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Abstract: This paper presents a novel collision avoidance approach in formation control for
Multi-agent Robots. The control strategy consists in the mix of attractive vector fields and
repulsive vector fields based on a scaled unstable focus centered at the position of another
robot, instead of the vector fields obtained from the negative gradient of repulsive potential
functions. The analysis of the closed-loop system is presented for the case of two point robots.
After that, a modification of the composite vector field is proposed adding a discontinuity in
order to avoid the undesired equilibria of the system. Real-time experiments using unicycle-type
robots show that the control strategy exhibits good performance.
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1. INTRODUCTION

Formation control is a current research area of motion
coordination for Multi-agent Robots Systems [Arai et al,
2002]. The goal is to coordinate a group of mobile agents
to achieve a particular geometric pattern. The range of
applications of formation strategies includes toxic residues
cleaning, transportation and manipulation of large objects,
alertness and exploration, searching and rescue tasks
and simulation of biological entities behaviors [Chen and
Wang, 2005, Desai et al, 2001]. The main feature of the
formation strategies is the decentralization of the control
laws because it is assumed that every robot knows the
position of certain team members only and, eventually, it
senses the position of other robots when a minimal allowed
distance is violated to avoid collisions [Lin et al, 2004,
Balch and Arkin, 1998, Cao et al, 1997]. Decentralized
schemes also allow less computational charge in the local
controllers of the robots and scalability to large groups.

The formation strategies were initially based on vector
fields obtained as the negative gradient of an artificial
potential function, applied to the case of one mobile
robot [Rimon and Koditschek, 1992]. This function is
composed by the sum of an Attractive Potential Function
(APF), centered in the position of an static goal, and the
eventual smooth appearance of a local Repulsive Potential
Function (RPF) placed in the proximity of a fixed obstacle
[Leonard and Fiorelli, 2001, Tanner and Kumar, 2005].
The extension of the mix of APF’s and RPF’s to the case
of multi-robot formation involves the sum of local APF
now depending of the dynamic positions of other robots
and RPF’s that appear in the case of a collision danger
between a pair of agents. The standard design of a RPF
is based on rational functions of the distance of a pair
of agents which tends to infinity when the agents collide
and vanishes smoothly until the minimal allowed distance
is reached [Tanner and Kumar, 2005, Dimarogonas and

Kyriakopoulos, 2006]. The most well-known RPF in the
literature was designed by Khatib [Rimon and Koditschek,
1992]. The main drawback of the sum of APF and
RPF is the appearance of undesired equilibria where the
composite vector field vanishes and the robots are trapped
at an undesired position. Also, the analysis to calculate
these equilibria and the trajectories which do not converge
to the desired formation is very complex [Do, 2006]. In
Dimarogonas and Kyriakopoulos [2006], it is shown the
complexity analysis of decentralized RPF’s applied to
formations with bidirectional communication. However,
the convergence analysis discards the undesired equilibria.

In the literature, some approaches have been proposed
to ensure the convergence and collision avoidance
preventing the undesired equilibria. The navigation
functions approach [Dimarogonas et al, 2006, De Gennaro
and Jadbabaie, 2006] design functions with attractive and
repulsive behavior to eliminate the undesired equilibria.
The drawback is that the non-collision strategy loses
decentralization because it requires full-knowledge of the
system. Also, most of these functions are high-order with
a corresponding high computational cost for the real-time
implementation. On the other hand, some approaches
propose small perturbations to allow the agents to escape
from these equilibria [Antich and Ortiz, 2005, Ge and
Fua, 2005]. However, the previous strategies do not
include formal proofs about the convergence to the desired
formation. Finally, the use of non-smooth vector fields can
rule out the existence of undesired equilibria. Some works
about discontinuous vector fields in formation control are
Yao et al [2006], Loizou et al [2003], Hernandez-Martinez
and Aranda-Bricaire [2009]. The analysis falls on the
control of variable structure systems [Itkis, 1976, Filippov,
1988]. In most works, the repulsive discontinuous forces are
designed heuristically and no formal proofs are presented,
for instance [Barnes et al, 2007].
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In this paper, a novel decentralized non-collision strategy
is presented. The repulsive force is not obtained as the
gradient of any RPF. Instead, the repulsive force is
obtained from a vector field based on a scaled unstable
focus. The approach is an alternative to the standard
methodologies and was announced in Hernandez-Martinez
and Aranda-Bricaire [2011]. The analysis is carried out
for the case of two point robots and extended to the
front point of unicycle-type robots. It is demonstrated that
there exists an undesired equilibrium which correspond to
a saddle point inside the influence region of the repulsive
forces. To rid this equilibrium, a discontinuity of the vector
field is forced to ensure that the agents do not cross the
minimum distance and therefore, the undesired equilibria
is get rid of. Real-time experiments show that the agents
trajectories exhibit good performance.

2. PROBLEM STATEMENT AND STANDARD
METHODOLOGY

Denote by N = {R1, R2}, a set of two agents moving in
plane with positions zi(t) = [xi(t), yi(t)]

T , i = 1, 2. The
kinematic model of each agent or robot Ri is described by

żi = ui, i = 1, 2 (1)

where ui = [ui1, ui2]T ∈ <2 is the velocity along the X
and Y axis of i-th robot. Let c21 = [h21, v21]T ∈ <2 denote
a vector which represents the desired relative position
of R1 with respect to R2 and c12 the desired relative
position of R2 with respect to R1. It is assumed that there
are no conflicting interagent objectives, in the sense that
c21 = −c12. Thus, the desired relative position of the two
robots is

z∗1 = z2 + c21, z∗2 = z1 + c12 (2)

Problem Statement. The control objective is to design a
control law ui(t), i = 1, 2, such that limt→∞(zi − z∗i ) = 0,
i = 1, 2 and ‖z1(t)− z2(t)‖ 6= 0, ∀t ≥ 0.

Let be d the diameter of a circle that circumscribes each
robot. In the rest of the paper, it is considered d = ‖c21‖
to simplify the computation of the equilibra.

Using the standard methodology of artificial potential
functions, for system (1), local APF are defined by

γi = ‖zi − z∗i ‖2, i = 1, 2 (3)

Note that the functions γi are positive definite and reach
their global minimum (Vi = 0) when zi = z∗i , i = 1, ..., n.
To avoid collisions between robots, define RPF’s given by

ψi = δVij , i = 1, 2, j = 1, 2, i 6= j (4)

where δ =

{
1, if ‖z1 − z2‖2 < d2

0, if ‖z1 − z2‖2 ≥ d2
and Vij as any

function that satisfy Vij = 0 and
∂Vij

∂βij
= 0 when

‖z1 − z2‖2 = d2, Vij is monotonously increasing for

‖z1 − z2‖2 ≤ d2 and lim‖z1−z2‖2→0 Vij = ∞. The
formation control law with collision avoidance is given by

ui =−∇(γi + ψi), i = 1, 2 (5)
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Fig. 1. Standard Khatib’s RPF non-collision strategy

A common function Vij reported in the literature was
proposed by Khatib [Rimon and Koditschek, 1992] as

Vij =

 η

(
1

‖z1 − z2‖2
− 1

d2

)2

, if ‖z1 − z2‖2 ≤ d2

0, if ‖z1 − z2‖2 ≤ d2
(6)

where η > 0 is a gain parameter. To study the relative
position of agents R1 and R2, define the variables

p = x1 − x2, q = y1 − y2 (7)

The dynamics of (7) in the closed-loop (1)-(5) is given by

[
ṗ
q̇

]
= 2

−k (p− h21) + δη
1

τ2

(
1

τ
− 1

d2

)2

p

−k (q − v21) + δη
1

τ2

(
1

τ
− 1

d2

)2

q

 (8)

where τ = p2 + q2. The phase portrait of the system
(8) is shown in Figure 1 for c21 = [−3,−3]T , k = 1
and η = 1000. Note that there exist an equilibrium in
[−3,−3] that corresponds to the desired formation and
a undesired equilibrium (saddle point) located within the
proximity zone (red circle) when δ = 1 . So, the robots
will be trapped at the undesired equilibrium point if the
initial conditions of robots coincide in the same straight
line defined by the goal and the origin of the p− q plane.

3. FORMATION AND NON-COLLISION USING
ARTIFICIAL VECTOR FIELDS

As alternative design of the attractive and repulsive forces,
let ϕi = −(zi−z∗i ), i = 1, 2 be the attractive vector field for
every robot. They are stable nodes placed at the desired
positions of the robots. It is clear that they can also be
seen as the negative gradient of the potential functions
(3). Define the repulsive vector fields (RVF’s) as

β1 = δV

[
(x1 − x2)− (y1 − y2)
(x1 − x2) + (y1 − y2)

]
(9)

β2 = δV

[
(x2 − x1)− (y2 − y1)
(x2 − x1) + (y2 − y1)

]
with δ given in (4) and V =

(
d2

‖z1−z2‖2 − 1
)

. For each

robot, the repulsive vector field is a counterclockwise
unstable focus centered at the position of the other robot.
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This vector field is scaled by the function V . This function
comply with the same features of a RPF. Using these
vector fields, we define a new control law given by

ui = kϕi + ηβi, i = 1, 2 (10)

where k, η ∈ < and k, η > 0.

Proposition 1. Consider the system (1) and the control
law (10). Suppose that d = ‖c21‖. Then, in the closed-loop
system (1)-(10) there exist two equilibria. The first is
a stable node where the agents achieve the desired
formation, i.e. zi = z∗i , i = 1, 2. The second is an undesired
equilibrium point which appears only when δ = 1 and
corresponds to a saddle point.

Proof. The closed-loop system (1)-(10) is given by

ż = (A+B)z + c (11)

where z = [z1, z2]T , c = k[c21, c12]T ,

A = k

−1 0 1 0
0 −1 0 1
1 0 −1 0
0 1 0 −1

 , B = δηV

 1 −1 −1 1
1 1 −1 −1
−1 1 1 −1
−1 −1 1 1

 .
The dynamics of the variables [p, q] defined in (7) now is
given by [

ṗ
q̇

]
= 2

[
−k (p− h21) + δηV (p− q)
−k (q − v21) + δηV (p+ q)

]
(12)

where V = ‖c21‖2
τ − 1. For the closed-loop system (12),

two cases are to be analyzed. The first case is when δ = 0
where the equilibrium point is given by p = h21 q = v21, i.e,
when zi = z∗i = 0, i = 1, 2. The system matrix of equation
(12) with δ = 0 is clearly Hurwitz. Therefore, the agents
converge exponentially to the desired position because the
equilibria is a stable node. Figure 2 shows a phase plane
of this case (outside the red circle) with c21 = [−3,−3]T

and k = 1 as in the previous case and letting η = 1.

The second case arises when δ = 1. Now, the equilibria of
the system (12) are given by

[p01, q01]
T

= [h21, v21]
T
, (13)

[
p02
q02

]
=

−η
kh21 + v21 (k + 2η)

(k + η)
2

+ η2

−η kv21 − h21 (k + 2η)

(k + η)
2

+ η2

 . (14)

The first equilibrium is the same than the previous case
where the agents are at the desired position. The distance
between agents at the second equilibrium point satisfies

p202 + q202 = ‖c21‖2
2η2

(k + η)
2

+ η2
< d2 (15)

This means that the second equilibrium is an undesired
equilibrium which always appears inside the influence zone
of the repulsive vector field. The Jacobian matrix J of the
system (12) with δ = 1 is computed as
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Fig. 2. Phase portrait of the agents with RVF

J = 2

[
− (k + a1)− b1p a1 − b1q
−a1 − b2p − (k + a1)− b2q

]
(16)

where a1 = η − η‖c21‖2
τ , b1 = 2η‖c21‖2

τ2 (p− q) and b2 =
2η‖c21‖2

τ2 (p+ q). The eigenvalues of the jacobian matrix are
given by

λ1,2 =−2

k + η ± η

√
2

(
h221 + v221
p2 + q2

)2

− 1

 . (17)

Evaluating the eigenvalues at the equilibrium point
[p01, q01] we obtain λ1|(p01,q01) = −2k, λ2|(p01,q01) = −2k−
4η. The eigenvalues at the equilibrium point [p02, q02]
are λ1|(p02,q02) = −2 (k + η − ηξ) and λ2|(p02,q02) =

−2 (k + η + ηξ) where ξ =

√
((k+η)2+η2)

2

2η4 − 1. In this

second case, the behavior of [p01, q01] is a stable node as the
first case. The equilibrium point [p02, q02] corresponds to a
saddle point because λ1|(p02,q02) > 0 and λ2|(p02,q02) < 0 .
Therefore, there exists only a single trajectory tending to
this undesired equilibrium.

Figure 2 shows a phase portrait of this second case (inside
the red circle). The calculation of the equilibrium points
results in [p01, q01] = [−3,−3] and [p02, q02] = [2.4,−1.2]
where ‖p02, q02‖2 = 7.2 < d2 = 18.

4. UNDESIRED EQUILIBRIUM AVOIDANCE

This section presents a strategy to avoid the undesired
equilibrium of the closed-loop system (12). Define the
influence region of the repulsive forces as

M = {(p, q)|p2 + q2 ≤ d2} (18)

Note that the right-hand side of system (12) is
differentiable and the boundary ∂M is a compact set. As
matter of fact ∂M = {(p, q)|σ = p2 + q2 − d2 = 0}. The

quantity ρ = max(p,q)∈∂M (ṗ2 + q̇2)
1
2 is well defined.

Proposition 2. Consider the system (1) and the control

law (10) with η = 1 and a new function V = Ṽ given

by Ṽ =
(

d2

‖z1−z2‖2 − 1
)

+ ε, where ε ∈ <, ε > 0. Suppose

that the initial positions of the agents satisfy δ = 0, i.e.
p(0)2 + q(0)2 > d2. Then, there exists ε > ρ such that the
closed-loop system (1)-(10) exhibits a single equilibrium
point which corresponds to the desired formation, i.e.
zi = z∗i , i = 1, 2.
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Fig. 3. Phase portrait of the agents with RVF and ε = 6

Sketch of proof. Note that minimum value of Ṽ in the
surface σ = p2 + q2 − d2 = 0 is now ε and it tends
to infinity when the distances between agents tends to
zero. Observe that the attractive vector field when δ = 0,
points always inside the region M and the repulsive vector
field when δ = 1 points always outside the region M .
The discontinuity of the composite vector field (10) occurs
precisely on the surface σ = 0. It is always possible to
choose an appropriate value of ε > ρ, such that the convex
hull generated by the attractive and repulsive vector fields
contains the tangent space of σ = 0. Therefore, following
[Filippov, 1988, Itkis, 1976] the integrals of the composite
vector field slide along the surface σ = 0. This implies that
the trajectories of the closed loop system (1)-(10) reach
the equilibrium point (13) which lies on the surface σ = 0
and corresponds to the desired position of the agents. This
concludes the proof. �

Figure 3 shows the phase portrait of the discontinuous
vector fields. The undesired equilibrium point has
disappeared and the trajectories never cross the proximity
area.

5. EXTENSION TO THE CASE OF UNICYCLE-TYPE
ROBOTS AND REAL TIME EXPERIMENTS

In this section, the control laws developed so far are
extended to the case of unicycle-type robot formations.
The kinematic model of each agent or robot Ri, as shown
in Fig. 4 is given by ẋiẏi

θ̇i

=

[
cos θi 0
sin θi 0

0 1

] [
ui
wi

]
, i = 1, ..., n (19)

where ui is the linear velocity of the midpoint of the
wheels axis and wi is the angular velocity of the robot.
A celebrated result by Brockett [1983] states that the
dynamical system (19) can not be stabilized by continuous
and time-invariant control law. Because of this restriction,
we will analyze the dynamics of the coordinates αi =
(pi, qi) shown in Fig. 4 instead coordinates (xi, yi). The
coordinates αi are given by

αi =

[
pi
qi

]
=

[
xi + ` cos (θi)
yi + ` sin (θi)

]
, i = 1, ..., n. (20)

The dynamics of (20) is obtained as

α̇i = Ai (θi) [ui, wi]
T
, i = 1, ..., n (21)

Fig. 4. Kinematic model of unicycles

where the so-called decoupling matrix Ai (θi) =[
cos θi −` sin θi
sin θi ` cos θi

]
is non-singular. The idea of controlling

coordinates αi instead of the center of the wheels axis is
frequently found in the mobile robot literature in order to
avoid singularities in the control law [Desai et al, 2001].

Following the formation control strategy with collisions
avoidance presented on Section (3), a formation control
strategy with non-collision, similar to (10) is defined as[

vi
wi

]
=A−1i (θi)

(
kϕ̃i + ηβ̃i

)
, i = 1, 2 (22)

where ϕ̃i and β̃i are similar to the case of point robots but
related to coordinates αi. The dynamics of the coordinates
αi for the closed-loop system (19)-(22) is given by

α̇= (A+B)α+ c (23)

where α = [α1, α2]T , the matrix A,B and vector C are the

same than equation (11) with V =
(

d2

‖α1−α2‖2 − 1
)

+ε. It is

clear that the dynamics of coordinates αi is the same than
the case of point robots. Thus, the analysis of convergence
and non-collision is reduced to the case of point robots
presented before.

Remark 1. The control law (22) steers the coordinates
αi to a desired position. However, the angles θi remain
uncontrolled. These angles do not converge to any specific
value. Thus, the control law (22) is to be considered as a
formation control without orientation.

The formation control and collision avoidance strategies
presented in Section 3 were implemented in an
experimental setup consisting of three unicycle-type robots
(model: Yujin YSR-A) and a vision system composed
by an UNIQ digital video camera (model: UF1000-CL)
connected to and ARVOO video processor (model:
Leonardo CL). The vision system captures and processes
the position of two white circle marks placed on every
robot (the marks represent the position of (xi, yi) and
αi) at 100 Hz rate. The position and orientation of
each robot are obtained using this information. The
images are processed in a Pentium4 based PC where the
control actions ui and wi are also transformed into the
desired angular velocities for the robot wheels using the
parameters ` = 2.8cm, the radius of the wheels r = 2.2cm
and the distance between the two wheels L = 7.12cm.
These commands are sent by a RF module to every robot.
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In both experiments, the control signals were normalized
to [v̄i, w̄i]

T = µ√
‖Fi‖2+ε

A−1 (θi)Fi, i = 1, 2, 3 where µ =

0.1, ε = 0.0001 and Fi is the closed loop composite vector
field. The normalization has two purposes. Firstly, to avoid
actuator saturation for large values of ‖αi−α∗i ‖. Secondly,
to compensate the adverse effects of friction and actuators’
dead zone.

Figure 5 shows an experiment of the control law (22)
with k = 0.2, η = 1 and ε = 0. The vector of relative
positions is given by c21 = [−0.14,−0.14] and consequently
d = 0.198m. The initial conditions (in meters and radians)
are given by [x10, y10, θ10] = [0.1625, 0.1252, 0.7797] and
[x20, y20, θ20] = [−0.1706,−0.1948,−2.4772]. Simulation
results are dashed lines and experimental results are
solid lines. The robots converge to the desired formation
avoiding the collision, however the distance between the
two robots can be less than d. Figure 5(d) shows the
posture of the robots at final instant recorded by the
vision system. Note that the front mark of every robot
(coordinates αi) converge to the desired formation.

Figure 6 illustrates a second experiment with
the same parameters of Experiment 1 but
ε = 6. The initial conditions now are given
by [x10, y10, θ10] = [0.2318, 0.1359, 0.6047] and
[x20, y20, θ20] = [−0.2300,−0.1852,−2.4812]. The sliding
motion produces the typical chattering effect of the
actuators, clearly displayed in Figure 6(b). Note that the
distance of the robots is always greater than d.

6. CONCLUSION

A novel non-collision strategy for multi-agent robots
formation is presented. The approach consists in the design
of a repulsive vector field based on a scaled unstable
focus instead of obtaining the repulsive forces from the
negative gradient of a repulsive potential function. Formal
analysis is provided for the case of two point robots.
The analysis of the equilibria shows that there exists
an undesired equilibrium point where the agents can be
trapped and do not achieve the desired formation. Then,
it is demonstrated that this equilibrium point can be
avoided using a discontinuos vector field which ensures
that the agents slide along a suitable surface and do not
cross the minimum allowed distance. The approach is an
alternative to the classical design of repulsive forces. In
further research, the analysis will be extended to the case
of any number of robots with different formation graphs.
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