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Abstract—For the chaotic systems with uncertain parameters dictive control [9] is adopted widely when the control problem

and stochastic disturbance, in order to satisfy some optimal includes optimal performance, constraints, uncertainty, etc.
performance index when chaos control is achieved, the Lyapunov- MPC is a kind of optimal control technique, but where it

based model predictive control (LMPC) is introduced. The . o . . .
LMPC scheme is concerned with an ausxiliary controller which differs from the traditional optimal control method is that it

is constructed in advance. Based on the auxiliary controller and Solves the standard optimal control problem on-line in a finite
stochastic stability theory, it is shown that the chaotic systems horizon, rather than determining off-line a feedback law. Also,
with uncertain parameters and stochastic disturbance are practi- \when the on-line solution is obtained, MPC typically sends
cal stable. With the help of the auxiliary controller, the stability of out the first control action to be implemented, and repeats the
LMPC can be guaranteed as well as some optimality property. As calculation at the next instant. The advantages of MPC are

an example, the unified chaotic system with uncertain parameter . . o S
and stochastic disturbance is considered and simulation results that it can handle constraints, owns the ability of prediction

show the effectiveness of the proposed method. especially when there exists time delay, and to some extent
Index Terms—chaos, predictive control, uncertain parameters, overcomes the effect of uncertainty on the systems.
stochastic disturbance, optimization. Motivated by the above discussions, in this paper, we con-

sider the optimization and control problem of chaotic systems

with uncertain parameters and stochastic disturbance by the
Chaos is a complex nonlinear phenomenon that the behavigapunov-based model predictive control [10]-[16]. By using

of dynamical systems is highly sensitive to initial conditionss previously designed Lyapunov controller, the stability is

which is also referred to as the butterfly effect. It exists idiscussed and proved by stochastic Lyapunov stability theory.

many practical fields such as biology, economics, engineeridgs a typical example, the unified chaotic system with the

finance, physics, oscillating chemical reactions, fluid and smcertain parameter and stochastic disturbance is considered

on. Because of the sensitiveness on initial conditions, chaosisl simulation results show the effectiveness of the proposed

unpredictable in the long time and may be undesired in somwthod.

applications. In order to suppress this undesirable behavior,

Ott, Grebogi and Yorke first presented a kind of controlling |l. CONTROL OF CHAOTIC SYSTEMS WITH UNCERTAIN

chaos method, which is so called OGY control method [1]JPARAMETERS AND STOCHASTIC DISTURBANCE BL.MPC

Since then, chaos control has been a hot issue and many, many MPC formulations there often exist two important
techniques have been presented [2], for example, delayed,es that how to guarantee the closed-loop stability and
feedback control method [3], adaptive control method [4}itial conditions starting from where the control is feasible.
linear and nonlinear control methods [5]-{7], active contrg}, order to solve these problems, the Lyapunov-based model
method [8], etc. _ o o predictive control(LMPC) is presented [10]—[16]. The idea of
In real systems or experimental situations, it is difficult t¢ pypc is that a Lyapunov-based controllefz) is designed
obtain the exact model. Instead, people usually only know thgayiously, and the closed-loop stability and the optimization
approximate system model, and uncertain or/and stochagfig pased on the controllefz). With the help of the controller
disturbance exists inevitably. It is important and necessafy,) the stability of LMPC can be inherited and the region

to discuss the control problem when the systems incluge optimization feasibility can be explicitly characterized.
uncertain or/and stochastic disturbance. On the other hand, iM et us consider the control problem of the following chaotic

many practical control fields such as economics, engineerigsiems

finance and so on, the control problem is often connected wit

some optimal performance index for example saving costét) = fo(z(t)) + f1(z(¢)0(z(t)) + 1(x(£)EE) + g(z(t))u(t)
(money, energy), gaining the most profits, and even some con- (1)
straints. Obviously, the above question is concerned with thdere f,(0) = f1(0) = 1(0) = g(0) = 0, namely the origin is
optimal control problem of the systems with uncertain or/arttie equilibrium pointf(x(t)) is the uncertain parameter and
stochastic disturbance. In many application fields, model prthere existsd, > 0 such that||0(z(t))]| < 6; £(t) denotes

|. INTRODUCTION
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the standard Gaussian white noise which can be expressethe assumption(1). Thus, through the above discussion we
as the formal derivative of Wiener process$t); u(t) is the know that Assumption 1 is not difficult to be satisfied.
controller. We suppose that all the states of the system ardemma 1. If  (¢) = F(x(t),0(z(t)), u(ty)) +
available, fo(z), fi(x),0(z),l(x),g(x) are continuous func- I(z(t))£(t),t € [ti,trs1), Where F(x(t), 0(x(t)),u(ty)) =
tions, and compared to the originally deterministic systemy(z(t)) + f1(x(t))0(z(t)) + g(z(t))u(tx)), then there exists
fi(z(t))0(z(t)) + 1(z(¢))&(t) can be viewed as the smalla constanty > 0 such that the following inequality holds
disturbance. E|z(t) — z(ty)|| < vWA.

For a candidate Lyapunov functiol (z), the following Proof.

feedback control law:(t) = h(x(t)) can be constructed
#(t) = F(x(t), 0(x(t), ulty)) + 1(x(0)E(E), ¢ € [tr, trt)

0, if LyV(x)
hz) =9 or/e+ @ V@, N2 (L, V)T, else @ Integratlng the above formula, We get(t) — x(tx) =
bl R v S} Fa(r), 0(e(r)), ult)dr + ))d
th k))aT f;s ) w
wherew = L, V(z) + ||Ly, V(2)||0, + 1Tmce{lT6V l} + Applylng the inequalityi|a + > < 2 Ha|| +21[b])?, then
pV(x), p > 0, LpV(z) = 52 i) = 0,1) and )
LyV(z) = 2% g(x). 1t can be investigated that iF(x) E (”x(t) — ()| )
is a control Lyapunov function, thel(z) is optimal in some (2(7), 0(2(7)), ulty))dr + ft l(iZ?(T))d’LUH2
) t

sense [16]-[18]. Ji F(a(r),0(2(7)), u(ty))d H
N L0(x (tr))dr

The LMPC can be designed as follows <2F

. bt ~T o T j:; l( dw
[ ETOee s ol @ I | |
. Using Cauchy-Schwarz inequality and Assumption 1, we can
#(7) = fo(&(7)) + g(&(7))u(r) (4)  obtain
o i(ty) = :v(tk) ®) E (H]fk F(x(T),H(x(T)),u(tk))dTH2>
7(;5 D gt ulte) < (a( D g (131 < (t—tr) E(f: [Faex ),9(1(7)),u(tk))|\2d7)
(6)
where S(A) is the family of piece-wise constant functions = (t—1tx) ft (”F )79($(7))7“(tk))|‘2)d7
with sampling periodA, which means that the controller < MP(t—ty)? < MPA?

is applied in a sample-and-hold fashio®, R are positive
definite weight matrices. LMPC is unnecessary to use a ( (r deZ) (f ()2 dr)
terminal penalty term, but needs an auxiliary Lyapunov-based t

control law h(z) that gives the contractive constrains of the < M3 (t - tk) < M3A

Lyapunov-based model predictive controller. With the help OIIh

the controllerh(z), the initial feasibility of the optimization is

satisfied automatically. In the following section, we will prove E (||a:(t) _ :c(tk)llz) < 2(M2A + M2)A
the stability of the system (1) under the control actigpy,), -

which further implies that the optimization is consecutively \ya et 2
feasible.

&

= 2(M?A + M3), then by Jensen’s inequality

we get

In order to make the theory analysis easily, we give the 9
following assumption: 3

Assumption 1: Ellz(t) — x(te) || = Ey/[lx(t) — o(te) ||
@) ¥ (y, 0(y), u) — ¥(x,0(x),w)|| < nwlly — |, < \/E A — ()2 < ~VA
e > 0. where ¥ (z, 9(x),u) — LaV(z) + L, V(2)0(x) + </ (la®) - a(w)|) < .
1 ToV?
sl race {l(x) a2 l(x)} LgV (z)u(t). Theorem 1: Consider the trajectory(t) of the system (1)
() [|F(z,6(x),u)|| < My,||I(z(t))]| < Ma, (My > 0,M > ynder the control lawu(t), which satisfies the conditions
0). whereF'(z, 0(z), u) = fo(z) + f1(z)0(z) + g(2)u(t). of Assumption 1 and is implemented in a sample-and-hold

Remark 1: For the chaotic system, its attractor is a boundg@hion:
compact set. When the control input is added and not too large,
usually the boundedness can be kept. Based on the propetti@s = fo(z(t)) + f1(z())0(z(t)) +1(x(t))dw + g(z(t))u(ty)
that the functiongy (x), f1(x), 0(x),(z), g(x) are continuous, )
then we can conclude the assumption (2) holds. Finally,if theheret € [ty,tx+1) andt, = to + kA k= 1,2, ...
function ¥ (z, 0(x),u) is further differential inz for eachu, Then the origin of the system (1) is practically stable in some
we can obtain¥(x,0(x),u) satisfies the Lipschitz propertymean sense.
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Proof. The time derivative of the Lyapunov functidn(x)
along the trajectory:(t) of the system (1) int € [tx, tx+1) IS

given by
oV (x(t)) K
. X
V(a(t) = W(w(t), 0((t)), u(ts)) + = —1(a(t))dw "
Adding and subtracting’ («(t), 0(z(tx)), u(tx)), and taking g
into account Assumption 1 and the constraint (6), we obtain 10
V(@) < —pV (x(t)) + U (z(t), 0(x(t)), u(ty)) 50°
—W(z(ty), 0(z(ty)), ulty)) + Wz(axv(t))dw - o
< =V (a(t)) + nall(t) = w(te)|| + 521 () dw e T
Taking the expectation of the above inequality and using %2 %
Lemma 1, it leads to _ . . ,
) Fig. 1. Phase portrait of chaotic attractor (in1, z2, x3) space.
EV(x(t))

< —pEV(x(ty)) + nuE||z(t) — o(ty)||
< —pEV(2(ty)) + VA

When the right side of the above inequality is less than zero,
we know that the value o'V (z(t)) will decrease. Therefore,

if we taker; > ro > 0 and a small constant > 0 such that

r2 = (5 +’777‘I’\/Z)/p! QTl = {‘T : EV(,T(t)) < Tl}' Qrz =

{z : EV(2(t)) < ra}, then forx(t) € Q,, /2, the state will
converge td2,, in some mean sense. If we further takg, <

r1 and rpi, = Am[aXA] {EV(x(t + Ay)) : EV(x(t)) < ra},
|0,
then once the st}:\te converge(tp, C Q

inside()

roins It WIll remains
for all times. That is to sa%/lim supEV (x(t)) <
—00

Tmin

30

Tmin -
lll. EXAMPLE Fig. 2. Projective portrait of chaotic attractor (m1, z3) plane.
Let us consider the control problem of the unified chaotic
system with the uncertain parameteland stochastic distur-
bancel(z)&(t). The system (8) is called the unified chaotic
system when the right of (8) only include&x(t),6) and 0
6 € [0,1]. As shown in [19], if6 € [0,0.8), it is called the 1
generalized Lorenz chaotic system;éf= 0.8, it is called 0
Lu chaotic system; it € (0.8, 1], it becomes the generalized |n this example, we také(z) and B as (10) and (11),
1
3 (
2

Chen system. Therefore, the parametgrlays an important respectively. Choosing (z) = 4 (23 + 23 + 23), we get
role in the unified chaotic system, and it's natural to discusig(z, 6, u) = a(x, ) + zou, where

the control problem when the parameteis uncertain [20], L9 oo 9
[21]. Furthermore, stochastic disturbance exists inevitably i (,0) = (21,29, 23) f(x,0) + 52(015”1 + 0323 4‘2035;3)9 )
practice. It is necessary to discuss the control problem of the (382_2109)“271522 + (22929 — a3 — (10 +250)2] — 5523
unified chaotic system with uncertain parameter and stochasticz (7171 + 0323 + 0313)

B= (11)

disturbance. whenz, = 0,2 # 0, andd € [0,1], 01 < 2V/5,03 < 4/V/3,
(t) = f(x(t),0) + U(x(t)&(t) + Bul(t) ®)  a(e,0) = —(250+ 10 — %a‘f‘)xf _ (¥ _ %Ug)xg <0
where Thus,V (z) = 3(2% 423 4 23) is a control lyapunov function
(250 + 10) (22 — x1) [17], and the auxiliary controlleh(z) is taken as (2).
f(@,0) = (28 =350)x1 + (290 — 1)ws — w13 (9 In numerical simulations, we take the initial valu€0) =
—(8+0)x3/3 + z122 (2,-1,1)T and the parameters;, = oy = 03 = 0.1,0(x) =
0.1sin(z1)|,p = 0.001,Q = I,R = 1.0,A = 0.02,T =
0121 0 0 dwy 100A, to investigate the proposed method. Figs. 1-2 displays
I z(t))dw = 0 o9za O dwe (10) the phase portrait of the uncertain and stochastic chaotic
0 0 o323 dws attractor when the system (8) is without control input. When
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stability. Simulation results show the effectiveness of the
proposed method.
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the advantage of the proposed method is that the optimality
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