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Abstract—This paper focuses on the robust /., control prob-
lem for a class of nonlinear switched systems containing neutral
uncertainties with average dwell time (ADT). Uncertainties are
assumed to be nonlinearly dependent on state and state derivative
and allowed to appear in channels of state, control input and
disturbance input. The robust H., control problem of the
switched system with stabilizable and unstabilizable subsystems
is solvable if the stabilizable and unstabilizable subsystems satisfy
certain conditions and admissible switching strategy among them.
ADT and piecewise Lyapunov function approaches are applied
to achieve the control design. A numerical example is provided
to illustrate the effectiveness of the proposed results.

I. INTRODUCTION

The last decades have witnessed a rapidly growing interest
from the control field in the study of switched systems [1-
7]. More specifically, switched systems belonging to a class
of hybrid dynamical systems contain a finite number of
subsystems and a switching signal that must be designed in
order to orchestrate the switching among the subsystems. Re-
cently, there is increasing growth of interest in applying ADT
switching to handle the switched systems [8-10]. As a class
of typical controlled switching signals, ADT switching means
that the number of switches in a finite interval is bounded
and the average time between the consecutive switching is
not less than a specified value. It is widely recognized that
ADT switching is of practical and theoretical significance to
deal with the related stability analyses and control syntheses
problems.

As is well known, uncertainties are unavoidable in engi-
neering control and are frequently the source of instability
and performance deterioration. Thus during the past decades,
the problems of stability analysis and controller synthesis
with uncertainties have received much attention [11-13]. [14]
studied the robust stabilization problem for a class of uncertain
nonlinear cascaded systems, in which the uncertain parameters
are from a known compact set. In [15], the problem of robust
l2-l filtering for switched linear discrete-time systems with
polytopic uncertainties and time-varying delays is investigated.
Furthermore, neutral uncertainties describing many practical
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parameter perturbations are often nonlinearly state and nonlin-
early state derivative dependent. [16] discussed the robust Lo-
gain performance synthesis problem for a class of nonlinear
systems with neutral uncertainties. However, few results have
focused on switched systems with neutral uncertainties so far.

On the other hand, H, control theory for switched systems
has attracted considerable attention by researchers and has
been a hot topic in the control area [17-21]. Especially,
results about nonlinear H, control of switched systems have
progressively appeared to solve robust stabilization and distur-
bance attenuation issues [22-25]. The nonlinear H,, control
problem for switched systems can be stated as follows: Find
a compensator, either state feedback or more general output
feedback and a switching rule (if necessary) such that (1) the
internal state of the closed-loop system is stable and (2) the
Ly gain of the mapping from the exogenous input disturbance
to the controlled output is minimized or guaranteed to be less
than or equal to a prescribed value. In [26], the H,, control
problem of switched systems has been addressed with ADT
in both linear and nonlinear contexts. [27] investigated the
H, control problem for a class of switched nonlinear cascade
systems using the multiple Lyapunov function method.

In this paper, we discuss the problem of robust H, control
for a class of nonlinear switched systems with neutral uncer-
tainties. For the case where states are measurable, sufficient
conditions for the switched system to be asymptotically stable
with H,,-norm bound and design of both switching law
and state feedback controller are proposed for all admissible
uncertainties. ADT switching is used so that the results cover
the case where stabilizable and unstabilizable subsystems both
exist in the switched system. An numerical example is given
to illustrate the applicability of the developed method. As
compared to the existing results, this paper deals with neutral
uncertainties. Additionally, uncertainties are also allowed to
appear in channels of state, control input and disturbance input.

Notation: we use standard notations throughout this paper.
R™ denotes the n-dimensional real Euclidean space, and given
a matrix P, P > 0 denotes that P is positive definite, PT
stands for the transpose of P, I is the identity matrix, | - ||
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represents either the Euclidean vector norm or the induced
matrix 2-norm, and & (-) denotes the largest singular value of
a matrix.

II. PROBLEM STATEMENT AND PRELIMINARIES

In this paper, we consider a class of nonlinear switched
systems described by equations of the form:

T+ Aja'(t) (.TL', t) :fa(t) (‘T) + Af.:r(if) ($7 t) + (Ca(t) (.’17)
+ Aca'(t) (xa t))wo(t)v
Y =ho (), 1)

where o(t) : [0,+00) — I, = {1,---,m} is the switching
signal, which is assumed to be a piecewise constant function
depending on time, x € R™ is the state, w; € R% is the
disturbance input belongs to L2 [0,0) , u; € R™i and y € RP
stand for the control input and the measurement output of the
ith subsystem respectively. f;(x), ¢;(x) and h;(x) are known
smooth nonlinear function matrices of appropriate dimensions
satisfying f;(0) = 0 and h;(0) = 0, Aj;(&,t), Afi(z,1)
and Ac;(z,t) represent unknown smooth nonlinear function
matrices, 7 € I,,,.

The switching sequence o(t) associated with the switched
system (1) is given by

Z = {1'0, (iO?tO)a (i17t1)7 e 7(ik7tk)7 )
li, € Im,k € N}, (2)

in which ¢g is the initial time, x( is the initial state. When
t € [tk,tkt1),o(t) = ik, the ixth subsystem is active, and the
trajectory x(t) of the switched system (1) is the trajectory x;,
of the ixth subsystem. As commonly assumed in the literature,
we exclude Zeno behavior for all types of switching signal in
this paper. In addition, we assume that the state of the switched
system (1) does not jump at the switching instants, i.e., the
trajectory x(t) is everywhere continuous.

In this paper, we assume all uncertainties in the switched
system (1) having the following properties.

Assumption 1. The uncertain functions Aj;(&,t), Af; (z,t)
and Ac;(x,t) are gain bounded smooth functions described as
follows:

Aji(i"t) - eji(sjq' (i'vt)7 ”531” < Hth” )
Afi(xvt) = efiéfi (:L‘7t), ||§f1 < Hsz (:L‘)H )
Aci(xat) = 661‘607’, (:L’,t), ”561 < HWQ (.’t)H ; 3)

where e, , e,, e., are known constant matrices and 6;,,dy,, dc,
are unknown function vectors with 6;,(0,t) = 0 and 0y, (0, )
= 0. W;,, Wy, are known smooth function matrices, W, are
given weighting matrices, ¢ € I,,.

Now, the robust H, control problem to be addressed in this
paper can be represented as: given a constant v > 0, design a
switching law ¢ = o (t) for the switched system (1) such that

(i) The autonomous system (1) is globally asymptotically
stable when w; = 0.

(i) System (1) has weighted Lo-gain from w; to y for all
admissible uncertainties, ie., there holds

/°° e Myt (r)y(r)dr <+ /Oo w (r)wi(7)dr + (o)
0 0

for some real-valued function 5(-) with 5(0) = 0.

Assumption 2. For robust H., control problem, suppose
that not all the subsystems of the switched system (1) are
stabilizable.

Definition 1. For any T, > T7 > 0, let N,(T1,T3)
denote the number of switching of o(t) over (131,73). If
N, (T1,T») < Ny + L2210 holds for 7, > 0, Ny > 0, then 7,
is called average dwell time.

Definition 2. For the switched system (1), suppose that
V;(t) is the corresponding Lyapunov function for the ith
subsystem, then V (¢) is called a piecewise Lyapunov function
candidate if it can be written as V(t) = V,)(z), where
Vo (x) is switched among V;(t) in accordance with the
piecewise constant switching signal o (t).

IIT. MAIN RESULTS

For the switched system (1) with stabilizable and unstabi-
lizable subsystems, the robust H, control problem is solvable
if the stabilizable and unstabilizable subsystems satisfy certain
conditions and admissible switching law among them, respec-
tively. In what folllows, we give the design method for the
robust H, control problem of the switched system (1).

Consider the switched system (1). Under Assumption 2, for
the robust H,, control problem, not all the subsystems are
stabilizable, without loss of generality, we assume that the ith
subsystem (1 < ¢ < s) is stabilizable (where the positive
integer s satisfies 1 < s < m), whereas the other subsystems
of (1) are unstabilizable.

Then, for any piecewise constant switching signal o(¢) and
any 0 < tg < t, we let I (¢g,t) (resp.,II*(g,t)) denote
the total activation time of stabilizable (resp., unstabilizable)
subsystems during (¢o,t). Then, we present the following
switching law:

F): Let tg < t1 <ty < --- < t; (limj_t; = o0) be
a specified sequence of time instants satisfying max;(t;4+1 —
t;) = T < oco. Determined the switching signal o(t) so that
the inquality

O™ (s, ti41) S PN
H+(ti,ti+1) T a— A

“4)

holds on time every interval [t;,t;11)(i = 0,1,---) with o >
0,8 > 0 and A\* € (0, ). Meanwhile, we choose A\* < « as
the average dwell time scheme: for any ¢ > %,

t—t 1
0,T>T*= nu. 5)
T A*

No(t07t) S NO +

Under the switching law (F) for any tg, ¢ satisfying t;_1 <
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to <t <tjgp1 <---

61_[ (t07 )—O[H (t()v )

Bt — to) +Z
=i

+ B(t — tx)
<B(ti —to) — A" (tk — t;) + B(t — tk)
<(B+A)(ti —to) = A"(t—to) + (B+A")(E—tk). (6)
Since on any interval [t;,t;11), the total activation time
period of unstable subsystems satisfies IIT(t;,t;41) <

%(ti_}rl — ;) according to the requirement in (F), we get
from (6) that

<t < t, we can infer

Tty tier) — oIl (t, tg)]

BIIF (to, t) — all™ (to, t) < ¢ — A*(t — to), N

Where ¢ = WT
The following theorem provides theoretical basis for the
robust H, control problem of the switched system (1).
Theorem 1. Given any constant v > 0, suppose that
there exist radially unbounded positive definite differentiable
functions V;(x), i = 1,- - -,m, constants p > 1, such that the
following inequalities

ov; - 1 9V R el
gl HRCI G g B e
-Bi+C’iTDi)T—|—aVi<0,z§s, (8)
1 9V 1 9V
I ' B. TR (- 2"
+yiCEC; —1—72(2%2 o i+ C; D;)R; (2%2 Bz
B+ CI'D)T — pV; < 0,i > s, 9)
Vi < uVj, (10)

and
o (llzf)) < Vi(z) <as(lzl)), 4j=1,---m (11)

hold, where of (x) and o () are two class K, functions
and

2 _ ’72

Vi = Wv& = [Cia)‘jiejia)\fiefivAcqzech

CF = (Yl A, ) FTWE ()W),

DI = [0,(1/A )BIWT.0,0],R; = I - DI D; (12)

with A;;, Ay, and A.,, ¢ € I,,, are positive constants.

Then, the robust H., control problem of the switched
system (1) is solvable under the switching condition (F) and
the average dwell-time (5).

Proof: From Definition 2, we choose the following piece-
wise Lyapunov function candidate:

V(t) = Vo (z)

for the switched system (1), where V() (z) is switched
among the solution V; (z)’s of (8)-(11) in accordance with
the piecewise constant switching signal o.

13)

Regard neutral uncertainty Aj;(&,¢) as an exogenous dis-
turbance and make a new extended disturbance input including
it. In this case, define

df = Wl =\, )08, (8% (U Jwl 8] a4
Then, we can conclude that
df d; < il + (a2 )87.85 + (0(We)/A2) ]
+ (1/A;i)6Ti5fi
<(1+a(We,)/A2) (Y2850,
+ (/33 )0705., (15)

which means
7 el < 2 di+ (%2 )85.85, + (/32 )3 b
Owing to Assumption 1, it holds that

' 2 2
VA lyll™ =2 llwsll

8V

(fl + Afv + ciw; + Aczwv - A]?) + Hy||2 - 72 Hw1||2

8V

T i T end 4 cwi+ ec,dewi — €5,05,) + Iyl

= Jwill®

a
(frde)—i—hTh —2dTd +:; 5755,

5f15f1. (16)

)\2
Furthermore

’yz 5T5

)\2 3: %3 —)\2 (f1 + Afi + cw; + Acjw; —

J(fz + Afi 4+ ciwi + Acjw; — Aj)

Az (fz+Bd)TWT W, (f; + Bid;)

2
—;f? WIW; fi + ”gz TWIW;, Bd;

% I BTWTW;, Byd.

AQ (17)

Combining the previous two inequalities (16)-(17) and con-
sidering (8)-(9), then by completing the squares, there holds

V() + llyl* =+ llwill”

av; 72
:—(fiJrBid) +hTh; —~2d%d; + ;fiTWJ{Wjifi
ji
2%

2
A; df BIW]W;,Bid;

Ji

fTWTWj7B di +

+ ’Yé 517‘:15f7:
f.

oV;

<3 (f1+Bd)+%C’TC v2d] Rid; + 27} C] Dyd,
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:g‘fﬁ_ 2 Rgdi—R;Q(;gfngwC?Dz)T
925 G B+ CTDYR (5 B+ T D))
+77CLCi

<%‘2fz+vfcfcz+v3(23%‘af& PR
. (21?9‘/3 +CTDy)

3{ 56;/‘/2585 "

Note that when w(t) = 0, we know from (18) that for any
t € [tk,tk+1) (to < k < Ny(to,t)), the piecewise Lyapunov
function candidate (13) satisfies

e_a(t_to)va'(tk)(tk)7 Zf ZS S,

PV, (), if P> ()

From (10), V(s (tr) < uVU(t;)(t;) is true at the switch-
ing point t;. Therefore, we obtain by induction that

V(t) S eﬁH+ (tk,t)fal'[_ (tk,t) Va—(tk) (tk)

< MeﬁH*’(tk;t)*aHi(tlwt) V (t—)(t;)
>~ al(t;,

< M66H+(tk,t)fal'[7(tk7t) Va(tk,l)(tkfl)

<.. < ’ukeﬁnﬂtk»t)*an*(tk,t) Vo(to)(to)

N(tg,t)e,@H'*'(tk,t)fozH_ (te,t) 17

< o (to) (t0) (20)

I
where N(tg,t) is the switching numbers in the time interval

(to,1).
Taking (5) and (7) into account, we get

V(t) < ‘uN(to,t)eﬁH‘*'(tk,t)faH_(tk,t) Vo’(to)(to)

_lnp

< eNo lnu-&-ce—()\* ) (t—to) Va(to)(to)

< coe MV, 409 (o), @1
where ¢y = elNolmite N = (A — 1“7“)
According to (11), we have
of ([z]) < Vi(z) < a3 (=) (22)
Combining (20)-(22) gives
lz(®)]| < a7~ (coe ™ )aj ([l (b)) , (23)

which means global asymptotic stability of the switched
system (1) with w(t) = 0. The proof of internal stability is
completed.

It can be easily seen from (18) that for any ¢t €
[t te+1) (o < k < N,(to,t)), the piecewise Lyapunov
function candidate (13) satisfies

e—a(t—tk)vg(tk)(tk) _fttk e~ =10 (7)dr,
if o(ty) =i<s,

PtV o () — fttk eB=TD(7)dr,

if o(ty) =1i>s.

V(t) <

From (10), V,,)(tx) < qu(t;)(t,:) is true at the switch-
ing point t;. Therefore, we obtain by induction that

V(t) Seﬂl_Pr (tr,t)—adl™ (tg,t) Vo(tk) (tk)

t
_/ 6ﬁH+(T’t)_aH7(T’t)F(T)dT

123
+ oIl (ta _
S/Mfﬁn (tr,t)—all (tkﬁt)Va(t;)(tk)
t
7/ 6ﬁH+(T,t)7aH_(T,t)F(T)dT <o
123

SlujkeﬁHJr(to,t)fanf (to,t) Vo’(to) (tO)

t1 B
_/J‘k/ eﬁHJr(‘r,t)—aH (T,t)F(T)dT

to

2 _
—Mk_l/ S () =all™ (RO P (1Y gy — ..

t1

t
_/‘LO/ 66H+(T’t)7an_(7’t)r(’7')d7'
tk

keBH"'(to,t)faH_ (to,t) 1/

= a(to) (to)

t

to
:eﬁHJr (to,t)—all™ (to,t)+No (o) In HVU(to) (to)

t
o / e,BH'*'(T,t)faH_ (15t)+ Ny (7,t) In MF(T)dT. (24)

to

Multiplying both sides of the above

e~ No(to,t) Inp Jeadg to

inequality by

€7NU (to,t) In uV(t)

t
+ / eﬁn+(T,t)—()lH7 (1,t)= Ny (to,7) In uyT(T)y(T)dT
to

§€BH+(to’t)_aH7(t()’t)vg(to)(to)
t
+,.)/2/ e,BH'*'(T,t)faH_(‘r,t)ch,(to,‘r)lnuwT(T)w(T)dT.
to

Under the switching law (F) and the average dwell time
scheme (5) with ¢ < A*, we can obtain

t
[ ety @yt

to
t
§ecf’\*VU(tO)(t0)+72/ e“)‘*(th)wT(T)w(T)dT. (25)
to

Integrating both sides of the foregoing inequality from %g
to oo and rearranging the double-integral area, we obtain

/ e~y T (r)y(r)dr
to

ae ae >
< Va(to)(to) + v 72 / wT(T)u)(T)dT,
to

v (26)
which means that the switched system achieves the weighted
disturbance attenuation level "j\ic'y under the average dwell

time scheme (5) and the switching law (F).
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When the switched system (1) is in the following linear
form:

Z A+EZ

H+Ehz

y _Clxy

Fh wza

27)

where the uncertain matrices satisfy > (¢)>_, (t) < I,v €

{ji,ai,hi,i S Im} Let 5]‘7’ = Zji (t)Fj%S.C,(Sfl

> OF; w8, = 30, (H)Fp,x, it is clear that v

{ji,ai,hi,t € I,}. satisfy Assumption 1 with M;,
Fy, Wy = Fo,, We,

= F},. Then, we have the following
Theorem.

Im

Theorem 2. Given any constant v > 0, suppose that there
exist a set of positive definite matrices P;,? € I,,,, constants
a>0,8>0and p > 1, such that the following inequalities

1
PiA; + AT P, + 42CT Oy 4 ~2( 2PB +CID)R;!

2
(2 2PB +CI'D)T +aP; < 0,i < s, (28)
PA; + AP + 20T Cy + v; (272 PB; + CI'Dy)R;
: (2;23-3,- +CTD)T - BV; < 0,0 > s, (29)
and
Py <pbj, 0,5 €1y (30)
hold, where

2

%‘2 = W’B% [HZ’)\JlEjN)\fiEaﬂ)\piEhi]’

(1/%) 0
oT _ (Y, ) Es | (W )FBs
' (1/)\f ) @i ’ ' 0 7
0 0
R, =I-DID;,

with A;,, Ay, and A.,, i € I,,, are positive constants.

Then, the switching strategy (5) satisfying (F) solve the
robust H, control problem of the switched system (27).

Proof: The proof is similar to Theorem 1.

IV. EXAMPLE

In this section, we give a numerical example to illustrate
the performance of the proposed approach.

Example 1. Consider the nonlinear switched system (1)

with o = {1,2} and
1 1
fi(z) = ha —§$af2(x) = —2x,c0 = —1,

hg = ai,Aj1(i’,t) = aljjsint,ejl = 1,(5j1

= 17h1 =
= aizsint,

W, =1,A42(&,t) = asd cost,e;, = 1,0;, = asd cost,

1 1
Wi, =1, Afi(z,t) = iblxcost, e, =1,6p = Eblxsint,

1
W;, = ix,Afg(amt) = boxsint, ey, = 1,05, = bowsint,
Wy, =z, Aci(z,t) = cre e, =1,0,, =cre ! W, =1,
AC2(xvt) = C2e_t5802 = 17602 = CQe_ta W02 = 1a (31)

and a;, b;, ¢;,© = 1,2 are unknown constants in the set [0, 1].

It is easy to check that the first subsystem is unstabilizable
and the second one is stabilizable. Let v> = 2 and \;, =
Af; = A¢; = 1, then according to Theorem 1, we obtain

71:72:1>B1 [ 1a1a151] B2 [ 1
Cy = [z, —2,%,0],Co = [~ 37, 17, ;O]a
0 -1 0

0 1

0

T _

Dl_OlO
0

o oo oo

We choose Vi (x) = 222, Va(x) = 422, and o = 0.8, =

0.5. Then following (8)-(9),we can infer

8V1 1 oV,
2v¢ Oz

—pVe =~

——B, +C]' Dy)R;*

315 22
<
16 ” <0,

fl +7CTCL+ 7 (=

1 vy

~——B TD
2'71 oz 1+Cl 1)

(53 (32)
and
8V2 1 0V,

2v2 Ox
——=By +CIDy) +aV; =

——= By + C} Dy)Ry*

182,
<0
10 =

. 2 +7C Co+ 73 (5—

18V2

2’Y2 Ox &9

(53

Let p = 2,A* = 0.3, we have 7* = 2 = (.8664 and
the activation ratio of stabilizable subsystems to unstabilizable
subsystems is g+823 = gfi = 1.6. Using the switching
strategy provided by Theorem 1, we obtained that the robust
H, control problem of (1) is solvable, the simulation results

are depicted in Figs. 1-2.

V. CONCLUSION

In this paper, we have investigated the problem of robust
H control for a class of uncertain nonlinear switched systems
based on ADT. Uncertainties are considered to be nonlinearly
relied on state and state derivative and allowed to appear in the
state, control input and disturbance input. Under the condition
that the activation time ratio between stabilizable subsystems
and unstabilizable ones is not less than a specified constant,
we have derived sufficient conditions for the stabilization
and weighted Ly-gain property of the switched system. The
feasibility of the developed results have been proved by using
a numerical example.
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Fig. 1. The switching signals for the switched system (1).
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Fig. 2. The state responses of the switched system (1).
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