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Abstract: In this work, we propose a control scheme for rigid bodies designed to optimise
transient behaviors. The search space for the optimal control input is parameterized to yield
a passive, specifically lossless, nonlinear feedback controller. As a result, it can be combined
with other stabilizing controllers without compromising the stability of the closed-loop system.
The controller commands torques generating fictitious gyroscopic effects characteristics of 3D
rotational rigid body motions, and as such does not inject nor extract kinetic energy from the
system. We validate the controller in simulation using a model predictive control (MPC) scheme,
successfully combining stability and performance in a stabilization task with obstacle avoidance
constraints.
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1. INTRODUCTION

Rigid body control is of utmost importance in most control
problems in the field of aerospace and robotic systems. In
fact, satellites (Narkiewicz et al., 2020; Yang et al., 2023),
underwater vehicles (Liu et al., 2020; Neira et al., 2021),
and aerial robots (Su et al., 2021; Golestani et al., 2022)
are usually modeled as rigid bodies.

Over the past three decades, the concept of energy has
gained significant attention in engineering practice. In a
control-theoretic setting, the core idea of energy-based
methods is to treat dynamical systems as physical entities
able to exchange energy with other systems rather than
to process signals (Ortega et al., 2001). In this context,
passivity-based control (PBC) has fully established itself
as a branch of nonlinear control (van der Schaft, 2016),
aiming to stabilise systems independently on external en-
vironmental interactions using energy-based arguments.
The inherent passivity of mechanical systems has been
extensively utilized in designing rigid body attitude con-
trollers, as this property often allows the development of
robustly stable controllers without relying on restrictive
assumptions. As examples, in (Forni et al., 2015), a stan-
dard energy-balancing PBC (EB-PBC) is used for set-
point tracking in a rigid body attitude control problem
leveraging on port-Hamiltonian formulation. In (Rashad
et al., 2019a) the problem of interaction control of fully
actuated unmanned aerial vehicle (UAV) is considered.
There the UAV is modeled as a floating rigid body on
the special Euclidean group SE(3) and an EB-PBC unified
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motion and impedance controller is designed. In (Moham-
madi et al., 2021) a PBC scheme is proposed for the stable
co-transportation of a cable-suspended payload by a num-
ber of quadrotors. A notable limitation of this method-
ology is that the low-level controller design is focusing
on achieving passivity of the closed-loop system, without
optimizing task performance. This aspect produced the
highly debated assertion that passivity is associated to a
loss of performance in the control due to the choice of
over-conservative gains (Dimeas and Aspragathos, 2016;
Califano et al., 2023).

Recently, researchers have begun to investigate how to
integrate optimization techniques into passive controllers,
aiming to preserve passivity (and as a consequence stabil-
ity) of the closed-loop system while also maximizing per-
formance. For example, in (Raff et al., 2007), a nonlinear
model predictive control (MPC) framework was integrated
for the first time with the passivity concept, combining the
performance advantages of MPC with the closed-loop sta-
bility guarantees provided by passive control. Conversely,
a quasi-Linear-Parameter-Varying MPC framework from
(Cisneros and Werner, 2018) removes the need of extra
constraints or terminal costs in optimization by ensur-
ing stability with dissipativity arguments, given certain
nonlinearity conditions in constrained MPC are satisfied.
More recently, other works propose to carefully integrate
the expressive power of neural networks into PBC schemes
(Zanella et al., 2024a; Massaroli et al., 2022; Plaza et al.,
2022) by systematically designing parametrised passive
controllers through the solution of an optimization prob-
lem. Other works combine energy-based schemes and op-
timisation tools in a model-free fashion, where the PBC
design involving energy tanks are merged in a reinforce-
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ment learning framework (Zanella et al., 2024b; Sacerdoti
et al., 2024).

In this work, we propose a new approach that integrates
optimization with PBC methods to optimize transient
behavior while ensuring passivity. We focus on controlled
rigid bodies where a stabilizing controller is employed,
and present a novel parameterization of an extra passive
control input, able to shape the transient response while
preserving stability. This approach strikes a balance be-
tween the expressiveness of the parameterization (capable
of accommodating diverse dynamic responses) and the
requirement to preserve closed-loop stability. The main
contributions of this work can be summarized as follows:

- We introduce an optimal control framework in which
the search space is parametrized to guarantee a struc-
turally passive nonlinear feedback controller.

- We show how the net effect of the proposed frame-
work is to produce fictitious gyroscopic effects, effec-
tively exploiting the nonlinear 3D dynamics of rigid
body systems during transient phases.

- We discuss how the proposed control methodol-
ogy integrates with other stabilizing controllers and
optimization-based techniques to shape transient be-
haviours while preserving closed-loop stability.

- We validate the method through simulations, opti-
mizing transient behaviour with an MPC scheme for
obstacle avoidance, while a stabilizing nominal con-
troller drives the rigid body to a target.

The paper is organised as follows. Section 2 contains the
background material comprising passivity theory and rigid
body modeling. Section 3 contains the theoretical contri-
bution of this work in which the proposed optimal control
scheme is presented. Section 4 contains the description,
simulation results and discussion of the proposed case
study, while Section 5 contains conclusions and future
work.

2. BACKGROUND

In this section we briefly report the relevant background
information about passivity and rigid body modelling,
which can be found in detail e.g., in (van der Schaft, 2016).
Throughout the paper, scalars and maps are denoted by
regular letters, while vectors and matrices are denoted
by bold letters. The skew-symmetric representation of a
three-dimensional vector ω ∈ R3 is denoted ω̃ = −ω̃⊤ ∈
R3×3. Vector products of two vectors a ∈ R3 and b ∈ R3 is
denoted by a×b and we will use the property a×b = ãb.

2.1 Passivity

Consider the affine nonlinear control system:

ẋ = f(x) + g(x)u (1)

where x ∈ D ⊆ Rn is the state, u ∈ U ⊂ Rm is
the input, f : Rn → Rn and g : Rn → Rn×m are
continuously differentiable maps. As a consequence, a
Lipschitz continuous controller guarantees the existence
and uniqueness of solutions of (1). A system in the form
(1) equipped with an output:

y = h(x) ∈ Y ⊂ Rm

is said to be passive with respect to a differentiable storage
function S : D → R+ and input-output pair (u,y), if the
following inequality holds ∀u ∈ U :

Ṡ = ∂⊤
x S(x)(f(x) + g(x)u) ≤ y⊤u. (2)

For physical systems, where S(x) represents the energy
and y⊤u the power flowing in the system, condition (2)
is a statement of energy conservation, i.e., the variation
of energy in the system is bounded by the power flowing
in the system. The inequality margin in (2) is due to
the dissipation of the system d(x) = −∂⊤

x S(x)f(x). For
passive systems, it holds d(x) ≥ 0 and the case d(x) = 0
(i.e., (2) with an equal sign), system (1) is said to be
lossless. Passivity is directly related to local stability of the
minimum of S(x), under the condition that the storage
function qualifies as a Lyapunov function. In fact, it is
easy to see that in this case passivity condition (2) with
u = 0 makes the minimum of the storage/Lyapunov

function S(x) locally stable as Ṡ = −d(x) ≤ 0. The rate
of convergence to the equilibrium depends on the value
of the dissipation d(x) and, as limit case, if the system is
lossless, the system evolves on isolines of S(x). Notably,
passivity yields a stronger property than just stability:
passivity can be shown to be necessary for a robust
form of stability when external interactions influence the
system through the input-output pair (u,y), see (Califano
et al., 2023; Capelli et al., 2022; Stramigioli, 2015) for
more details. This energetic analysis can be extended to
closed-loop systems and, as such, used for control design.
The so-called passivity-based control (PBC) methods aim
to design controllers such that the closed-loop system
is passive, providing an energetic interpretation of the
controlled system and a form of robust stability with
respect external and parametric disturbances.

2.2 Rigid Body Model

Consider a rigid body evolving in Euclidean 3D space with
mass m and inertia tensor J . Let Ψ0 and Ψb be the inertial
and body-fixed frame, where the latter is chosen to be the
principal inertial frame, which is a particular body-fixed
frame with origin coincident with the centre of mass of the
rigid body and in which its inertia tensor J ∈ R3×3 is a
diagonal matrix. The rigid body configuration is encoded
in the Lie group element H ∈ SE(3) connecting Ψ0 to
Ψb, which contains, in its usual matrix form, the rotation
matrixR ∈ SO(3) and the distance p ∈ R3. The kinematic
variables are completed by the generalised velocity of the
rigid body, composed by the linear velocity v = ṗ ∈ R3,
and the angular velocity ω ∈ R3 expressed in Ψb. The
relation between ω and R is encoded in the kinematic
identity

ω̃ = R⊤Ṙ, (3)

where the Lie algebra element ω̃ ∈ so(3) is represented by
a skew-symmetric matrix. A state-space representation of
frictionless equations of a rigid body are:

ṗ = v (4)

Ṙ = Rω̃ (5)

mv̇ = −mge3 +Rf (6)

Jω̇ = −ω × Jω + τ , (7)

where e3 is the direction of gravity, and f ∈ R3 and τ ∈ R3

are the force and momentum applied at the center of mass
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of the rigid body and expressed in Ψb. It is easy to see
that, after the application of a gravity compensation term
in the form:

Rf = mge3 + f ′, (8)

system (6-7) is lossless with respect to the kinetic energy

K(ω,v) =
1

2
mv⊤v +

1

2
ω⊤Jω (9)

as a storage function, and input/output pairs (f ′,v) and
(τ ,ω). In fact, calculating the dissipation inequality and
using (8), one obtains:

K̇ = v⊤f ′ + ω⊤(τ − ω × Jω) = v⊤f ′ + ω⊤τ . (10)

The latter follows from the key identity

ω⊤(ω × a) = ω⊤(ω̃a) = −(ω̃ω)⊤a = −(ω × ω)a = 0,
(11)

which holds true for any a ∈ R3.

3. LOSSLESS CONTROL AND OPTIMISATION

The following results motivates the choice of controller
proposed in the sequel.
Proposition 1. Consider system (6-7) with control (8)
and any torque controller in the form

τ = ω × a+ τ ′ (12)

for any (possibly state-dependent) term a ∈ R3. Then,
the closed-loop system is passive with respect to its kinetic
energy as storage function and input/output pairs (f ′,v)
and (τ ′,ω).

Proof. The closed-loop system results in:

ṗ = v (13)

Ṙ = Rω̃ (14)

mv̇ = f ′ (15)

Jω̇ = −ω × (Jω − a) + τ ′. (16)

Passivity follows by the same calculation as in (10) with
the extra zero addend (11), resulting in

K̇ = v⊤f ′+ω⊤(τ ′−ω×(Jω−a)) = v⊤f ′+ω⊤τ ′. (17)

Proposition 2. Consider the system (4-5-6-7) with con-
trol (8) and (12). Suppose that the controllers command-
ing f ′ and τ ′ are designed to stabilize a minimum of a
Lyapunov function of the form V (R,p,ω,v) = K(ω,v)+
U(R,p), where K(ω,v) is the kinetic energy and U(R,p)
is a closed-loop potential function. Then, the closed-form
expression of V̇ is invariant under any choice of a ∈ R3.

Proof. To prove invariance of the expression of V̇ under
the term ω × a and any controller f ′ and τ ′, it suffices
to observe that the control term ω × a enters only in K̇,
producing a null additive contribution as in (17).

The previous result can be notably interpreted from an
energetic perspective. In fact, a control torque parame-
terised as τ = ω × a purely routes mechanical energy in
the system, redistributing the components of the angular
velocity of the rigid body without contributing to a change
of kinetic energy. In this sense, the mechanism is analogous
to what 3D gyroscopic terms do, which are in fact an
instance of ω × a with a = −Jω, as clear in (7).

Remark 1 (Closed-loop inertia shaping). Although it
might be tempting to think that the fictitious gyroscopic
effects ω×a would effectively shape the inertia of the rigid
body, simple calculations show that the rotational closed-
loop dynamics

Jω̇ = −ω × (−a+ Jω) + τ ′ (18)

is not equivalent to the dynamics of a rigid body with
desired inertia Jd

Jdω̇ = −ω × Jdω + τ ′, (19)

unless

ω̃a = ω̃Jω − JJ−1
d ω̃Jdω + (JJ−1

d − I3)τ
′ (20)

holds true. Notice that this matching condition is in gen-
eral not solvable for a, and also the case which is normally
referred to as “feedback linearisation” a = Jω does not
generate any physically plausible closed-loop system (19),
unless Jd = J = I3, i.e., the rigid body is dynamically
equivalent to a sphere and the controller does nothing.

From a stabilization perspective, Proposition 2 produces a
degree of freedom in the control design: If the controllers
commanding f ′ and τ ′ have been designed to achieve
closed-loop stability encoded in the Lyapunov function
V (R,p,ω,v) = K(ω,v) + U(R,p), V would still be a
closed-loop Lyapunov function for an additional control
term in the form ω × a. As a consequence, this control
term can be chosen to achieve desired transient behaviors
of rigid bodies, complementing stabilising controllers with
extra capabilities functional to specific task executions
without compromising stability.

With this observation in mind, we propose the following
abstract optimal control problem (OCP) in the time inter-
val t ∈ [ti, tf ]:

a∗(t) = argmin
a(t)∈A

C(R,p,ω,v, τ ′,f ′,a, ti, tf )

s.t. (Dynamics (13-14-15-16) holds)

(Actuation constraints)

(Task-based constraints).

(21)

Here C represents a general cost function, which can be
composed of different addends like control effort, regular-
izing terms, and soft task-based constraints. The hard con-
straints are composed by the dynamics of the system (13-
14-15-16), the actuation constraints (e.g., limits in max-
imal torques or velocities), and/or hard task constraints
(e.g., obstacle avoidance). The specific technique to tackle
the OCP (21), which comprises the nature of the search
space A, is driven by the specific application. The goal of
presenting the OCP in this abstract form is to highlight
its generality, i.e., whatever technique is used to actually
solve the OCP, the extra torque term τ = a × ω will
not interfere with the stability properties of the closed-
loop system. Section 4 will provide a detailed example of
mathematical representation for the constraints and the
cost function.

4. CASE STUDIES AND SIMULATIONS

Discrete model and software setup In the following, we
will present a non-linear model predictive control (NMPC)
solution to the problem. This choice is motivated by the
capability of MPC schemes to integrate generic constraints
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Fig. 1. Free dynamics (τ ′ = a = 0)
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Fig. 2. Lossless optimal control with τ ′ = 0
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Fig. 3. Nominal attitude control alone (a = 0)
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Fig. 4. Lossless optimal transient control and nominal
attitude control

in an optimal control framework, making it a good candi-
date to implement the abstract problem (21). The NMPC
uses a temporal discretisation of the system and solves
the OCP (21) at each time step in the prediction hori-
zon [ti, tf ]. Within this framework, the equations (4), (6)
are integrated numerically using the Euler’s method with

sample time T :

pk+1 = pk + Tvk (22)

mvk+1 = vk −mgTe3 + TRkfk. (23)

Meanwhile, the explicit Lie-Newmark method (Simo and
Vu-Quoc, 1988), is applied to (5), (7) to ensure that
the predicted Rk+1 remains in SO(3). Given the current
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configuration at the k-th instant of time (Rk,ωk), this
method updates (Rk+1,ωk+1) using the following iteration
rule:

Rk+1 = Rk cay
(
Tωk+ 1

2

)
(24)

ωk+1 = ωk+ 1
2
+

T

2
J−1

(
Jωk+ 1

2
× ωk+ 1

2
+ τk

)
(25)

where ωk+ 1
2
= ωk + T

2 J
−1 (Jωk × ωk + τk) and cay(·) is

the Cayley map defined by cay(x) =
(
I3 +

1
2 x̃

) (
I3 − 1

2 x̃
)−1

,
with I3 the identity matrix. Employing this approximation
alongside a discrete-time cost function specially formu-
lated for the task, the OCP (21) transforms into a finite-
dimensional nonlinear program (NLP). The NLP in our
simulations is solved by CasADI (Andersson et al., 2019),
a toolbox for Algorithmic Differentiation, interfaced with
IPOPT (Wachter, 2002) solver.

Nominal controller To validate the proposed control
scheme, we consider a rigid body controlled by (8) and
(12), where f ′ = 0, while τ ′ is designed to ensure the
stability of the closed-loop system around the desired
orientational equilibrium R = Rd ∈ SO(3). For this
purpose we use the controller developed in (Rashad et al.,
2019b):

τ ′ = −2 sk(GR⊤
d R)− kDω, (26)

where sk(A) denotes the anti-symmetric part of a matrix

A, given by sk(A) = A−A⊤

2 , while G ∈ R3×3 and kD ∈ R
are the symmetric orientational co-stiffness matrix and the
positive damping gain, respectively. As shown in (Rashad
et al., 2019b), the controller (26) makes the closed-loop
system almost globally asymptotically stable around the
desired orientational equilibrium R = Rd ∈ SO(3), as can
be checked using the Lyapunov candidate

V (R,p,ω,v) = K(ω,v) + U(R,p) (27)

with K(ω,v) = 1
2mv⊤v + 1

2ω
⊤Jω and U(R,p) =

− tr(G(R⊤
d R− I3)), where tr(·) is the matrix trace.

Task description As a use case scenario, we consider a
rigid body moving at a constant linear velocity (f ′ = 0)
toward a wall with a slit. The rigid body is thinner along
one spatial dimension, and as such the object must align
its predominant axes with the slit to avoid collision. We
introduce a constraint to encode both the orientation error
εR,R⋆ and the distance dp,p⋆ between the rigid body and
the slit:

εR,R⋆

dp,p⋆
+ ϵ1

< ϵ2 (28)

where we defined εR,R⋆
:= 1− (e⊤3 R

⊤R⋆e3)
2 and dp,p⋆

:=(
e⊤1 (p− p⋆)

)2
+

(
e⊤2 (p− p⋆)

)2
with e1 = [1 0 0]⊤, e2 =

[0 1 0]⊤, e3 = [0 0 1]⊤, while p⋆ ∈ R3 and R⋆ ∈ SO(3) are
respectively the position and orientation of the slit with
respect to the inertial frame. The design of this constraint
reflects that as the rigid body approaches the slit (smaller
dp,p⋆

), misalignment becomes increasingly critical. The
parameters ϵ1 ∈ R+ prevents numerical instability or
overly aggressive control responses, whereas ϵ2 ∈ R+

limits the orientation error relative to distance. Reducing
ϵ2 increases sensitivity to alignment errors as the body
approaches the slit.

Simulation with nonlinear MPC The system is simu-
lated for 50s by discretising the system dynamics (22)-

(25) for 25000 steps. The rigid body has m = 1kg and
J = diag(1.5, 1.5, 0.5)kg m2, with the following initial
conditions: p0 = [0 0 0.5]m, v0 = [0 0.1 0]m/s, ω0 =
[0.15 − 0.2 0.25] rad/s, R0 = I3. The slit is in position
p⋆ = [0 2.5 0]m and has an orientation R⋆ = I3. At each
time step, the NMPC solves the following OCP at discrete
time in the prediction horizon k = 0, . . . , H − 1:

a∗
0, . . . ,a

∗
H−1 = argmin

a0,...,aH−1∈R3

H−1∑
k=0

∥ ω̃kak∥2

s.t. (22)− (25), (28)

|aik| < āi, i = 1, 2, 3

where aik ∈ R are the components of ak ∈ R3 and
āi ∈ R are the corresponding bounds. This serves as
an explicit formulation example for the OCP outlined in
Equation (21), specifically designed for the given problem.
Since we implement an MPC scheme involving temporal
discretization of the system, rather than optimizing a
continuous-time trajectory a(t) for t ∈ [ti, tf ], a sequence
of discrete-time terms is determined: ak := a(k · T + ti)

for k = 0, . . . ,H − 1, where H =
tf−ti

T and T represents
the discretisation interval. The prediction horizon of the
OCP in our simulations is 1s (implemented with sampling
time T = 0.1s and H = 10), while the constraint is
characterised by ϵ1 = 0.005, ϵ2 = 0.1. The resulting control
input, updated at a frequency of 500 Hz, takes the form
(12) with a = a∗

0.

Results and discussion We analyse the effect of our
solution under two conditions: with and without nominal
torque control τ ′. In the first condition, where τ ′ = 0, we
compare the effects of lossless optimal control, reported
in Fig. 2, with the free dynamics of the rigid body (i.e.,
a = 0), illustrated in Fig. 1. In the second condition,
the nominal torque control τ ′ is applied using the passive
controller defined in (26), which asymptotically stabilizes
the system around the desired orientation equilibrium. In
our simulations, we consider a rotation of 3π/4 about
the y-axis of the inertia frame. The effects of this torque
control alone (with a = 0) are shown in Fig. 3, while the
combined effect of lossless optimal transient control and
torque control is depicted in Fig. 4. For each simulation a
3D graphical representation of the rigid body dynamics
is shown in the corresponding figure. The rigid body
is depicted as a blue disc on the x and y axes of the
body-fixed frame, with a red arrow along the z-axis. In
the second plot of each figure, we report the distance
between the rigid body and the slit dp,p⋆

(in blue) and
the orientation error εR,R⋆

(in orange) over time. Ideally,
for the rigid body to pass through the slit, the orientation
error should be zero when the distance is at its minimum.
The bottom plots in Fig. 3 and Fig. 4 show the evolution
in time of the kinetic, potential, and total energy.

The simulation results show a successful validation of the
proposed controller: in both cases the activation of the
NMPC routine is able to steer the rigid body along the slit
without compromising the stability property of the closed-
loop system. Particularly interesting is the comparison of
the energy functions in Fig. 3 and 4: the evolution of
the closed-loop Lyapunov function (27) is in both cases
non increasing (i.e., it is a valid Lyapunov function for
both cases, as predicted by Proposition 2) but the way it
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decreases (the transient behavior) is different. In the case
powered by the NMPC the system trades kinetic energy
for potential energy faster, in order to allow the rigid body
to find the correct orientation to pass through the slit at
the right time.

5. CONCLUSIONS

This work introduced a novel optimisation framework
based on energetic arguments which is able to modify the
transient behavior of controlled rigid body without com-
promising the passivity/stability properties of the closed-
loop system. Future work is hinged upon addressing prac-
tical challenges in real-time implementation and extend
the framework to more complex environments.
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linear model predictive control: A passivity-based ap-
proach. Assessment and future directions of nonlinear
model predictive control, 151–162.

Rashad, R., Califano, F., and Stramigioli, S. (2019a).
Port-hamiltonian passivity-based control on se(3) of a
fully actuated uav for aerial physical interaction near-
hovering. IEEE Robotics and Automation Letters, 4(4),
4378–4385.

Rashad, R., Califano, F., and Stramigioli, S. (2019b).
Port-hamiltonian passivity-based control on se(3) of a
fully actuated uav for aerial physical interaction near-
hovering. IEEE Robotics and automation letters, 4(4),
4378–4385.

Sacerdoti, D., Benzi, F., and Secchi, C. (2024). A reinforce-
ment learning-based control strategy for robust interac-
tion of robotic systems with uncertain environments. In
2024 IEEE International Conference on Robotics and
Automation (ICRA), 5788–5794. IEEE.

Simo, J.C. and Vu-Quoc, L. (1988). On the dynamics in
space of rods undergoing large motions—a geometrically
exact approach. Computer methods in applied mechan-
ics and engineering, 66(2), 125–161.

Stramigioli, S. (2015). Energy-Aware robotics. In Lecture
Notes in Control and Information Sciences, volume 461,
37–50.

Su, Y., Ruan, L., Yu, P., Pi, C.H., Gerber, M.J., and
Tsao, T.C. (2021). A fast and efficient attitude control
algorithm of a tilt-rotor aerial platform using inputs
redundancies. IEEE Robotics and Automation Letters,
7(2), 1214–1221.

van der Schaft, A. (2016). L2-Gain and Passivity Tech-
niques in Nonlinear Control. Springer Publishing Com-
pany, Incorporated, 3rd edition.

Wachter, A. (2002). An interior point algorithm for large-
scale nonlinear optimization with applications in process
engineering. Ph.D. thesis, Carnegie Mellon University.

Yang, C., Lu, W., and Xia, Y. (2023). Uncertain op-
timal attitude control for space power satellite based
on interval riccati equation with non-probabilistic time-
dependent reliability. Aerospace Science and Technol-
ogy, 139, 108406.

Zanella, R., Macchelli, A., and Stramigioli, S. (2024a).
Learning the optimal energy-based control strategy for
port-hamiltonian systems. IFAC-papersonline, 58(6),
208–213.

Zanella, R., Palli, G., Stramigioli, S., and Califano, F.
(2024b). Learning passive policies with virtual energy
tanks in robotics. IET Control Theory & Applications,
18(5), 541–550.

9407


