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Abstract — This paper investigates several general friction 
models and applies different friction models to accurately 
simulate the propulsion of a capsule driven by an internally 
oscillating mass. The six published friction models are 
reviewed and are validated using the simulation studies.  The 
simulation results are verified with a physical prototype in an 
experimentation test. The most accurate friction model can be 
chosen for a given application.  

Keywords-Pendulum-driven cart, friction models, friction 
measurement experiment 

I. INTRODUCTION 
Friction is the resistance to motion that exists when a 

solid object is moved tangentially with respect to the surface 
of another that it touches, or when an attempt is made to 
produce such motion [1]. This is a common physical 
nonlinear phenomenon and exists in almost every kind of 
mechanical system and makes an effect on the system which 
cannot be ignored.  Friction can lead to tracking errors, limit 
cycles and unsteady stick-slip movements [2]. If we do not 
minimize the friction force effectively, it may cause both 
economic losses and industrial losses. Friction is also a quite 
important factor to some processes, such as walking, starting 
and stopping a car, skating and so on.  

Nowadays many focused researches are conducted on the 
‘Capsule Robot’ for medical purposes, because the capsule 
robot can go into the human body to do work such as 
treatment, inspection, image acquisition and so on without 
hurting the patient [3], [4], [5]. A new tracking control issue 
via the pendulum-driven cart system was solved by the 
closed-loop control strategy [6]. The six-step optimization 
motion control approach was also improved by the 
pendulum-driven cart-pole system [7]. In [6] and [7], the 
velocity of the cart changed to negative value at some 
moment, so the displacement decreased. In the pendulum-
driven cart system, there was no opposite force, the cart 
should not go backwards, and this paper is to do research on 
this problem. However, a simple friction model was used in 
[3]-[7].  The friction plays an active role in the capsule robot 
movement. This paper aims to investigate the realistic 
friction models which can be used in analysis and control of 
an active driving capsule robot.  
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The structure of the paper is as follows: in section II, the 
review of previous work on the pendulum-driven cart pole-
system is presented. In section III, investigation on friction 
phenomena and friction models are shown.  A simulation 
study is carried out in section IV along with the 
implementation of the different friction models mentioned 
above. The experiment on measurement of friction 
parameters is described and compared with the experimental 
results and the simulation results, where the most suitable 
friction model for this system is selected. In section V, the 
conclusions are presented. 

II. MODELLING OF  THE PENDULUM-DRIVEN CART 
SYSTEM 

Fig.1 shows the pendulum-driven cart system, the 
inverted pendulum is fixed on the cart. The cart has a relative 
smooth surface which makes it move horizontally on the 
ground. There is a torque motor mounted on the cart which 
generates the torque to swing the inverted pendulum.  Μ is 
the mass of the cart, m is the mass of the ball of the 
pendulum, l is the length of the pendulum, μ is the friction 
coefficient between the ground and the cart, θ is the 
pendulum angle from the vertical direction, x is the 
displacement of the cart, and τ  is the torque from the torque 
motor. 

 

Figure 1.    Pendulum-driven cart system 

The Coulomb model of friction used in [6] is 

yf FMgNxNF +=−= ),sgn( �μ                         (1) 

where μ is the friction coefficient between the cart and the 
surface, N is the normal force, Fy is the resultant force in the 
vertical direction. 

The dynamic model of the system is described by 
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The improved friction model used in [7] is 
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where μk is the friction coefficient, Fy is the resultant force in 
the vertical direction. The following dynamic model can be 
obtained 
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Based on the friction model (2) and the dynamic model 
(4), the simulation was carried out using Matlab/Simulink 
and the sample time is 0.01 second. When the inverted 
pendulum swings, the reaction force from the pendulum to 
the cart drives the cart to move in the horizontal direction, 
the displacement of the cart is shown in Fig. 2. 

 
Figure 2.  Cart displacements as found by [6]and [7] 

From Fig. 2, there is decrease in the displacement curves, 
which means that the velocities of the cart change to negative 
values at the point that the displacement values decrease, 
which is not consistent with the reality situation, based on 
research of the reasons, improvement of the friction model 
can get the better result. 

From the system configuration, the motor swings the 
pendulum to cause a lateral force on the cart to enable 
motion, which can be considered to be a spring. Assuming 
the cart to be a steel block on a smooth aluminium surface, 
the system can be simplified as shown in Fig. 5. 

III. FRICTION MODELS 
Friction is the key factor to determine the progress of the 

pendulum-driven cart and the accuracy between the 
simulation and the physical system. In this paper, general 
friction phenomena and friction models have been 
investigated and the friction models have been applied to the 
dynamic model of the pendulum-driven cart system in 
Matlab\ Simulink [6], [7] and physical experiment has been 
carried out to prove the real friction model of the system via 

comparison of the simulation study and the experiment 
results. 

Friction is the tangential reaction force between two 
surfaces in contact [8], is dependent on the physical 
characteristics of the contact surfaces, and displacement and 
the velocity of the contact body. There are many typical 
phenomena of friction, for instance, the Stribeck affect, 
hysteresis, spring-like characteristics for static friction, and 
varying break-away force [2]. Based on these friction 
phenomena, there are many friction models. The classical 
friction models are Coulomb friction model, Coulomb plus 
viscous friction model and Coulomb plus viscous plus static 
friction model [9]. 

Based on the experiment results, the Dahl friction model, 
LuGre friction model and so on [9], [10], [11] were 
proposed. In this paper, the Coulomb friction model, the 
Coulomb plus viscous friction model, the Coulomb plus 
viscous plus static friction model, the Stribeck friction 
model, the LuGre friction mode and the Dahl friction model 
are studied and implemented into the dynamic model of the 
pendulum-driven cart-pole system. 

A. Modelling idea and evaluation criteria 
The conventional hypothesis to model the friction is that 

the direction of the friction force should be opposite to the 
direction of the relative velocity between the two contact 
surfaces. In [6], [7], the velocity of the cart changes to 
negative and the cart retreats at the end of the motion. The 
reason for this is that at the moment when the velocity of the 
cart changes to zero, friction changes its direction to the 
opposite at once. However in the simulation study, it cannot 
be achieved exactly even if the sample time is very small, to 
save the computing time and get the more exact result, 
modelling the friction force under the new hypothesis that 
the friction tries to stop the mass block [12]. This paper 
switches the dynamic and static friction model when the 
relative velocity between the steel mass block and the 
aluminium surface changes to zero. The reason for switching 
is that when a body is moving, the friction involved is the 
dynamic friction, when the velocity of the body changes to 
zero, the body stops, at this time, the friction involved is the 
static friction. Consequently, the friction model in this paper 
is dynamic model when the velocity of the block is not equal 
to zero, and uses the static model when the velocity of the 
block changes to zero. 

 To select the most accurate friction model for the mass 
block system, evaluation criteria used in this paper are that 
the velocity will not change to negative and the displacement 
of the mass block will not decrease, that is, the mass block 
will stop with the effect of friction and there is no reverse 
motion in the system, which is consistent with the physical 
reality. 

B. Friction phenomena 
1) Stick-slip motion 

Stick-slip motion is one of the typical friction behaviours 
in system. The reason for stick-slip motion is the friction is 
greater when the body keeps still than in motion, experiment 
[2] shows that the mass is still at first, and when there is a 
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linearly increasing force generated by the spring, the mass 
moves to a very small displacement firstly and then starts to 
slide when the applied force reaches the break-away force, 
decrease the spring force and the mass slows down and 
stops, the friction force increases because the static friction is 
greater than the dynamic friction. In [18], the model for 
stick-slip friction is always the function of velocity. Outside 
the small region around velocity is zero, the stick-slip 
friction is an arbitrary function of velocity, and inside the 
region, friction is determined by other forces in the system. 

2) Stribeck effect  
The Stribeck effect is to describe the friction behaviour 

when the relative velocity between the two contact surfaces 
is very small. The Stribeck friction force is function of 
steady-state velocity, when the relative velocity is within 
very low range, the friction force will decrease as the relative 
velocity increases. The relationship of the Stribeck effect and 
the relative velocity is shown in Fig. 3.  

 
Figure 3.    Stribeck effect 

3) Pre-sliding displacement  
When the applied force is smaller than the maximum 

static friction, the two contact bodies keep still, but from a 
micro point of view, there is a very tiny displacement on the 
asperities on the contact surfaces, this is called pre-sliding 
displacement, which is also known as the Dahl effect [9], 
[10]. During the pre-sliding stage of the contact bodies, the 
deflection of the asperities of the surfaces has the spring-like 
characteristic, and the friction force is the function of the 
displacement and is independent with the relative velocity 
between the contact surfaces. The graph of the Dahl effect 
and the displacement is shown as Fig. 4. 

 

 

 

 

Figure 4.  Pre-sliding displacement behaviour as found by [13]  

C.  Friction models 
1) Stribeck model  

The Stribeck model describes the friction phenomenon 
that the friction force does not decrease discontinuously 
when the contact surfaces starts to slip. The friction force is 
dependent on the velocity, when the relative velocity 
between the contact surfaces is very low, the friction force 
has a negative slope. 
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where Fy is the Stribeck friction force, Fs is the static friction 
force, sx�   is called the Stribeck velocity, which means the 
low velocity as shown in Fig. 3[8], Fc is the Coulomb 
friction force,  Fx is the resultant force in the horizontal 
direction. 

2) Dahl friction model 
The applied force is performed by the spring-like 

characteristics. There is a kind of viscous between the 
contact surfaces, if the applied force is larger than the 
defined range, and the viscous effect will be damaged. 
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where Fd is the Dahl friction force, Fc is the Coulomb 
friction force, σ0 is the stiffness coefficient, and Z is the 
bristle deflection. When the velocity changes to zero, the 
friction form changes to the resultant force of the horizontal 
direction, that is Fx. 

3) Coulomb friction model 
The Coulomb friction model was discovered by 

Leonardo da Vinci (1452-1519) and is commonly used in 
engineering [14]. The Coulomb friction is opposite to the 
motion direction, proportion to the normal pressure, and 
independent with displacement, but dependent on the 
direction of velocity. 
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where μ is the friction coefficient, N is the normal force,  x� is 
the velocity and Fx is the horizontal resultant force. 

4)  Viscous friction model 
With the development of fluid dynamic technology, 

affect of viscosity lubrication and viscosity on force has been 
studied, and velocity has been considered as an important 
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factor of friction, the viscous friction model has been 
proposed as Fv in (8) [15], where x�   is the sliding speed, and 
μv is the viscous coefficient. When the velocity changes to 
zero, the friction model switches to Fx as shown in (8). 
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where Fv is the viscous friction, is the viscous friction 
coefficient, μv is the resultant force in the horizontal 
direction, x�   is the velocity. 

5)  LuGre friction model 
The LuGre friction models the average deflection force 

of elastic springs [16]. If the applied tangential force is large 
enough to damage the spring-like characteristic, the bristle 
starts to slip. The LuGre friction models the Stribeck effect 
and supposes that the contact surfaces are pushed apart by 
the lubricant.  
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where the state Z represents the average bristle deflection, 
which means the difference between the relative position of 
the bristle and the position where the bond was formed [8], 
σ1 is the stiffness, σ2 is the micro damping and σ3 is the 
viscous friction coefficient, Fv represents the Stribeck effect, 
Fc is the Coulomb friction force and Fs is the static friction 
force. 

6) Coulomb+viscous friction model 
Based on the development of fluid mechanics, it is found 

that there is viscosity between the contact surfaces, the 
viscous friction force is proportional to the velocity.  
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where Fc is the Coulomb friction,  x�  is the velocity, μ is the 
viscous friction coefficient and Fx is the resultant force in the 
horizontal direction. 

IV. SIMULATION STUDY OF THE SPRING-BLOCK SYSTEM 
To get the real values of the parameters, for instance, the 

dynamic friction coefficient, the static friction coefficient, 
the maximum static friction force and so on, in this paper, a 
physical experiment was carried out to complete this work. 

For the system as shown in Fig. 5, the steel block stands 
on the aluminium flat, compasses the spring one end of 

which is fixed to the left wall. When the spring is released, 
the steel block will move forward and will stop at one point 
because of the friction of the contact surfaces. Applying 
different friction models in simulation, different values of the 
mass block displacements can be obtained. The model under 
which the displacement value is closest to the experiment 
result can be chosen as the most accurate model.   

 
Figure 5.  Spring-steel block system  for experiment and simulation study 

From the energy equation (11), the displacement of the 
system is unique for the determinant parameters. As a result, 
the value of displacement can be chosen as the key factor to 
select the friction model.  

mgskx μ=2

2
1                                    (11) 

Both in the simulation study and in the experiment, the 
applied force is F=10N, the applied time is 0.1s. 

TABLE I.  STEEL BLOCK PARAMETERS  

Parameter Value 
M 1kg 
K 100N/m 
μd 0.25[17] 
μs 0.35[17] 

Parameters used simulation study, the same with the real parameters used in experiment 

A. Physical experiment to find the most accurate friction 
model 
As shown in Fig. 5, the spring is attached to the left wall 

with a compression length x. There are also a steel mass 
block and an aluminium platform. When the spring is 
released, the steel mass block will go to the right direction 
and will stop at a distance s. Values of parameters applied in 
the experiment and the simulation study are the same. In Fig. 
5, m is the mass of the steel block, k the spring constant, and 
F=Kx the external applied force to the system. The task of 
the experiment is to measure the displacement of the block 
when the spring releases. Parameter values used in the 
experiment are as shown in Table I. Through the experiment, 
the displacement of the mass block is 0.20m. 

 

B. Apply friction models to the spring-mass block system 
in simulink 
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1) Coulomb friction model result 

Figure 6.  Displacement under Coulomb friction model 

Figure 6.  shows that the velocity of the mass block under 
the Coulomb friction model is always positive and the 
displacement keeps at 0.16m when the mass block goes to 
still, without reverse motion. 

2) Dahl friction model result 

 
Figure 7.  Displacement under Dahl friction model 

Figure 7. illustrates that the relative velocity between the 
steel mass block and aluminium flat does not turn to 
negative, and the displacement is 0.25m when the steel block 
stops without the inverse motion. 

3) Stribeck friction model result 

 
Figure 8.  Displacement under Stribeck friction model 

From Fig. 8, the velocity of the steel block under the 
Stribeck friction model does not change to zero exactly and 
the displacement is about 0.45m when the simulation time 
reaches about 10s, the final result is not consistent with the 
physical reality. 

4) LuGre friction model result 

 
Figure 9.  Displacement under LuGre friction model 

Figure 9. demonstrates that the velocity of the steel block 
under the LuGre friction model firstly changes to negative 
and then returns to zero. And the displacement decreases 
before it keeps still. The final displacement is 0.13m. 

5) Coulomb plus viscous friction model result 

Figure 10.    Displacement under Coulomb+Viscous friction model 

From Fig. 10, the velocity does not change to negative 
and the displacement of the steel mass block stops at 0.16m 
without inverse motion.  

   The research results from the simulation study are 
summarized in table II. 

TABLE II.    RESEARCH RESULTS 

Friction model Velocity* Displacement Relative 
error** 

Coulomb Yes 0.16m 20% 
Dahl Yes 0.25m 25% 
LuGre No 0.13m 35% 
Stribeck Yes 0.45m 125% 
Coulomb+Viscous Yes 0.16m 20% 

*velocity is always positive or not; **relative error is between the simulation result and the 
experiment result. 
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From Table II, the LuGre friction model falls into disuse 
firstly because of negative velocity.  Displacement of mass 
block reaches different values under different friction 
models. The minimal relative error is 20% under the 
improved Coulomb friction model as shown in (7) and 
improved Coulomb plus viscous friction model as shown in 
(10). According to the selection criterion proposed previous, 
the most accurate friction model should be the improved 
Coulomb friction model or the Coulomb plus viscous friction 
model. 

Friction property depends mostly on the contact surfaces. 
Because the spring-steel block and the pendulum-driven cart 
share the same physical condition, the selected friction 
model can be applied to the pendulum-driven cart system in 
the future research. 

V. CONCLUSIONS 
Applying the selected friction model (take Coulomb plus 

viscous friction model for instance) to the pendulum-driven 
cart-pole system as shown in Fig. 1, the displacement and 
velocity of the cart under the Coulomb plus Viscous friction 
model are shown in Fig. 11. 

 
Figure 11.  Cart displacement under Coulomb+viscous friction model 

From Fig. 11, the cart velocity under the Coulomb plus 
viscous friction model does not change to negative. The cart 
displacement under the Coulomb plus viscous friction model 
does not decrease any more. At the same time, the improved 
friction model can also makes the cart drives to the same 
displacement with the previous friction models, without any 
inverse motion, which is consistent with the physical 
phenomena.  

This paper has completed the following tasks 

• Studied the friction phenomena and investigated 
switching between static and dynamic friction 
models. 

• Proposed two selection criterions of the friction 
models. 

• Simulated the spring-steel block system.  

• Did the physical experiment. 

• Got the most suitable friction model for the spring-
steel mass block system as shown in Fig. 5 and the 
pendulum-driven cart system as shown in Fig. 1.  

In conclusion, the selected friction model considers the 
switching between dynamic and static friction, and makes 
the pendulum-driven cart system move in the positive 
direction without any inverse motion. 
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