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Abstract—This paper investigates the global bounded consen-
sus problem of Networked Multi-Agent Systems exhibiting non-
linear, non-identical agent dynamics with communication time-
varying delay. Globally bounded controlled consensus conditions
based on pinning control method and adaptive pinning control
method are derived. The proposed consensus criteria ensures
that all agents eventually move along desired trajectories in
terms of boundedness. The proposed controlled consensus criteria
generalizes the case of identical agent dynamics to the case of
non-identical agent dynamics, and many related results of other
researches in this area can be viewed as special cases of the above
results. We finally demonstrate the effectiveness of the theoretical
results by means of a numerical simulation.

I. INTRODUCTION

Networked Multi-Agent Systems (NMAS) analysis involves
the study of how the network architectures and interactions
between network components influence global control goals
and some important contributions have been made in recent
years [1], [2], [3], [4].

The consensus problem has been studied across many fields
of science and engineering [5], [6], [7], [8], [9], [10], [11],
[12], [13]. The controlled consensus problem of NMAS with
non-identical agent dynamics is much more complicated than
the identical case and few results have been reported to date
[14].

The present paper will focus on the global consensus
problems of NMAS based on pinning control methods [15],
[16], [17], and the proposed controlled consensus property is
formulated in terms of certain boundedness of state errors. In
this paper, we’ll generalize many existing results for the case
of identical agent dynamics to the case of non-identical agent
dynamics based on the pinning control method.

The rest of this paper is organized as follows. A controlled
continuous-time NMAS model with communication time-
delay is presented in Section II. The main results including
pinning control and adaptive pinning control bounded con-
sensus criterion are derived in Section III and V respectively.
Section IV gives a numerical simulation example to verify the
effectiveness of the proposed results, followed by conclusions
in Section VL.
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II. PROBLEM DESCRIPTION

Let G = (V, A) be a graph of order N consisting of a set of
vertices V = {vy,v2, -+ ,un} and a set of edges A CV x V.
An edge (v;,v;) in graph G means that agent v; sends some
information to agent v;. The set of neighbors of agent v; is
denoted by NV; = {v; € V : (v;,v;) € A}.

We consider a MAS consisting of N non-identical agents
with communication delay:

N
jsizfi(xi)+czaijFa:j(t—T),i:LZ---,N, (1)
JEN;

where z; = (241 (t), 2i2(t), -+, 2in(t))T € R™ are the state
variables of the agent v;, f;(z;) : R — R™ are continuously
differentiable mappings with Jacobian D f;, representing the
self-dynamics of the agent v;, ¢ > 0 denotes the coupling
strength, I' = (v,;) € R™*™ is the inner coupling matrix, and
where 7;; # 0 means two connected agents are linked via their
ith and jth state variables, respectively. The adjacency matrix
A = (a;j) € RM*Y (which is symmetric and irreducible)
represents the communication topology relation of the MAS,
and is defined by Q5 = Qji = 1(1)j € M), a;j; = O(Uj ¢ M)
and a; = — ji @ij- T is a constant coupling delay which
reflects the reality that the agent v; can’t obtain information
from agent v; instantaneously.

The average dynamic of all agents is defined by the vector
field f(z(t)) = & Sop, fr(a(t)) with Jacobian D f;(x(t)).

The average state trajectory is chosen as the desired moving
trajectory

1 N
s(t) = 5 D wn(t): )
k=1

We now discuss the problem of global consensus for the
system (1). The consensus problem formulation in the present
paper is quite different from many others, where the con-
sensus problem is solvable if the states of all agents satisfy
x;(t) = x;(t), Vi,j =1,2,--- N as t — oco. The consensus
problem here will be depicted instead via certain boundedness
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of x;(t) — z;(t), ¥i,j = 1,2,--- ,N as t — oo. This better
reflects reality as it is impossible for MAS (1) to achieve exact
consensus. To address this case we will focus on making the
states of all agents converge to a bounded set.

We denote z(t), s(t), u(t), e(t), w(t) and V(w(t),t) as x,
s, u, e, w and V respectively.

III. LINEAR FEEDBACK PINNING CONTROLLER

To achieve the goal, we apply the feedback control strategy
on a small fraction 6 (0 < § < 1) of the agents in system
(1). Suppose that nodes 41,2, - - ,%; are selected to be under
control, where [ = [JN] stands for the smaller but nearest
integer to the real number JN. This controlled MAS can be
described as

. N
Ly = fi, (xlk) + CZj:l iy 'z, (t—
. N
Ty, = ka (xlk) + CZ]’:l alkjrx] (t -

) 4w, 1 <k <l
) l+1<k<N.
3)

The local linear negative feedback control law is chosen as
follows:

=0

where the feedback gain d;, > 0.

Combine (3) and (4) and rearrange the order of the n-
odes in the network. Let the first [ nodes be controlled,
and el = CCZ —s, i« = 1,2,---,N. It’s obvious that
DD Sl apTa;(t— 1) = 0 and N ¢, = 0. Then
by applying the Newton-Leibniz formula, error systems can
be written as

D.f( ) CZJ 1alerJ( 7')
+ fo (Dfi(s +71e;) — Df(s))esdr
N ¥ fo D fy 8+T6k)ekd7-

+ fi(s) = f(s) — dies, 1<i<l,
DfT( )ei CZ; p aile;(t —7)
+f0 sz+7'€l) Df(s))edr
- % Zk:l fo Dfi(s + Teg)erdr
+ fi(s) — f(s), I+1<i<N.

®)

The following work will focus on simplifying the error
systems (5) by means of a series of transformations using a
procedure similar to [14].

Define the following matrix

D = diag(Dy,Ds,--- ,Dy) € RN

where D; = diag{—d;,—d;,--- ,—d;} € R™*™.
Let e = (ef,ed, -+ el)7, then (5) becomes

)

=X(te+cAeTe(t—71)+ I(t)e — NH(t)e + F(t),
(6)

diag{ [, (Dfi(s +7ex) — Df(s))dr
~Df(s))dr}, 2(t) = In @ Df(s) +

where I(t) =
fol (DfN(S + T@N)

D, H™(t) = (HT() HE(®), Hi(t) = (Jy Dfils +
Te1)dr, - j;Q Dfn(s + Ten)dr), FF(@t) = (ff(s) —
fr(s ),--- N(s) = 1 (s)).

Since A is symmetric and irreducible, according to
[14], there exists a unitary matrix ® = (¢;j)nxn =
(@1, Py, ,®x). This together with w(t) = (T ® I,)e
gives

= (7 @ I,)S(t)(® @ I,,)w
+ (T @ L)(cART)(® @ L,)w(t —7)
(‘bT @ L)I(t)(® @ In)w
~ %(@T @ L) Ht)(® @ I)w + (8T @ L,)F(t). (7)
Note that H(t) = VNN (0 -- 0 &, 0 --- 0) ®
fo Df(s + Tey)dr, where ®,. stands for the matrix with

its k-th column equal to ®; and the remaining elements
are 2610, Then we have N(<I>T ® I) (P ® I, =

where [} stands for the matrlx with 1ts k-th column equals
(10 --- 0)T and the remaining of its elements are zero.

Thus, a simple calculation gives + (@7 ® I,,)H(t)(® ®
T 1

I,) = ﬁ ZQLI ( Ok )@fo Dy (s(t) + Te(t))dr, where

T, € RN and 0 € RW—D*N_ Therefore, 1 = L(t)w +

cA @ Tw(t — 1) + (87 @ L)I(1)(® ® I,,)w ; w+

(®T ® I,,)F(t). Since w; = 0, we only need to consider
wg, ws, - - - ,wy. Rewriting in the component form we have

+ (0] @ L)I()(®® I,)w, i =2,3,---,N, (8)

where ¥; = Df(s) + D

So far, we have transferred the consensus problem of system
(1) to the stability problem of the N — 1 of n—dimensional
systems.

Theorem 1 Suppose that ||I(¢)|| < v is satisfied. If there
exist matrices P;(t) € PC}MH, Q;>0,0,>0,1II >0, X,,
Y, and Z; of appropriate dimensions such that

_( B1 Bs Xi Y
for i = 2,3,---,N, where B = Pi(t) +

Pi(t)zi(

ST P(t) + hX; + YT + Y + Ql + hZT(t) ; ( ). B

Qi + hAXNITT Z,T, then the MAS (1) will achleve bounded

consensus for the time-invariant delay 7 € [0, h] for some
h < oo.

Proof. Construct the following Lyapunov-Krasovskii func-
tional as

I+

)

(10)
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where

Vi=

wza
vy = / / o) Zitis()dadB,
-7 Jt+8

vi= [ uf@Quifayia

The i-th (i =
written as

2,3,--+,N) equation in system (8) can be
t

w; = (Ei(t) + c)\iF)wi — C)\lr/ wi(a)da
t—T1

+ (@ @ L)I()(® @ L)w + (8T @ I,)F(t). (1)

Defining a(.), b(.) and M in [18] as a(a) = w;(t), bla) =
wi(a) and M = e\ P;(¢)T for all v € [t — 7,¢] then we have

Vi < wl[Pi(t) + P(t)Si(t) + 2T (¢) Pi(t)

+hX; + Y 4 Vi]ws + W] (@) Zyis (o) dex

+ 2wl (e Py ()T — Yi)w (
+2wiTZDi()((I)T®I) ()(Ps )
+ 2wl P(t)(®F @ I,,)F(t). (12)
Moreover, Vg can be enlarged as
+eNTw;(t — 7)) + 2h( (Hw )TZ (<I>T @ I,)I(t)
(® @ I,)w 4 2h(Z; () w;) T Z;(®F @ I,,)F(t)

+ 2h(eNTwi(t — )T Z;(@F @ 1) I(t)(® @ I,)w
+ 2h(eATw;(t — 7)1 Zi(®] @ 1,,)F(t)
+2h((®] @ L,)I(t)(® & I,,)w)" Z;(®] ® 1,,)F(t)

+h(2] @ L) F (1) Z:((®] @ 1) F(t))
+h((®] @ I)I()(® @ L,)w)" Z;(®] ® I,)I(t)
t
(® @ I,)w) — W] (o) Zgws () dar. (13)
t—1
and
Vs = wlQuw; — wl (t — 7)Qsw;(t — 7). (14)
Applying the Young Inequality, then we have

2h(eATw;(t — TNTZi(@T @ L)It)(® ® L)w <
w] (t — T wi(t — 7) + h2EN2wT (@ @ 1L,)T1() (9] @
L)' ZTILTT Z,(®]  © L)I({)(® @ I,)w(t), and
2h(chiTw;(t— 7)) Zi(®F @ 1) F(t) < wl (t—71)0; 'w;(t—
7) + h2AENEFT () (0 ® 1)1 Z,1e,ITZ, (0T @ L,)F(t).
Applying these two inequalities and the conditions of the

theorem results

Si( wilt ) )B( wi )
||§;Amar(2)

N N
+ 20 Zi (01D Aman(Zi) + 19D Amaa(Zi)

=2 =2

+2u()B + (lwll(2v8 + 2k |24 (2)

N
+ W2 Noaw (CTT) Y~ A ()N A0 (Z)

1=2

N
212 ()M 2ae (CTT) Y~ Anan (0NN, (

=2

+h%e Z)) ]

N

Zi)p(t) + b (£) > A Amax(Z:). (15)

=2

N
+217 D Amaa
=2

Thus when

20(t) 3 + 2hy SN A (Z) u(2)
w(t) ’

[[w]| >

we have

N
V< =dllwll® + ki (6) D Amaa(Z0) X,
=2

(16)

where w(t) = —(298 + 2hy|[Xi(t )IIZ—2 Amaz(Zi) +
2hp0) S0 | 1y A (Z) + 7 S0 Arnan(Z) +
h?c? VN (TTT) S5 A (M)A NZ, 0 (Z2) + B2 22(1)
Amw(FFT)Zl o Amaz (©)AIN2,,.(Z;)) — 6. Thus,
according to [19] and Lyapunov stability theory, bounded
consensus is ultimately achieved. This completes the proof.

IV. ADAPTIVE PINNING CONTROLLER

In this section, we will derive globally consensus criteria
via direct adaptive pinning control method. Without loss of
generality, we still assume that the first [ agents are selected
as pinned agents with the adaptive controllers:

*d()( —-s), 1<i<l,
= h;el P;(t)e;,
0, [+1<i<N,

7)

where constant h; > 0 and positive definite matrix P;(t) €
R™ ™, Applying Newton-Leibniz formula, then the error MAS
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can be rewritten as

=Df(s )ez + CZ] yailei(t—)
—|—f0 (Dfi( s—i—Tel) Df(s))e;dr
-~ Zk:l fO ka S +T€k)€kd7’
+fi(s) = f(s) —di(t)es,  1<i<l,
d; () hiel P;(t)e;,
=Df(s )ez + CZ] 1a5le;(t —7)
+f0 (Df; s+762) Df(s))eidr
-~ Zk:l fO ka S +7‘6k)€kd7'
+£i(s) — f(s), I+1<i<N.
(13)

Repeating a similar procedure to the previous subsection,
the controlled consensus problem of system (1) is equivalent to
the stability problem of the following N — 1 of n-dimensional
systems.

= Df(s(t))w; — d;(t)w; + cNTw;(t — )
+(@T @ 1,)I(t)(® ® I,)w
+(®F @ I,)F(t), 2<i<l,
d()—hw P;(t)w;,
w; = Df(s)w; + eATw;(t —7)
+@T @ 1,)I(t)(® ® IL,)w
+(@T ® I,)F(t), I+1<i<N,

19)

where w;, w, ®, ®;, I(t) and F(t) are the same as the previous
subsection.

Theorem 2 Suppose that || I(t)|| < + is satisfied. If there
exist matrices P;(t) € PC;XW Q;>0,0,>0,1II, >0, X,
Y; and Z; of appropriate dimensions and constant d > 0 such

that
_( B1 By X; Y
s (B ) (5 0)s0
for i = 2,3,---,N, where B; = Pi(t) + Pi(t)(Df(s)) +
(Df(s)TPi(t) — 2dP,(t) + hX; + YT + Y, + Qi +

YT (¢t )ZE() Bg = c\P, ()T = Y; + he\i 2T (#)Z,T and
By =111 4+ 0; 1 — Q; + he\2TT Z,T, then the system (1)
will achleve bounded consensus for the time-invariant delay
7 € [0, h] for some h < co.

Proof. Construct the following Lyapunov-Krasovskii func-
tional as

N 3 l
V= ZZV’“—FZW’ (1)

i=2 k=1 i=2 i

where

Vi=w

wl’
V2=/ / o) Zitirg (@) dadp,
—7 Jt+5

vy = / T (0)Quwi(a)da

The remaining part of the proof is similar to that of Theorem
1 and is therefore omitted here. This completes the proof.

V. EXAMPLE

To demonstrate the theoretical results obtained above, we
construct a MAS consisting of 11 agents described as follows

N
i(t) = fi(zi(t) + ¢ Y ayTa;(t —7), (22)
JEN;
where f;(x;(t)) = Bz (t)+g(x;i(t)), B;(: =1,2,--- ,6) and
B;(i=17,8,---,11) are chosen as follows:
—104+01x(i—1) 10-01x@GE—1) 0
1 1 1|,
0 —15-01x(i—1) 0
~10-01x(i—6) 10+01x(i—6) 0
1 1 1|,
0 —154+01x(i—6) O
and
- . 7T.”L'Z'1(t) T .
g(z; (1)) = (—9.5sin( 39 +m7)00)", i=1,2,---,11.

The communication coupling matrix C = (C¥CY ---C1)),
=(-81101110111),C53=(1-8111010111),
C’3—(11—610001011) 04—(011—50110010),
=(1100-6011110),Cs=(10010-510110),
=(110111-71010), C87(0010101—5011),
C’g—(11001100 —-611),Cp=(111111111 —
101),C13;=(1110000111 —6). T = diag{2,2,2},
respectively, where the matrix A is produced by means of the
Scale-Free network program.
Design the following controllers
_dlk(xlk(t) _S(t))a

i, = 1,2 and 10,

else,
with dqy = 0.5, do = 0.5, d1g = 0.5 and

— _dz (t)(:clk (t) — s(t)),
( ) lk 1k (t)ei""
=0, else,

Uz’k i = 1,2 and 10,

[==]

’U/ik

with by = 0.1, ha = 0.2, hyg = 0.3, s(t) can then be evaluated
by simulation.
Given the initial values of 11 agents as (10 5 — 10)7,

(126 —12)7, (147 —14)7, (16 8 —16)T, (18 9 —18)7T,
(20 10 —20)7, (=18 11 18)T, (=16 12 16)T, (—14 13 14)T,
(=12 14 12)T, (=10 15 10)T respectively and P;, (t) = I.

We may verify the conditions of Theorem 1 and Theorem 2
readily. This demonstrates the bounded consensus of the MAS
is achieved for any time delay 0 < 7 < 0.061. Simulation
results are depicted in Fig.1 to Fig.4 for 7 = 0.061 and ¢ = 1.
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Fig.3. All agent error dynamics under pinning control.

VI. CONCLUSION

In this paper, we’ve investigated the controlled consensus
problems of NMAS with different agent dynamics. The de-
rived criteria are verified via theoretical analysis and numerical
simulation. The consensus for the NMAS is achieved based
on pinning control and adaptive pinning control methods. It
should be noted that the conditions are still restrictive and all
the delays are the same. Further investigations will focus on
relaxing these limitations.
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