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Abstract: In this note, global stabilization by output feedback is investigated for a class of
non-minimum-phase nonlinear systems previously considered by Marino and Tomei (2005).
It is shown that it is possible to construct, via a new design method that involves no filter
transformation, a globally stabilizing dynamic output feedback controller of order n, instead
of n 4 2(p — 1), for the non-minimum phase nonlinear system in output feedback form Marino
and Tomei (2005), under a slightly general condition (i.e., Assumption 2.2) together with the
assumption that the nonlinear system is non-minimum-phase with respect to the original output,
but minimum-phase with respect to a virtual linear output. Two examples are given to illustrate
the simplicity of the new design approach and its effectiveness.
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1. INTRODUCTION

Global stabilization of nonlinear systems by output feed-
back is an important topic and has received a great deal of
attention in the literature. For minimum-phase nonlinear
systems, extensive research has been carried out over the
years and many results on global stabilization via output
feedback have been reported; see, for instance, the papers
Marino and Tomei (1991, 1995); Praly and Jiang (1993);
Battilotti (1997); Qian and Lin (2002); Praly (2003); Yang
and Lin (2005) and related references therein.

By comparison, only few research results are available
devoting to the problem of global stabilization of non-
minimum phase nonlinear systems by output feedback.
While the paper Isidori (2000) investigated the problem
of semi-global stabilization for non-minimum phase non-
linear systems in the so-called normal form, the work
Karagiannis et al. (2005) proposed a globally stabilizing
output feedback design method for a class of uncertain
non-minimum phase systems, under the assumption that
the zero-dynamics may not necessarily be stable but the
inverse dynamical system satisfies a strong form of the
ISS condition. In Marino and Tomei (2005), a different
class of non-minimum-phase nonlinear systems is consid-
ered. In particular, it was shown that a non-minimum-
phase nonlinear system in output feedback form is globally
stabilizable by output feedback, if there exists a virtual
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output which is a linear combination of the system states,
rendering the non-minimum-phase system minimum-phase
with respect to the virtual output Marino and Tomei
(2005). The conclusion was established by constructing
a dynamic output compensator of order n + 2(p — 1),
with n being the order of the nonlinear system and p its
relative degree. The more recent work Andrieu and Praly
(2008) has studied the problem of global output feedback
stabilization for non-minimum phase nonlinear systems
with a strict normal form. It was shown that some pre-
vious global stabilization results on non-minimum phase
nonlinear systems can be reformulated and recovered by
their methods. In particular, it was pointed out that the
result of Marino and Tomei (2005) can be encompassed
by the work of Andrieu and Praly (2008), and there is an
output feedback compensator of dimension n — 1 for the
nonlinear system in the output feedback form.

In this note, we revisit the problem studied by Marino and
Tomei and point out that for the class of non-minimum
phase nonlinear systems considered in Marino and Tomei
(2005), there indeed exists an n-dimensional, rather than
n+2(p—1)-dimensional, globally stabilizing dynamic out-
put feedback controller. As a matter of fact, we show that
under a slight general condition than those in Marino and
Tomei (2005), i.e., the nonlinear system is non-minimum-
phase with respect to the measured output but minimum-
phase with respect to a linear combination of the system s-
tates, one can construct explicitly an n-dimensional output
feedback compensator, globally asymptotically stabilizing
the non-minimum phase nonlinear system. This is accom-
plished by developing a new yet simpler design method
that does not use a filter transformation — a technique
that is commonly used in Marino and Tomei (2005, 1995).
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The paper is organized as follows. Section 2 contains the
introduction of a normal form for a single-input/single-
output linear system that is controllable and observable,
problem statement and main results of the paper. To
design an output feedback stabilizer, a high-gain observer
is given in Section 3 and a step-by-step controller design is
proposed in Section 4. Based on the work in Sections 3-4,
a new design method is developed in Section 5, yielding
a simpler solution to the problem considered previously
in Marino and Tomei (2005). Two examples are given in
Section 6 to illustrate the simplicity of the new design
approach and its effectiveness. Concluding remarks are
drawn in Section 7.

2. PRELIMINARIES AND MAIN RESULT

In this section, we first introduce a normal form of single-
input/single-output (SISO) linear systems, which will play
a crucial role in the design of an n-dimensional, globally
stabilizing output feedback controller for a class of non-
minimum phase nonlinear systems in output feedback form

Marino and Tomei (2005).

2.1 A Normal Form of SISO Linear Systems

Consider a SISO linear system of the form

g Cla (2.1)

{ T =A.x+bu
where x € R", u € R, y € R are the system s-
tates, input and output, respectively. The vector b =
[0,... ,O,bp,...,bn}T with b, # 0, and the pair (A, C;)
is in observable canonical form

01...0
Ac= |7, c.=110...0].
00...1
00...0

Clearly, the SISO system above has a relative degree p.
The following lemma is a direct consequence of the coor-
dinate transform introduced in Isidori (1995).

Lemma 2.1. The state equations of the linear system
(2.1) can be transformed into

2y = Fzp + g2, 2y = [zHl,.‘.,zn]T,
Z1 = 29
(n—r)x(n—r)
: FeR (2.2)
Zr—1 = Zr
n p—
Zp = Zaizi +byu, g € R™=7)
i=1
by the following nonsingular transformation
_ _ [t T
21 t A,
: . t
z ' 1 A t2
z= "l =Tr= |t A |z = | . |z, (2.3)
Z'r+1 t :
r+1
: . tn
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with t; = [tll,tlg, ey tln]; tib=1t1Ab=. = tlAZ_Qb =
0, t1 AT # 0, t,11b = ... = t,b = 0, b, = t; A7 71b,
where 7 is the relative degree of the linear system (2.1)
with respect to the virtual output

. atln] x.

zZ1 = tlx = [tll,tlg, .. (24)

2.2 Main Result

We now consider the class of nonlinear systems in output
feedback form Marino and Tomei (2005)
= A+ bu+ ¢(y)

where z € R", u € R, y € R are the system states, control
input and measured output, respectively. The matrices
Ac,b and C. are defined by (2.1) and the vector field ¢(y)
is smooth with ¢(0) = 0.

Throughout this paper, we assume that the nonlinear
system (2.5) is non-minimum phase with respect to the
measured output y = C.x = x1, but there exists a virtual
output of the form (2.4) so that the relative degree of the
nonlinear system (2.5) with respect to the virtual output
(2.4) is r. Under this hypothesis, one can employ the linear
change of coordinates (2.3), as shown in Lemma 2.1, to
transform the nonlinear system (2.5) into

ZZ:Zl+1+wZ(y)a 2:1327 37‘713
Zr = ; a;z; + e (y) + bru (2.6)
Zy = Fzy + gz1 + Uu(y)
y=C.r =1,
where ¥y (y) = [Wrp1(y), - a ()], and ¥i(y) = tid(y)
fori=1,2,...,n.

The following condition is assumed in this note.

Assumption 2.2. The relative degree r of the nonlinear
system (2.5) with respect to the virtual output (2.4) (not
measured output y = z1) satisfies

1<r<p.

Notably, Assumption 2.2 reduces to the one introduced
by Marino and Tomei (2005) when the relative degree
r = p. On the other hand, Assumption 2.2 suggests
that r can also be less than p — the relative degree of
the nonlinear system (2.5) with respect to the measured
output y = C.x = x1.

Since 1 < r < p, the control input u would not appear
when calculating the 1st, 2nd, ..., (r — 1)th derivatives of
y(t). This implies that

y=mz1=Fiz+ 0] 2 (2.7)
where oy = [a11, a9, - . . ,al(n,r)}T and
_ | nonzero when r=p
51{0 when 1 <r <p (2.8)
Similarly, it can be shown that for k =2,3,...,r,
zr = (Braz1 + - + Brrzk) + 04 2, (2.9)
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where ay = [ag1, A2, - - - ak(n,r)]T, in other words, zy, is
independent of zg41,...,2, for k=1,2,... r—1.

From (2.7), it is clear that the zero-dynamics of system
(2.6), viewing z; = t1x as its output, are given by

2, = Fzp + p(af 2). (2.10)
For the zero-dynamics (2.10), we assume the same condi-

tion as the one introduced by Marino-Tomei Marino and
Tomei (2005).

Assumption 2.3. There exists a linear virtual output
(2.4),such that the zero-dynamics of the nonlinear sys-
tem (2.6) with respect to the virtual output z1, i.e. the
nonlinear system (2.10), is globally exponentially stable at
the equilibrium z; = 0. That is, there exists a Lyapunov
function U(zp) satisfying

hillalP < U() < hall]
ou
—| <
15511 < allzll

ou

95, Fot wo(af 2)) < —hsl|z]|%,

Vzp € R™™ 7, where h; > 0,7 = 1,2, 3,4 are real numbers.

Under Assumptions 2.2 — 2.3, the following result can be
proved.

Theorem 2.4. Under Assumptions 2.2 — 2.3, the non-
minimum phase nonlinear system (2.5) is globally asymp-
totically stabilizable by a dynamic output feedback con-
troller of the form

wf o(w,y), weR™ (2.11)
u = u(w, y)7
where ¢ : R x R — R™ and u : R” x R — R are smooth
mappings, with ¢(0,0) = 0 and u(0,0) = 0.

Notably, Theorem 2.4 has refined Marino and Tomei
(2005)’s theorem in two aspects: i) it proves the exis-
tence of a globally stabilizing dynamic output feedback
controller of order n, rather than n+2(p—1), for the non-
minimum phase nonlinear system (2.5); ii) the requirement
that the relative degree r of system (2.5) with respect to
the virtual linear output (2.4) needs to be equal to p can be
relaxed and replaced by Assumption 2.2. While the former
makes the design of output feedback controllers simpler,
the latter allows certain non-minimum phase nonlinear
systems that may not be handled by Marino and Tomei
(2005) to be deal with by the proposed output feedback
design method, as illustrated by Example 2.

3. A LUENBERGER-LIKE NONLINEAR OBSERVER

To design an output feedback compensator for the nonlin-
ear system (2.5) in output feedback form, it is natural to
consider the following Luenberger-like observer

&= Ak +bu+ d(y) — koly — Ce), (3.1)

where kg € R™ is an observer gain, such that the matrix
(A + koC.) is Hurwitz.
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Let e = x — & be the state estimate error. Then, it it
straightforward to show that the error dynamical equation
is given by

¢ = (Ac + koCl)e (3.2)

+ koC.) is a Hurwitz matrix, there exists a
>0 Such that

(Ac +koCe) TP + P(Ac + koC) = —1.

Slnce &

In other words, the error dynamics (3.2) is globally expo-
nentially stable because

Wo = —|lel|?, (3:3)
where Wy(e) = €T Pe is a positive definite and proper
Lyapunov function.

Observe that the nonlinear systems (2.5) is globally diffeo-
morphic to (2.6). As a result, the estimation of the state
z can be obtained using the nonsingular transformation
(2.3), i.e., 2 = TZ. From (3.1) and (2.3), it is easy to see
that for system (2.6), its observer is

2= %+ ¥1(y) — Li(y — 21)

ér—l = 27" + ¢7"—1( ) - Lr—l(y - xl)

(3.4)
Zazzz"i_wr +b u—= (y_il)
FZb + 921+ ¥p(y) — Ly(y — 1)
where Lz = tiko,i = 1,2, oy, and Lb = [Lr+17 e ,Ln]T.

4. DESIGN OF AN N-DIMENSIONAL DYNAMIC
OUTPUT COMPENSATOR

In this section, we construct a nonlinear controller based
on the system (3.4), using a step-by-step recursive de-
sign procedure. Because the estimate state 2 = T% and
the measured output y = x; of the system (2.5) are
available for feedback design, the resulting controller is
implementable. As we shall see in a moment, our design
involves no filter transformation and thus yielding an n-
dimensional, rather than n + 2(p — 1), dynamic output
feedback controller for the non-minimum phase nonlinear
system (2.5).

Step 1: Consider the 2;-dynamics in (3.4). Regard 25 as a
virtual control and choose
2y =—21—P1(y) + L1(y — #1)
=21 —1(y) + Li(y — Brs1 — af %) == 7(y, 21, %).
with () being smooth and ~71(0,0,0) = 0. The last
relationship is a consequence of (2.7). As a such,
3y = —5 + 58— 35

Define &; = 21 and & = 23 — 25. Then,

5.1 =—-6+&

Consider now the Lyapunov function V; (&) =
ly,

1&3. Clear-
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Vi=—-E466& (4.1) With this in mind, consider the Lyapunov function

Step 2: For the z-dynamics, note that Vin(€1y ooy &m) = Vi1 &1y oo o &me1) + § Zf
Eo=13y— 2; for the (21, -, 2;,)-subsystem. A direct calculatlon gives
= %3+ h2(y) — La(y — 21) )
Oy Oy Om i < — "2
95T 55 oy 2t W) Y = Z &+ bnan + =
Design the virtual controller _gm 16m — E& 4 Embmat
87 —1 67 —1
- o ; : o —2 (R e
5 = —valy) + Laly — 00) + 1+ o oy
0 0 2 m—1,
+aly1[$2+¢1( y)] —& — & — & 71) S—Zé} VRS (4.4)
i=1

= 72(3/3 217 227 ZAb)’

with ~a(-) being smooth and 42(0,0,0,0) = 0, and denote Step r: At this step, from &, = 2, — 27 it follows that

= 23— 2% Th ;s L%
53 = K o 67 = 737" - 27
: o oy " _
b=—8-&+&—&( 1) —a—ylez =S g+ () + b — Lo(y — 1)
i=1
For the (%1, 22)-dynamics, using the Lyapunov function 1y 1 Oy - Oy
Va(€1,&) = Vi(€1) + 2€2 leads to (in view of (4.1)) - Z gA ~3; - gA “2p — 79 (@2 + 61 (y))-
= 0% Zb Y
Vo= —£2 4616 Clearly, a smooth feedback control law of the form
28l oy
—&1& — 65+ Eabs — 52( 1) - 6715262 1 .
1 U = 57|: gr l_gr Zazzz wr ) (y_xl)
<€ -+ &l + b (4.2)
4 +Za7r 1Av+a’}/r—1;+8’yr 1( +¢())
Step m (3 <m <r —1): Define — 0%; =i 0%y b oy 2 !
S e s 5 . 5 Or—
m =2m — 25, 2 = Vm_1(Y, 21,y B, %) (4.3) =& ( Jr—1 )2}

where the virtual control v,,,_1(-) is a smooth function with . A A
Vm—l(o) = 0. Clearly, ( ) = U(Zla sy Zry Zby y) = ’U,(Z, y)v U(O, O) = 07 (45)
is such that

ém - '.27n -z 0
m : Yr—1 0vr—1
= Zm41 +1/1m( ) —L(y — 1) &= =& =& Oy ) - Oy 2

_ Z 8’7771 Ly 8%n—1é B Y1 (22 + ¢1(y)) Now, Choose the Lyapunov function

~ b
02 dy
Vr(f) :Vr—l(fla"'afrl + 52 E 52

Similar to the previous steps, one can design the virtual

controller for the (21, -, 2,)-subsystem. It is easy to show that
m—1 6’)’ .
2:1 = —Gm-1"Sm — ¥m +Lm - + Wiiléi y - r—2
1= ~Em-1—E&n — Um(y) (y — 1) ;1 0% Vo<-Y e+ =4
87771—1 ; 8'Ym 1 a’)/m 1 -
+ = Zy + T + m 9 r— 0 r—
azb b ay ( 2 ¢)1( )) f ( ) _frflfr 52 é— ( ’g 1)2 _ g 157‘62
L A PO Yy y
T ’Y’ITL(y7 Zly+++y2m, Zb)~

Let {mi1 = Zm41 — 25,41 Then, we have (4.6)

Em=—m—1— bm + Zmy1 — 2}
" " mo et In the next section, the Lyapunov inequality (4.6) will be

_gm(avm—l)Q _ Om—1 ey used to prove the n-th order dynamic output feedback
dy dy controller (3.4)-(4.5) globally asymptotically stabilizes the
OVm-1v2  OYm—1 non-minimum phase system (2.5) or, equivalently, the

=~&m-1 = &m + E&mr1 — &Eml oy )" - Ay €2 system (2.6).
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5. PROOF OF THEOREM 2.4

For the convenience of proof of Theorem 2.4, we observe
that the closed-loop system formed by (2.6) and the dy-
namic output compensator (3.4)-(4.5) can be equivalently
expressed as

¢ = (Ae + koCo)e,
21 = 2o+ Y1(y) — La(y — 21)

e=T7"1z-32),

ér—l = 27“ +77[}7"—1( ) - L?"—l(y - fl)
Zazzz""'(/}r L (y_-'fl)

FZb + 921 +Up(y) — Lo(y — 1)

) +bru(Z,y) —

In view of (3.3) and (4.6), it is natural to choose the
composite Lyapunov function
1
Ve, §) = (T +1)Wo(e) + Vi(§)

for the (e, 21, - - -, 2, )-dynamics of the system (5.1). Clearly,

Vie.6) = (L + 1)1ile) + V()

4
r - r—1
~( P-Y g+
i=1

T
<—llell*->_&.
i=1

Keeping this in mind, we now show that the closed-loop
system (5.1) is globally asymptotically stable.

(5.2)

To this end, recall the relation (2.7) and introduce the
change of coordinate

b1
1= 2 + walzl, (5.3)
which can be rewritten as
. B1 .
M = 2 + tpe + Wal(21 +tie) (5.4)

with tp := [tra1,. .., ta] T

From (5.3) and (2.7), it is easy to verify that

y=x1 = 04{771)-
Using this fact, together with (5.3) and zp-dynamics of
(2.6), we obtain

— Fay4gn + Gy(y) + ﬁjpal(@ ()

oy

B
=F(m — W(xﬂl) + gz1 + ()

|| ||2 ( 21 +€2+L161 +t1€+t2€)

=Fm+ ¢b(0q 77b) + 5(21 + tle)

+ ﬁ||2a1(§2+L161 +(t1 +t2) ) (55)

where g = g — FllaHQal ||aH20‘1 is a vector in R™™".
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By Assumption 2.3 and the fact that 7, = 2, when z; = 0,
it is concluded that

My = Fnp + vy (af np) (5.6)

is globally exponentially stable Vi, € R®".

Note that the dynamical system (5.5) is composed of a
globally exponentially stable system (5.6), driven by a
linear input signal (21,&2,€e), and hence it is input to
state stable (ISS). Moreover, by (5.2) the (e,&1,-+,&)-
dynamics of (5.1) is globally asymptotically stable at the e-
quilibrium (e, &1, +,&.) = (0,0,...,0). Consequently, the
states (21(t),&2(¢),e(t)) = (£1(t),&(t),e(t)) are bounded
Vvt > 0, and tend to zero as t goes to infinity. By the ISS
property of the system (5.5), 1, is globally bounded and

Jim ,(2) = 0.
This, in view of (5.4), implies that state 2, is globally
bounded and
lim 2b(t, €0, 20) =0
t—o0

for any initial condition (eg,29) € R™ x R™. Using
this fact, together with the construction of the virtual
controllers (4.3), one can deduce that lim; o 25(t) =
lim; o0 11 (y, 21, 2») = 0. Recursively, it can be concluded
from (4.3) that limy o 25,(t) = 0, for m = 1,2,---r
This, in turn, yields lim;_ o0 2 (t) =0, m = 1,2, 1.
In conclusion, the closed-loop system (5.1) is globally
asymptotically stable at the equilibrium (e, £) = (0, 0).

6. ILLUSTRATIVE EXAMPLES

In this section, we present two examples to demonstrate
some interesting features of the output feedback control
strategy proposed in the previous section. The first ex-
ample is adopted from Marino and Tomei (2005), which
illustrates how a dynamic output feedback controller of
order 3, instead of 5, can be designed.

Ezample 1: Consider the nonlinear system of the form (2.5)

. 2
Ty =22 —Y

. 2
Tog =T3—UTY
l"gi’u,
y=x1

(6.1)

The zero-dynamics of (6.1) is obtained by setting y = 0.
A simple calculation shows that 9 = 1 which is unstable.
That is, the nonlinear system (6.1) is non-minimum phase.
The system has a relative degree p = 2 with the measured
output y = x7.

Now, consider the virtual output
21 =x1 + Z(IQ + Ig).

The system (6.1) with respect to z; has a relative degree
r = 2. The corresponding zero dynamics is n = —n,
and thus minimum phase. By Theorem 2.4, there is a
dynamic output feedback controller of order 3, globally
asymptotically stabilizing the non-minimum phase system
(6.1). The output feedback controller can be designed
as follows. Introduce the nonsingular transformation (see
(2.3) with r = 2)
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21 =1 + 2($2 + {E3)
Z9 = Tg + 223 (6.2)
23 = I1 + T2 + T3,
which transforms system (6.1) into (see (2.6))
h=zm+y
L=-—ntntatytu (6.3)

2',’3 = Z1 — Z3.

The 3rd-order dynamic output feedback controller, accord-
ing to (3.1), (3.4) and (4.5), is given by
&y =32 —y* +3(y — 21)
To=H3—u+y’ +3(y— 1)
T3 =u+ (y — 1)
=212 — 142y — 2333 — 14y + 6(y — 21)
—(11 4 2y) (22 — ¢?)
—(22+ 21+ 97 + 11(y — £1))(11 + 2y)?
where 21 = 21 + 2(:2?2 + JAC3), 29 = Xo + 223 and 23 = 1 +
To + T3.

(6.4)

Ezample 2: Consider a 3-dimensional non-minimum phase
system in the form (2.5), i.e.,

. 5 3
xlzmg—y—gy

iy =3 —u+y’ (6.5)
.’i,'g:’u,

Yy=2x.

It can be verified that the system above has a relative
degree p = 2 and its zero-dynamics is 7j; = 1; with respect
to the output y = x1. Thus, the nonlinear system (6.5) is
non-minimum phase.

On the other hand, if one picks the virtual output
21 = 21 + v2 + 23,
the resulted zero-dynamics is

3
{ ne = 3n2 — 203 — 5(773 — )’ (6.6)
Mg = Tng — 4ns — 4(ns — n2)?,
which is globally asymptotically stable at the equilibrium
(n2,7m3) = (0,0). Moreover, the system has a relative degree

r=1< p =2, with respect to z;.

According to Theorem 2.4, there exists a dynamic output
feedback controller of order 3, globally asymptotically
stabilizing the non-minimum phase system (6.5). Using the
following change of coordinates

21 =1 + T2 + 223
20 = X1+ X2 + I3 (67)
23 = 2x1 + 22 + X3,
system (6.5) can be transformed into
. 3 3
21 =329 — 2234+ u— iy
(6.8)

22 = 322 — 22’3 — 52/3

33 = —z1 + Tzg — 425 — 43,

For the nonlinear system (6.8), one can design the fol-
lowing dynamic output feedback controller based on (3.1),
(3.4) and (4.5):
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5 . 5 .
xlzxg—y—§y3+3(y—x1)

:£3_u+y3+3(y_§31) (69)
U - .

3
u:—21—322+223+5y3—8(y—ﬁ1)

where 21 = .’il +i’2+2§33, ?:’2 = i’l +£i‘2+{i3 and 23 = 2I]A',‘1+
To + 3.

7. CONCLUSION

In this note, we have shown the existence of an n-
dimensional, rather than n+2(p—1)-dimensional, dynamic
output feedback controller for a class of non-minimum-
phase nonlinear systems in output feedback form (2.5)
previously studied by Marino and Tomei (2005). The proof
is constructive and involves no filter transformation as
done in Marino and Tomei (2005), and thus leading to
a simpler n-th order dynamic compensator. In addition,
the proposed output feedback design method allows the
relative degree r of the system with respect to the virtual
output be less than or equal to the original system relative
degree p. The simplicity of the proposed output feedback
control method have been illustrated by examples.
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