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Abstract—ILC is an emerging technique for learning
control. The D-ILC algorithm is the generic ILC scheme which
captures the error trend of a batch to update the control input
for the next batch or batches. The 2-dimensional nature
requires in-depth convergence analysis of the algorithm. This
paper addresses these issues in detail. This paper deals with the
convergence properties of ILC algorithms with emphasis on
control input. Discrete-time linear state space representation of
a linear time-invariant system has been considered along with
usual assumptions which ensure D-type ILC algorithm
converges in terms of output error. The convergence for control
input sequence is investigated up to component level.
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I. INTRODUCTION

Iterative Learning Control (ILC) is one of the Intelligent
Control schemes. The transient performance is improved for
systems which operate in a repetitive manner. The repetitions
occur after fixed intervals of time. ILC has achieved better
performance of control systems especially when dealing with
uncertain/stochastic systems[1]. The concept of learning
through repeated trials evolved in late 1970s for improving
the motion control of mechanical arms [2, 3]. The D-type
algorithms for Iterative Learning Control for linear time-
varying systems with application to robotic manipulators
were developed [4-6]. However, the D-type ILC suffered
with the problem of differentiation of high frequency noise.
Later, the P-type ILC improved upon by using only the error
instead of its derivative [7].

Current Iteration Tracking Error (CITE) was introduced
which formulated ILC in line with feedback control
paradigm and helped to overcome large overshoot thus
convergence could be accelerated [8]. The discrete-time
version of D-type ILC was formulated for MIMO linear
systems which possessed global robustness against state
disturbances, measurement noise and re-initialisation error at
the beginning of each iteration[9]. The ILC law has been
employed for non-linear time varying systems having affine
input and linear output. Uniform convergence of input and
state was achieved when there were no disturbances [10].

In real world applications, the plants are usually non-
linear with higher order dynamics and can not be modelled
accurately. The mathematical model is linearised around a
known equilibrium point for LTI systems. It then becomes
easier to design the controllers. However, the model
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uncertainties restrict the controller from achieving optimal
solutions.

Iterative Learning Controllers provide an adaptive
solution. These controllers utilize the error information of
each batch/iteration and update the control input accordingly
for the next batch or batches. The control input signal using
ILC converges to the desired value of the control input which
is the inverse solution. Hence, it is also termed as Iteration
Inversion Process.

The error information at each time instance can be used
in a variety of ways to generate the update for control input.
Hence, there are D, PD, PI, PID, Gradient based etc. many
types of ILC controllers in which the output error, its
derivative, integral or some combination of these is added to
the current control input to generate input for the same time
instant in next batch [7, 9-19]. The rate of convergence up to
component level inside batches has not been covered in
earlier works. This has been carried out in this paper.

II.  DISCRETE-TIME SYSTEM WITH ILC

The discrete-time LTI system having one relative degree is
considered as follows:

z(i+ 1L k)= Az(i,k) + Bu(i, k)

(1)
y(i k) = C z(i, k)

where £ denotes the Batch/iteration/trial number having
M number of samples in each trial, ¢ € [1, M] is the time
index or sample number during each batch, state vector
z € R", input u(i,k) € R” and output of the system is
y(i,k) € R” . A,B and C are the real-valued state, input
and output matrices respectively, having appropriate

dimensions. The initial conditions have been selected as
follows:

o z(Lk)==, is same at the start of each batch.
Hence zero initial error is maintained.

o u(3,1) = u,(i) is the control input vector for first

batch which may be externally specified or left to
be zero [9, 10, 19, 20].

Here the control input for the first batch is assumed zero.



A. D-ILC Control Input Update
Control input is updated using D-ILC as follows:

u(i, bk +1) = u(i, k) + K, {e(it + L k) —e(i, k) } 2)

where K, is the real-valued learning gain matrix and the
derivative of error é(i,k) has been approximated using
forward difference:

é(i, k) = e(i + 1, k) — e(i, k) 3)

where e(i, k) is the error between the desired/reference and

the actual outputs:

e(ik) =y * () —y(i,k) for 1<i< M 4)

Furthermore, using the zero initial error assumption we have
e(Lk)=01ie., y*(1) =y(lk).

Thus, the objective of the D-type ILC algorithm is to find the
sequence u(i, k) so that:

lim w(i, k) = u* (0)

k—o0

for Vi =1,2,.... M (5)

For a linear system, the convergence of input sequence
corresponds to the convergence of the output sequence:

lim y (i, k) = y * (i)

k—o0

for Vi =2,3,.... M +1 (6)
B.  Convergence of Control Input Sequence using D-ILC

In this section, the component-level relationship for
u(i,k +1) at (k +1)" batch is presented in terms of static
and dynamic components as well as the control input (4, k)
from previous batch k. Convergence of control input u(i, k)
approaching the desired input u * (¢) is investigated. So that
the desired output sequence y * (i) is generated when

sequence u * (7) is applied to the system:

y* () = (7
The convergence condition for control input and rate of
convergence for individual components of the control input
have been derived, where bounds for the convergence rates
have been formulated as well.

G(2)u* (i) = {C (I — AY' B+ D}u* (i)

1) Batch to Batch Control Input Sequence

The D-type ILC algorithm generates the batch to batch
control input sequence, i.e. from 1,2,..., k, k + 1,... for each

time index % . In this section a recurrence relationship is
derived to perform a convergence analysis on u(7, k). The

control input sequences for individual time indices are
derived using (2) as follows:
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uwLk+1) =ul,k)+ K {e2,k)—e(l,k)} ®)

Using the zero initial error, i.e., e(1, k) = 0, we get:

uLk+1)=ulk)+ K, {e(2,k)}

+Bu(l,k)

Az(L k)
=u(L,k) + K, {y*(Q)}_KdC[ }

= (I - K,CB)u(lLk)+ K, {y * (2)} — K,CAz,

©)
It can be further expressed as follows:
uLk+1) = (I — K,CB)u(2,k)+ K, [y *(3) — y *(2)]
(10)
+K,C(I—A)z(2,k)
The sequence in  (10) can be generalized as follows:
y*(+1)
(I - KCB)u(i,k)+K,|
u(isk +1) = ") (11)
+ K0 = A) (i, k)
Solution for (11) is expressed as a recurrence relation:
u(i, k) = (I — K,CB)™" u(i,1) +
k1 K {y*(i+1)—y*@)} (12)

> (1 - Kk,0B)™

j=1

VK,C (I — A)a(i, k)

For zero control input at first batch, (i.e. u(i,1) = 0), (12)
can be reduced as follows:

K Ay*(+1)—y*@)}
VK,C(I — A)a(i, k)

k-1

u(i,k) =Y (I - K,CB)"™"

j=1

(13)

As batch number k£ increases, the control input components
achieve convergence one after the other with increasing time
index ¢ inside a batch. From re-writing the sequences in (11)
to show the dependency of wu(i,k +1) on wu(i k) from
previous batch including all the other previous control input
components u(i — L k), uw(i —2,k),...,u(l,k) occurring in
the same batch as follows:

(I—A)
u(iyk +1) = (I — K,CB)u(i, k) + K,C Ax(i —1,k)
I-4) "
+ K.C Bu(i — 1,k) + K, [y * (i +1)—y* (i)




On further simplification, we have:
u(i,k +1)= (I — K,CB)u(i,k)+ K,C — A Bu(i — 1,k)
4+ + K,C( —A)A”Bu(L k)

FECU - DA 2Lk + K, [y* (i +1)—y* (i)]

(15)
It can be observed that convergence u(l,k) — u * (1)
occurs first. After that the output convergence

y(2,k) — y * (2)is achieved. Then after one or few batches,
uw(2,k) — u*(2) convergence is achieved followed by
y(3,k) — y *(3) . Convergence of other inputs u(i,k)'s
and corresponding outputs y(i + 1,k)'s occurs in further
batches. The batch to batch sequential convergence of
samples is shown in Figure 1.

—
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Figure 1 Sequential Convergence in ILC

2) Convergence Condition for Control Input Sequence

To obtain a stable and bounded sequence of control input
u(i, k) in (13), the Eigenvalues of (I - KJC’B) must lie

inside the unit circle. Hence, the maximum absolute
eigenvalue should be less than unity as follows:

max |\ (I - K,CB)| < 1 (16)

For monotonic convergence, the condition in (16) is
expressed as norm [21]:
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|- K,0B| <1 (17)

The (17) gives the necessary and sufficient condition for
convergence of D-ILC algorithm. It is pointed that since this
condition does not depend on the system matrix A , it marks
the ability of ILC algorithm to achieve convergence even
when the model parameters are unknown.

3) Rate of Convergence of Control Input Errors

Using D-ILC algorithm, the component-wise control
input errors between desired control input u * (i) and

u(i,k + 1) are calculated as follows:

u(i, k)
w* (i) —u(t,k+1) = u* (i) — |+K,{e(i + L k)
—e(i,k)}
=u* (1) — u(i, k)
[(Al’ *(i) + Bu * (i) }
-K,C

(18)

—(Az(i, k) + Bu(i, k))
+ K, {y * (1) — y(i,k)}

Let’s denote u * (i) — u(s, k) = Au(s, k) and use in (18) and
after simplification we get:

Au(ik +1) = (I — K,CB) {Au(i, k)} (19)
+ KO0 - D {x* (i) - a(ik)}

Since initial conditions are preserved & initial error is zero,
i.e. z *(1) = 2(1,k), hence at 1* time index the error is:

Au(Lk+1) = (I — K,CB){Au(Lk)} (20)
At 7" time index, the error becomes:
Au(ik +1) = (I - K,CB) Au(i, k)
+ K,C - A) BAu(i -1, k)
(21

4t KJCA"I (I - A) BAu(2,k)
+ K,CA” (I - A) BAu(1, k)

By writing (20) and (21) in matrix form, the evolution of
vectors of control input errors from batch to batch is given as
follows:

Aulk +1) =T Au(k) (22)
where, the operator matrix 71" controls the evolution of
control input errors from batch to batch as follows:



(I-K,CB) 0 0 - 0
KCU-A)B (I-KCB) 0 - 0
KCAU-AB KCU-AHB . 0 :
. . S 0
K,CA"™ (I -A)B (I-K,.CB)
The solution of (22) is given as follows:
Au(k) =T "" Au(1)

Lemma.

The D-ILC algorithm produces a sequence of bounded
control inputs which over the long term converge
component-wise to the desired control input sequence at the
rate equal to the magnitude of the Eigenvalue of the matrix
relating the evolution of control input error provided initial
conditions are same and desired output matches with the
measured output at the beginning of each batch.

Proof of Lemma:

Consider the solution for evolution of control input errors
in (24). Due to repeated eigenvalues, matrix 7' cannot be
diagonalised using eigen-decomposition or SVD because
there are repeated eigen vectors which make the matrix of
Eigen vectors singular. Therefore, the following assumptions
have been considered:

1. The rate of convergence of each component
Au(i k) can be found if (M x M) matrix T is
decomposed into Jordan Normal form. For a non-
singular matrix () such that Q" x Q = I, Jordan

Decompositionis 7= Q" D Q.

2. The matrix D has the eigenvalues of matrix 7" as
its diagonal elements along with a sub-diagonal
containing all 1’s.

3. To calculate the convergence rates of individual
components of control input error vector Awu(k) in

(24) we have to decompose as follows [22]:

T Q—l D! 0 ©5)

4. The control input error in (22) can be written as
follows:

Au(k) = T"' Au(l) = Q"D Q Au(1) (26)

5. The rate of convergence I’ is the ratio of oo -

Au(ik)

norm at batch &k with respect to the oo -norm at
batch £ —1:

(23)

24
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27)

(28)

(29)

__llAuG Rl
Au(ik) ||Au(Z7 ]{j _ 1)”0(‘
P B (]
=2 -
21
. (k—l)...(/c—z—i—l)/\k_i
B (i-1)!
2] -2
k—2)(k— _
+‘( )k =3) & 4‘
21
+.'.+|(1672)...(k71f¢+1)A;.C_1_i
(i—1)!
Consequently, after simplification, (27) can be written as
follows:
i-1 k—1 J k—2 J
1 1
S I
z[j GGG
where
F=1 -1
j (k—1— ) !

In the limit £ — oo, the ratio to the right of summation
in (28) is unity, so that every component Awu(i,k) has long

term convergence rate ~ |\ = |(I - K,CB)| . O

III. CASE STUDY

A damped pendulum in Figure 2 is an interesting control
problem which has been widely studied. Here we apply the
D-type ILC algorithm for learning to track the desired angle
& corresponding angular velocity by generating the desired
control signal at each sample time. The set of desired control
signal for a complete swing has been obtained from a fine-
tuned PD controller. The angle 6 is measured anti-clock-
wise. The control input torque u is applied in anti-clock-
wise direction as well. The pendulum is at rest with initial

position & = 7 /4 radians at the left side. The initial angular

velocity, @, = 0rad/s. The pendulum has been simulated

using following parameters:

Length L = Im, mass m = 0.5 Kg, acceleration due to
gravity g = 9.81 m/s2 and damping co-efficient b = 0.25



N-s/m. Using state vector x = [9, a)]T , the linearised
discrete-time state space matrices for the pendulum, sampled

at 0.05 seconds are as follows:
0.0012
A ,
0.0492

d

0.9879  0.0492
—0.4824 09633| ¢

SR

The time period for the pendulum is 2 seconds, so there
are 40 samples for each swing from left to right and back.

For ILC update, the error considered is the state error.
The selected learning gain matrix K, = 0.5 x[0,1] allows

the forward difference error of the angular velocity only to
update the control inputs. The tracking of the desired control
input 4 , angle 6 and angular velocity w has been
monitored for 2500 swings in Figure 3 and Figure 4.

The RMS values reached minima around 2000 swings:
Final RMS of error in angle = 1.2015e-015,

Final RMS of error in angular velocity = 2.2210e-015,
Final RMS of control input error = 1.6876e-014

These values show that limit of precision has been
reached. The evolution of the control input errors at selected
time indices is shown in Figure 5. The semi-log plot in
Figure 6 give the convergence rate of control input errors at
selected time indices. The rate of convergence varies in the
earlier swings. The convergence occurs sequentially as the
control input for earlier time indices converge before the
later ones. The kinks in convergence rates for initial swings
occur due to oscillations or zero-crossings of the control
input errors. Finally, the D-ILC algorithm achieves its limit
at large batch numbers. As shown in Figure 6, that just
before the control input errors are near the minimum
threshold, all the individual components Awu(i, k) achieve

the same rate (0.9754) equal to the eigenvalue of matrix 7 .

Figure 2 Damped Pendulum

(30)
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Figure 6 Convergence rate of control input errors

IV. CONCLUSION

The rate of convergence of D-ILC algorithm has been
investigated in terms of input errors at component level
which evolve sequentially. In the long term, all input
components acquire same convergence rate equal to the
eigenvalue of the Toeplitz matrix which relates the input
errors from batch to batch. This knowledge can be helpful in
designing the Iterative Learning controllers and their
performance comparison.
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