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Abstract: Abstract learning—the capacity to extract invariant rules from high-dimensional
observations—is the cornerstone of out-of-distribution generalization. However, standard
optimization paradigms often trap models in high-entropy memorization regimes due to the lack
of mechanisms enforcing structural parsimony. While the existence of “Grokking “suggests a latent
pathway from such memorization to generalization, the specific regularization forces required to
actively drive this transition through the entropy barrier remain underexplored. In this work, we
present a comprehensive thermodynamic evaluation of complexity constraints—ranging from
statistical norms (L;/Ls) and spectral entropy to algorithmic compression proxies—within a
unified transformer testbed. Our empirical results demonstrate that statistical regularizers often
lead to instability or brittle acceleration. In contrast, the Block Decomposition Method (BDM)
(Zenil et al., 2018), which approximates Kolmogorov Complexity (KC) (Kolmogorov, 1965)via
algorithmic probability, serves as a potent “control variable.”’BDM imposes effective entropic
friction to filter out fragile memorization circuits, guiding the system toward a thermodynamically
stable, rule-based local minimum. These findings underscore that robust abstraction necessitates
theoretically grounded algorithmic complexity constraints rather than mere capacity control.
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1. INTRODUCTION

The core vision of artificial intelligence lies in realizing Ab-
stract Learning (Premack, 1978)—constructing intelligent
systems capable of transcending mere statistical fitting
to extract latent invariants from high-dimensional data
and achieve genuine generalization. From the perspective
of control theory and system identification, this process
is equivalent to identifying latent, low-order nomnlinear
dynamic models from noisy observations (Sjoberg et al.,
1995).

Historically, statistical learning theory has relied primarily
on VC dimension or Rademacher complexity (Bartlett
and Mendelson, 2002; Vapnik and Chervonenkis, 2015) to
bound generalization, predicting that overfitting risk should
increase monotonically with parameter capacity. However,
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the phenomenon of “Double Descent ”(Belkin et al., 2019)
universally observed in modern deep learning has broken
this classical assumption: in the over-parameterized regime
where model size far exceeds data size, test error decreases
further as scale increases. This paradox has forced the
community to re-examine the definition of complexity,
realizing that simple parameter counting is insufficient
to describe the behavior of deep models. Against this
background, Algorithmic Information Theory (AIT) pro-
vides a new paradigm for understanding abstract learning;:
the generalization of neural networks is fundamentally
a process of finding the latent generative rules behind
data. Mathematically, this is equivalent to finding the
shortest program capable of generating that data, i.e.,
minimizing KC, thereby physically realizing Occam’s Razor
(Kolmogorov, 1965). Therefore, the abstract learning of
neural networks is essentially an algorithmic compression
process, whose objective is to minimize the KC of the
input—output mapping under prescribed error constraints.

Given the fundamental incomputability of KC (Vitanyi,
2020), the quantification of this “shortest program “has
undergone a theoretical evolution from shallow proxies to
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deep geometric interpretations. Farly research attempted
to use generic compression algorithms like gzip or LZMA as
proxies for KC (Cilibrasi and Vitanyi, 2005), but these were
gradually abandoned due to their inability to capture deep
semantic abstractions, as they rely primarily on detecting
superficial syntactic redundancies in the serialized byte
stream. Subsequently, the proposal of Singular Learning
Theory (SLT) and the Local Learning Coefficient (LLC)
(Watanabe, 2009) provided a geometric interpretation for
complexity, proving that the “fatness”of the loss landscape
represents “compressibility.”This coincides with robust sta-
bility theory in the control domain (Balakrishnan and
Kashyap, 1999): a solution located in a wide basin implies
insensitivity of its parameters to perturbations, meaning
the system possesses higher structural stability. Recent re-
search (Shaw et al., 2025) has further proven via variational
inference (VI) that neural networks possess the capability to
adaptively learn minimal encodings without external com-
pressors, effectively treating the optimization process as a
mechanism for intrinsic algorithmic compression consistent
with the Minimum Description Length (MDL) (Rissanen,
1978) principle.

However, identifying a “low complexity”state as a poten-
tially favorable target does not guarantee reachability;
models often remain in a “high complexity’regime for
extended periods, which constitutes the core empirical
observation of Grokking (Power et al., 2022). From a
thermodynamic-inspired perspective, this behavior can
be interpreted as the optimization landscape containing
regions of high algorithmic randomness, which we refer to
conceptually as an “Entropy Barrier”. By treating KC as a
heuristic “Algorithmic Complexity Proxy”, Grokking can
be viewed not as an anomaly, but as a phase in which
the model transitions from a memorization-dominated
regime (high Shannon entropy) to a more rule-based, low-
KC regime (interpreted as understanding). This analogy
mirrors certain behaviors observed in nonlinear systems
with multi-stable landscapes (Drazin, 1992), where the
optimizer may escape local basins, explore plateaus through
stochastic updates, and eventually converge to solutions
characterized by simpler algorithmic structure.

Given the current lack of comprehensive empirical evalua-
tion on how algorithmic complexity regularization specif-
ically affects phase transition dynamics, we establish a
standardized testbed based on Algorithmic Modular Arith-
metic. This task is often referred to as the “Drosophila” of
abstract learning research, due to the large complexity gap
between the memory-based high-entropy solution (lookup
table) and the rule-based low-entropy solution (group
axioms). Such a task provides a convenient experimental
setting to investigate whether and how models transition
from memorization-dominated behavior to rule-based, low-
complexity solutions, allowing us to examine the effects
of algorithmic complexity regularization on this phase
transition in a controlled manner. On this platform, we
trained standard Transformer models and comprehensively
evaluated the impact of existing regularization methods on
the Grokking phenomenon. The evaluation covers:

o Statistical norm constraints (Lo/Lq/Lo regulariza-
tion);

e Geometric spectral constraints (spectral entropy);

e Stochastic noise injection (Gaussian noise);

Loss landscape geometric constraints (second-order
approximation based on SLT);

Compressor proxies (gzip/LZMA);

Variational inference (VI);

Block decomposition method (BDM).

Through comparative experiments, we explore the internal
mechanisms by which different regularization methods act
as “control signals”to drive the phase transition.

2. LITERATURE REVIEW
2.1 Intelligence Emerges from Abstraction

The historical roots of abstract learning profoundly reveal
the essence of intelligence: it is not merely fitting data, but
efficiently reconstructing physical reality (Premack, 1978).
From a cognitive science perspective, to survive within
limited constraints of brain capacity and energy budget,
biological intelligence must strip away redundant infor-
mation from high-dimensional sensory streams, extracting
compact relational invariants (e.g., symmetry, causality)
(Barlow et al., 1961). This paradigm of “Understanding
by Compression”is considered the core driver for the emer-
gence of intelligence. In the realm of machine learning,
while early Statistical Learning Theory relied on capacity
metrics like VC dimensionVapnik and Chervonenkis (2015),
recent research has gradually returned to this physical
essence. The “Consciousness Prior’proposed by (Bengio,
2017) advocates that agents should learn sparse factor
graphs, essentially seeking the minimal description of the
world. Subsequent neuro-symbolic research (Deletang et al.,
2023; Wang et al., 2024) and recent debates on Large
Language Models (LLMs) have further reinforced this
view: genuine logical reasoning capability stems not from
memorizing superficial statistical correlations, but from
the formation of modular, low-entropy algorithmic circuits
within the network. Therefore, abstraction is no longer an
ethereal cognitive concept, but a concrete physical process
where neural networks eliminate entropic noise through
compression to approximate the generative laws behind
the data.

2.2 KC in Deep Learning: Minimum Description Length

Since abstraction can be viewed as compression, quantifying
the “degree of compression’becomes central. KC provides
the theoretical ideal, while practical neural-network for-
mulations have largely followed the MDL principle. Ris-
sanen (1978) established MDL by favoring models that
maximally compress data, and Hinton and Van Camp
(1993) introduced this idea into neural networks through
the Bits-Back argument, showing that variational weight
compression can improve generalization. This direction
has recently been extended by Shaw et al. (2025), who
proposed asymptotically optimal variational objectives
that allow transformers to learn compact weight encodings
without external compressors. Beyond variational methods,
generic lossless compressors have also been used as KC
proxies. For example, Jiang et al. (2023) adopted gzip
length as a classification metric, but such methods mainly
capture shallow byte-level redundancy rather than deep
algorithmic structure. Algorithmic Probability, introduced
by Levin (1974), offers a more principled alternative. Based
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Table 1. Grokking epochs across four modular arithmetic tasks. x denotes that grokking was
not observed in 3000 epochs across three seeds. Bold indicates the earliest grokking epoch for

each task.

Regularizer A Addition Subtraction Multiplication Division

Gzip 10—4 X X X X
10-3 X X X X

Lo 10—4 X X X X
10-3 X X X X

L1 10—4 2533 £ 417 X 2783 £ 209 X
10-3 X X X X

Lo 104 1917 £+ 85 X 2000 £+ 41 X
103 867 + 62 1417 £+ 62 833 + 125 1350 + 82

LZMA 1074 X x X X
10-3 X X X X

Noise 10—4 X x X x
10-3 X X X X

SLT 10~* X X X x
10-3 X X X X

Spectral 10~4 X X X X
10-3 X X X X

VI 104 2700 + 108 X 2833 £ 62 X
10-3 983 + 24 1617 4+ 143 950 + 41 1717 + 62

Ours 104 567 + 62 1067 £ 85 600 + 41 1050 4 294
10-3 X X X X

on this idea, Zenil et al. (2018) developed CTM and
BDM to estimate algorithmic complexity from the output
probabilities of small Turing machines. Unlike Shannon-
style compressors, BDM can assign low complexity to
statistically irregular but rule-generated patterns, shifting
regularization from magnitude or sparsity control toward
penalizing algorithmic generation cost. Thus, these ap-
proaches share a common goal: finding a mathematical
force that drives models to extract low-complexity structure
from high-complexity observations.

2.8 Grokking: Delayed Generalization in Modular Arithmetic
Tasks

If abstraction is the goal and KC is the metric, then
the Grokking (Power et al., 2022) phenomenon is the
macroscopic projection of this compression process onto
training dynamics. Grokking describes the delayed phe-
nomenon where validation accuracy jumps long after the
model has memorized all training samples. This counter-
intuitive discovery shatters the traditional wisdom that
“overfitting is the end,”implying the existence of two distinct
solutions within neural networks: a high-entropy memory
solution and a low-entropy rule solution. Thermodynamic-
inspired interpretations (Liu et al., 2022) view Grokking
as a transition from memorization-dominated solutions to
rule-based generalization. In this view, models may first
fit the training data through lookup-table-like mechanisms
with high algorithmic complexity, and later move toward
simpler structured solutions under sustained regularization.
However, while existing literature offers qualitative explana-
tions for Grokking, there remains a lack of a comprehensive
empirical framework to evaluate the extent to which the
aforementioned KC approximation methods can serve as

effective control variables to actively modulate this phase
transition and accelerate the emergence of intelligence.

3. APPROACH

To comprehensively investigate the impact of different
complexity constraints on the phase transition of generaliza-
tion (Grokking), we implemented multiple approximations
within a unified optimization framework. The total ob-
jective function is defined as Liotal(0) = Liask(6) + AR(6),
where R () represents the specific complexity regularization
term derived from the categories discussed above.

8.1 Statistical Norm Constraints
These methods control complexity by constraining parame-

ter magnitude or sparsity, ignoring structural correlations.

L, Regularization (Weight Decay) limits the parame-
ter energy, corresponding to a Gaussian prior over weights.

Ria(0) = > [IWO2 =3 (w))? (1)
l

Li,g

L; Regularization (Lasso) acts as a convex proxy to
induce sparsity, corresponding to a Laplacian prior.

l
Rea(0) =3 (WO =3 (w)]
l

Li,g

(2)

Smoothed Ly Approximation To address the non-
differentiability of the discrete Ly count, we adopt a non-
linear smoothed proxy that simulates soft circuit pruning.

Rio(0) ~ Z (1 _ ef|e]-|/f) (3)

J
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Table 2. Runtime comparison between Ly regularization and our Fast-BDM regularization.
Grokking epoch and total runtime are reported as mean + standard deviation over three seeds.
Speedup is computed as the ratio of the Lo grokking epoch to the Fast-BDM grokking epoch.

Task Method A Grokking Epoch Total Time (s) Speedup
Addition Lo 103 867 62 8.9+0.8 -
Addition Ours 10—4 567 + 62 7.0+0.7 1.53 %
Subtraction Lo 10—3 1417 £+ 62 13.7+ 0.5 -
Subtraction Ours 10~4 1067 + 85 12.8 +1.0 1.33x
Multiplication Lo 103 833 + 125 83+1.2 -
Multiplication Ours 10—4 600 + 41 7.7+£04 1.39x
Division Lo 10-3 1350 + 82 12.9+0.9 -
Division Ours 10~4 1050 + 294 12.8 + 3.2 1.29x
Average Lo 103 1117 4+ 286 11.04+2.6 -
Average Ours 10—4 821 4+ 275 10.1£3.2 1.38x

where 7 is a temperature parameter controlling the smooth-
ness of the approximation. When |0;| < 7, the penalty
vanishes; when |0;| > 7, it approaches 1. This term applies
strong shrinking gradients to minute non-zero weights,
effectively approximating a discrete sparse topology during
training.

Stochastic Noise Injection: Instead of an explicit
additive penalty, this implements complexity control via
multiplicative or additive noise injection into the weights
during the forward pass. For a noise level o, the perturbed
weights are 0 = 0 + ¢, where € ~ N(0, 021).

£noise(9) =E. [Ltask(e + 6)] (4)
This operation implicitly regularizes the trace of the Fisher
Information Matrix (approximating the Hessian) (Bishop,

1995), thereby limiting the information capacity of the
weights and acting as an Information Bottleneck constraint.

3.2 Geometric and Spectral Constraints

These methods focus on the effective rank of the weight
matrix or the curvature features of the loss landscape.

Spectral Entropy Regularization aims to minimize the
effective rank of weights. Treating the normalized singular
value spectrum py, = 0/ > 0, as a probability distribution,
we minimize its Spectral entropy:

Rse(9) Z( Zp log p} ) (5)

This encourages the weight matrix to become degenerate
(low-rank), reducing the effective degrees of freedom in the
network.

SLT-inspired Hessian Trace (Geometric Flatness):
We adopt an SLT-inspired regularizer because over-
parameterized neural networks are often singular: many
parameter settings may represent the same function, mak-
ing classical parameter-count-based complexity measures
less informative. SLT motivates analyzing generalization
through the local geometry of the loss landscape. Here, we
use the Hessian trace as a tractable proxy for average local
curvature, rather than as a direct SLT quantity.

Let
H(0) = V5L(0) (6)

be the Hessian of the training loss. A smaller Tr(H)
indicates lower average local curvature and is commonly
used as a proxy for flatter geometry:

Regeom (0) = Tr(H(0)). (7)

Since explicitly forming the full N x N Hessian is infeasible
for large models, we approximate its trace with the
Hutchinson estimator. Let v € R be a random vector
with zero mean and unit covariance, e.g., Rademacher or
standard Gaussian, such that E[vv "] = I. Then

Tr(H) =E,[v" Ho]. (8)

The term v " Hv can be computed through a Hessian-vector
product without materializing H:
H(0)v = Vg (VoL(0) ). (9)
Thus, our stochastic geometric regularizer is
Rgeom(0) = v Vo (VoL (0)T0) . (10)
In implementation, we compute g = Vo L(6) with the com-
putation graph retained, form g v, and apply automatic
differentiation to obtain the Hessian-vector product. This
avoids storing the full Hessian and makes curvature-based
regularization feasible for deep models.

8.8 Algorithmic Complexity Constraints

These methods aim to explicitly approximate the KC or
MDL of the parameters.

VI (MDL) adopts the “Bayes-by-Backprop”approach
where each weight is modeled as a normal distribution

; ~ N(ui,0?). The complexity cost is the Kullback-
Lelbler dlvergence between the learned posterior and a
fixed standard normal prior p(6):

Rvi(0) = Drcr (N (s, 07)[IN(0, 1)) (11)
This term explicitly quantifies the description length of
the weights in bits, penalizing parameters that deviate
significantly from the prior or require high precision (low

variance).

Compressor Proxy uses generic lossless compression
algorithms (e.g., gzip) as an upper-bound approximation
for KC. For a quantized parameter stream s(f#), the
regularization term is:

Rip(0) = Length(Compress(s(6))) (12)
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Table 3. Effect of CTM block size in Fast-BDM. Patterns: total CTM binary patterns; Unique:

distinct CTM values; Range: CTM dynamic range; Reg. (ms): per-step regularization time;

Overhead: regularization cost ratio. Results are averaged over four modular arithmetic tasks and
three random seeds.

Block Patterns Unique Range Grok. Epoch Time (s) Reg. (ms) Overhead
2x2 16 4 0.0949 1308 £ 357 15.2+3.8 1.303+0.010 24.1% + 0.4%
3 x3 512 51 5.2675 1112 £ 357 13.8+4.2 1.3444+0.006 23.8% + 0.5%
4 x4 65536 3365 14.0161 821 4+ 275 10.1 3.2 1.339£0.013 24.5% £ 0.5%

Since standard compressors are non-differentiable, opti-
mization is typically performed via proxy gradients.

Fast BDM (ours): To obtain an efficient proxy for BDM-
based algorithmic complexity regularization, we split each
weight matrix W into non-overlapping B x B blocks {W},}.
For each block, we keep only the sign pattern of its weights:
positive entries are mapped to 1 and non-positive entries
to 0,

by = 1(Wj, > 0). (13)

Thus, by is a binary pattern describing the sign structure
of block Wj. We then flatten it in a fixed order and convert
it into an integer index i; for querying the precomputed
CTM dictionary 7, which stores one complexity value for
each possible B x B binary pattern.

Since the sign operation and CTM lookup are discrete and
non-differentiable, we do not directly optimize the CTM
value. Instead, the lookup result is used as a detached
block-wise coefficient that reweights the Frobenius norm of
the original continuous block:

Rrast-pm(W) = Z sg(Tlik]) Wil (14)
k
where sg(-) denotes stop-gradient.
Thus, for an element w;; € Wy, the gradient is
ORFast- .
TRt BOM o Tlig] wyy. (15)

3wij

In implementation, we extract blocks by reshaping or
unfolding W, compute binary codes from their signs, query
T once per block, detach the resulting coefficients, and
apply a weighted Lo penalty to the original weights. This
makes the method a CTM-weighted weight decay: blocks
with more complex sign patterns receive stronger shrinkage,
while simpler patterns are penalized less. Compared with
Bernoulli relaxation or Monte Carlo estimation, this deter-
ministic variant avoids repeated sampling and conditional
CTM evaluations, and has approximately O(|W]) cost with
vectorized block extraction and lookup.

4. EXPERIMENTS
4.1 Ezperimental Settings

The experiment employs the Modular Addition (z + y
(mod 113)) task. The dataset consists of 113 x 113 sample
pairs. We randomly split the data into a 30% training set
and a 70% test set. This high ratio of held-out data aims
to simulate the sparse observation environment required

for the Grokking phenomenon, forcing the model to choose
between memorization and generalization.

We utilize a lightweight transformer model containing
2 Encoder layers, 4 Attention Heads, a hidden layer
dimension (dmodel) of 128, and a feed-forward network
dimension of 512, utilizing learnable positional encodings.
This architecture is compact enough to facilitate high-
frequency experimental iteration and analysis. All models
are trained using the AdamW optimizer with a learning rate
set to 1073 . The Batch size is set to 2048. Each experiment
runs for 3000 Epochs to ensure the model has ample time
to evolve from the early memorization overfitting stage to
the generalization stage.

To verify the robustness of the results, we execute the
following evaluation process:

e Parameter Search: For each regularization method,
a grid search is performed within the range A €
{10=%,1073}, as preliminary experiments indicate that
using A > 1072 leads to training instability and causes
the model to fail to learn on the training set.

e Randomness Control: Each configuration is repeated
under 3 independent random seeds (42, 43, 44).

e Metric Reporting: The full trajectories of training and
testing accuracy are recorded, and error bands are
plotted in the form of “mean + standard deviation”to
quantify the stability of the phase transition.

4.2 Results and Analysis

Table 1 reveals a clear gap between statistical regularization
and algorithmic structural regularization. Most alternative
methods fail to consistently induce grokking across the
four modular arithmetic tasks. This is because their
regularization signals are only indirectly related to the
underlying rule structure: Ly and L; encourage sparsity,
but sparse weights may still implement memorization; gzip
and LZMA capture surface-level byte redundancy rather
than algorithmic organization; and SLT or spectral entropy
constrain geometry or rank without ensuring that the
learned representation encodes the modular operation.

Among conventional baselines, Lo is the most effective,
suggesting that limiting parameter energy can suppress
some unstable memorization paths. However, Lo penalizes
all weights uniformly and cannot distinguish a simple rule-
like pattern from a complex memorization pattern with
similar magnitude. Therefore, as shown in Table 2, it can
eventually trigger grokking but reaches the transition later
than Fast-BDM.
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Fast-BDM is more effective because CTM provides a block-
wise estimate of algorithmic complexity. High-complexity
binary weight patterns receive stronger penalties, whereas
simpler, more structured blocks are penalized less. This cre-
ates a targeted pressure against memorization-oriented con-
figurations and biases optimization toward rule-consistent
parameter topologies. Although this introduces additional
per-step regularization cost, the stronger structural signal
shortens the search process toward the rule-based basin, so
the total time to grokking remains comparable to or lower
than that of L.

Table 3 further explains the role of block size. Small
CTM blocks provide only coarse complexity resolution,
mapping many different structures to a limited set of
scores. Larger blocks yield a richer complexity spectrum
and better separate irregular memorization-like patterns
from simple algorithmic ones. The 4 x 4 setting therefore
offers the best trade-off between structural discrimination
and computational cost, and is used as the default Fast-
BDM configuration.

5. CONCLUSION

We investigate how complexity regularization affects
Grokking in transformer models on modular arithmetic
tasks in 3000 epochs. Although L, is the strongest con-
ventional baseline, its transition remains consistently later
than ours. By deterministically binarizing weight blocks and
using CTM lookup to penalize high-complexity patterns,
our method based on BDM directly regularizes structural
algorithmic complexity and achieves the earliest grokking
across all tasks. Runtime and block-size analyses further
show that this acceleration does not increase the total time
to grokking, and that 4 x 4 CTM blocks provide the best
trade-off between complexity resolution and computational
efficiency. These results suggest that robust abstraction
learning requires regularizing algorithmic structure rather
than only parameter magnitude, sparsity, or generic com-
pression statistics.
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