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Abstract. This paper considers selection of controlled
variables when implementing optimizing control schemes.
As a special case we treat indirect control. The selec-
tion criterion derived is to maximize the smallest singu-
lar value of the selected subsystem to be controlled us-
ing feedback control. A procedure for selecting outputs
according to this criterion is outlined. The selection cri-
terion is dependent on scaling, so we discuss appropriate
scaling.

1. INTRODUCTION

Control systems for continuous plants in the chemical
process industry are often built in a hierarchical manner,
with regulatory control at the lowest layer, a supervisory
control layer above, and an optimizing control layer on
top (e.g. Morarket al,, 1980). Additional layers are possi-
ble, as illustrated in Figure 1 which shows a typical con-
trol hierarchy for a complete chemical plant. In Figure 1
the control layer is subdivided into two layersuper-
visory control(“advanced control”) andegulatory con-

trol (*base control”). We have also included a schedul-
ing layer above the optimization. In general, the infor-
mation flow in such a control hierarchy is based on the
higher layer sending commands to the layer below, and
the lower layer reporting back any problems in achiev-
ing this. These commands includes reference values (set-
points) and values to unused inputs on the control layer,
see Figure 2. The optimization tends to be perforopseh-
loop with limited use of feedback. On the other hand, the
control layer is mainly based oieedbackinformation.
The optimization is often based on nonlinear steady-state
models, whereas we often use linear dynamic models in
the control layer. There is usually a time scale separation
with faster lower layers as indicated in Figure 1. This
means that the setpoints, as viewed from a given layer
in the hierarchy, are updated only periodically. Between
these updates, when the setpoints are constant, it is impor-
tant that the system remains reasonably close to its opti-
mum. This observation is the basis for this paper which
deals with selecting outputs on the control layer for a op-
timizing control hierarchy shown in Figure 2.

From a theoretical point of view, the optimal coordina-
tion of the inputs and thus the optimal performance is
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obtained with acentralized optimizing controllewhich
combines the two layers of optimization and control. All
control actions in such an ideal control system would
be perfectly coordinated and the control system would
use on-line dynamic optimization based on a nonlinear
dynamic model of the complete plant instead of infre-
guent steady-state optimization as considered in this pa-
per. However, this solution is normally not used for a
number of reasons; including the cost of modeling, the
difficulty of controller design, maintenance and modifi-
cation, robustness problems, operator acceptance, and the
lack of computing power.

Typical control system hierarchy in a chemical plant

Notation. At the control layer we use linear time invari-
ant transfer function models on the form

y(s) = G(s)u(s) + Ga(s)d(s) (1)

whereu is the vector of manipulated inputsjs the vec-
tor of disturbances ang is the vector of outputs(s)
andGy(s) are rational transfer function matrices of di-
mensiond x m andl x n,. The overall objective is to
minimize some sort of performance indgx stated in
terms of the outputg and the inputs:, J;(y,u). As a
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subobjective at the control layer we want keep the con-
trol errore = y — r small.

Outline. First, we derive some general results, applicable
to both optimizing and indirect control. We discuss ap-

propriate scaling of inputs and outputs, and we outline a
procedure for selecting outputs and inputs. Next, we con-
sider measurement selection for indirect control. Finally

we give an example and a summary.

Previous work. The paper by Moraret al. (1980) is the
first in a series of papers studying the synthesis of con-
trol structures for chemical processes. They classify the
control objectives into regulatory and optimizing control,
partition the process for practical implementation of the
control structures and show how to analyze optimizing
control structures. Maarleveld and Rijnsdorp (1970) ar-
gue that optimum operation of a process is often not at
“the top of the hill”, but at the intersection of constraints.
During operation the active constraints may change, so
a control system making use of the constraint principle
should be capable of switching between constraint inter-
sections. The idea is worked out for a distillation column

where the column pressure and feed preheating are the ¢
degrees of freedom. Tyreus (1987) discusses the possibil-

ity of simplifying the traditional structure with optimizer

in conjunction with multivariable regulatory control by
considering alternate control structures and by intergrat-
ing the steady-state optimization into the regulatory con-
trol. According to Tyreus the resulting systems are easy
to implement and perform nearly optimally. Kigt al.
(1991) presents an on-line dynamic optimizing control
procedure for operation of a binary distillation column;
the performance was examined experimentally.

The present paper extends and provides an example for
the results given in Skogestad and Postlethwaite (1996).

Related work can also be found in Morud (1995, Chap-
ter 8).

2. SELECTION OF CONTROLLED OUTPUTS

We rearrange and partition the outpyts= [z;] into

uncontrolled outputg; and controlled outputg., and
the inputsy = [Zl] into unused inputs; and inputs..
used for control ofj». The model (1) becomes
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y1 includes outputs which can not directly be controlled
but has an impact on the performance objective

G12
G22

Two distinct questions arise:

(1) What variablesy» should be selected as the con-
trolled variables?

(2) Whatis the optimal reference valug () for these
variables?

The second problem is one of dynamic optimization and
is extensively studied. Here we want to gain some insight
into the first problem. We make the assumptions:

(a) The overall goal can be quantified in terms of the
scalar cost functiod; which we want to minimize.

(b) For a given disturbancé, there exists an optimal
valueu,p (d) and corresponding valugp (d) which
minimizes the cosf; .

(c) The reference values for the controlled outputs
y» should be constant, i.e; should be independent
of the disturbancesg. Typically, some average value
is selected, €. = ya.opt(d).

By inserting the model (1) in the cost functioh it can
be expressed in terms ofandd, J; (u, d). However, seen
from the optimizer the degrees of freedom aye@ndu, ,
see Figure 2. When the feedback controliér relating
ug 10 ro andys, i.e.uy = Ksy(r2,y2), is invertible one
may look atu» as equivalent te, and can therefore re-
placer, as a degree of freedom for the optimizer. We
want to look at the variation of the codt as function
of variations in the uncontrolled outputs and varia-
tions in the inputs:, used for control ofy, for a given
disturbancei. We therefore write the cost functioh as
J(y1,us,d). For a givend the optimal value of the cost
unction is

JOPt(d) 2 J(yl,optaUQ,optad) = min,J(u,d) (3)

Ideally, we wantu = u,pt(d). However, this will not be
achieved in practice, and we select controlled outputs
such that:

e Theinputu, (generated by feedback to achiepex
r2) should be close to the optimal inpuf o (d).

Note that we have assumed thatis independent ofl.

The above statement is obvious, but it is nevertheless very
useful. The following development aims at quantifying
the statement.

One approach for selecting controlled variabjesis to
select a set of variables (with set points-;) in order to
minimize the worst case deviation from the optimal value
of the loss function,

Worst case loss :



@ £ max [J(y,uz,d) = Top(d)]  (4)
whereD is the set of all possible disturbances. As “distur-
bances” we should here also include changes in operating
point and model uncertainty.

To obtain some insight into the problem of minimizing
the loss®, let us consider the terth(y;, ua, d) — Jopt (d)

in (4) for a fixed (generally non-zero) disturbanteNe
make the following additional assumptions:

(d) The cost functiory is twice differentiable.

(e) The optimization problem is unconstrained. If it is
optimal to keep some variable at a constraint, then
we assume that this is implemented and consider the
remaining unconstrained problem.

(f) We only consider low frequency dynamics where
feedback control is effective.

For a fixed disturbancéwe expresd (y; , us, d) interms
of a Taylor series expansion af;(, u2) around the opti-
mal point and inserting the modAly; = G13Aus (Only

in the first order term) gives

oJ aoJ
J(yl,m,d) — Jopt(d) = (a—ylGIQ + (9_11.2) Auz+
=0
J Jyiu Ay
sl adqi[fe ] [Sn]rer ©

whereAy,; andAus represents deviations from the opti-
mal values, i.eAy; = y1 —y1,opt ANdAUy = Uz —U2 opt-

We have neglected terms of third order and higher (which
assumes that we are reasonably close to the optimum).
The first term on the right hand side in (5) is zero at the
optimal point for an unconstrained problem. It is desir-
able that:

e The deviation of the cost from the optimal value
J(y1,uz,d) — Jopt(d) should be as small as pos-
sible.

In order to minimizeJ (y1, u2, d) — Jopt (d) the deviations
Ay; and Aus should be as small as possible, i.e. dis-
turbances! should have small effect on the uncontrolled
outputsy;, and inputs used for contral, should have
sufficient power so that they can counteract the distur-
bances and still stay in the neighborhood of the optimal
point.

Next we take into account some variations in the distur-

Ayr = G12G3) Ay + Gar — G12Goy Gand (9)

Py

P

REMARK. The expressions fd?,;, and P, are similar to the expressions
for partial disturbance gain and partial reference gain derived for partial
control (Havre and Skogestad, 1996).

ConsiderAy, which we want to be small. However, this
is not possible in practice. To see this, write

Ay2 =Y2 — Y2,0pt

=Yo— T2+ T2 — Yo opt = €2 + €20pt  (10)

First, we have an optimization errey ¢ Ly, Y2,0pts
because the algorithm pre-computes a degisedhich is
different fromys o,¢. In addition, we have a control error
es = Yo — ro because the control layer is not perfect, for
example due to poor control performance or an incorrect
measurement or estimatef If the control itself is per-
fectthene, = n» (the measurement noise). In most cases
the errors; ande; o, can be assumed independent.

Since Ay, is related toAus through (6) we can either
summarize our results in terms of keepidg, or Ay
small. In order to keefAus = us — u2,0ps SMall we
should select the controlled outpuytssuch that:

(1) G5, is small (i.e.Gs> is large); the choice o,
should be such that the inpuis have large effect
onys.

(2) e2,0pt = T2 — Y2,0pt(d) is small; the choice of,
should be such that its optimal valye o, (d) de-
pends weakly on the disturbances and other changes.

(3) e2 = y2 — ry is small; the choice of» should be
suchthatit is easy to keep the control eregrsmaill.

In order to keepAy1 = y1 — y1,0pt We should select the
controlled outputg, such that:

(1) ||P4|| is small; the effect of ony; is small.
(2) ||P|| is small; the choice of; should be such that
the effect of» ony, is small.

Remember that(G,, ) = 1/0(Gs2), and so we want the
smallest singular value @¥»» to be large (but recall that
singular values depend on scaling as is discussed below).
The desire to have (Gs2) large is consistent with our
intuition that we should ensure that the controlled outputs
are independent of each other. Also note that the desire to
haves(G»2) large (and preferably as large as possible) is
herenotrelated to the issue of input constraints.

bances, which seems reasonable since the optimizer only We will discuss the use d?; and P, to select controlled

runs periodically. By using (2) at the optimal point with
u; constant we get

Ayl = G12Aus + Gpd
Ays = Ga2Aus + Gaad

(6)
)

Assume(G s, is invertible (if not we can use the pseudo-
inverseG;2) and we solve foAu, in (7) to get
Auy = Gy (Ayz — Gand) 8

Inserting (8) into (6) gives

outputsy, in section 2.1.

Scaling. To usec (G22) to select controlled outputs, we
should scale the outputs such that the expected magnitude
of y; — yi,opt IS Similar in magnitude for each output, and
scale the inputs such that the effect of a given deviation
u; —uj,0ps ON the cost functiod is similar for each input,

i.e. such tha{d”J/du?) . is close to a constant times a

unitary matrix.

We must also assume that the variationg;in- y; opt, are
uncorrelated, or more precisely:



(g) The “worst-case” combination of output deviations
Yi—VYi opt, COrresponding to the direction 8fG»-),
may occur in practice.

Procedure for selecting controlled outputsThe use of
the minimum singular value to select controlled outputs
can be summarized in the procedure:

(1) From a (nonlinear) model compute the optimal pa-
rameters (inputs and outputs) for various conditions
(disturbances, operating points). This yields a “look-
up” table of optimal parameter values as a function
of the operating conditions.

From this data obtain for each candidate output
the maximum variation in its optimal value

Vi = Yiopt,max — Yioptomin) /2

Scale the candidate outputs, such that for each
output the sum of the magnitudes:gfand the con-
trol error (e.g. measurement noise) is similar (e.g.
about 1).
Scale the inputs such that a unit deviation in each
input from its optimal value has the same effect on
the cost function/.
(5) Select as candidates those sets of controlled outputs

which correspond to a large value ®fG2>).

)

®3)

(4)

REMARK 1. In the above procedure for selecting controlled outputs,
based on maximizing (G22 ), the variation iny2, opt (d) with d (which
should be small) enters into the scaling of the outputs.
REMARK 2. A more exact procedure, which may be used if the optimal
outputs are correlated such that assumption (g) does not hold, is:
(a) Evaluate directly the cost functioh for various disturbanced
and control errorg> by solving the nonlinear equations and as-
sumingys = r2 + ez wherers is kept constant at the optimal
value for the nominal disturbance.
(b) The set of controlled outputs with smallest average or worst-case
value ofJ is then preferred.

2.1 Measurement selection for indirect control

The above ideas also apply for the case where the overall
goal is to keep some variabje at a given value (setpoint)

1, e.9.J = |ly1 — r1||. However, we cannot measuyg,

and instead we attempt to achieve our goal by controlling
y» at some fixed valuey, €.9.rs = ya opt(d) Whered =

0 if we use deviation variables. In this case we hgyvas
“primary outputs”,y» as controlled outputs, the sef is
empty ands; = u. The model (2) becomes

y1 = Grauz + Gaud
Y2 = Gaouz + Ggad

(11)
(12)
By using (9) withAy; = y; — r; andAys = e, we get
the effect ofd and the control errog; ony,

y1 — 11 = (Gg1 — G12G5y Ga2) d+ G12Gyy ea (13)
——

~ J

'

Py Py
To minimize ||y — r1|| we again have the resuithe
choice ofy, should be such thditP,|| and|| P.|| are small
Note thatP; only depends on the scaling of disturbances
d and “primary” outputsy;. Based on (13) a procedure
for selecting controlled outputs may be suggested:

Procedure for selecting controlled outputs for indirect
control. Scale the disturbancekto be of magnitude 1,
and scale the outpuis so that the expected control er-
ror eo (measurement noise) is of magnitude 1 for each
output (this is different from the output scaling used in
step 3 in our minimum singular value procedure). Then
to minimize J we should select sets of controlled outputs
which:

Minimize |[[Pz P-]|| (14)
REMARK 1. The choice of norm in (14) depends on the scaling, but
the choice is usually of secondary importance. The maximum singular
value arises if|d||> < 1 and|le/|2 < 1, and we want to minimize
llyr —71ll2.
REMARK 2. The above procedure does not require assumption (g) on
uncorrelated variations in the optimal valuesypf— y; op.
REMARK 3. Of course, for the choicg; = y; we have thayz opt =
r1 is independent of and the matrixP; in (13) is zero. HoweverpP,
is still non-zero.
REMARK 4. In some cases this measurement selection problem involves
a trade-off between wantingP,|| small (wanting a strong correlation
between measured outpujs and “primary” outputsy;) and wanting
[|Pr|| small (wanting the effect of control errors (measurement noise)
to be small), see Example 1.
REMARK 5. One might say that (5), (8), (9) and the resulting procedure
for output selection, generalizes the useRyf and P, from the case
of indirect control to the more general case of minimizing some cost
function .J.

From (11),y: = r is obtained withus = us op(d)
whereus opi(d) = Gy (11 — Gard) (replaceG,, with
the pseudo—inversé;h, if G124 is not invertible). By in-
sertingus opt iNto (12) the optimal output for the con-
trolled variablegy, are

Y2,0pt (@) = (Gaa — G22G 1 Ga1) d + G22Gl r1 (15)
——

~ v

Py,.a

Py2s7‘1
If one consider to use the procedure involvingr»-) for
selection of outputs in the case of indirect control then
(15) can generate information about scalingyef The
disturbances should be scaled with respect to the maxi-
mum allowed change and the referengceshould be nor-
malized by including a diagonal matrix, such that;, =
R, 71, (15) then becomes

d

T

whereP,, z, = P,, ., R;"'. Denote thej'th row of P,,

by [P,, ). A measure on the expected change in con-
trolled outputj when including measurement noisg,
iss; =[Py} ||+ n;. Aresonable scaling factor for the
controlled outpuj is thens;, see Example 1.

Y2,0pt = [Pyz,d Pyzil] {
—_—
P,

3. EXAMPLE

EXAMPLE 1. Selection of secondary temperature mea-
surements in distillation controlndirect control of prod-

uct compositions through temperature control on selected
trays in distillation columns is widely used in practice.



The previous literature has focused on the benefits of us-
ing inner loops controlling the temperature at one or two
selected trays with outer loops adjusting the setpoints to
the temperature loops to obtain the desired product pu-
rities. In this example we will focus on the selection of
the trays for temperature measurements. Related work in-
clude: Joseph and Brosilow (1978), Tolliver and McCune
(1980), Yu and Luyben (1984; 1987), Moaal.(1987),
Mejdell (1990), Wolff (1994), Leet al. (1995) and Lee
and Morari (1996).

We consider a binary distillation column, LV-configuration,
i.e. reflux L and boilupV is used for product composi-
tion control. The pressure in the column and the liquid
holdups in the reboiler and the condenser is already con-
trolled using condenser cooling water flow, top and bot-
tom product flows. The model corresponds to column A
studied by Skogestad and Morari (1988). The basic data
are:

#Trays
41

zp LJ/F M;/F[min)
0.5 2.71 0.5

1-— rp
0.99

Tp
0.99

The temperature difference across the coluni3is °C.

The model includes composition and liquid flow dynam-
ics, resulting in &2 order model which is linearized in
the operating point. For a binary mixture with constant
pressure there is a direct relationship between tempera-
ture (') and compositiona). In terms of deviation vari-
ables,T" = Krx, where for ideal mixture&’r is approx-
imately equal to the difference in pure component boiling
points. Data are found in (Wolff, 1994, Chapter 4).

The objective is to keep the product compositigns=
lzp =5 T attheir desired values, i.é.= ||y, —r||. The

secondary outputs to be considered are the temperature procedure. When considering ||421

on all the trays, of which two shall be selected to be used
for control, i.e.y> = [7; 7;]7. This is a case of indirect
control, see section 2.1. Inputs are refliy &nd boilup
), u [, v]T. Disturbances are changes in feed
flowrate (') and feed compositiore), d = [F  z]7.

The disturbances and the product compositions have been

scaled such that a magnitudelaforresponds to a change
in F of 20%, a change irer of 20% and a change in
zp andyp of 0.01 mole fraction units. The inputs are
scaled such that a magnitudelaforresponds to a change
in uy andusy of 50%.

We consider two approaches for selecting the tray#) (

In the first approach we maximize the smallest singular
value of the subsystef#,, of size2 x 2. In the second ap-
proach we minimize the norii P; P.]|2. We consider
measurement noise of sizen both of the temperatures.

1. Maximizing o (G22). The primary outputsy), the
disturbancesd) and the inputsy) are scaled as described
above. Since we lack data for the variations in the opti-
mal values of the secondary outpugs)( we use (15) to
generate the scaling factors fgr. For each combination
with two temperature measurements, we have the follow-
ing effect of disturbanceglf and changes in composition
setpoints¥;) on the temperaturegy)

Pyy.i=Gas — GGy Gar, Py, 7y = GoaGry Ry
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Figure 3. Effect of symmetric tray location ar(GY,), n = 0.3°C

whereR; ' = diag{0.01, 0.01} such that; = Ry '#,
andr; is normalized in magnitude to be less than one.
The combined matrix’y, = [P,, 4 Py, | describes
the effect of disturbances and references on the controlled
outputs. Denote royrof the combined matrix withp,, 7,

and compute the two scaling factors

1 2
se=1[Pp] llz+mn so=I[Pu]" ll2+n

wheren is the amount of measurement noise in the tem-
peratures. The subscriptandb stands fortop andbot-

tom The scalings of the outpuis is then taken to be
Dy2 = diag{l/st, ]./Sb}, |eGl22 = Dy2G22 whereGa»

is the lower part of the model arte,, is the correspond-
ing rescaled model using the scalgfsands;. Figure 3
show o (Ga2), a(Gs,), st ands, for n = 0.3°C with
temperature measurements symmetric around the feed tray,
i.e. two temperature measurements with equal distance
from the feed tray (one above and one below the feed
tray). The curver (GY,) in Figure 3 indicates that the op-
timal tray combination i/34. Note that if rescaling is

left out, curves (G=2) in Figure 3, the result is far from
tray combinatior8/34. So, it is important to scale the
secondary outputg, properly when using this selection

) = 820, we find
that tray combinatiofi/34 maximizesz (G%,) whenn =

0.3°C. The upper part of Table 1 summarizes our results
for different levels of measurement noise. From the table

TABLE 1: Optimal tray combinations for different noise levels.

[ Measurement noise, [°C] ]| 0.1 [ 03 [ 0.7 [ 1.0 |
o(G1) Syme [[ 5/37 | 8/34 | 9/33 | 10/32
=22 All 5/37 | 7/34 | 9/33 | 10/32

1P Pl Sym= || 5/37 | 8/34 | 10/32 | 11/31
d Tl AT (5737 | 7/34 | 9/32 | 11731

& Tray combinations symmetric around the feed tray are considered.
b All 820 tray combinations are considered.

we see, as expected, that the optimal location for tem-
perature measurement is closer to the column ends with
decreasing measurement noise.

2. Indirect control, minimizing ||[ Pz P-]||. Inthis case

we consider to select outputs which minimjge, P, J||,.

Both P; and P, depends on output scaling;{, P; de-
pends on input scaling?] and P, on es, which repre-
sents the control error in the secondary outputs, which
for perfect steady-state control, is equal to the measure-
ment noisen. The primary outputs, the disturbances and
the inputs are scaled as described above. The secondary
outputs are scaled relative to the noiselhe results for

the tray combinations symmetric around the feed tray, are
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shown in Figure 4. If we have zero control error and per-
fect temperature measurementis<£ 0), then it is optimal

big surprise, but it is nevertheless useful and provides the
basis for our procedure for selecting controlled outputs.

The objective of the control layer is then to keep the con-
trolled outputs at their reference values (which are com-
puted by the optimization layer). The controlled outputs
are often measured, but we may also estimate their val-
ues based on other measured variables. We may also use
other measurements to improve the control of the con-
trolled outputs, for example, by use of cascade control.
Thus, the selection of controlled and measured outputs
are two separate issues, although the two decisions are
obviously related. The measurement selection problem is

to measure the temperature at the ends of the column, discussed in (Havre and Skogestad, 1996).

see lines fof| P;||» in Figure 4. To be practical, we need

to consider some measurement noise, perfect control can

easily be achieved at steady-state using integral action in 5. REFERENCES
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