementary sensitivity. Sind&. is large at Based on this, the initial weight parameters were chosen
low frequency, its inverse is small at these frequencie®: 1) Yield an ideal response which satisfi8g with some
However, the magnitude & is greater or equal to one margin without too large an oversho@t,; = 8,(;q = 0.71);

at low frequency, so it follows thatV,, must be small 2) Require a close fit to the ideal response at low frequencies
at low frequencies. To be specific, 181 denote the (A4 = 10~*) and a looser fit at high frequencig€s, =
maximum value ofT" (i.e, the infinity norm ofT) at 10, Ms = 3); 3) Yield a loose requirement ok, S, to be

low frequencies, themV,, should be selected such thatightened if required 4+ = 3, Mxs = 630 (56 dB)].
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TABLE 1lI 4
FINAL WEIGHT PARAMETERS AND D-SCALES FORDESIGN TDF-ALT.1 10 7 7 T T T
Weight parameters
T | Ga | Ta| A | Ms| My | Mgs 10°F 4
8.0[071[9.5/107% 135 20| 630 Spec. S3
10°
y11 yi2
1.5 15
1 10'
0.5
0
D 10y 7 LN
v/ /
05 Spec. S4 Alt.2
(] 50 100
10_1 1 1 i Il 1
y21 y22 10° 10° 10" 10° 10' 10° 10°
15 1.5 .
Frequency [rad/min]
1
Fig. 12. Maximum and minimum singular values ﬁf?,S“ for TDF-Alt.1
0.5}, controller for four different plants.
TABLE IV
05 -0. CoNTROL PERFORMANCE FORTDF-ALT.1 witH GAIN UNCERTAINTY AND
0 50 100 0 50 100 SeconD-ORDER PADE APPROXIMATION OF A 1 MIN DELAY. (SEE ALso FiG. 11)
Time [min] Time [min] ;
step| gain unc. set-point tracking interaction

Fig. 11. Output responses for TDF-Alt.1 controller with plant-model mis- | .}, k, ky |#=30]| max |t =100 max |t =100

match.y; ; shows response in outpifor step change of set-poipitatt = 0.

All respo]nses with 1-min delay (second-order &ad 1.2} 1.2 | 1.066 | 1.092 | 0.998 | 0.051 | 0.001
1.2 0.8 | 0.984 | 1.036 | 0.999 | 0.471 | -0.001

0.8 1.2 | 0.969 | 1.030 | 1.000 | 0.426 | 0.001
0.8 1 0.8 0.906 | 1.000 | 1.000 | 0.138 | 0.000
1.2 1.2 | 1.052 | 1.074 | 0.999 | 0.051 | 0.001
1.2) 0.8 | 0.987 | 1.030 | 1.000 | 0.265 | 0.001
0.8 1.2 | 1.002 | 1.038 | 0.999 | 0.310 | 0.000
0.8 0.8 | 0.950 | 1.002 | 1.000 | 0.138 | 0.000

Only two DK-iterations were needed to ensutgp < 1,
however, theS2 and S3 performance specifications were not
satisfied. Ms, M7, and 7., were adjusted to 3.5, 2.0 and
9.5, respectively. After two more DK-iterations a controller
which satisfiedS1-S4 was obtained. The controller has 24
states, yields a closed-locl.,-norm of 1.015 and may be
synthesized using the final weights adétscales given in
Table Ill. ) and W, need to be modified. In addition we need to use the

.The performqnce of the TDF controller is demonstrated_ thter uncertainty weight from (18).

E|g. 11 where t!me responses for th(? four.extreme Comb'na'Specifications'S3 and S4 Alt.2 require

tions of uncertainty are shown. The simulation results are also

summarized in Table IV and are seen to satisfy specification _ A 50 dB w < 150 rad/min
S2 The maximum peak ofi(KyS‘) is 306 (Fig. 12), which is (K, S(jw)) < {0 dB w > 150 rad/min
less than 316 (50 dB), as required3B, and the unit gain cross

over frequency5(éKy) = 1, is at 1 rad/min, well below 150 Which is more difficult to satisfy than in Alt.1. We use the same
rad/min, as required iS4 Alt.1. SpecificationS4 Alt.2 is not Procedure as in the previous design; first approximating (28)
satisfied as shown in Fig. 12. by a rational transfer functioni{ss4), whose inverse forms

The transfer functionsV;» and N;, which are not part an upper bound ok, 5, and then deriving?, and W, such
of the CDC problem, have peak values of 3.4 and 42that W.W, ~ W4 at high frequency. Let
respectively. 1n n

1 Mes g 41

Wsss = “o Lo 29
534 MKS LS—‘,—l 2x2 ( )

BN DN DD DD = =

(28)

E. TDF-Controller for CDC Specifications; Alt.2

Recall that there were two alternative interpretations dthe weight is equal td /My s at low frequencies, and then
specificationS4. In this section we show that we can alsatarts increasing sharply and crosses 1 at about the frequency
satisfy specificatior84 Alt.2, which was used in [21], using wo (which should then be about 150 rad/min). It levels off at
the design procedure presented in this paper. We again tise valuec™ at high frequency. The parametelis an integer.
the problem formulation in Fig. 10, but the signal weighits By increasingn, a tighter approximation of (28) is achieved,
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y11 y12 TABLE V
15 15 FINAL WEIGHT PARAMETERS AND D-ScALES FORDESIGN TDF-ALT.2
1 Weight parameters
05 Tig | Ga | Ta | A [ Ms|Mpr | Mgs| w |c|n
Tl 8.00.71[9.5[1077[3.0 [ 2.5 | 1000 [200 |5 ]3
0 : ,_7’ SNETE IO
- -=-- 08 08 v
0% 50 100 % 50 100 TABLE VI
CoNTROL PERFORMANCE FORTDF-ALT.2 WITH GAIN UNCERTAINTY AND
15 y21 5 y22 SECOND-ORDER PADE APPROXIMATION OF A1-MIN DELAY. (SEEALSO FIG. 13)
; step | gain unc. set-point tracking interaction
ch. | k; ko |t=30| max |t = 100! max |t = 100
1 11.2} 1.2 | 1.063 | 1.082 | 0.991 | 0.036 | 0.008
1 11.2] 0.8 0976 | 1.013 | 0.990 | 0.464 | -0.001
1 (0.8 1.2 | 0.977 | 1.031 | 0.999 |0.424 | 0.010
J05L ] 1 10808 | 0908 [0.998 | 0.998 |0.130 | 0.002
0 0 100 0 e 100 2 (12| 1.2 | 1050 | 1067 | 0.994 | 0.036 | 0.008
Time [min] Time [min] 2 11.2] 0.8 | 0995 | 1.036 | 1.001 |0.264 | 0.008
Fig. 13. Output responses for TDF-Alt.2 controller with plant-model mis- | 2 | 0.8 | 1.2 | 0.994 | 1.019 | 0.992 | 0.305 | 0.001
match.y;; shows response in outpifor step change of set-poiptatt = 0. 2 10.8| 0.8 | 0.951 |0.999 ! 0.999 | 0.130 | 0.002
All responses with 1-min delay (second-order &ad”
10° ' " - ' ' The controller yields a closed-look ..-norm of 1.0 and has

34 states. The number of states was reduced to 22 using
optimal Hankel norm approximation, without violating the
control objectives. The performance of the 22 state controller is
shown in Fig. 13. The simulation results are also summarized
in Table VI and are seen to satisfy specificati®a

Fig. 14 shows that the maximum peak ®fK,S) is 313,
which is less than 316 (50 dB), as requiredS8 and the unit
gain crossover frequency,(KyS‘) =1, is below 150 rad/min,
as required inS4 Alt.2.

We obtained this reduction in controller gain at high fre-
guencies with almost no deterioration in performance. Com-
pared to TDC-AIlt.1 the peak value df;> = T was reduced
from 3.4 to 2.6 (which is an advantage), whereas the peak
value of Ny = (I + Kyé)*lKr increased from 420 to 435.

Frequency [rad/min]

VI. DIsScusSsION AND CONCLUSION

Fig. 14. Maximum and minimum singular values &f, S for TDF-Alt.2 ; o : :
controller for four different plants. v The inability to mdependen';ly penallz_e separate elements of
the closed-loop transfer function complicates the performance
. weight selection in the-framework. The Hadamard weighted
il)r]lgrggsteie other hand the complexity of the control IorObleg'pproach [3] does not exhibit this problem and will therefore
' yield better performance with respect to the specifications in

rgg?a dd?g'qneget;.jﬁlsi :e ze?ggtéqza:ainIEﬂgl?oths? the CDC problemS1-S4. However, for a practical engineering
P uret : w n WS- problem the transfer functiond;, and N,; in Fig. 10 are

. %S 1 (n—1) of importance, so it seems reasonable to include them in the
W (s) = <o Inyo (30) control problem. . -
Mys\ s+l The paper has shown how a demanding design problem,
AL/ involving parametric gain-delay uncertainty and a mixture of
Tas+ A s+ 1 time domain and frequency domain performance specifica-
Wals) = Tas + My ﬁs—k 1 Loxa: (31) tions, can be reformulated and solved using the structured

singular value framework. A two degree-of-freedom controller
After a few iterations and parameter adjustments a controll@as needeed to satisfy the specifications. The results, in terms
which satisfiesS1, S2, S3 and S4 Alt.2 was obtained. The of meeting the specifications, are comparable or better than
final weight parameters anf)-scales are given in Table V.those given in [10], [3], and [21].
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