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Abstract—This paper investigates the global bounded consen-
sus problem of Networked Multi-Agent Systems exhibiting non-
linear, non-identical agent dynamics with communication time-
varying delay. Globally bounded controlled consensus conditions
based on pinning control method and adaptive pinning control
method are derived. The proposed consensus criteria ensures
that all agents eventually move along desired trajectories in
terms of boundedness. The proposed controlled consensus criteria
generalizes the case of identical agent dynamics to the case of
non-identical agent dynamics, and many related results of other
researches in this area can be viewed as special cases of the above
results. We finally demonstrate the effectiveness of the theoretical
results by means of a numerical simulation.

I. INTRODUCTION

Networked Multi-Agent Systems (NMAS) has attracted
many attention due to the broad applications of NMAS in
many areas. How to design appropriate protocols and algo-
rithms such that the set of agents can realize common objec-
tive, such as consensus, is a critical problem, especially for the
case of unreliable information exchange and communication
delays, and some relevant important contributions have been
made in recent years [1], [2], [3], [4].

The consensus problem requires an agreement to be reached
that depends on the state of all agents. The topic has been
studied across many fields of science and engineering [5],
(61, [71, [81, [91, (101, [11], [12], [13], [14], [15], [16], [17],
[18], [19], [20]. It is noted that the agent dynamics in most
existing works are often restricted to linear and identical
ones. Obviously, in practice, this is not always the case. The
controlled consensus problem of NMAS with nonlinear agent
dynamics and communication delay are more complicated and
just a few results have been made [21], [22]. In addition,
most research in consensus problems usually assume that
the final consensus value to be a constant, which may not
be the case in the sense that the information state of each
agent may be dynamically evolving in time according to
some inherent dynamics. It is interesting to study controlled
consensus problems where the final consensus value evolves
with time or as a function of environmental dynamics.
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The behavior of the NMAS with non-identical agent dynam-
ics is much more complicated than the identical case. Usually,
no common equilibrium for all agents exists even if each
agent has an equilibrium, neither does a consensus manifold
exist in the classical sense. The NMAS with non-identical
agent dynamics cannot be decoupled into a number of lower
dimensional systems exactly like the identical-agent case. Yet,
a NMAS with non-identical agents may still exhibit some
kinds of consensus behaviors which are far from being fully
understood. Certain reasonable and satisfactory boundedness
of state motions errors between different agents can be taken
as useful consensus properties. The present paper will focus
on the global consensus problems of NMAS based on pinning
control methods [23], [24], [25], [26], and the proposed
controlled consensus property is formulated in terms of certain
boundedness of state errors.

The rest of this paper is organized as follows. A controlled
continuous-time NMAS model with communication time-
delay is presented in Section II. The main results including
pinning control and adaptive pinning control bounded consen-
sus criterion are derived in Section III and IV respectively.
Section V gives a numerical simulation example to verify the
effectiveness of the proposed results, followed by conclusions
in Section VL.

II. PROBLEM DESCRIPTION

Let G = (V, .A) be a graph of order N consisting of a set of
vertices V = {vy,va, -+ ,un} and a set of edges A CV x V.
An edge (vj;,v;) in graph G means that agent v; sends some
information to agent v;. The set of neighbors of agent v; is
denoted by NV; = {v; € V : (v;,v;) € A}.

We consider a NMAS consisting of N non-identical agents
with communication delay:

.’ti = fz(fﬂl) +c Z aijl"xj(t — T(t)),l = ].,2,' ce
JEN;

N, (D)

where z; = (241 (t), i2(t), -+, 2in(t))T € R™ are the state
variables of the agent v;, f;(x;) : R® — R"™ are continuously
differentiable mappings with Jacobian D f;, representing the
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self-dynamics of the agent v;, ¢ > 0 denotes the coupling
strength, I' = (v;;) € R™*™ is the inner coupling matrix, and
where 7;; 7 0 means two connected agents are linked via their
ith and jth state variables, respectively. The adjacency matrix
A = (a;j) € RN*N (which is symmetric and irreducible)
represents the communication topology relation of the NMAS,
and is defined by a;; = a;; = 1(v; € N;), a;; = 0(v; ¢
N;) and a;; = —>7,; aij. T(t) is a time-varying coupling
delay which reflects the reality that the agent v; can’t obtain
information from agent v; instantaneously.

The average dynamic of all agents is defined by the vector
field f(z(t)) = & Sop, fr(x(t)) with Jacobian D f;(x(t)).

The average state trajectory is chosen as the desired moving
trajectory
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We now discuss the problem of global consensus for the sys-
tem (1). The consensus problem here will be depicted instead
via certain boundedness of z;(t) — z;(t), Vi,j =1,2,--- | N
as t — oo. This better reflects reality as it is impossible for
NMAS (1) to achieve exact consensus. To address this case
we will focus on making the states of all agents converge to
a bounded set.

We denote x(t), s(t), u(t), e(t), w(t), d;(t) and V(w(t),t)
as z, s, u, e, w, d; and V respectively.

III. LINEAR FEEDBACK PINNING CONTROLLER

To achieve the goal, we apply the feedback control strategy
on a small fraction ¢ (0 < § < 1) of the agents in system
(1). Suppose that nodes 41,42, - - - ,%; are selected to be under
control, where | = [JN] stands for the smaller but nearest
integer to the real number d N. This controlled NMAS can be
described as

Ty, = flk(xlk) + CZjeJ\/'i aikjrxj(t - T(t))
+uik7 1 < k < l7 (3)
= fip (@) + CZ]’ENL- ai Tt —7(t)),
l+1<EkE<N.

The local linear negative feedback control law is chosen as
follows:
uy, = —di, (:I"'Lk —s),
U” = 07

where the feedback gain d;, > 0.

Combine (3) and (4) and rearrange the order of the n-
odes in the network. Let the first [ nodes be controlled,
and ¢, = x; — s, ¢+ = 1,2,--- N. It’s obvious that
~ Z,]jzl > jen; arjlzj(t—7(t)) = 0 and Zfil e; = 0. Then
by applying the Newton-Leibniz formula, error systems can be

written as
= Df(s)e: + Xjen agTes t -
+f0 (Dfi( s—i—Tel) Df(s))e;dr
-5 Zk:l fO ka S + Tek)ede
+ fi(s) = f(s) — die;, 1<i<l,
éi = Df(s)e; + CZjeN,- a;;Te;(t — (1))
1 -
+ fo (Dfi +7e;) — Df(s))e;dr
- % ZkN=1 fol Dfi(s + Tex)erdr
+ fi(s) — f(s), 1+1<i<N.

The following work will focus on simplifying the error
systems (5) by means of a series of transformations using a
procedure similar to [22].

Define the following matrix

D = diag(Dl,Dg, ce

where D; = diag{—d;, —d;,- -

(1))

&)

7DN) c RannN7
d } e R?’LXTL

Let e = (e, el -+ eT)T, then (5) becomes
=%(t)e+cA@Te(t —7(t)) + I(t)e — NH(t)e + F(t),
(6)

where I(t) = diag{[, (Dfi(s+7e1) — Df(s))dr
Jo (Dfi(s +ren) - Df(s)dr), B(t) = I ® Df(s) +
D, HT() = (Hl() HE (), Hi(t) = (fy Dfas +
Tey)dr, - fYQDfN s + Ten)dr), FX(t) = (ff(s) —
Fr(s), e, fR(s) = FT(9)).

Since A is symmetric and irreducible, according to
[22], there exists a unitary matrix ® = (pi)nxn =
(@1, Py, ,Px). This together with w(t) = (&7 @ I,)e

gives
W= (7 @ I,)S(t)(® @ I,,)w
+ (@7 @) (cAT)(® @ I,)w(t — 7(t))
+(@T @ L) I)(®® I,)w+ (&1 @ 1,,)F(t)

1
- (@@ L) HH)(®® In)w. )

Note that H(t) = \sz 0 - 02,0 - 0)®
fo Dfi(s + Tey)dr, where ®; stands for the matrix with
its k-th column equal to ®; and the remaining elements
are zero. Then we have +(®7 ® L)H(t)(® ® I,) =
ﬁ Eszl(O 010 - 0)®f01 Dfi(s+ Ter)dr(dR1,),
where Ij stands for the matrix with its k-th column equals
(10 --- 0)T and the remaining of its elements are zero.

Thus, a simple calculation gives +(®7 ® I,,)H (t)(® ®
L) = &S, (Te 0)" @ [y Df(s(t) + rex(®)dr,
where Y, € RN and 0 € RWN-D*N_ Therefore, w =
St)w + cA @ Tw(t — 7(t) + (DT @ 1,)I(t)(® @ I,)w
(= 0 )Tw + (T ® I,)F(t). Since w; = 0, we only need
to consider way, ws, - - - , wyn. Rewriting in the component form
we have

w; = B (t)w; + cATwi(t — 7(t) + (2] ®@ I,)F(t)
+ (@ @ L)I)(® ® I)w, i=2,3,---,N,  (8)
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where ¥; = Df(s) + D

So far, we have transferred the consensus problem of system
(1) to the stability problem of the N — 1 of n—dimensional
systems.

Theorem 1 Suppose there exist positive definite matrices

Pi(t) € PCL..,., Q; and constants ¢ > 0, v > 0, a > 0 and
b > 0 such that

t
a||3v||2 < wTPi(t)x +/ wiT(Oc)ini(a)da < be||2,
t—7(t)

VteRT, € R",i=2,3,--- N, 9)

Pi(t) + Pi(t)%i(t) + =T (1) Pi(t) + Qs

+ ENP,OTQ ' TTP(t) +¢I <0, i =1,2,--- N,
(10)
Let
wt) =[[F@)| (12)
be bounded and
N
= IRz, (13)
i=2
if ¢ > 2vp, then system (6) converges to the set
M = < ——T 14
{elllef < 22ty (14)

for any time-varying delay 7(t) > 0, namely, e(t) = z;(t) —
+ chvzl xp(t) — Q as t — oo, where ¢ > 0 is any constant
satisfying § < ¢ — 20, Furthermore, the NMAS (1) achieves
bounded consensus for any fixed time delay 7(¢) > 0, 0 <

7(t) < 1.
Proof. Choose the following Lyapunov-Krasovskii function-
al as
N
V=3V, (15)
=2
t
Vi = wl Pi(t)w; + / w] (@) Qyw; (a)da. (16)
t—7(t)

Differentiating (16) along the trajectory of (8) gives
Vi = wi (Bi(t) + B(t)S ()+ET() i() + Qi)w
+ 2w Py(t)(®} ® L)1 (t)(®; ® I)w
4&wﬁ%)@f®hﬂ%)+%q@MH@Dwﬁ—T@)
—w] (t — () Qiwi(t — 7(t)). a7
Applying the Young Inequality to the equality (17) results
in
Vi < wl (B(t) + POZ() + T (OR() + Q;
+ NP, (OTQ; ' TT Py (t))w; + 2w Pi(t)(®] @ I,,)F(t)
+ 2w] Py(t)(®] @ 1,)I(t)(® & I,)w (18)

Condition (10) implies that the first term on the right hand
side of (18) satisfies

wi (B(t) + P(OZi(t) + 57 (1)
+ N2

Pi(t) + Qs

B(OTQ; ' TTPi(t)w; < —Cflwil®. (19)

The second term on the right hand side of (18) satisfies
207 P,(t) (7 @ L)F(t) < 20O P®)l|wrl.  20)

Applying condition (11) we know the third term on the right
hand side of (18) satisfies

2w Pi(t)(®] @ L)1 (t)(®; ® Ln)w < 29| P (t)|[[|wil[|w]]-

2n
Since V = Zf\; V;, we have
N
V=>V
i=2
= —Cllwl? + 2(y[lwll + pu(t Z [Jwall[| P (t
< —Cllwl? + 2(v[|wl + M(t))HwH(Z 1P:(t)]?)
i=2
= [[w][((2v8 = Ollw| + 28u(t)). (22)
Thus, when
2
full > 20—, 23)
we have
V < =d|lw|?. (24)

Applying the result in [22] completes the proof.

IV. ADAPTIVE PINNING CONTROLLER

In this section, we will derive globally consensus criteria
via direct adaptive pinning control method. Without loss of
generality, we still assume that the first [ agents are selected
as pinned agents with the adaptive controllers:

:7d( 5)7
d; = hieT Pi(t)e;,
u; =0,

1<i<l,
(25)
I+1<i<N,

where constant h; > 0 and positive definite matrix P;(t) €
R™ ™. Applying Newton-Leibniz formula, then the error N-
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MAS can be rewritten as
é; = Df( )el + CdeN a;;le;(t — 7(t))
+f0 (Df; 8+7‘62) Df(s))edr
-~ Zk:l fO ka S + Tek)ede

+fi(s) = fs) —dies,  1<i <,
d; = hieT Pi(t)e;,
¢ =Df(s )BHFCZ]@\/ ai;le;(t —7(t))
+f0 (Df; erTe,) Df( ))e;dr

-~ Zk:l fo Dfr(s+ Ter)erdr
+fi(s) = f(s), I+1<i<N.
(26)

Repeating a similar procedure to the previous subsection,
the controlled consensus problem of system (1) is equivalent to
the stability problem of the following N — 1 of n-dimensional
systems.

Df(s(t)w; — diw; + chiTw;(t — 7(t))

+H@] @ L)I(t)(® @ L)w

@ @ L) F(1), 2<i<l,
d; = hywT Pi(t)w;,

Df(s)w; + cATw;(t — 7(t))

+(@T @ L) I()(® @ I,)w

+(@T @ I,,)F(t), I+1<i<N,

27)

where w;, w, ®, ®;, I(t) and F(t) are the same as the previous
subsection.
Theorem 2 Suppose there exist positive definite matrices
Pi(t) € PC} Q; and constants ¢ > 0, v > 0, @ > 0 and

nxn?

b > 0 such that

t
ale? < TP+ [ ol (@@Qui(a)da
t—7(t)

d; — d)?
Jru <b|z||®,Vt e R, € R",i=2,3,--- ,N,

h;
(28)

Bi(t) + Bi(t)Df(s) + (Df ()T Pi(t) + Qi — 2dPi(t)
+ENPMTQ' T T Pi(t) + I <0, i=1,2,--- N,
(29)

(11) and ¢ > 270 are satisfied, then the system (6) converges
to the set (14) for any time-varying delay 7(¢) > 0, where p(t)
and /3 are the same as in (12) and (13) respectively, § > 0 is
any constant satisfying § < ¢ — 243, and then the NMAS (1)
achieves bounded consensus for any fixed time delay 7(¢) > 0,
0<7(t) <1

Proof. Construct the following Lyapunov-Krasovskii func-
tional as

(30)

where
V; = wl P(tyw; + [} 0y Wi (@)Qiwi()der
+(dhd)2 2sist 31)
Vi = w; P wl +ff )W ( )szi(a)da7
I+1<i<N,

where d is a positive constant to be determined.
Differentiating (31) along the trajectory of (27) gives

Vi = wi (Pi(t) + P(t)Df(s) + (Df(s)" Pi(t) + Qi

— 2dP;(t))w; + 2wl Pi(t)(®F @ I,)I(t)(®; @ I,)w

+2w] P(t)(®] ® I,)F(t) + 2w (AP ()T)wi(t — 7(t))
—w] (t = 7(t)Qiwi(t — 7(t)). (32)

The remaining part of the proof is similar to that of Theorem
1, so is therefore omitted here. This completes the proof.

V. EXAMPLES

To demonstrate the theoretical results obtained above, we
construct a NMAS consisting of 12 agents described as follows

( ) fz 37% +C Z amrl‘j ))a (33)
JEN;
where f;(x;(t)) = Biz;(t)+g(z;(t)), Bi(i =1,2,--- ,6) and
Bi(i=17,8,---,12) are chosen as follows:
-104+01x(—1) 10-01x(GE—-1) 0
1 -1 1 ,
0 —15-01x(—1) 0
~10-01x(i—6) 10+01x(i—6) 0
1 1 1],
0 154 01x(i—6) 0
and
- . W:Cil(t) T -
g(zi(t)) = (—9.5sin( 39 +m)00)", i=1,2---,12.
The communication coupling matrix C' = (C{ CT ... CL),
C; = (-811011101110),C, = (1 —
81110101110),C3=(11-7100010111),
Ci=011 —601100101),C5=(1100 —
60111100),C=(10010 —-510110),
C;r=(110111-71010),Cs=(0010101 —
60111),092(11001100 —7111),010—

(111111111-101),C11=(1110000111 —71),
Cio=(00110001101 —5). T = diag{2,2,2},
respectively, where the matrix A is produced by means of the
Scale-Free network program.

Design the following controllers

w;y, = —di, (2, (t) — s(t)), ixr =1,2 and 10,
'Ll/ik = 0,

else,

with d1 = 05, dg = 05, d10 = (0.5 and

iy = ~diy (1)(s, (1) — 5(0)). i5 = 1,2 and 10,
d; ( ) hlkeuplk( )eik7
ug,, =0, else,
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Fig.1. Desired agent dynamics under pinning control.
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Fig.2. Desired agent dynamics under adaptive pinning control.

with by = 0.1, he = 0.2, h1g = 0.3, s(t) can then be evaluated
by simulation.
Given the initial values of 12 agents as (10 5 — 10

)T
T (189 —18)7,

(126 —12)7, (147 —14)T, (16 8 —16)

(20 10 —20)7, (=18 11 18)7, (=16 12 16)T, (—14 13 14)T

(=12 14 12)T, (=10 15 10)T, (-8 16 8)” respectively and
(

sz(t) = 13, d1 O) = 1, dz(O) = 1, dlo(O) =1 and T(t) =
% + arctan(t). The conditions of Theorem 1 and Theorem
2 are satisfied readily. Bounded consensus of the NMAS is
achieved for any time varying delay satisfying 0 < 7 < 5 +
arctan(t). Simulation results are depicted in Fig.1 to Fig.8
for 7(t) = § + arctan(t) and ¢ = 1.

VI. CONCLUSION

In this paper, we’ve investigated the controlled consensus
problems of NMAS with different agent dynamics. The de-
rived criteria are verified via theoretical analysis and numerical
simulation. The consensus for the NMAS is achieved based on
pinning control and adaptive pinning control methods. Many
related results for the case of identical agent dynamics have
been viewed as the special cases of the proposed results.
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Fig.4. All agent dynamics under adaptive pinning control.

However, it should be noted that the conditions are still
restrictive and the time-varying delay is chosen as fixed case.
Further investigations will focus on relaxing these limitations
and more generalized cases.
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