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Abstract: This paper investigates a class of nonlinear chained systems with odd-power
input channels and uncontrollable unstable linearization. Instead of pursuing global smooth
stabilization, which is impossible for this class, a sub-fully actuated system formulation is
developed by successively differentiating the output. This transformation makes the input gain
and its singularity set explicit. Recursive reconstruction maps are then introduced to express the
state variables in the output-jet space, allowing the singularity boundaries to be characterized
in terms of the closed-loop linear dynamics. A real odd-root feedback law is designed to
impose assignable linear input-output dynamics on the nonsingular feasible domain. To address
singularity avoidance, a constructive zero-crossing test is provided to determine whether a given
initial condition belongs to the region of exponential attraction before simulation. The behavior
of the controller near singular boundaries is also discussed. Numerical examples illustrate both
admissible trajectories and boundary-crossing cases, thereby clarifying the scope and limitation

of the proposed substabilizing controller.
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1. INTRODUCTION

Nonlinear systems in which the control input appears
through odd-power channels and propagates along a lower-
triangular state structure arise in several control contexts,
yet they do not fall within the scope of conventional
smooth stabilization techniques. Even when their vector
fields are smooth, the loss of influence of the input on
specific state components creates regions in which smooth
feedback cannot enforce asymptotic convergence.

This benchmark system in 2-dimension (1) was originally
analyzed by Aeyels (1985), who established the impossi-
bility of smooth state-feedback stabilization.

i'l =1 +Ig, (1)
ltg = u,

Bacciotti (1991) later confirmed this fundamental limi-
tation. The underlying reason, as clarified in Qian and
Lin (2002), is that the system’s linearization possesses
an unstable, uncontrollable mode, thereby excluding any
differentiable (C",r > 1) stabilizing control law.

Kawski (1989) provided a significant contribution by de-
veloping a locally Holder-continuous stabilizer for this
model. His controller took the structure
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guaranteeing asymptotic stability under the condition b >
a > 1. A subsequent advance was made by Qian and Lin
(2002), who synthesized a globally stabilizing continuous-
yet non-smooth-feedback law, achieving strong stability in
the Kurzweil sense.

The system is also cited in controllability studies Terrell
(2009), where it is demonstrated to be globally controllable
on the plane. A recent extension by Zou et al. (2020)
introduced an uncertain variant with bounded unknown
parameters. The proposed feedback gains in their work
reduce, in the nominal case, to a form that induces
oscillatory closed-loop behavior for the original benchmark
problem.

Very recently, Duan (2022) revealed that this system is
equivalent to a sub-FAS with the singularity set contain-
ing the origin. It can be treated with the fully actuated
systems (FAS) approach Duan (2021a,b,c,d,e, 2023). Con-
sequently, every trajectory originating within this defined
domain converges to the origin at an exponential rate. The
analysis further reveals that an exact characterization of
this domain enables the attainment of global asymptotic
stability. This can be accomplished in two ways: by inte-
grating the designed controller with a pre-existing globally
stabilizing law, or by employing a preliminary control stage
that steers any initial state outside the domain into it.

It should be emphasized that the purpose of the present
work is not to replace existing globally stabilizing nons-
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mooth feedback laws. Those methods are powerful when
global asymptotic stabilization is the only objective. The
motivation here is different: by using the sub-FAS repre-
sentation, one obtains assignable linear input-output dy-
namics, an explicit input-gain singularity structure, and
a computable description of the nonsingular operating
region. Therefore, the proposed method trades globality
for transparent closed-loop pole assignment and explicit
singularity geometry. This trade-off is useful when the
controller is required to operate inside a prescribed non-
singular domain or when a preliminary controller can first
steer the state into such a domain.

The main contributions are summarized as follows. First,
a class of odd-power chained nonlinear systems is rewrit-
ten into a high-order sub-FAS model with an explicit
polynomial input gain. Second, recursive output-jet recon-
struction maps are derived, which make the singularity
set visible in the jet space. Third, a odd-root feedback
law is proposed to assign linear input-output dynamics
on the nonsingular feasible domain. Fourth, a constructive
zero-crossing condition is introduced to verify singularity
avoidance a priori. Finally, the illustrative example is
revised to show both admissible and inadmissible initial
conditions, thereby demonstrating the boundary of the
proposed substabilizing mechanism.

The remainder of this article is organised as follows.
The problem formulation is presented in Section 2. In
Section 3, the model construction, the reconstruction
maps, the controller design and the substability analysis
are proposed, respectively. Section ?7 concludes with a
numerical example illustrating the proposed method.

2. PROBLEM FORMULATION

Consider the feedback stabilization problem for a class of
n— dimensional nonlinear systems of the following form
Ty = x5 + g1 (1)
By = a8 + (w1, 22)

(2)

Ty =P + Op(21,...,Tn)

where z = (21,...,7,)" € R” and u € R are the system
state and input, respectively. For ¢ = 1,...,n, the function
¢; : R? — R, is continuously differentiable and p; is an
odd positive integer.

Assumption 1. The functions ¢;,i = 1,2,...,n are suffi-
ciently smooth for the successive output differentiations
used below. Moreover, ¢;(0,...,0) = 0, so that the origin
is an equilibrium of the open-loop system under u = 0.

3. MAIN RESULTS
8.1 Recursive Differentiation and Model Construction

Let the system output be
Y= 3)
The objective of this section is to derive a differential

equation of order n in which the control input uP~ appear
explicitly and linearly.
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e First Derivative: The first derivative follows directly
from (3):
g =1 =25 +d1(y). (4)
This equation defines the first virtual control, zo, in
terms of y and .
e Second Derivative: Differentiating (4) and substitut-
ing the dynamics from (2), we have

=L 4 6y (w)]

T at
1. 091 .

= prah a4 a%ly (5)
_ 01 .

= plxgl 1 (ng + ¢2(1'1’ CCQ)) + al?gly.

Equation (5) can be rewritten as:

j = Fa(w2,y,9) + Ga(x2) - 257, (6)
where Fy() = p1a8' ™ ¢a (w1, ) + Gty and Go(-) =
plx’;*l are smooth functions of the argument (z2, y,
¥), and x5 appears as the new virtual control.

e General k-th Derivative: Proceeding by induction,

assume that the (k — 1)-th derivative of the output
admits the form:

y(k_l) :kal(w%”kaflvyw'wy(k_m) (7)
+ kal(l‘g, e 7-751@71) . :L‘Zkil_
Differentiating (7) and substituting @y yields:
dFj,_ dGy,_ _
k k—1 k—1 pr_ Pe_1—1 .
( ) = dt dt .,L,kk 1 +Gk;_1pk_1,’1,'kk 1 i
dFk-_l de—l Pr— Pr_ _1
Tt dt o+ Gk o
Fr (@2, Tk, Y,y 1)
+ Grorprrahy T alh

Gi(z2,...,x)
(8)
Thus, the recursive structure is derived. The func-
tions Fy and Gy are smooth and depend only on
(2, ..., 2k, Y, ..., y®) and (zo,...,z), respectively.
e n-th Derivative and Sub-FAS Model: Applying the
recursive step for k = n culminates in the n-th order
differential equation:

y™ = Fu(z,y, ...

with - .
o i) )
i=1 i=2

Equation (9) is the sub-FAS model of (2). The above
deduction shows that a class of nonlinear systems, non-
feedback-linearizable, odd-power chained nonlinear sys-
tems admits explicit high-order sub-FAS representation,
with a closed-form gain G, that is polynomial in the
virtual states.

)+ Ga(a) - ubn, (9)

(10)

3.2 Singular Set and Feasible Set

Since the control design will require division by G, (),
that is, where G, () vanishes must be excluded. We define
the following singular set:

n

S ={z e R"|G,(z) =0} = U

i=2,p;—1>1

fwi =0}, (1)



and the feasible set clearly has the following expression:
F=R"'\S={zeR"a; #0,i=2,...,n}. (12)

The feasible set F is not a conventional neighborhood of
the origin, because the origin itself belongs to the singular
set S. Therefore, classical Lyapunov stability with respect
to a full neighborhood of the origin cannot be expected.
The role of F is to specify the nonsingular domain on
which the sub-FAS inversion is meaningful. A trajectory
may converge to the origin only asymptotically while ap-
proaching the singular set in the limit; hence the essential
issue is not uniform separation from S, but avoidance of
finite-time crossing of the singular hypersurfaces.

3.8 State Reconstruction via Output and its Derivatives

To facilitate the analysis of substability and to characterize
the singularity set within the jet space of the output, the
state variables x; must be reconstructed from the output
y and its derivatives. Let

2=y, 9 ...,y T eR" (13)

denote the output-jet vector. On an appropriate feasible
jet domain, there exist smooth map ¥; : R® — R such
that

x; =Vi(z),i=1,...,n. (14)
Introduce the odd-root operator
root,(-) := sgn(-)| - |7, (15)

where p is an odd integer. The map root,,(r) = sgn(r)|r|*/?
is continuous on R and smooth on R\ {0}. It is generally
not differentiable at » = 0 when p > 1. In the present
reconstruction, smoothness is therefore claimed only on
connected components of the jet domain where the corre-
sponding residuals and intermediate gains do not vanish.

The first coordinate is immediate:

Ui(z) =z = y. (16)
From (4),
y=a +¢1(y) = 25 =9 — d(y).
Therefore
Ws(2) = 2 = 100ty (¥ — ¢1(y)) a7)

= sgn(j — o1 (W)lg — éa(w)|/7".
Using (6) and substituting 2o = Wy(z), the second deriva-
tive of the output takes the following form

§ = Fo(y, 9, V2(2)) + G2 (Va(2)) 28>
Introduce the residual

R3(2) :== i — Fa(y, 9, Y2(2)).

Then
R3(2) = Ga (Va(2)) 75,
so that
x;gz _ R3(Z) )
G2 (¥2(2))
We therefore define
U3 (z) = root,, (Gj?fp(j()z)))

R3(2) (e

et (G2 <%<z>>> ’Gﬁfxf(;)z»

Furthermore, the higher components are obtained recur-

sively by
Rk(z) )
Vi(z) =sgn
k(z) =g <Gk1(\112(z), U1 (2)

Rk(z) 1/pk—1

Gk_l(\llg(z), ey ‘Ilk_l(z))
k=3,4,...,n,

where Ry is the residual
Ry(z) =y "V —Fi(y,...,y" 2, Ua(2),. .., Tpq(2)),
and Gj_1 is the intermediate gain from (14).

(19)
X

In summary, on any connected component of the feasible
jet domain where the intermediate gains are nonzero and
the reconstructed virtual states do not cross zero, the maps
¥, are smooth and provide a one-to-one correspondence
between the state x and the output jet z.

8.4 Sub-FAS-Based Substabilizing Controller

With the sub-FAS representation (9) available, we provide
the following theorem to solve substabilization problem.

Theorem 1. Let F C R be the feasible set of sub-FAS (9),
and a; > 0,1 =0,1,...,n — 1 be a set of arbitrarily given
constants which makes the characteristic polynomial

D(s)=s"+a, 18"+ +ais+ap (20)

be Hurwitz. Then, a real odd-root substabilizing feedback
law for the sub-FAS (9) is given by

o) = s (A )

v = Fu(@,y, ...,y D)7

n—1
v=— Zaky(k),x e F.
k=0

Furthermore, for any trajectory that remain in F, the
closed-loop dynamics satisfy

Y™+ anay Y g+ aoy =0,
and thus converge exponentially to the origin.

X

(21)

(22)

Proof. Substituting (21) into the sub-FAS model (9)
yields

y™ = Fy(z,) + Gy (x)ur

v— F,(z,-)
= Fp(z,) + G (J?)W =v
= —an_1y" Y — a2y — - —agy.

Since (20) is Hurwitz, the closed-loop dynamics (22) is ex-
ponentially stable, which implies exponential convergence
of y and its derivatives along any trajectory that remains
in F.

Remark 1. The feedback is well-defined for x € F. It is
continuous wherever the argument of the odd-root is finite,
and it is smooth on subsets where both G, (z) # 0 and
v—F,(x,-) # 0. Thus, the term smooth in this paper refers
to smoothness on nonsingular components away from zero-
crossings of the odd-root argument.

Remark 2. Theorem 1 extends the FAS compensation idea
to a nonlinearly actuated, non-feedback-linearizable chain
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system whose virtual channels are polynomial rather than
linear. The feedback is globally smooth on F and produces
exact linear closed-loop behavior, which, combined with
Subsection 3.3, enables a precise substability and region
of exponential attraction (ROEA) analysis.

Theorem 2. Let A € R™ ™ be the companion matrix
associated with the polynomial (20). Under the feedback
law (21), the closed-loop output jet satisfies

2(t) = Az(t), z(t) = et 2(tg). (23)

Define the Region of Exponential Attraction in jet space
as

R = {ZO S Rnl‘I’i(eA(t_tU)Zo) 75 O,Vt > to,i = 2, cee ,n} ,

(24)
and in state space as
Q = {zg € R"|z(t;x0) € F,Vt > 0}. (25)

Then,

(1) For all initial conditions zp € Q, the corresponding
closed-loop trajectory converges exponentially to the
origin;

(2) Qs an open subset of R” and is in general nonconvex
and unbounded;

(3) The origin belongs to the boundary of Q, so the
system is not Lyapunov stable in the classical neigh-
borhood sense but is exponentially substabilized on

Q.

Proof. By Theorem 1, the output jet z(t) evolves accord-
ing to (23). By the deduction of susbection 3.3, z; =
U,;(2(t)) on the feasible jet-domain, and the singular set
corresponding to ¥;(z(t)) = 0 for ¢ > 2. Thus the con-
dition zp € R is equivalent to x(t;zo) ¢ S for all ¢ > 0,
ie. x(t;xp) € F for all the time, which characterizes Q.
Exponential convergence follow from (22) and (23).

Openness of ) is a consequence of continuous dependence
of z(t) and the ¥; on initial conditions together with the
strict inequalities defining R. Nonconvexity and unbound-
edness arise because the constraints ¥;(e4(t=%0)z) £ 0
describe excluded tubes around singular trajectories in
an otherwise unbounded linear system. The origin lies in
S by Subsection 3.2 and is therefore on the boundary
of @, which prevents classical Lyapunov stability but is
consistent with substability.

Remark 3. Theorem 2 provides an explicit geometric char-
acterization of the substable region of attraction for a non-
feedback-linearizable chain system, expressed entirely in
terms of the linear closed-loop matrix A and the recon-
struction maps ¥;. This is significantly more informative
than conventional local Lyapunov results: the region Q is
not a small neighborhood but a potentially large, struc-
tured subset of the state space whose boundary is tied
directly to the singular hyperplanes {z; = 0}.

3.5 Constructive Singularity-Avoidance Test

Define the singularity functions in jet space.
n2(z) =5 — d1(y).
For k > 3, define
m(2) = Ri(2),
where Rj(z) is the residual used in the reconstruction
formula (19). Then z; = 0 is equivalent to ng(z) = 0,

provided the previous reconstruction steps are nonsingu-
lar.

Under the feedback law, we have

z(t) = eAlt=to) 5.
Then, singularity avoidance can be checked by the propo-
sition.
Proposition 1. Let zy be the output-jet vector correspond-
ing to g € F. Suppose that, for every k =2,...,n,

nk(eA(t_t")zo) £ 0,Vt > tg.

Then the closed-loop trajectory does not intersect the
singular set in finite time. Consequently, the sub-FAS
feedback remains well-defined for all finite ¢, and the
output jet converges exponentially according to z(t) =
eAlt=to) 5

This condition is constructive because it does not require
simulating the original nonlinear closed-loop system. For
a given zp, one only needs to test whether the explicitly
known scalar functions 7y (eA(t_tO)zo) have zeros on t > tg.
In the illustrative example below, these functions reduce to
exponential factors multiplied by quadratic polynomials,
so the test becomes a direct root/discriminant check.

4. ILLUSTRATIVE EXAMPLE
4.1 Controller Design and Singularity Characterization

Consider the following three-dimensional system:
5.61 = 1‘% + 1,
Ii,’g = ZL’%,

5-53 = u3.

(26)

This system is a special case of (2) with p; = ps = p3 = 3,
$1(z1) = z1, and ¢ = ¢3 = 0. Let

y=x.
Then
y =5+, (27)
and
§ = 3x3xd + a3 + . (28)
Differentiating once more gives
y® = 6925 + 32323 + 23 + x1 + 9x2au’. (29)
Therefore, the sub-FAS representation is
y® = Fy(x) + Ga(a)u?, (30)
where
F3(x) = 62925 + 32325 + x5 + 21,
and

G3(x) = 9x3x32.
The singularity set is thus
S ={z2 =0} U{z3 =0},
and the feasible set is
F={zeR? |2y #0, z3 #0}.

Choose the desired characteristic polynomial as

D(s)=(s+1)* =5 +3s +3s+ 1.
The virtual input is selected as

v =—(y+ 3y + 3§).
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Substituting (27) and (28) gives
v

= —Tx, — 625 — 9233,
Therefore,
v — Fy(x) = —8xy — 7o — 122325 — 62005,
Solving (30) for u? yields
3 —8T — Txs — 122323 — 6x2333
v 9x323

Hence, the feedback law on F is
() = Sgn<—8m1 — Tx3 — 122323 — 6x2xg)

2.2
9r513
—8z1 — Tay — 122323 — 62928

1/3

1
9xda3 (31)

Under this controller, the closed-loop input-output dy-
namics satisfy

y® +35+3y+y=0. (32)

Next, we characterize the singularity condition in the
output-jet space. From (27),

2o = rootz(y — y).
Moreover, from (28),
j — 1 = 3a3u3.
Thus, when x4 # 0,

_ i— 3y
I3 = roots 52 )
2

Therefore, the singularity hyperplanes in the output-jet
space are

y-y=0, §-y=0 (33)
Consequently, the ROEA associated with (31) can be
written as

Rex = {20 € R | §(t) —y(t) # 0, §i(1)
where 2(t) = [y(t),y(t),ij(t)]T is generated by (32). The
corresponding state-space region is

Qex = {xo € F | 2a2(t) #£0, x3(t) #0, Vt > 0}.
This characterization shows that belonging to the ini-
tial feasible set F is not sufficient. The initial condition

must also ensure that the closed-loop output-jet trajectory
avoids the singularity hyperplanes (33) for all finite time.

4.2 Simulation

This subsection verifies the closed-loop behavior of the
proposed controller and illustrates the role of the ROEA
condition. For the selected polynomial
D(s) = (s +1)%,

the output response has the form

y(t) = e t(co + 1t + eat?), (34)
where

Lo

Yo + go + Yo (35)

Therefore, the singularity indicators can be checked di-
rectly before simulating the original nonlinear closed-loop
system:

co = Yo, c1 = Yo + Yo, cy =

§(t)—y(t) = e " [(er — 2c0) + (22 — 2¢1)t — 2¢2t%], (36)
and
G(t)—9(t) = e " [(2c2 — 3c1 + 2¢0) + (21 — Bea)t + 2c0t?] .

Case 1: First, consider the admissible initial condition
z(0) = [0.1,-0.6,0.7]". (37)
From (27) and (28), the corresponding initial output jet is
2o = [0.1000, —0.1160, 0.2544] .
Using (35), one obtains

y(t) = e *(0.1000 — 0.0160¢ + 0.06122t2). (38)
The two singularity indicators are
y(t) — y(t) = e *(—0.2160 + 0.15444¢ — 0.12244¢?), (39)
and
() — y(t) = e7(0.37044 — 0.39932t 4 0.12244¢%). (40)

The discriminants of the two quadratic polynomials in
(39) and (40) are negative. Therefore, the first indicator is
always negative and the second indicator is always positive
for all ¢ > 0. This proves a priori that the trajectory
does not intersect the singular hyperplanes in finite time.
Consequently, the feedback controller remains well-defined
along the whole trajectory.

The simulation results for this admissible case are shown
in Figs. 1-4. The states converge to the origin, while x5(#)
and z3(t) do not cross zero during the transient process.
The singularity indicators § — y and § — ¢ keep fixed
signs and approach zero only asymptotically. Meanwhile,
G3(x(t)) = 92%(t)z3(t) remains nonzero for every finite
time. These results confirm that the trajectory stays inside
the feasible domain F and converges exponentially to the
origin.
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Fig. 1. State responses for the initial condition (37).

Admissible case: input

‘

Fig. 2. Input for the initial condition (37).

Case 2: To further illustrate the necessity of the ROEA
condition, consider the initial condition

z(0) = [0.5,0.6,0.7] ™.
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Admissible case: singularity indicators

—i-y

——i-y

0 5 10 15 20 25 30 35 40 45 50
Time [s]

Fig. 3. Singularity indicators ¢y — y, 4 — y for the initial
condition (37).

Fig. 4. Singularity indicator G3(z) = 92323 for the initial
condition (37).

Although this point belongs to F at t = 0, it does
not belong to the ROEA generated by the selected pole
placement. In this case,

20 = [0.5000,0.7160, 1.0864] T,
and
y(t) = e *(0.5000 + 1.2160¢t + 1.50922t2).
The second singularity indicator becomes
§i(t) — 9(t) = e7*(0.37044 — 6.62332¢ + 3.01844¢%),
which has a positive zero at approximately
t =0.0574 s.

Therefore, 23(t) reaches zero in finite time, and the sub-
FAS inverse becomes invalid. Moreover,

y(t) — y(t) = e (0.2160 + 0.58644¢ — 3.01844t?),
which also has a positive zero at approximately
t =0.3817 s.

This boundary-crossing case demonstrates that the feasi-
ble set F alone is not an invariant attraction region. The
proposed controller achieves exponential substabilization
only for initial conditions whose closed-loop output-jet
trajectories avoid the singularity hyperplanes for all finite
time.

The two cases above clarify the practical meaning of the
ROEA characterization. The first case verifies exponential
substabilization on an admissible trajectory, whereas the
second case shows that the controller loses validity when
the assigned linear jet dynamics drive the trajectory to the
singular boundary. Therefore, in practical implementation,
the proposed controller should be combined with the

singularity-avoidance test or with a switching mechanism
that prevents the state from approaching G3(z) = 0.

5. CONCLUSION

This paper developed a sub-FAS-based substabilization
method for a class of odd-power chained nonlinear systems
with uncontrollable unstable linearization. The proposed
transformation exposes the input-gain singularities and
enables linear input-output pole assignment on nonsin-
gular components of the feasible domain. A construc-
tive jet-space zero-crossing test was introduced to verify
whether a given initial condition avoids the singular set
under the assigned closed-loop dynamics. The analysis
also clarified that the controller is not a global smooth
stabilizer; rather, it provides exponential substability on
an explicitly characterized nonsingular region. Simulations
with both admissible and boundary-crossing initial condi-
tions confirmed the theoretical prediction and illustrated
the practical role of singularity monitoring. Future work
will consider robust switching mechanisms, uncertain dy-
namics, and multi-input extensions.
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