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Abstract: This paper addresses state-estimation problems in non-linear stochastic dynamical systems,
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1. INTRODUCTION

State estimation is essential in numerous areas of modern soci-
ety, including navigation, timekeeping, speech and image pro-
cessing, fault detection, optimal control, and tracking. Conse-
quently, it has been a subject of considerable research interest
for several decades.

This paper deals with Bayesian state estimation for discrete-
time stochastic state-space models. The focus lies on numer-
ical solutions of the associated functional recursive relations
(FRRs) that yield the probability-density functions (PDFs)
conditioned on the measurements. Numerical methods are in-
dispensable for highly non-linear or non-Gaussian models,
in which the FRRs lack closed-form solutions and local fil-
ters—such as the extended or unscented Kalman filter—fail to
achieve acceptable performance (Matoušek et al., 2025).

Two principal numerical strategies for solving the FRRs are
reported in the literature: approaches based on stochastic and
on deterministic integration rules. The former relies on Monte
Carlo (MC) integration and leads to the family of particle es-
timators (PEs) (Doucet et al., 2001). The latter employs deter-
ministic quadrature rules, for example the midpoint rule, and re-
sults in the grid-based (point-mass) estimators (GbEs) (Šimandl
et al., 2006a). Standard GbEs follow an Eulerian philosophy,
i.e., the grid is independent of the model dynamics, and exhibit
computational complexity O(N2) with respect to the number
of grid points N . For invertible dynamics, Lagrangian GbEs
can be adopted (LGbEs); here the grid is generated according
to the dynamics, and the complexity reduces to O(N log2 N)
(Matoušek et al., 2025; Matoušek et al., 2025; Matoušek et al.,
2023a), the same as the PEs.

It has been shown that GbEs offer increased resilience to ini-
tialisation errors and measurement outliers (Ånonsen and Ha-
gen, 2010; Ma et al., 2023; Anonsen and Hallingstad, 2006;

⋆ This work was supported by the Czech Science Foundation (GACR) under
grant GA 25-16919J.

Orguner et al., 2010). An additional advantage is their deter-
ministic character: identical data produce identical estimates
across repeated runs and computing platforms, this is beneficial
for safety critical applications. Recently, tensor-decomposition
algorithms are being explored as a means to mitigate the curse
of dimensionality in GbEs (Gehlen et al., 2024; Matoušek et al.,
2024); such techniques are applicable precisely because of the
structured nature of the underlying grids, and cannot be applied
to PEs.

The Lagrangian grid-based filter (LGbFs) were derived and
tested for both continuous and discrete time dynamics models
in (Matoušek et al., 2023b,a). A lower computational com-
plexity w.r.t discrete LGbFs was achieved using a spectral dif-
ferentiation for continuous-time solution in (Matoušek et al.,
2025). A tutorial like introduction to LGbFs can be found in
(Matoušek et al., 2025). The LGbF gives qualitatively the same
results as standard grid-based filter (GbF), the only difference
is computational complexity and storage complexity. Same for
the smoothing, therefore the focus of this paper is laid on the
complexities only.

To the authors’ knowledge, an up-to-date overview of smooth-
ing techniques for GbEs is lacking, and the smoothing step
has not yet been derived for the newly proposed efficient La-
grangian GbEs (LGbEs).

Accordingly, this paper pursues three objectives, namely to:

(i) Provide an up-to-date overview of smoothing for Eulerian
GbEs (EGbEs);

(ii) Derive the smoothing for Lagrangian GbEs;
(iii) Release MATLAB® implementation of proposed smoother,

enabling other researchers to experiment with it readily.

2. MODEL AND BAYESIAN ESTIMATION

The following discrete-time state-space model of a non-linear
stochastic dynamic system with additive noises
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xk+1 = fk(xk) +wk, (1)
zk = hk(xk) + vk, (2)

is considered, where the vectors xk ∈ Rnx , and zk ∈ Rnz rep-
resent the unknown state of the model and measurement at time
instant k, respectively. The state dynamics fk : Rnx → Rnx ,
and measurement function hk : Rnx → Rnz are supposed to
be known. Particular realizations of the state and measurement
noises wk and vk are unknown, but their PDFs, i.e., the state
noise PDF pwk

(wk) and the measurement noise PDF pvk
(vk),

are supposed to be known, the initial state PDF px0(x0) is also
known. The noises and initial state random variable (RV) are
independent.

2.1 Bayesian Estimation

The main goal of the state estimation in the Bayesian frame-
work is to find the PDF of the state xk conditioned on all
measurements zl = [z0, z1, . . . , zl] up to the time instant l, i.e.,
the conditional PDF p(xk|zl),∀k, is sought. If k = l, then the
estimation task is filtering, if k > l, then it is prediction, and if
k < l, the task is smoothing.

2.2 Bayesian Recursive Relations for Prediction and Filtering

The general solution to the filtering and predictive state es-
timation is given by the Bayesian recursive relations (BRRs)
for the filtering and predictive conditional PDFs computation
(Anderson and Moore, 1979)

p(xk|zk) =
p(xk|zk−1)p(zk|xk)

p(zk|zk−1)
, (3)

p(xk+1|zk) =
∫

p(xk+1|xk)p(xk|zk)dxk, (4)

where p(xk+1|zk) is the one-step predictive PDF computed by
the Chapman-Kolmogorov equation (CKE (4) and p(xk|zk) is
the filtering PDF computed by the Bayes’ rule (3). The PDFs
p(xk+1|xk) = pwk

(xk+1 − fk(xk)) and p(zk|xk) = pvk
(zk −

hk(xk)) are the state transition PDF obtained from (1) and
the measurement PDF obtained from (2), respectively. The
PDF p(zk|zk−1) =

∫
p(xk|zk−1)p(zk|xk) dxk is the one-step

predictive PDF of the measurement. The recursion (3), (4) starts
from p(x0|z−1) = p(x0).

2.3 Recursive Relations for Smoothing

Smoothing is a state estimation task of finding more accurate
estimates than filtering ones by going through the past filtering
estimates and correcting them based on future measurements
knowledge. Now, two main approaches to smoothing exist.
The first is the standard forward-backward smoothing (Särkkä,
2013), and the second one is the two-filter smoother (Briers
et al., 2010).

From the perspective of computational and storage complexity,
which are the main topics of this paper, both approaches are
equivalent and can solve all three sub-groups of smoothing
that are fixed-interval, fixed-lag, and fixed-point smoothing
(Anderson and Moore, 1979). Therefore, only the forward-
backward smoother, probably the more common approach, is
considered further.

The one-step recursive relation for the smoothing PDF p(xl|zkf ),
where kf is the step of last obtained measurement and l =

x
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Fig. 1. Points-mass density

0, 1, ..., kf − 1, is (Särkkä and Solin, 2019; Královec and
Šimandl, 2005)

smoothing︷ ︸︸ ︷
p(xl|zk) =

filtering︷ ︸︸ ︷
p(xl|zl)

∫ previous smoothing︷ ︸︸ ︷
p(xl+1|zk)
p(xl+1|zl)︸ ︷︷ ︸

predictive

transition︷ ︸︸ ︷
p(xl+1|xl) dxl+1, (5)

where l < k. In (5), the PDFs are denoted by their names for
easier understanding of the equation and the overall concept.
Calculation of the smoothed estimate can be thus seen as a two
pass algorithm. Firstly, the filter is run (measurement and time
updates performed) forward in time, after that the smoother
goes backward in time correcting the previously estimated
values. The BRR (3), (4) and the relation (5) form FRRs.

3. GRID BASED FILTERS AND PREDICTORS

This section briefly presents the Eulerian and Lagrangian GbFs.

3.1 Point-Mass Density

The GbFs are based on a piecewise constant approximation of
the sought PDFs, as can be seen in Figure 1. Mathematically
the conditional PMD can be described as

p(xk|zl;Ξk) ≜
N∑
i=1

Pk|l(ξ
(i)
k )S(xk; ξ

(i)
k ), (6)

where Ξk = {ξ(i)k }Ni=1, ξ
(i)
k ∈ Rnx is the grid, N =

∏nx

i=1 Ni

is the number of grid points per dimension which is usually
driven be the requested maximal computational complexity,
Pk|l(ξ

(i)
k ) ∝ p(ξ

(i)
k |zl) is a normalised value of the PDF 1

p(xk|zl) defining the height of the PMD at the neighbourhood
of grid point ξ(i)k , further called as weight, and S(xk; ξ

(i)
k ) is

an indicator function for the non-overlapping neighbourhood of
the said point with a volume δ

(i)
k . For computationally efficient

implementation, considered also in this paper, it is beneficial to
assume the equidistantly spaced grid with δ

(i)
k = δk.

The standard Euler GbFs are implemented using column vec-
tors of weights (vectorized representation), further denoted with
double column as P (:)

k|l = [P
(1)
k|l , ..., P

(N)
k|l ]T .

1 Whenever it does not affect the readability the weights notation is simplified
to P

(i)

k|l = Pk|l(ξ
(i)
k

).
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However, the efficient Lagrangian-based implementation ex-
ploits the underlying physical nature of the state. Therefore, the
weights are stored as a tensor Pk|l ∈ RN1×N2×...×Nnx and their

element indexed as P (i1,...,inx )

k|l .

3.2 Measurement Update

The measurement update is the same for the standard Eulerian
GbFs and LGbFs. The PMD weights are updated based on the
Bayes’ rule (3)

Pk|k(ξ
(i)
k ) ∝ p(zk|xk = ξ

(i)
k )︸ ︷︷ ︸

L(i)

Pk|k−1(ξ
(i)
k ). (7)

This operation has a computational complexity, w.r.t. number
of points, O(N), and can be implemented by simple point-wise
product of likelihood weights L(i) with prior weights Pk+1|k as

Pk|k = L⊙ Pk|k−1, (8)
where ⊙ denotes the point-wise Hadamard product.

Having numerical solution for the Bayes’ rule (3), which is
the same for all GbFs, the CKE (4) can be numerically solved
using the Eulerian and Lagrangian integration perspective 2 .
Both solutions follows.

3.3 Eulerian Time Update

The Eulerian update can be seen as brute force numerical solu-
tion to the CKE (4) with the PMD weight evolution described
as (Šimandl et al., 2006b)

Pk+1|k(ξ
(j)
k+1) =

N∑
i=1

p(ξ
(j)
k+1|xk = ξ

(i)
k )︸ ︷︷ ︸

T
(j,i)

k

Pk|k(ξ
(i)
k )δk,∀j, (9)

where ξ
(j)
k+1 is the grid points of a newly designed grid Ξk+1

and T
(j,i)
k is the (j, i)-th element of the transition probability

matrix (TPM) Tk. The position and size of the grid Ξk+1

can be freely picked by the GbF designer, but it should well
cover the part of the state-space where the predictive PMD is
expected. The weight time-update can be implemented as a
matrix-vector product

P
(:)
k+1|k = Tk P

(:)
k|k. (10)

However, the computational complexity of either (9) and its
equivalent (10) is O(N2), and its reduction has been the main
motivation for the Lagrangian formulation employment (Ma-
toušek et al., 2025).

To sum up, in each GbF recursion step there are two grids: Ξk,
which carries the prior Pk|k−1 and posterior Pk|k, and Ξk+1,
which carries the next prior Pk+1|k and posterior Pk+1|k+1.

3.4 Lagrangian Time Update

The LGbFs can be used under the assumption that the model
dynamics in (1) are invertible. Here for simplicity we will
present the algorithms for linear dynamics i.e., further denoted
as fk(xk) = Fkxk and F−1

k exists. An extension of the LGbF
2 The name is derived from the Lagrangian description of flow in fluid
dynamics, where the observer moves with the flow. This contrasts with the
Eulerian approach, in which the observer remains fixed in space and observes
the flow passing by (Maljaars, 2019).

to non-linear invertible dynamics can be seen in (Dunik et al.,
2026), and the proposed smoothing approach can be readily
applied in that setting as well. The main underlying idea is to
split the prediction solution into two sub-solutions. Thus, the
sub-solution to the advection given by the xadv

k+1 = Fkxk, and
sub-solution to the diffusion driven by the noise term wk are
solved separately.

The advection solution is given by the grid movement. If the
new grid is designed such that

ξ
(i)
k+1 = Fkξ

(i)
k ,∀i, (11)

and the weights are kept constant, i.e., P adv
k+1|k = Pk|k. The

resulting PMD padv(xk+1|zk;Ξk+1) is the advection solution.
Because the dynamics is linear, the grid keeps its regular
structure.

What is left to be solved is the diffusion part corresponding to
model

xk+1 = xadv
k+1 +wk. (12)

This model describes a sum of two random variables (RVs),
and it is well known that the PDF of a sum of two RVs is equal
to the convolution of their PDFs (resp. PMDs). By convolution
theorem, the convolution can be efficiently solved by discrete
Fourier transform (DFT), and thus the diffusion solution is
given as a PMD weight update

Pk+1|k = F−1
(
F(Wk)⊙F(P adv

k+1|k)
)
, (13)

where F(·) denotes the DFT, F−1(·) inverse DFT (IDFT), and
tensor Wk = p(ξmean

k+1 |Ξk) ∈ RN1×N2×...×Nnx is the transition
probability evaluated at ξmean

k+1 being the mean over all points in
Ξk+1. If Ni is set odd ∀i, then ξmean

k+1 is one of the grid points
in Ξk+1, which simplifies the calculations. Compared to the
Eulerian formulation, the movement of the grid (11) and the
weight update (13) are synchronized and form the Lagrangian
grid-based prediction.

Note that the Lagrangian flow (11) of the grid would, of course,
inherently lead to a degradation of the grid (infinite growth
or shrinking, based on stability of the model), and also to
ignorance of incoming measurement information. That is why
after the measurement update (and before the time-update), the
grid is redesigned and the weights interpolated. Let the estimate
of first two filtering PDF moments be x̂k|k, and Ck|k, then (due
to linearity of the dynamics) it is known, that the predictive first
two moments are x̂k+1|k = Fkx̂k|k, Ck+1|k = FkCk|kF

T
k +

Qk. Therefore, taken into account the flow of the grid (11), the
filtering PMD is interpolated on a grid Ξinterp

k forming weights
P interp
k|k = P adv

k|k . This grid covers an area with center x̂k|k
and size given by σ-ellipse belonging to covariance Ck|k +

F−1
k QkF

−T
k . This ensures that after the grid is flown it will

correctly cover the predictive PMD 3 .

To sum it up, for each LGbF recursion step there are three grids:

• Filtering - Ξk - which carries the prior Pk|k−1 and poste-
rior Pk|k,

• Filtering interpolated - Ξinterp
k - which carries the interpo-

lated posterior P interp
k|k ,

3 The interpolated or predictive grid (depending on the design choice) forms
a parallelogram; see Matoušek and Dunı́k (2025) for details. Nevertheless, the
grid remains structured and does not introduce any issues for the following
steps of the algorithm.
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• Predictive - Ξk+1 (ξ(:)k+1 = Fkξ
(:),interp
k ,∀i) - which car-

ries the advected P adv
k|k and next prior Pk+1|k.

The grid evolutions for EGbF and LGbF are illustrated in
Figure 2.

4. BACKWARD-FORWARD SMOOTHING UPDATES

In this section, two approaches to grid-based smoothing are
presented: one reducing computational complexity at the cost
of increased memory by storing quantities during the forward
pass, and the other reducing memory requirements at the ex-
pense of additional computations. Both approaches are for-
mulated for Eulerian and Lagrangian settings. The Eulerian
case follows existing formulations and is included for com-
pleteness. In contrast, smoothing for the Lagrangian grid-based
filter (LGbF) has not been previously derived, and the Eulerian
smoothing formulation cannot be directly applied. Therefore, a
novel derivation of the LGbF smoothing step is provided.

4.1 Minimized Computational Complexity

Algorithms in this subsection minimize the computational com-
plexity at the cost of large memory requirements.

Eulerian Smoothing Using the point-mass approximation to
(5), the smoothing PMD weights can be computed as (Šimandl
et al., 2006a)

Pl|k(ξ
(j)
l ) = Pl|l(ξ

(j)
l )

N∑
i=1

Pl+1|k(ξ
(i)
l+1)

Pl+1|l(ξ
(i)
l+1)

p(ξ
(i)
l+1|xl = ξ

(j)
l ),

(14)
where the smoothing PMD has the same grid support as the
filtering PDF, i.e., Ξl. Similarly to the prediction step, (14) can
be implemented using element-wise vector and matrix products
as

on Ξl︷︸︸︷
P

(:)
l|k =

on Ξl︷︸︸︷
P

(:)
l|l ⊙

on Ξl︷ ︸︸ ︷(
P

(:)
l+1|k ⊘ P

(:)
l+1|l

)T

︸ ︷︷ ︸
on Ξl+1

Tl


T

, (15)

where ⊘ is a Hadamard division. Note that smoothed P
(:)
l|k

and filtering P
(:)
l|l weights are on Ξl, predictive P

(:)
l+1|l, and

last smoothed P
(:)
l+1|k weights are on Ξl+1, and the TPM Tl

(10) transforms the results of Hadamard division from time
l + 1 and grid Ξl+1 to time l, and grid Ξl, so that the rest
of the calculation can be performed. All of the mentioned
quantities, except smoothing weights, are known and saved
from the forward filter run.

The computational complexity of this algorithm is driven by the
product of transition probability matrix Tl with PMD weights
and it is O(N2). The storage complexity is maximal when the
smoothing is initialized and it is comprising of: all filtering
weights - kfN , all prediction weights - kfN , all transition
probabilities - kfN

2, last smoothing weights - N , plus some
other variables, such as the grid that are rather negligible. The
grid can be fully reconstructed just from its center and rotation
matrix, i.e., it is not necessary to store all the grid points. An
efficient implementation can be found in the GitHub code.

Lagrangian Smoothing The Lagrangian smoother derivation
is based on (15) with the difference that the TPM is evaluated
in the interpolated grid T

(j,i)
l = pwk

(ξ
(j)
l+1 − Flξ

(i),interp
l ),

because the LGbF was used in the forward run. This leads to an
issue, the

(
P

(:)
l+1|k ⊘ P

(:)
l+1|l

)T

in (15) is not a valid operation
anymore as in the Lagrangian implementation the predictive
P

(:)
l+1|l weights and the smoothed weights P (:)

l+1|k from previous
iteration are on different grids. Namely, the predictive weights
are on Ξl+1 and last smoothed weights are on Ξinterp

l+1 . Therefore,

last smoothed weights P (:)
l+1|k has to be interpolated on Ξl+1 to

form P fix
l+1|k. To the authors’ knowledge, there is no workaround

for this issue; however, the interpolation step has negligible
computational complexity compared to the time update itself.

Now, in the forward run, the grid was flown according to
(11), and it holds that ξ

(i)
l+1 = Flξ

(i),interp
l ,∀i, respectively

ξ
(i),interp
l = F−1

l ξ
(i)
l+1,∀i. This means that the TPM Tl is

Toeplitz. Therefore, the operation
(
P

(:)
l+1|k ⊘ P

(:)
l+1|l

)T

Tl in
(15) can be performed efficiently by DFT convolution of
weights in tensor form with a kernel given by a middle row of
Tl matrix in the tensor form denoted as Wl, as in the forward
run.

Then, the final calculation of smoothing weights in Lagrangian
form reads

Pl|k = Pl|l ⊙F−1

(
F
(
P fix
l+1|k ⊘ Pl+1|l

)
⊙F(Wl)

)
, (16)

where the DFT of TPM F(Wl) is saved during forward run.
Then, the computational complexity is driven by the one DFT
of weights and one IDFT, that is 2O(N log2 N). The storage
complexity is again maximal when the smoothing is initialized
and it comprises of these main components: filtering weights -
kfN , prediction weights - kfN , transition probabilities - kfN ,
smoothing weights - N .

4.2 Minimized Memory Requirements

If the aim is to minimize the memory requirements, the num-
ber of quantities saved during the forward run can be greatly
reduced at the cost of their repeated calculation during the
smoothing. Both approaches can be also combined to achieve
the desired ratio between storage and computational complex-
ity.

Eulerian Smoothing The TPMs and filtering PMDs are not
saved as they can be calculated from the saved prediction
PMDs. The computational complexity is now given by 2O(N2)
(the TPMs have to be both calculated and used), however, the
storage complexity is reduced to the following main compo-
nents: prediction weights - kfN , smoothing weights - N .

Lagrangian Smoothing Here the transition probabilities are
calculated again, therefore the computational complexity is
driven by 2 DFTs and one IDFT, i.e. 3O(N log2 N). In the
Lagrangian case, however, it would be too complex to recon-
struct the filtering PMD from the predictive so it needs to be
still saved. The storage complexity is thus comprising from:
prediction weights - kfN , filtering weights - kfN , smoothing
weights - N .
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Pred/ Filt Ξl Pred/ Filt Ξl+1

Eulerian
transition

used by weights
Pl|l−1, Pl|l, Pl|k

used by weights
Pl+1|l+1, Pl+1|l, Pl+1|k

Pred/ Filt Ξl Interpolation ΞInterp
l

Pred/ Filt Ξl+1 Interpolation ΞInterp
l+1

Lagrangian
interpolation transition interpolation

used by weights
Pl|l−1,Pl|l

used by weights
P interp
l|l = P adv

l|l ,Pl|k

used by weights
Pl+1|l,Pl+1|l+1

used by weights
P interp
l+1|l+1 = P adv

l+1|l+1,Pl+1|k

Fig. 2. Illustration of Eulerian and Lagrangian filters grid workflows.

5. SUMMARY AND UNIFICATION OF GRID-BASED
ESTIMATORS

The Eulerian and Lagrangian-based filtering, prediction, and
smoothing are summarized in a unified algorithmic form,
closely reflecting the provided implementation. The standard
Eulerian GbE with time update and smoothing complexity
O(N2), can be summarised as:

Algorithm 1: Eulerian grid-based filtering, prediction, and
smoothing
(1) Initialisation: Set k = 0, construct the initial PMD with
Ξ0|−1 and P0|−1.
(2) Meas. update: Compute the filtering PMD weights
P

(:)
k+1|k+1 = L

(:)
k ⊙ P

(:)
k+1|k (8).

(3) Grid construction: Construct the new grid Ξk+1. Using
local filter time update or transformed grid fk(ξ

(i)
k ),∀i.

(4) Time update: Compute the predictive PMD weights
P

(:)
k+1|k = Tk P

(:)
k|k (10).

(5) Recursion: If k ≤ kf let k = k + 1 and go to step (2), else
continue to the next step.
(6) Smoothing initialisation: Set l = kf , and set the initial
smoothed PMD as the last filtering PMD
(7) Backward step: If l ≥ 1 set l = l − 1.
(8) Smoothing update: Calculate the smoothed weights as

P
(:)
l|k = P

(:)
l|l ⊙

((
P

(:)
l+1|k ⊘ P

(:)
l+1|l

)T

Tl

)
(15),

(9) Smoothing recursion: Go to step (7).

The efficient Lagrangian GbE with time update and smoothing
complexity 2O(N log2 N) can be summarised as:

Algorithm 2: Lagrangian grid-based filtering, prediction,
and smoothing
(1) Initialisation: Set k = 0, construct the initial PMD Ξ0|−1,
P0|−1.
(2) Meas. update: : Compute the filtering PMD weights Pk|k =

Lk ⊙ Pk|k−1 (8).
(3) Interpolated grid design: Calculate the filtering estimate
x̂k, Ĉk|k. Design interpolation grid Ξinterp

k with mean x̂k and
size corresponding to Ĉk|k + F−1

k QkF
−T
k .

(4) Interpolation: Interpolate the PMD filtering weights Pk|k

from Ξk to Ξinterp
k forming interpolated weights P interp

k|k .
(5) Time update - advection: Form the advection solution by
flowing the grid ξk+1 = Fkξ

interp
k and setting weights P adv

k+1|k =

P interp
k|k .

(6) Time update - diffusion: Compute the predictive PMD
weights
Pk+1|k = F−1

(
F(Wk)⊙F(P adv

k+1|k)
)

(13).
(7) Recursion: If k ≤ kf let k = k + 1 and go to step (2), else
continue to the next step.
(8) Smoothing initialisation: Set l = kf , and set the initial
smoothed PMD as the filtering PMD
(9) Backward step: If l ≥ 1 set l = l − 1
(10) Interpolation: Interpolate the smoothed weights Pl+1|k on
Ξinterp

l+1 from previous step to Ξl+1 forming weights P fix
l+1|k.

(11) Smoothing update: Calculate the smoothed weights as

Pl|k = Pl|l ⊙F−1

(
F
(
P fix
l+1|k ⊘ Pl+1|l

)
⊙F(Wl)

)
(16),

(12) Smoothing recursion: Go to step (9).

6. IMPLEMENTATION AND SUMMARY

The accuracy and consistency of LGbE and EGbE are qualita-
tively the same. Numerical comparisons of (Lagrangian) grid-
based filters with other estimators have been presented in sev-
eral earlier works (Matoušek et al., 2025; Matoušek and Dunı́k,
2025; Anonsen and Hallingstad, 2006; Orguner et al., 2010;
Matoušek et al., 2026) and are therefore omitted here due to
space limitations. Instead, we provide the full implementation
of the proposed estimators together with their analytical com-
putational and memory complexities. We also include an illus-
trative example of empirical computational-complexity results
to facilitate interpretation of the analytical expressions.

The simulation code is available at GitHub repository. The
main experiment can be executed through main.m, where a flag
enables or disables smoothing. The system dynamics and mea-
surement equations are defined in initModel.m, which supports
arbitrary state and measurement dimensions. Users can freely
modify the model to suit their needs.

Analytical computational and storage complexities for dis-
cussed approaches are summarised in Table 1. An illustrative
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Table 1. Summary of practical results and analyti-
cal complexities.

Practical computational time [s]
Method Min. Cmpxl. Min. Storage
Eulerian Smoother 0.0021 0.62
Lagrangian Smoother 0.0014 0.0018
Eulerian Filter 4.67
Lagrangian Filter 0.003

Analytical computational complexity
Method Min. Cmpxl. Min. Storage
Eulerian Smoother 2O(N2) O(N2)
Lagrangian Smoother 2O(N logN) 3O(N logN)
Eulerian Filter 2O(N2)
Lagrangian Filter 3O(N logN)

Analytical storage complexity [doubles]
Method Min. Cmpxl. Min. Storage
Eulerian Smoother 2kfN + kfN

2 +N kfN +N
Lagrangian Smoother 3kfN +N 2kfN +N

RMSE
Method First dimension Second dimension
Lagrangian Filter 1.2651 1.0794
Lagrangian Smoother 1.1813 1.0215

example of empirical computational complexity for a two-
dimensional model with 201 points per dimension, obtained
on a MacBook Air M1, is provided ibidem. For completeness,
reports the root-mean-square errors of the Lagrangian filter
and its corresponding smoother for the same model and 100
Monte-Carlo simulations are also provided. As expected, the
smoother attains lower estimation errors, supporting the cor-
rectness of both the derivation and its implementation. Since
the smoothing procedures employed here correspond to the
standard backward-pass formulations applied to the underlying
grid-based filters, their accuracy characteristics (Root mean
square error (RMSE), average standard deviation (ASTD), av-
eraged normalised estimation error squared (ANEES)) do not
exhibit any qualitative behaviour beyond what is already well
established in the literature. Consequently, the specific choice
of model is not critical, and additional numerical examples
would be redundant.

7. CONCLUSION

A smoothing method for the Lagrangian grid-based filter was
proposed, together with a unified formulation of smoothing-
algorithm designs for both Eulerian and Lagrangian grid-based
estimators. Analytical storage and computational complexities
were presented, and an illustrative example demonstrated how
these complexities manifest in practice. Implementation of the
proposed algorithm is publicly available.
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Särkkä, S. (2013). Bayesian Filtering and Smoothing. Cam-
bridge University Press.
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Ånonsen, K.B. and Hagen, O.K. (2010). An analysis of real-
time terrain aided navigation results from a HUGIN AUV.
In 2010 Marine Tech. Society and the Oceanic Engineering
Society of the IEEE Conference, 1–9. Seattle, WA, USA.

3282


