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Abstract—This paper addresses the output regulation problem
for switched linear systems. When each regulation equation
has their own solution, we give a sufficient condition for the
output regulation problem to be solvable. Firstly, we give the
regulation equations of switched linear systems and the relation of
the transformed states between two consecutive switching times.
Secondly, the existence of a minimal average dwell-time for every
switching sequence is assumed, and by virtue of an appropriate
Lyapunov analysis, the output regulation is achieved. Our result
is of much less conservativeness.

I. INTRODUCTION

A switched system is a special kind of hybrid system
that consists of a family of continuous time or discrete-time
subsystems and a rule orchestrating the switching among the
subsystems [1]. This type of systems has wide applications in
many fields, for instance, stochastic control [2], fault tolerant
cooperative control [3], power systems [4], autonomous air-
craft control [5]. A lot of methods have been presented to study
stability and stabilization problems for switched systems, such
as the convex combination technique, the common Lyapunov
function technique, the multiple Lyapunov function method,
the switched Lyapunov function method and the average
dwell-time approach [6]-[9].

Output regulation is an important and interesting problem
in control theory. This problem aims to achieve asymptotic
tracking and disturbance rejection for a class of reference
inputs and disturbances, which generated by an exosystem,
besides closed-loop stability. Thus, the problem of output
regulation is more challenging than stabilization and has
attracted much attention. The problem for non-switched linear
systems was widely studied in [10]-[12]. For non-switched
nonlinear systems, there are also many results for the problem
[13]-[15].

It is well known that for a non-switched linear system, in
order to obtain the solvability condition for the output regula-
tion problem, we need to solve a group of regulator equations.
However, for a switched linear system, the solvability of the
output regulation problem is more difficult and complicated.

In order to get sufficient conditions for the problem, we need
to solve a family of groups of regulator equations. If this
family of systems has a common solution, then one can give
the solvability conditions for the problem of switched linear
systems. For instance, the problem for a class of switched
systems with disturbances is solved under the assumption
that the output regulation problem of a convex combination
system is solvable [16]. A necessary and sufficient condition
for the output regulation problem of switched systems under
an arbitrary switching signal to be solvable is obtained in [17].
In addition, the multiple Lyapunov function method is used to
solve the problem of output regulation for a class of discrete-
time switched systems in [18]. The optimal output regulation
is also guaranteed for the discrete switched linear system in
[19]-[20]. However, to the authors’ best knowledge, the output
regulation problem has not been investigated for different
coordinate transformations, which motivates the present study.

In this paper, for reducing the conservativeness, we consider
the regulation equations of each subsystem has its own solu-
tion. This means that each subsystem of the switched linear
system has the different transformation and complicates the
solvability of the problem. Based on this case, we fist give
the relation of the transformed states between two consecutive
switching times. Then, the existence of a minimal average
dwell-time for every switching sequence is assumed, and
by virtue of an appropriate Lyapunov analysis, the output
regulation is achieved.

This paper is organized as follows. Section 2 presents
the problem statement and preliminaries. In section 3, the
sufficient conditions for the output regulation problem to
be solvable are given based on full information feedback
controllers and error feedback controllers. Conclusion is stated
in Section 4.
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PROBLEM STATEMENTS AND PRELIMINARIES

Consider a switched linear system modelled by equations
of the form

ẋ = Aσ(t)x+Bσ(t)u+ Pσ(t)ω,
e = Cσ(t)x+Qσ(t)ω,

(1)

with the state x ∈ Rn, the control input u ∈ Rm, the switching
signal σ : [0,∞) → IN = {1, · · · , N} is a piecewise constant
function of time, the error variable e ∈ Rp, the exogenous
input variable ω ∈ Rr satisfying the following exosystem

ω̇ = Sω. (2)

We are in a position to state the output regulation problem
of the switched system (1).

Output regulation via full information. Given
{Ai, Bi, Pi, Ci, Qi, S} , i ∈ IN , find full information
controllers

u = Kix+ Liω (3)

and switching law σ(t) such that:
1. the system (1) with the controllers (3) is asymptotically

stable under the designed switching law σ(t) without distur-
bance input.

2. for each (x0, ω0), the solution (x(t), ω(t)) of

ẋ = (Aσ(t) +Bσ(t)Kσ(t))x+ (Pσ(t) +Bσ(t)Lσ(t))ω,
ω̇ = Sω

(4)

satisfying (x(0), ω(0)) = (x0, ω0) is such that

lim
t→∞

(Cσ(t)x+Qσ(t)ω) = 0.

Output regulation via error feedback. Given
{Ai, Bi, Pi, Ci, Qi, S}, i ∈ IN , find error feedback controllers

ξ̇ = Fiξ +Gie,
u = Hiξ

(5)

and switching law σ(t) such that:
1. the system (1) with the controllers (5) is asymptotically

stable under the designed switching law σ(t) without distur-
bance input.

2. for each (x0, ξ0, ω0), the solution (x(t), ξ(t), ω(t)) of

ẋ = Aσ(t)x+Bσ(t)Hσ(t)ξ + Pσ(t)ω,

ξ̇ = Gσ(t)Cσ(t)x+ Fσ(t)ξ +Gσ(t)Qσ(t)ω,
ω̇ = Sω

(6)

satisfying (x(0), ξ(0), ω(0)) = (x0, ξ0, ω0) is such that

lim
t→∞

(Cσ(t)x+Qσ(t)ω) = 0.

Remark 1. The system and the output regulation problem
for non-switched system are given in [21]. In [16], the system
model (1) and the description of output regulation problem are
presented for switched linear systems.

In what follows, we assume the exosystem (2) satisfies the
following assumption.

Assumption 1(A1) [22]. The system (2) is antistable, i.e.
all the eigenvalues of S have nonnegative real part.

Before obtaining the main results, we give a definition of
the average dwell time.

Definition 1 [23] [24]. For switching signal σ(t) and any
T ≥ t ≥ 0, let Nσ(T, t) be the switching numbers of σ(t)
over the interval (t, T ). If for any given N0 ≥ 0 and τa > 0,
we have Nσ(t, T ) ≤ N0 + (T − t)/τa, then τa and N0 are
called average dwell time and the chatter bound, respectively.

MAIN RESULTS

In this section, we will give the solvability conditions for the
output regulation problem for the switched linear system (1)
with the full information controllers and the error feedback
controllers, where the regulation equations for the switched
linear system (1) are given.

Now, we give a sufficient condition for the output regulation
problem to be solvable based on the full information feedback.

Theorem 1. If there exist Πi , Γi for ∀i ∈ IN , satisfying
the following equations

ΠiS = AiΠi +BiΓi + Pi,
0 = CiΠi +Qi,

(7)

and the system (1) with different coordinate transformation

x̃(t−k ) = x(t−k )−Πikω(t
−
k ),

x̃(t+k ) = x(t−k )−Πik+1
ω(t−k ),

(8)

and

x(t−k )−Πik+1
ω(t−k ) = Tik,ik+1

(x(t−k )−Πikω(t
−
k )), (9)

where Tik,ik+1
, k ∈ N , are given matrices, then under the

average dwell time

τa > lnµ
λ0

, (10)

where

µ = sup
1≤i,j≤N

∥ P 1/2Ti,jP
1/2 ∥, λ0 = inf

1≤i≤N

λmin(Qi′)
λmax(P ) , (11)

and

(Ai +BiKi)
TP + P (Ai +BiKi) = −Qi′, (12)

the full information feedback controllers (3) solve the problem
of output regulation for the switched system (1).

Proof. Set Li = Γi − KiΠi , and consider the coordinate
transformation x̃ = x−Πiω. According to (7), the system (4)
is rewritten as

˙̃x = (Aσ(t) +Bσ(t)Kσ(t))x̃ = Ãσ(t) x̃,
ω̇ = Sω,
e = Cσ(t)x̃.

(13)

Therefore, the output regulation problem for the switched sys-
tem (1) is equivalently converted to the stabilization problem
of the system (13). According to (9), we have the relation of
the transformed states between the two consecutive switching
times t+k and t−k as follows

x(t−k )−Πik+1
ω(t−k ) = Tik,ik+1

(x(t−k )−Πikω(t
−
k )).
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We define the following Lyapunov function candidate

V (x̃) = x̃TPx̃, (14)

where P is a positive definite matrix satisfying (12). When
t ∈ [tk, tk+1), we have

V (t) ≤ exp

(
−λmin(Qik+1)

λmax(P )

′
(tk+1 − tk)

)
V (t+k )

≤ exp(−λ0(tk+1 − tk))V (t+k ).

Because the coordinate transformations are different, V (t+k ) ̸=
V (t−k ). By virtue of the properties of the positive definite
matrices, there exist P

1
2 > 0 such that P = P

1
2P

1
2 , applying

(9), we obtain

V (t+k ) =∥ P 1/2x̃(t+k ) ∥2=∥ P 1/2Tik,ik+1
x̃(t−k ) ∥2

≤∥ P 1/2Tik,ik+1
P−1/2 ∥2∥ P 1/2x̃(t−k ) ∥2

≤∥ P 1/2Tik,ik+1
P−1/2 ∥2 V (t−k )

≤ µV (t−k ).

Based on the above inequalities, we have

V (t+k+1) ≤ µ exp(−λ0(tk+1 − tk))V (t+k ). (15)

Repeating the inequality (15) from k = 0 to k = Nσ−1 yields

V (t−) ≤ V (tNσ ) ≤ µNσ(t) exp(−λ0t)V (0).

According to Nσ(T, t) ≤ N0 + T−t
τa

, we get V (t−) ≤
µN0 exp

(
t
(

lnµ
τa

− λ0t
))

V (0). Then, the system (4) without
the disturbance input is asymptotically stable under the average
dwell time (10). Meanwhile, we get

lim
t→∞

(Cσ(t)x+Qσ(t)w) = lim
t→∞

Cσ(t)x̃ = 0.

Therefore, we can conclude that the output regulation prob-
lem is solved.

Remark 2. Note that, each group of regulation equations (7)
has their own solution for each subsystem, which leads to the
switched system has different coordinate transformations. The
above Theorem solves the problem of different transformations
for the switched linear systems.

Next, we give another sufficient condition for the problem
to be solvable via error feedback.

Theorem 2. If there exist Πi, Σi,Hi, Fi T̄i,j for ∀i, j ∈ IN ,
satisfying the following equations

ΠiS = AiΠi +BiHiΣi + Pi,
ΣiS = FiΣi,
0 = CiΠi +Qi,

(16)

and the system (1) with different coordinate transformations

χ̃(t−k ) = χ(t−k )− Π̄ikω(t
−
k ),

χ̃(t+k ) = χ(t−k )− Π̄ik+1
ω(t−k ),

(17)

and

χ(t−k )− Π̄ikω(t
−
k ) = T̄i,j(χ(t

−
k )− Π̄ik+1

ω(t−k )), (18)

where

χ̃ =

(
x−Πiω
ξ − Σiω

)
, χ =

(
x
ξ

)
, Π̄i =

(
Πi

Σi

)
,

then under the average dwell time

τa > lnµ
λ0

, (19)

where

µ = sup
1≤i,j≤N

∥ P 1/2T̄i,jP
1/2 ∥, λ0 = inf

1≤i≤N

λmin(Qi′)
λmax(P ) , (20)

and

ĀT
i P + PĀi = −Qi′, (21)

the error feedback controllers (5) solve the problem of output
regulation for the switched system (6), where

Āi =

(
Ai BiHi

GiCi Fi

)
.

Proof. Based on (16), we can rewrite the regulation
equations as follows

Π̄iS = ĀiΠ̄i + P̄i,
0 = C̄iΠ̄i +Qi,

(22)

where
P̄i =

(
Pi

GiQi

)
, C̄i =

[
Ci 0

]
.

Consider the transformations

χ̃ = χ− Π̄iω.

According to (22), the system (6) is rewritten as

˙̃χ = Āσ(t)χ̃,
ẇ = Sw,
e = C̄σ(t)χ̃.

(23)

For the switched linear system (23), we choose the Lya-
punov function as follows

V (t) = χ̃T (t)Pχ̃(t).

Similar to the proof of Theorem 1, we can show that the
problem of output regulation for the switched linear (6) is
solved under the switching law (20).

II. CONCLUSION

In this paper, the output regulation problem for switched
linear systems is investigated. The problem is difficult for
switched systems, therefore, the results are few. The different
coordinate transformations for switched systems is always a
complicated issue. Because once the coordinate transformation
is different, the Lyapunov function is discontinuous, and the
decreasing of the Lyapunov function is difficult to verify.
For switched linear systems, the problem can be solved by
common coordinate transformation, but the conservativeness
is always relatively large.

In this work, we address the output regulation problem
with the transformations of switching instant between the
consecutive time satisfying a relational expressions, based on
this relation, we solve the output regulation problem. We easily
know that when the disturbance and the state of the switched
systems are linearly dependent, the relational expressions
given in this paper is automatically satisfied. By virtue of this,
we can get that the conditions are easy to implement.
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The main contribution in this paper is that the output
regulation problem for the switched linear systems with d-
ifferent coordinate transformations is considered. Sufficient
conditions for the problem to be solvable are given based on
the average dwell time method. For the regulation equations
of the switched linear system, we suppose that each subsystem
has its own solution, which reduce the conservativeness.

Output regulation for switched systems is a complicated
and important problem. Further, studying a robust output
regulation problem for switched linear systems and switched
nonlinear systems is another task for future work.
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