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Abstract—1In this paper for the class of nonlinear uncertain
singularly impulsive dynamical systems we present optimal
robust control and inverse robust optimal control results. We
consider a control problem for nonlinear uncertain singularly
impulsive dynamical systems involving a notion of optimality
with respect to an auxiliary cost which guarantees a bound on
the worst-case value of a nonlinear-nonquadratic hybrid cost
criterion over a prescribed uncertainty set. Further we specialize
result to affine uncertain systems to obtain controllers predicated
on an inverse optimal hybrid control problem. In particular, to
avoid the complexity in solving the steady-state hybrid Hamilton-
Jacobi-Bellman equation we parameterize a family of stabiliz-
ing hybrid controllers that minimize some derived hybrid cost
functional that provides flexibility in specifying the control law.
The performance integrand is shown to explicitly depend on the
nonlinear singularly impulsive system dynamics, the Lyapunov
function of the closed-loop system, and the stabilizing hybrid
feedback control law wherein the coupling is introduced via
the hybrid Hamilton-Jacobi-Bellman equation. By varying the
parameters in the Lyapunov function and the performance
integrand, the proposed framework can be used to characterize
a class of globally stabilizing hybrid controllers that can meet
the closed-loop system response constraints. Obtained results
for nonlinear case are further specialized to linear singularly
impulsive dynamical systems with polynomial and multilinear
performance functional.

Index Terms— mathematical model, singularly impulsive dy-
namical systems, optimal robust control, inverse optimal robust
control

I. INTRODUCTION

For the class of nonlinear uncertain singularly impulsive
dynamical systems presented in [2], we have developed robust
stability results in [7]. In this paper we give optimal robust
control and inverse robust optimal control results. For that
purpose, we generalize results developed in [3]. We consider
a control problem for nonlinear uncertain singularly impulsive
dynamical systems involving a notion of optimality with
respect to an auxiliary cost which guarantees a bound on the
worst-case value of a nonlinear-nonquadratic hybrid cost crite-
rion over a prescribed uncertainty set. Further we specialize re-
sult to affine uncertain systems to obtain controllers predicated
on an inverse optimal hybrid control problem. In particular,

specialized to linear singularly impulsive dynamical systems
with polynomial and multilinear performance functional.

Finally, in this paper we use the following standard notation.
Let R denote the set of real numbers, let A/ denote the set of
nonnegative integers, let R” denote the set of nx 1 real column
vectors, let R™*™ denote the set of n X m real matrices,
let S™ denote the set of n x n symmetric matrices, and let
N™ (resp., P™) denote the set of n X n nonnegative (resp.,
positive) definite matrices, and let I,, or I denote the n x n
identity matrix. Furthermore, A > 0 (resp., A > 0) denotes the
fact that the Hermitian matrix is nonnegative (resp., positive)
definite and A > B (resp., A > B) denotes the fact that
A—B >0 (resp., A— B > 0). In addition, we write V’(z) for
the Fréchet derivative of V/(-) at x. Finally, let C° denote the
set of continuous functions and C* denote the set of functions
with 7 continuous derivatives.

II. OPTIMAL ROBUST CONTROL FOR NONLINEAR
UNCERTAIN SINGULARLY IMPULSIVE DYNAMICAL
SYSTEMS

In this section we consider a control problem for nonlinear
uncertain singularly impulsive dynamical systems involving a
notion of optimality with respect to an auxiliary cost which
guarantees a bound on the worst-case value of a nonlinear-
nonquadratic hybrid cost criterion over a prescribed uncer-
tainty set. The optimal robust hybrid time-invariant feedback
controllers are derived as a direct consequence of Theorem
2.1 given in [7] and provide a generalization of the Hamilton-
Jacobi-Bellman conditions for state-dependent singularly im-
pulsive dynamical systems with optimality notions over the
infinite horizon with an infinite number of resetting times, for
addressing robust feedback controllers of nonlinear uncertain
singularly impulsive dynamical systems. To address robust
optimal control problem let D C R"™ be an open set with 0 €
D, and let C. C R™<, Cq C R™4, where 0 € C. and 0 € Cq4.
Furthermore, let . C {F. : D x C. — R"™ : F.(0,0) = 0},
and Fq C {Fq: DxCq — R™: F4(0,0) = 0}. For simplicity
of exposition, we also define (F.(-,-), Fy(-,-)) € Fo X Fq =
F. Next, consider the nonlinear uncertain singularly impulsive
controlled dynamical system

to avoid the complexity in solving the steady-state hybrid Eei(t) = F.(z(t),uct), z(0)=0, =z(t)¢ Z,,

Hamilton-Jacobi-Bellman equation we parameterize a family ) e aL1)

of stabilizing hybrid controllers that minimize some derived te © )

hybrid cost functional that provides flexibility in specifying EqAz(t) = Fa(z(t),ua(t)), =(t)€ Z,,

the control law. Obtained results for nonlinear case are further uq(t) € Uy, (I1.2)
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where the control constraint sets U, U, are given. We assume
(0,0) € U x Uy, F. : D x U, — R™ is Lipschitz continuous
and satisfies F.(0,0) = 0, Fy : D X Uy — R™ is continuous
and satisfies F4(0,0) = 0, and Z, C R™. To address the robust
optimal nonlinear hybrid feedback control problem let ¢ :
D — U, be such that ¢.(0) = 0 and let ¢q : D — Uy be such
that ¢q(0) = 0. If (uc(t), ua(t)) = (Pc(Ecz(t)), ¢a(Eaz(t))),
where x(t), t > 0, satisfies (IL.1), (IL.2), then (uc(-),uq(-)) is
a hybrid feedback control. Given the hybrid feedback control
(uc(t),uq(t)) = (Pc(Ecx(t)), da(Faz(t))), the closed-loop
state-dependent singularly impulsive dynamical system has the
form

Eei(t) = Fo(x(t), oc(Eex(t))), z(0) = o,
t>0, z(t)¢€ 2, (IL3)
EqAx(t) = Fa(z(t), pa(Eax(t))),
x(t) € Z,, (IL4)

for all (F.(-,-), Fa(-,-)) € F.

Next we present sufficient conditions for characterizing
robust nonlinear hybrid feedback controllers that guarantee
robust stability over a class of nonlinear uncertain singularly
impulsive dynamical systems and minimize an auxiliary hybrid
performance functional. For the statement of this result let
L.:DxU, = R, Lqg: D xUy — R and define the set of
asymptotically stabilizing controllers for the nominal nonlinear
singularly impulsive dynamical system (Fio(-, "), Fao(,*)) by

C(wo) ={(uc(-),ua () : (uc(-),uq(-))is admissible
and the zero solutionz(t) =0
o (IL.1), (IL2)
is asymptotically stable with
(Fe(-5-), Fa(:, )
= (Fco(-, ‘), Fao(, ))}
Consider the nonlinear uncertain singularly impulsive dy-

namical system (II.1), (Il.2) with hybrid performance func-
tional

J(Eero o), ua(’)) = / " Le(Bea(t), u(t))dt

+ Y La(Eax(te), ua(ts) JIL5)
kEN|0,00)
where (Fe(, ), Fa(+,-)) € F and (uc(-),ua(:)) is an admis-
sible control. Assume there exist functions V : D — R,
T'e:DxU. =R, Ty :DxUg — R, and a hybrid control law
be : D — U, and ¢q : D — Ug, where V(-) is a C! function,
such that

V(0) = 0, (IL.6)
V(Eex) >0, z€D,x#0, (IL.7)
#.(0) = 0, (I1.8)
$a(0) = 0, (IL.9)

V/(Eex)Fe(x, ¢c(x)) < V'(Eex)Feo(w, de())
+Te(z, (), & 2y, Fo(-,-) €F., (IL10)
V(Eex)Feoo(z, de(x)) + Te(z,de(x)) <0, & Z4, 0 #0

L11)

V(Eax + Fa(x,pa(x))) — V(Eqx) <
V(Eaz + Fao(z, da(2))) — V(Eaz)

+T4(z, ¢a(z)), @ € 2y, Fal,-) € Fq, (IL12)

V(Eax + Fao(z,¢a(2))) — V(Eazw)+Ta(z,da(x))
<0, xcZz, (LI3)
H.(E.x,d.(x)) = 0, x¢&2Z,, (I1.14)
H.(E.x,u.(x)) > 0, x¢ Z,, uc€ U, (L15)
Hy(Eqz, q(Eez)) = 0, x€ 2y, (IL16)
Hy(Eqz,uq(z)) > 0, x€ Z;, uq € Ug(IL17)
where (Feo(+,-), Fao(+,+)) € F defines the nominal singularly

impulsive dynamical system and

Ho(Eez,u.) 2 Lo(Eow,u)HV' (Eex)Foo(x, ue) e (2, ue),
(IL.18)
Ha(Eaz,uq) £ La(Bax,ua)+ V(Eaz+ Fao(z,ua))
—V(xEd)+Fd(x, ud).
Then, with the hybrid feedback control (uc(-),uq(-)) =
(¢ (Eex(+)), pa(Fax(-))), there exists a neighborhood of the
origin Dy C D such that if 2y € Dy, the zero solution z(t) = 0
of the closed-loop system (II.3), (II.4) is locally asymptotically
stable for all (F,(-, ), Fa(+,-)) € F. Furthermore,

(I1.19)

sup J(EC$O7¢C(ECQS('))7(bd(EdI(')))
(Fe(+,-),Fa(-,-))eF
< .7(Ec3307 (bc(')v d)d())
= V(ECJCO)7 g € Do, (11.20)
where

j(Ech,goc('),ud<~)) £
/0 [Le(Eex(t), uc(t)) + Te(x(t), uc(t))]dt

+ > [La(Bax(tr), ua(tr)) + Ta((tr), ua(t))],
kEN0. 0o
o (I.21)

and where (uc(-),uq(-)) is an admissible control
and x(t), t > 0, is a solution of (LI),
(IL2)  with  (Fo(z(t), uc(t)), Fa(z(t), ua(t))) =
(Feo(x(t),uc(t)), Fao(z(t),ua(t))). In addition, if zy € Dy
then the hybrid feedback control (uc(+), uda(+)) = (¢c(Ecz(-)),
¢a(Faz(-))) minimizes J(E.zo,uc(-),uq(-)) in the sense
that

J(Ecxm (bc(Ecx())a ¢d(de())) =

min(uc(‘)wd(‘))ec(lo) J(Ecl’o, uc(~), ud()) (1122)
Finally, if D = R", and
V(Egjqx) = 00 as |z]| — oo, (11.23)

then the zero solution z(t) = 0 of the closed-loop sys-
tem (II.3), (IL.4) is globally asymptotically stable for all
(FC('7')7Fd('7 )) € F, [3] and [7].

Proof: Local and global asymptotic stability is a di-
rect consequence of (II.6)—-(II.13) by applying Theorem 2.1
of [7] to the closed-loop system (II.3), (II.4). Next, let
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(uc(+),uq(+)) € C(xo) and let x(-) be the solution of (Il.1), For simplicity of exposition, we also define (AA;, AAq4) €

(I1.2) with (F¢(-,-), Fa(,*)) = (Feo(-, ), Fao(+,-))- Aje X Apgg 2 A For the following result let R.; € P”,
Then it follows that Reo € Pe, Rq1 € N7, Rqo € N™d be given.
_ . , Consider the linear state-dependent uncertain singularly
0 = —V(Eear(t) + V' (Eer(t)Fe(z(t), uc(t)), 2(t) & Za, impulsive controlled dynamical system
(I1.24) .
0 = —AV(Eaz(t)) + V(Eax + Fa(x(t), ua(t))) Fetle) = (Ao + Ado)sle) + B;%‘“(t)’ I(O); zO’H 29
—V(Eqz(t),  x(t) € Z,. (I1.25) t>0, z(t)¢Z, (1.29)
EdALL'(t) = (Ad + AAq — Ed)l‘(t) + Bdud(t)7 l‘(t) €z,
Hence, (I1.30)
Le(Bex(t), uc(t)) + Le(Ee(t), uc(t) = with performance functional
~V(Ec(t)) + Le(Eex(t), uc(t)) a
J Ecxo,uc(-), . =
V(B0 Faoo(0) elt) + el B0 ufe)) 7>l el )
 V(Bux(t) + H(Bur(t), us(t)), / &7 () ET Rey Bo(t) + uX (£) Resue (£)]dt
z,. 11.26
=(t) & (1.26) + Z T(tk)ET Ra1Eaz(ty) + ug (tr) Rasua (te)],
Similarly, kEN0,00)
La(Baz(t), ua(t)) + Ta(z(t), ua(t)) = a3n
—AV(Eqxz(t)) + La(Eqz(t), ua(t)) where (uc(-),uq(+)) is admissible, (AA., AAq) € A. Fur-
thermore, assume there exist P € P”, Q. : P — N", Qquz :
A E F b 9 C ’ T
+ V( dJU(t)) + d(I(t)7Ud(t)) P* — N, deu(i SN” — Rnxmd’ and Qdudud : N7 — N™ad,
= —AV(Ed.%‘(t)) + Hd(Ed.%‘(t), ud(t)), such that
o(t) € Za. ({27 2 T(AATETP + PAAE)z < 2T ETQ.(P)Eex,
Now, over the interval [0,¢) yields v d Z, AA.€ Ay, (I1.32)
t T T T _
[ elBa®. )+ o0, u o) #(Adg LA+ A3 PAA — AdaDBalRa:
0 +B3 PBq + Qauqu, (P)) !
+ Y [La(Bax(ty), ua(t)) + Ta(z(tr), ua(ts))] (BTPAq + ETQ4T, (P)Eq) — (BYPA,
FENo #9047, (P)" (Raz + B PBa + Quugus (P) ™!
= / [~V (Bex(t)) + He(x(t), ue(t))]dt Bi PAAq + AATPAAg)z <o (Ef Qaea(P)E]
dzug (P)
+ke%j ~AV(Eqz(ty)) + Ha(Bax(ty), ua(ty))] (Ras+ B PBa + gy, (P)) !
v : (Bf PAs+QuT,, (P))
= —V(Eex(t)) + V(Eexo) + /0 He(E.x(t), uc(t))dt —BI P+Qay,,(P)T(Raz + B PBa + Qdugus (P))
Qaigy, (P)
+ Hd(de(tk),ud(tk)) rud
ke%[:o,w —&-(BEPAd + Qd;:[‘ud (P))T(RdQ + BdTPBd—‘,—
> V(Ecl‘o) Qdudud (P))_l
= T(Boxo, de(2(-)), da(z(-))). (IL.28) Qduguq (P)(Raz + B} PBq

-1(T T
Letting t — oo and noting that V(E,/qz(t)) — 0 for all Haugua (P)) 7 (Bg PAa + Qazy, (P)))2,
zo € Dy yields (11.22). O reZ,
Next, we specialize Theorem II to linear uncertain singularly AA4 € Aaq. (IL.33)
impulsive dynamical systems. Specifically, in this case we

; .. Furthermore, suppose there exists P € P™ satisfyin
consider F £ F, x F4q to be the set of uncertain linear pp yme

singularly impulsive dynamical systems, where 0 = z%(A'PE.+ ErPA. + E'R.\E. + Q.(P) —
Fo = {(Ac+ AA)z + Beue : x € R*, A, € R™™, PB.R.; ' B! P)E.x, ¢ Z, (I1.34)
B. € RV AA, € Ay, 0 < Raz+ BiPBq+ Qdugu,(P), (I1.35)
Fa = {(Ad+AAd — Eq)x 4+ Bqug : x € R", Ayq e R™*™, 0 = xT(AEPA_EgPEd—’_EnglEd
Bgq € Rnxmd,AAd S AAd}7 +Qdﬂ?ﬂc(lj) - (B(}‘PAd + ngud(P))T

T -1
where Ay, Ay, C R™ ", are given bounded uncertainty (Rd; + By PBdT+ Qaugua (P))
sets of uncertain perturbations AA., AAq of the nominal (Bg PAq + Qagu, (P)))z,
system matrices A., Aq, such that 0 € A4 and 0 € Ay,. x € Z. (I1.36)
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Then, with hybrid feedback control (uc,uq) =
(6c(2), 9a(x) = (~Rez'BEPEex, —(Ray + BYPBq +
Qduguq(P)) (B PAga + Qay,, (P))x) the zero solution
z(t) = 0 to (11.29), (IL.30) is globally asymptotically stable
for all zp € R™, (AA;,AAg) € Age X Aygq and

sup Jaa.,any)(Eero) < T (Eexo, ¢e(-), al-))
(AcyAd)EA

—J}OE PE.xy, xz9€R",
(IL.37)

where

T(Eeo,ucl)ual) = [ OB R
+uCT(t)Rc2uc( )+ 2 (1) (P)x(t)]dt
+ Z tk E}RdlEdl‘(tk)
kEN[Q )

+ug (tr)Razua(ty) + 2" (ts) Qaaa (P)x (ty)

+2£L’T(tk)9dmud (P)ud(tk) + Ug(tk)

Qaugug (Pua(te)], (11.38)
(I1.39)

and where (uc, uq) is admissible and z(¢), ¢ > 0, is a solution
to (I1.29), (IL.30) with (AA., AAq) = (0,0). Furthermore,

T (Ecwo, de(x(-)), ¢a(x())) =
TN (g () ua () eC(x0) T (B0, Ue(+), ua(+)), (11.40)

where C(zp) is the set of asymptotically stabilizing hybrid
controllers for the nominal singularly impulsive dynamical
system and zy € R"”, [3] and [7].

Proof: The detailed proof is given in [7]. (]

III. INVERSE OPTIMAL ROBUST CONTROL FOR
NONLINEAR AFFINE UNCERTAIN SINGULARLY IMPULSIVE
DYNAMICAL SYSTEMS

In this section we specialize Theorem II to affine uncertain
systems. The controllers obtained are predicated on an inverse
optimal hybrid control problem. In particular, to avoid the
complexity in solving the steady-state hybrid Hamilton-Jacobi-
Bellman equation we do not attempt to minimize a given
hybrid cost functional, but rather, we parametrize a family
of stabilizing hybrid controllers that minimize some derived
hybrid cost functional that provides flexibility in specifying the
control law. The performance integrand is shown to explicitly
depend on the nonlinear singularly impulsive system dynam-
ics, the Lyapunov function of the closed-loop system, and the
stabilizing hybrid feedback control law wherein the coupling is
introduced via the hybrid Hamilton-Jacobi-Bellman equation.
Hence, by varying the parameters in the Lyapunov function
and the performance integrand, the proposed framework can
be used to characterize a class of globally stabilizing hybrid
controllers that can meet the closed-loop system response
constraints.

Consider the state-dependent affine (in the control) uncertain
singularly impulsive dynamical system

Je(@(t)) + Afe(z(t) + Ge(x(t))ue(t),
x(0) = xg, x(t) & Z,, (IL.41)

EqAz(t) = fa(z(t)) + Afa(z(t)) + Ga(x(t))ua(t),
z(t) € Z,, (IIL.42)

E.i(t)

where t > 0, feo, fao : D — R™ and satisfies f.o(0) =
0, fa0(0) =0, D =R", U, = C. = R, Uy = C4 = R™9,
and (Af., Afq) € Fe x Fq = F, where

Af()e Fo C{Af.: R" = R": Af.(0) = 0},

Afd() € Fq C {Afd R* - R": Afd(O) = 0}
In this section no explicit structure is assumed for the ele-
ments of F. Furthermore, we consider performance integrands
L.(Ecx,uc) and Lg(Eqx,uq) of the form

Lo(Eex,ue) = Ly (Fet) 4+ ul Reo(2)ue, © ¢ Z (111.43)

La(Eaz,uq) = Lai(Eqz) + uj Raa(w)ug, = € @L44)
where L. : R® — R and satisfies L¢;(Eez) > 0, 2 € R,

Reo : R™ — P™e, Lq; : R™ — R and satisfies Lq1 (Fqx) > 0,
r € R™, and R4s : R® — P™4 so that (II.5) becomes

HEeou)ual) = [ LB +
ug (t) Rea(x(t)uc(t)]dt + Z [La1(Eax(tr))
kGN[O,oc)
Ful (t)Rao (z(ty))ua(te)]. (I11.45)

Consider the nonlinear uncertain controlled affine singularly
impulsive system (II1.41), (II[.42) with performance functional
(I11.45). Assume there exists a C! function V : R® — R, and
functions Pjp : R® — RY>™ma, Py : R® — N™i Pig o
R” — Rlxn, szd - R — Nnxn’ Pudfd - R* — Rmdxn’
[e:R® 5 R, Ty : R® = R”, Tgpy 0 R? — RY™a and
Tqugug : R™ — N™d such that

P5(0) =0, (I11.46)

Pi4,(0) =0, (I11.47)

Tagu, (0) =0, (II1.48)

V(0) =0, (I11.49)

V(E.x) >0, z€R" x#0, (I1.50)

V' (Ecx)Afe(z) <Te(z), x & Z,,

Af. € Fe, (I11.51)
V'(Ect)[feo(x) = $Ge(2) Ry (2)GE (2)V' T (Ec)]
+T.(z) <0,
xe Z, x#0, (1IL1.52)

Pij (x)Afa(z) + Aff (2) Py, (2)
FAf (@) Pogy (2) Afa(x) + 64 (Ba) Puy gy () A fa ()
+AfT (@) Py g, (2)da(2)
< Taoe () 4+ Tazug (2)da(x) + O3 ()P duguy (2)da (),
x € Z,,Afa(-) € Fa, (I11.53)
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V(Eqz + fao(z)) — V(Eaz) + Pra(w)¢a(2)+

¢a(x)" Pa(x)pa(x)
+Tldz2(®) + Lagug (2 ) a(z)+
(de(x)qudud (x)¢d( ) <0, z€2Z,,

V(Ed.’L' + fdo((E) + Gd(:c)ud) = V(Ed(ﬂ + fdo((ﬂ))

+Pio(x)ug + ung(x)ud,

V(Ed£E + fdo(-T) + Afd(f) + Gd(x)ud) — V(Ed.’b) =

V(Eqz + fao(z) + Ga(x)uq) — V(Eqz) + Py, (2)Afa(z)+

Afi(x) Py, (2) + Aff (z)
Pog, (2)Afa(x) + ug Puy g, (2) A falx)
+Af] (z) udfd( T)ug,

x € 2y, uqg € R™ Afy(-) € Fa,

and
V(Eax) — 00 as ||lz| — oo.

(111.61)

Then the zero solution x(¢) = 0 to the closed-loop system

Eei(t) = fe(z(t) + Afe(z(t)) + Ge((t)) pe(x

1’(0) = Zo, $(t) ¢ Za,

(t)),
(IIL.62)

EqAx(t) = fa(z(t)) + Afa(z(t) + Ga(z(t))da(z(t)),

x(t) € Z,,

(II1.63)

is globally asymptotically stable for all (Af., Afy) € F with

the hybrid feedback control law

pe(z) = —IRL(2)GE(2)V'T(Ex), z ¢ Z1L64)
Pa(r) = 5(Rdz( ) + Po(@) + Taugua (€))7
(P2 + Tapug() ' (2), T € 2, (IIL.65)
and performance functional (II1.45), satisfies
J(Ecxo, de(x(-), pala())) =
min J(Ecxo,uc(-),uq(+)), zo € R*(IIL.66)

(ue(+),ua(-))€C(2o)

where

T(Eeo, ue(-),ua()) 2 / T Le(Ber(t), uelt))

+Le(E(0), uc®))dt + Y [La(e(te), ualt)) +

kEN[o,oo)
T4 (x(tk), ud(tk))], (II1.67)
and
Fe(z,ue) = Teza(x), =& Z,, (I11.68)
Fd (ZE’, ud) = Fdxm (ZIZ‘) + Fdzud (LII)Ud + UdTqudud (CE)’LLd,
T € Z,, (II1.69)

and where (u.(+),uq(+)) is an admissible control and z(t), t >

0, is a solution of (IIL.41), (IIL.42) with (Af.,Afa) =

(0,0).

{(HIafdjtion, the hybrid performance functional (II1.67), with

Lcl(Ecaj) = ¢CT($)RC2($)¢C($) - V/(EC-T)fC0<.'IJ)
—TLewa(T), (I11.70)

(Jliﬁl SE;d:c) = ¢4 (2)(Raz(x) + Pa(2) + Tauguy () pa(z)

(IIL56) —V(Ear + fao(z)) + V(Ear) — Taza (),

(II1.71)
¢simgmymized in the sense that

M8 7 (Bewo, de(Eer(), da(Baz()) =
(uc(~),uI§l(lv§l)€C(wo) J(Ecxo, uc(-),uq(-)). (IL72)
[3] and [7].
Proof: The result is a direct consequence of Theorem
I with D = R", U, = R™e, Uy = R™a, (a: ue) =
fCO('T +Afc(x) +Gc(x)uc’ Fco(xauc) fCO( ) (x)uc,
{' 2k, uc) given by (I11.43), T'e(x,u.) given by (I11.68),
Ml.a0) ¢ Z,., Fy(r,uqa) = fao(z) + Afa(x) + Ga(x)ua,
Fy(z,ua) = fao(z) + Ga(x)ua, La(Ear,uq) given by
(IL.44), Tq(x,uq) given by (II1.69), for x € Z. Specifically,
with (I11.41)—=(I11.44), (ITL.68), and (I11.69), the Hamiltonian
have the form

H.(E.r,u) = Lei(Fex) +ul Rea(2)ue
V! (Eex)(feo(@) + Ge(2)uc) + Leaa (),
T & 2, ue € Ue,
(I11.73)
Hy(Eqz,uq) = Lai(Eqz)+ udTRdg(x)ud
+V (Eaz + fao(z) + Ga(z)ua) — V(Eaz)
+ld02 (%) + Ldguy (2)ud + td Ddugug (¥)ua,
T € Z,, uq €U (I11.74)

Now, the hybrid feedback control law (II1.64), (IIL.65) is
obtained by setting 5 aHC =0 and aH: = 0. With (II1.64) and
(TIL.65) it follows that (IIL.51)—(IT1.60) imply (IL.10)—(IL.13).
Next, since V/(+) is C! and 2 = 0 is a local minimum of V'(+),
it follows that V/(0) = 0, and hence, since by assumption
P15(0) = 0 and T'qzy, (0) = 0, it follows that ¢.(0) = 0 and
$a(0) = 0 which proves (IL8), (IL.9). Next, with L., (E.x)
and Lq;(Eqx) given by (I11.70) and (IT1.71), respectively, and
¢c(), pa(z) given by (I11.64) and (I11.65), (I1.14) and (I1.16)
hold. Finally, since

H.(E.r,u;) = H.(E.r,uc)— H.(E.x ¢C( )
= [uc — ¢c(2)]" Rea(a)[uc — ¢o()], @ & ZELT5)
Hy(Eqx,uq) = Ha(Eaz,uq)— Hd(dea¢d( )

= [ua — da(z)]" (Raz(2)
+P( + Laugug (7)) [ua — da(2)],
T € Z,, (II1.76)

where Reo(x) > 0, z ¢ Z,, and Ra2(z) + Pa(z) +
Paugug () > 0, 2 € Z,, conditions (I.15) and (I.17) hold.
The result now follows as a direct consequence of Theorem
IL. |
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IV. ROBUST NONLINEAR HYBRID CONTROL WITH
POLYNOMIAL PERFORMANCE FUNCTIONAL

In this section we specialize the results of Section IV
to linear singularly impulsive systems controlled by inverse
optimal nonlinear hybrid controllers that minimize a derived
polynomial cost functional. Specifically, assume F £ F, x Fq
to be the set of uncertain systems, where

Fe={(Ac + AA.)z + Beue : x € R™,

A e R B, € R ™M AA. € A }(IV.TT)
Fa= {(Ad + AAd)LE :x € R",

Aqg e R™ " AAg € Aa,t, av.78)
where A4 ,As, C R" ™ are given bounded uncertainty
sets of uncertain perturbations AA., AAq of the nominal
asymptotically stable system matrices A, Aq such that 0 €
Ay, and 0 € Ay,. For simplicity of exposition, we also
define (AA., AAg) € Ape x Aaq = A. For the results in
this section we assume ud(t)AE 0. Furthermore, let R, € P,
Riq € N*, Ry, € P, IA%q,Rq e N* qg=2,...,r, be given,
where 7 is a positive integer, and define S. £ B.R;.'BY.

Consider the linear uncertain controlled singularly impulsive
system

Eei(t) = (Ac+ AAJ2(t) + Beuc(t),  (0) = o,
o(t) & Z,, (IV.79)

EsAx(t) = (Aq+ AAq — Bya(t), z(t) € Z,,
(IV.80)

where u. is admissible and (AA.,AAq4) € A. Let Q,Qq :
Np € S™ — N*, P € Np, be such that

2T (AAYPE. + EFPAA)x < 27Q.(P)z,
r g Z, AA. € Ay,
(Iv.81)
zT(AATPAAG + AATPAq+ AATPAAg)z
<2TQq(P)z, r€Z, AAg € Axgq.
(IV.82)

Assume there exist P € P" and M, € N", ¢ =2,...,7, such
that

system
E.i(t) = (Ac+ AAd)z(t) + Beoe(x(t)), x(0) = xo,
z(t) & Za, (IV.87)
EqAx(t) = (Aa+ AAq— Eq)x(t), x(t) € Z,,
(IV.88)

is globally asymptotically stable with the feedback control law

_Rz_clB;r(P + Z(mTEEMchx)qiqu)Ecxv

Pe(x) =
q=2
& Z,, Iv.89)
and the performance functional (I11.45) satisfies
sup Jaa.aa,(Eco, pe(z0))
(AA.,AAg)eA
S j(Echa ¢c(x0))
T T - 1 T T q n
= 2] E] PECxO+Z g(xo EXM,E.x0)?, g € R",
q=2
(IV.90)

where
T (Eco, ue(-)) = /0 [Le(Eex(t), uc(t)) + Te(Z(t), uc(t))]dt

+ Y [La(Baw(te) + Lale(t:)IVI1)
kEN(0,o0)

and where u. is admissible, and z(t), t > 0, is a solution to
(IV.79), (IV.80) with (AA., AAq) = (0,0), and

Te(z,ue) = 27 (Q(P)+ (2T Ef MyEcx)" ' Qc(M,)) Eex,
q=2
T & Z, 1v.92)

T R q

1 X )
6[(xTRq:v) Z(xTEqude)]_l
2

=1

Fd(l‘) =

T Qq(P)z +
q

(2 (Ag MyAa + Qa(x))x)?™7

—(xTAquAd:L’)qu], T € Z,,

where u,. is admissible and (AA.,AAq) € A. In addition,
the performance functional (II[.45), with Ro.(x) = Ra. and

Iv.93)

2" (Bl RicEc+ ) («"EM,Ecx)" 'R,

q=2

Llc (ECJ?) =

T

+) (T E My Ex)? M) TS,

0 = 2" (A'PE. + EYPA. + E' R\ .E. + Q.(P) — PS.P)x =
td Z,, (IV.83) A )
0 = 2%[(Ac — SeP)* M Ee + EXM,(Ac — SoP) + Ry)z, D (@B MyEcr)™™ M)z,
q=2
T E Zeq=2,...,1, (IV.84) (IV.94)
0 = 2" (AYPAy — Ef PEq+ Ef RiaEq + Qa(P))z, " .
Lig(Bqz) = 2 E}RyqBqx + Z ~ (=" Ry
T € Z,, av.gs) Lialfd dft1akfa q
2 q=2
0 = 2T (AT M,Aq — Ef M,Eq + R,)x, q
€2 g =2 .. 1 (IV.86) > (@ Ef MyEqz) ™!
j=1
Then the zero solution x(t) = 0 of the uncertain closed-loop (™ AJ M, Aqz)?7], (IV.95)
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is minimized in the sense that J(E.zg, dc(z(}))) =
min, (yec(zo) J (Feo, ue(+)), xo € R" (IV.95)where
C(zg) is the set of asymptotically stabilizing controllers for
the nominal system and o € R™, [3] and [7].

Proof: The result is a direct consequence of Corollary
I1I. (I

V. ROBUST NONLINEAR HYBRID CONTROL WITH
MULTILINEAR PERFORMANCE FUNCTIONAL

Finally, we specialize the results of Section VI to linear
singularly impulsive systems controlled by inverse optimal
hybrid controllers that minimize a derived multilinear func-
tional. First, however, we give several definitions involving
multilinear forms. A scalar function ¢ : R® — R is ¢-
multilinear if ¢ is a positive integer and (x) is a linear
combination of terms of the form :z:zf xéz ...x%, where i; is a
nonnegative integer for j = 1,...,n, and iy +is+...+ i, =
g. Furthermore, a g-multilinear function v (-) is nonnegative
definite (resp., positive definite) if ¢(z) > 0 for all x € R"
(resp., ¥(x) > 0 for all nonzero z € R™). Note that if ¢
is odd then ¢ (x) cannot be positive definite. If ¢(-) is a g-
multilinear function then () can be represented by means of
Kronecker products, that is, 1(x) is given by 1(x) = Wzld,
where U € R and z[d £ 2 @ 2 ® --- x z (¢ times),
where ® denotes Kronecker product. For the next result recall
the definition of S, let Ry, € P, Rig € P", Ry, € P™¢,
Rog, Rog € N0™) g =2 .. r, be given, where N'(20n) £
{¥ e RIXn* . gpl2d >0, 4 € R"}, and define the repeated

q
(q times) Kronecker sum as BPAL AQAD--- @ A.

Consider the linear controlled singularly impulsive system
(Iv.79), (IV.80). Assume there exist P € P" and P, €
N@a&n) g =2 . r such that

0 = 2" (A; PE. + El PA. + E RicE. — PB.R; B! P)x,
r ¢ 2y, (V.96)
. 2q A
0 = 25 (P [®(ETA. — S.P)] + Ry,
r € Z,, q=2,...,1, V.97)
0 = 2" (AYPAy — Ef PEq + EJ R1qFq)x,
T € Z,, (V.98)
0 = zT(pq[Ang] - E([j2q]] + é2q)xa
x € Z,, q=2,...,1. (V.99)

Then the zero solution z(t) = 0 of the closed-loop system
(IV.79), (IV.80) is globally asymptotically stable with the
feedback control law

¢o(z) = —Ry) Bl (PE.x + 3¢/ (Ecx)),
z & Z,, (V.100)

where g(z) £ Y. _, P,E.z?4, and the performance func-

tional (IIL.45), with Ro.(x) = Ra. and

Lio(Ber) = 3" EeR1 B + ) RagEea®
q=2
+%g’(ECx)SCg’T(ECx), (V.101)
Li(z) = a"EfRiaEaz + ) féngdx[Qq] (V.102)

q=2

is minimized in the sense that

J(Ecx0> QSC(Z())) -

J(Ecxo,uc()), xo € R™. (V.103)

min
uc(-)€C(z0)
Finally,
J(Bewo, 6e(2()) = a3 EXPEcwo+ Y PyEeaf?,
q=2

2o € R™. (V.104)

[3] and [7].

Proof: The result is a direct consequence of Theorem
II' with fc(x) = Acx’ fd(x) = (Ad - Ed)xs Gc(m) = BC’
Ga(z) = 0, ug = 0, Roc(z) = Rae, Roa(x) = Iy, and
V(Eejax) = 2" EY  PEejar+ Y, P,E.x24. Specifically,
for x ¢ Z, it follows from (IV.81), (V.97), and (V.100) that

V/(Ecx)[fC(x) - %Gc(x)Rgcl(.%‘)GE(x)V’T(Ecx)]:

—2"E Ri B — ) | RygEcal®
q=2
_¢E(:E)R2C¢C(x) - ig'(ECm)SCg/T(m),
which implies (2.2.13). For x € Z, it follows from (V.98) and
(V.99) that

AV(Ed(E) = V(Edl' + fd(l')) — V(Edi) =

fosTE:ledde — Z qux[zq],
q=2
which implies (2.2.14) with G4(x) = 0. Finally, with uq = 0,
condition is automatically satisfied so that all the conditions
of Corollary V are satisfied. (]

VI. CONCLUSION

In this paper we have developed optimal robust control
and inverse optimal robust control results for the class of
nonlinear uncertain singularly impulsive dynamical systems
[5]. Results are based on Lyapunov and asymptotic stability
theorems developed in [6], and results presented in [7].

VII. FUTURE WORK

Further work will specialize results of this paper to time-
delay systems.
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