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Abstract—This paper presents a method to stabilize uncertain
dead time system based on new robust state predictor. The
proposed predictor consists of a state delayed observer.
Controller gain and predictor parameters are calculated by
solving a nonlinear matrix inequality. More importantly, this
method is extended to dead time system with a long time delay or
significant uncertainty using sequential sub-predictors (SSP).
This predictor composed of collection of sub predictors that each
of them predicts the state for a small part of a long time delay.
The number of predictors can increase attending the unstability,
delay value or uncertainty where the stability condition is
satisfied. Examples illustrate the capability of this method.

Keywords- Dead time systems, Robust Sequential sub-predictor,
Robust control.

L INTRODUCTION

Prediction of states or output plays a fundamental role in the
control of dead time systems. This is because of delay in input
impedes of stabilizing closed loop system via classical
controller. To overcome this challenge, many efforts are
devoted on presenting a dead time compensator (DTC) or
predictor.

The famous model based predictor was presented by Smith
[17 in 1957 for stable systems. Smith predictor is then modified
for unstable system by Watanabe [2] (MSP) and for mixed
unstable and stable systems (USP) in [3]. Moreover, [4] and [5]
are applied it for stable systems with an integrator and long
time delay. However, MSP may lead to unstable pole-zero
cancelation for unstable systems. Therefore good approximate
of distributed delay term in MSP is unavoidable to achieve the
stability [6]. In addition, MSP is very sensitive to parameters
and delay uncertainty. In recent years, some researchers try to
improve the robustness of this method [6-12]. Also there exist
a few examples that used this predictor for H,, control of dead
time systems [13-15].

Another family of predictor is classified as Finite-Spectrum
Assignment [16] (FSA). The main idea of some state predictor
like as Artstein reduction model [17] is much closed to FSA.
[18] has been proposed a different version of FSA attending the
pole-assignment methods of delay free systems. Moreover, the
FSA and MSP scheme can lead to equivalent stabilize method
for single input delay systems [19]. So, FSA is also sensitive to
the method of distributed delay approximation [6]. This
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challenge will be deeper for unstable system with long time
delay and uncertainty.

The main problem in these method roots in inflexibility of
FSA and MSP due to uncertainty of model. This is because of
the delay term of dead time systems is eliminated directly by
them and they have significant challenge when face to
uncertainty in system model.

To address this challenge, this paper presents a new robust
state predictor that is based on state delayed observer. This
predictor forecasts the state of system asymptotically. The
parameters of proposed predictor can be set attending the
weight of uncertainty and time delay. The state feedback is
then designed applying the prediction state and the robust
stability of closed loop system is proven. More importantly,
proposed state predictor is extended to sequential sub-
predictors (SSP) for unstable systems with a long time delay.
SSP is founded on a collection of sub-predictors. The state of
system is successively forecasted by each sub-predictor for a
small part of delay, such that totally, SSP predicts the state for
whole time delay. Consequently, the state feedback is
calculated using SSP. Examples illustrate the ability of this
method to stabilize dead time systems with long time delay and
uncertainty.

II. PROBLEM STATEMENT AND PRELIMINARIES

Consider linear input-delay uncertain system described by

{)‘((t) =(A+ AAM)X(t) + (B + AB(t)u(t — d) 0

x(t)=p(t) Vte[-d,0]

where XxeR", ueR™and d > 0. The matrices Aand B are
known and time-varying bonded matrices AA and AB are

described the uncertainty of this system where

[AA AB]=DJ(t)[E E,] @
JOTIM) < 3)

The delay in the input prevents achieving stability for
unstable systems with long time delay or significant
uncertainty. Therefore, it is suggested to predict the state of this
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system to eliminate the delay in state feedback. In the other
words, if x(t+d) ~ xp(t), then the delay in the controllable

input can be compensated by using the predicted state instead
of real state, i.e. u(t—d) = Kx,(t—d) ~ Kx(t).

The target goal in this paper is to suggest a robust control
method to stabilize dead time system based on new robust
predictor. Section 3 presents the simple form of this predictor
and also investigates the calculation of the predictor parameters
and controller gain. This method is extended to sequential sub-
predictor for unstable systems with long time delay in Section
4. The predictor parameters and controller gain are also
designed in this section. Examples show the capability of this
method to stabilize dead time systems in Section 5. First,
necessary lemma is presented as follows.

Lemma 1: [20] Given matrices Q, I' andX of appropriate

dimensions and with QQ symmetrical, then
Q+TI(D)Z+2"I()'TT <0 4)
For all F(r)satisfyingJ(z)" J(z) < I, if and only if there
exists a scalar & > 0 such that

Q+T"+67'272<0 (%)

III. STATE PREDICTOR

In this section, the initial format of robust state predictor is
presented as

X(t) = AX(t) + Bu(t) + L(X(t —d) - x(t)) (6)

where X e R"is the predicted state that will forecast X for
d seconds. Error is described by

et)=x(t—d)—x() (7

The state of predictor forecasts the state of system if error
converges to zero, i.e.

X(t) = x(t+d) (®)
Now, the error dynamic equation can be calculated as

é(t) = Ae(t) — AAX(t) + Le(t—d) - ABu(t—d) )
The predictor matrix L must be chosen such that the error
converges to zero asymptotically. Following Theorem
investigates the design of prediction parameter L such that

error equation converges to zero and calculation of the
controller gain, K, to achieve robust closed loop stability.

Theorem 1: Consider system (1) with following control law.
X(t) = AX(t) + Bu(t) + L(X(t —d) — x(t)) (10)
u(t) = KX(t)

Assume that (A, B) is controllable. The closed-loop system is
robust asymptotically stable and X predicts X for d second if

there exist symmetric matrices P, >0, P, >0, Q >0, S >0,
matricesY, U, M, F, of appropriate dimensions, and scalar &
such that the following inequality holds.

Q, 0, -dv dPAT  PET+F'E,
* Q, -dU dm’
* %  _dPS'P 0 0 <0
* ok * —dS +¢DD" 0
%k k % % —SI
(11
where

Q, =PA" +AP+Y +Y" +Q +£DD"
Q,=M-V+0"

Q22 = _6
And

-U-u’

P =diag{P,.P}, A=diag{A A}, F =[F, 0] d =d,

[l s e 0 o

Moreover, Land K are given as:

K=P'F, L=P'M, (13)

Proof: By considering (7), the closed-loop system (1) and (10)
can be rewritten as:

X(t) = (A+AA+ BK + ABK)X(t) + A X(t—d) (14)

where
o X =x+e| ~ 0 L| ~ 0 0
X= _ , A, = , AA = R
X, = 0 L —AA AA
- 0 ] ~
AB = ,K=[K o] (15)
—AB

and A and B appear in (12). The stability of (14) is equivalent
to closed loop system (1) and (10) and X approaches x(t +d)

if X, =e(t) converge to zero asymptotically. A Lyapunov

function is candidate to investigate the stability of (14) as
follows.

V(X) =V, (X) +V,(X) +V;(X) (16)
where

V(%) = X(1)" PX(1)
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V,(X) = jfaj;ﬁ X(a)" SX(a)dadf
V, (%) = jtd %(a)" QX(a)da (17

By using Newton-Leibniz formula and free-weighting matrix
(FWM), similar to the proof of Theorem 1 in [21], the
derivative of V (t) can be written as

Vi(t) = di [ id £(ta)" A@)EL a)da (18)

where

ELe)=[x©" xt-d) x@']

_ E11 Elz . - _EY
A(d)=| * -Q-U-UT+dA'SA, —duU (19)
* * ~ds
where

2, =(A+AA+BK +ABK)" P+ P(A+AA+ BK + ABK)
+d(A+AA+BK + ABK)" S(A+ AA + BK + ABK)

used to obtain a solution. This method is described in next
section.

Theorem 1 may not be useful for unstable dead systems
with a long time delay and weighty uncertainty (see examples
in Section 5). To overcome this challenge, next section
presents an extended form of this predictor called sequential
sun-predictors. In this method, a series of sub-predictor is
employed to each of them forecasts the state of system for
small part of time delay.

IV. SEQUENTIAL SUB -PREDICTORS

Long time delay may impede stabilizing of unstable systems
with uncertainty using proposed predictor in Section 3 and it
may exist no L such that (11) is feasible. For this case,
sequential sub-predictor (SSP) is suggested in this section. In
SSP, time delay is divided to R small part, and then a
collection of successive sub-predictors are used to forecast the
state for each small part of delay, d , where

q-4  Rezr @
R
The SSP is described by

+Y+Y"+Q X, (t) = AX, (t) + Bu(t —d)
E,=PA -Y +UT +d(A+AA+BK + ABK) SA, +L (X (t=d) =X, (1)
Using Schur complement and Lemma 1, it is possible to show N _ — (22)
that A(d) is negative definite (i.e. V(t)<0 ) if following Xt (1) = AXe, (O +Bu(t— (R~ 2)d)
inequality holds. + Lp (X (t=d) =X (1)
- ~ — - Xq (1) = AX (1) + Bu(t — (R-1)d
Fu H g dA'S BTk a :I(_)(X (t(—dg—x(t))))
¥, -du dA"S 0 0 RATR

* *  _dS 0 <0 wherex; e R",i=1,...,R, Defining the prediction error as

* 0k ~dS+£5DD'S 0
| * * * —-d | e,(t) =X (t—Rd)-X,(t—(R-1)d)
where : (23)

Y, =A"P+PA+Y +YT +Q+sPDD'P
W, =PA -Y+U’
¥, =-Q-U-U"

Taking P =P =diag{P,.P}, S=S"', Q=P'QP’,
Y =P'YP', U =P 'UP!, pre- and post multiplying both
sides of LMI (20) by diag{P,P,S,P,1} and considering (13),
it is possible to rewrite (20) as (11). O

Note that (11) is not linear due to PS 'P term. The best
idea to solve it without any limitation of degree of freedoms is
reducing the original non-convex problem to an LMI-based
nonlinear minimization problem. Then a modified cone
complementarity linearization (CCL) algorithm [22] can be

€roi (t) =Xp (t - 26) — Xg (t— a)
ex (1) = Xe (t—d) - x()

Note that X, (t) predicts the x(t+d) , if all error equation

converge to zero i.e.
g (1) =X (t—Rd)—x(t) =€ )+ +ex(t) (24)
The error dynamics are
& (t)=Ae () +Le (t—d)-Lye,(t—d)
: (25)

éR—l (t) = AeR—l (t) + LR—leR—l (t - a) - LReR (t - a)
g, (1) = Aeg (t) — AAX(t) + Lyeq (t —d) — ABu(t —d)
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Following theorem investigates stability of closed loop
system based on SSP. In this theorem, predictor parameters, L, ,

and controller gain, K, will be calculated.

Theorem 2: Consider system (1) with following control law.

X, (t) = AX, (t) + Bu(t—d)
+L (% (t-d) =%, (1)
: (26)
X, (1) = AXg (t) + Bu(t — (R - 1)d)
+ L (Rp (t=d) = x(1))
u(t) = KX, (t)
Assume that (A, B) is controllable. The closed-loop system is

robust asymptotically stable and X, predicts X for d = Rd
second if there exist symmetric matrices ﬁ. >0,i=0,1,---,R,
Q >0, S>0, matrices Y, U, M;, J=L-R, F, of
appropriate dimensions, and scalar & such that (11) holds,
substituted

P =diag{P,,P,---,P,}, A=diag{A A, Al,d =d /R,

[B] 0o M, 0 - 0 ] [0 ]

0 0 M, -M, . 0 0
B=|:,M=[0 0 M, D= ¢,

Lo M, 0

10| 0 0 0 - M, | -D|
F=[F, 00 0E=[-E E E - E}] @

Moreover, L and K are given as:
K=P,'F, L:Pj_le,j:I,---,R (28)

Proof: By considering (23), the closed-loop system (1) and (26)
can be rewritten as:

X(t) = (A+ AA+ BK + ABK)X(t) + A, X(t—d) (29)

where
X, =X+e +-+eg 0
X, =¢ = :
X = AB: 5
. B 0
Xn =€y —AB
0 L, 0 0
0L -L 0 | -
~ . | K=[K 30
A-lo o oo K=l 0 ofeo
: ~L,
0 0 0 Lo |

A and gappear in (27). The stability of (29) is equivalent to
closed loop system (1) and (26) and X approaches x(t+d) if

X, ,i=2,---,R converge to zero asymptotically, because
e (t)=X, +---+X, . Based the same form of (29) and (14),
proof can be followed same as proof of Theorem 1. O

To solve (11), using the modified CCL, from Schur
complement, it is followed that (11) holds if

0, Q, -dY  dPAT PE"+F'E," |
Q, -dU dm’ 0
* o+ dT 0 0 <0
* % % _dS4¢DD" 0
* * * * —d
(€3]
where
-PS'P<-T (32)
Taking T=T', S$=S7' and P=P"', from Schur
complement (32) becomes
{T P} 0 (33)
* S

The existence of a solution for (31) and (33) is a
sufficiently condition for the feasibility of (11), imposing some
degree of conservativeness. However, using this technique, the
original of non-convex problem has been casted into the
following LMI based non-linear minimization problem:

Minimize Tr(TT + PP +SS), subject to (33) and

{T P}>0’[T |}>0[s I}>O[P '}o (34)

Then, the modified CCL algorithm is used to solve it and find
the maximum possible d as following procedure.

Step 1: Solve (31) and (34) for sufficiently small initial value of
d,and find a feasible set {PO,ﬁ),sojs*O,To,fO,Y*O,UO’(jO,...}

satisfying them. Set j =0, i =0.

Step 2: Solve the LMI (31) and (34) for all variables:

Minimize Tr(TT, +TT, + PP, + PP, + SS, +SS,) subject to (31)
and (34) SetTi+1 =T, TTH = -|T ’ l:)i+1 =P 2 §i+] = ﬁ ’ Si+1 =3

and S, =§.

Step 3: If (11) is satisfied and d = ai (d = RcTi for Theorem 2),

end. If (11) is not satisfied within a specified number of

iterations ( j ), then exit with no solution. If (11) is satisfied

but d>ai(d>RcTi for Theorem 2), set i=i+1, j=0,
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increment 5. and go to Step 2. Otherwise, set i=i+]1,
j=j+1and goto Step 2.

Note that the number of sub-predictors, R , can be set
sufficiently big to (11) becomes feasible. In the other words, if
(11) is not satisfied for d in a usual number of CCL iterations,
then R should be increased while it becomes feasible.
Therefore this method can stabilize all unstable systems with
long time delay and significant uncertainty. Next section
presents a few examples to illustrate the capability of this
method to stabilize unstable dead time systems with time
varying uncertainty.

V. SIMULATION RESULTS

In this section a few examples are presented to shows the
ability SSP to closed loop stability of dead time systems due to
unstability of system, time delay value and weight of
uncertainty.

Example 1: Consider system X = ax + bu(t —d), where a,b

is scalar. SSP can forecast the states of systems for maximum
delay d =Rd,, that is shown in Table 1 (for iteration number

40 and increment and increment delay step 0.01).

Table 1: Maximum possible delay to prediction of state

d=Rd, R=1 R=2 R=3 R=4 R=5
a=-1 0 o0 o0 © 0
a=02 4.93 9.77 14.55 19.33 23.05
a=0.>5 1.96 3.85 5.72 7.56 9.13
a=1 0.97 1.90 2.8 3.69 4.51
a=2 0.48 0.93 1.36 1.78 2.15

Table 1 shows that maximum possible delay to stabilize of
closed loop system is directly proportional to R and inversely
proportional toa. Although the increasing the a, limits the
bound of delay, but it is possible to compensate it by
increasing the number of sub-predictor.

Example 2: Consider an unstable uncertain system with
integrator term and non-minimum phase zero, defined as

(0 < 0+.02sin(t) 0 () + 2 t_3
®= 0 0.5+.02 sin(t) O+, =3
y=[-1 1, x@©=[ of

Using Theorem 2, the controller gain and SSP matrices are

calculated as:
0.12
—-0.86[

K=[1.15 4.59] le[—o.o4

—-0.05

-0.08 0.23 L -0.2 034

> |-0.01 -0.82[ ° [-0.01 -0.70[

- 2

2

i -
£

L 0r 7
2

n I I I L

1 100 200 300 400 500

5 2

=3

3 1t 4
S

=0 B
=}

(7]

~ 100 200 300 200 500
§ 3

o 2t B
% ;k ~ |
o

l 100 200 300 400 500

time(Sec)

Figure.1 Pulse response of closed loop system

Note that the initial conditions of system are unknown in
prediction and the initial conditions of SSP are set to zero.
Figure 1 illustrates the pulse response of the closed loop
system. This example shows the capability of this method to
stabilize uncertain and unstable dead time systems with a long
time delay.

VI. CONCLUSION

This paper suggests a method to stabilize uncertain dead time
systems based on a new robust predictor. Moreover, this
method is applied for unstable dead time systems with a long
time delay by sequential sub-predictors. The main idea in this
predictor is composed of a series of sub-predictor; each of them
is for a partition of long time delay. This method can improve
the flexibility of predictor to overcome any weight uncertainty.
This method also can apply for nonlinear systems and output
feedback that will be presented in future works.

REFERENCES

[1] O.J. M. Smith, “Closer Control of Loops With Dead Time,” Chem. Eng.
Progr., vol. 53, pp. 217-219, 1957.

[2] K. Watanabe and M. Ito, “A Process-Model Control For linear Systems
with Delay,” Automatic Control, IEEE Transactions on, vol. AC-26, pp.
1261-1269, 1981.

[3] Q. Zhong and G. Weiss, “A unified smith predictor based on the
spectral decomposition of the plant,” International Journal of Control,
vol. 77, p.p. 1362 - 1371, 2004.

[4] K. J. Astrom, C. Hang and B. Lim, “A New Smith Predictor For
Controlling a Process with An Integrator And Long Dead-Time,”
Automatic Control, IEEE Transactions on, vol. 39, pp. 343-345, 1994.

[5] M. Matausek and A. Micic, “A Modified Smith Predictor For
Controlling a Process with an Integrator and Long Dead-Time,”
Automatic Control, IEEE Transactions on, vol. 41, pp. 1199-1203, 1996.

1086



[10]

[11]

[12]

[13]

Q.C. Zhong, Robust Control of Time-Delay Systems, Springer, 2006.

D. Lee, M. Lee, S. Sung and I. Lee, “Robust PID tuning for Smith
predictor in the presence of model uncertainty,” Journal of Process
Control, vol. 9, iss. 1, p.p. 79-85, 1999.

M. R. Stojic, F. Matijevic and L. S. Draganovic, “A Robust Smith
Predictor Modified by Internal Models for Integrating Process with Dead
Time,” Automatic Control, IEEE Transactions on, vol. 46, pp. 1293-
1298, 2001.

R. Lozano, P. Castillo, P. Garcia and A. Dzul, “Robust Prediction-Based
Control for Unstable Delay Systems: Application to the Yaw Control of
a Mini-Helicopter,” Automatica, vol. 40, pp. 603-612, 2004.

S. Majhi and D. P. Atherton, “Obtaining Controller Parameters for a
New Smith Predictor Using Auto tuning” Automatica, vol. 36, pp. 1651-
1658, 2000.

D. Wang, D. Zhou, Y. Jin and S. J. Qin, “A Strong Tracking Predictor
For Nonlinear Processes With Input Time Delay,” Computers &
chemical engineering, vol. 28, pp. 2523-2540, 2004.

D. Meng, Y. Jia, J. Du and F. Yu, “Learning Control for Time-Delay
Systems with Iteration-Varying Uncertainty: a Smith Predictor-Based
Approach,” IET Control Theory & Applications, vol. 4, pp. 2707-2718,
2010.

Q.C. Zhong,, “H, Control of Dead-Time Systems
Transformation,” Automatica, vol. 39, pp. 361- 366, 2003.

Based on

[16]

[17]
(18]

[19]

[20]

[21]

[22]

1087

G. Meinsma, and H. Zwart, “On H,, Control for Dead-Time Systems,”
IEEE Trans. Automat. Contr., vol. AC-45 no. 2, pp. 272-285 , 2000.

G. Tadmor, “The Standard H.. Problem in System with a Single Input
Delay,” Automatic Control, IEEE Transactions on, vol. AC-45 no.3, pp.
382-397, 2000.

W.H. Kwon and A.E. Pearson, “Feedback Stabilization of Linear
System with Delayed Control,” Automatic Control, IEEE Transactions
on, vol. AC-25, pp. 266-269, 1980.

Z. Artstien, “Linear Systems with Delayed Controls.” Automatic Control,
IEEE Transactions on, vol.27, no.4, pp.869-879, 1989.

Q. G. Wang, T. H. Lee and K. K. Tan, Finite Spectrum Assignment for
Time Delay Systems, Springer-Verlag , London, 1999.

L. Mirkin and N. Raskin, “Every stabilizing dead-time controller has an
observer-predictor-based structure,” Automatica, vol. 39, iss.10, p.p.
1747-1754, 2003.

I. R. Petersen, “A stabilization algorithm for a class of uncertain linear
systems,” Syst. Contr. Let., vol. 8, pp. 351-357, 1987.

S. Xu and J. Lam, “Improved Delay-Dependent Stability Criteria for
Time Delay Systems,” Automatic Control, IEEE Transactions on, vol.
50, no. 3, pp. 384-387, March 2005.

E. L. Ghaoui, F. Oustry and M. AitRami, “A cone complementarity
linearization algorithms for static output feedback and related
problems,” Automatic Control, IEEE Transactions on, vol.42, iss.10, pp.
1171-1176, 1997.





