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Abstract: This paper introduces an interval state estimation method for discrete-time bounded
Jacobian nonlinear systems allying Luenberger-like observer with zonotope set computation.
First, a robust observer is designed to obtain bounded-error and point-estimation with a peak-to-
peak performance. This allows one to cope with the unknown but bounded process disturbance
and measurement noise. Then, based on the stable dynamics of the observation error, tight
interval estimation is obtained by applying zonotope set computation and analysis. To sum up,
a comprehensive interval estimation algorithm is proposed by integrating the robust (in the
sense of peak-to-peak performance index) point-valued estimate with the feasible zonotope set
of the estimation error. Numerical simulation tests are conducted to assess the effectiveness of
the proposed approach.
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1. INTRODUCTION

The knowledge of the internal state of dynamics systems
is essential in many engineering applications, including
systems monitoring, fault detection, and state feedback
control Wang and Shen (2023). Due to uncertainties such
as process disturbances and measurement noise, the es-
timated state of a system may not align perfectly with
its actual one. A solution to solve this problem (to get a
reliable estimation) can be obtained by assuming that the
uncertain parts of the system are unknown but bounded
and then using interval computation techniques to de-
sign set-valued state estimators. It is worth pointing out
that compared to the stochastic assumption, that is the
existence of probability distribution functions describing
the system uncertainties, the unknown but bounded as-
sumption is more natural and easier to meet in real world
systems.

In the literature, interval estimation techniques can be
divided into two main categories, interval observer-based
methods Li et al. (2019); Tahir and Açıkmeşe (2021);
Khajenejad and Yong (2022) and set-based methods Wang
et al. (2018); Zhang et al. (2021); Wang et al. (2024). Using
the monotone systems theory, the interval observer-based
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methods aim to design two sub-observers to ensure the
stability and positivity of the estimation error, and provide
two bounds framing the system state Räıssi et al. (2011).
However, sometimes the design condition of interval ob-
servers is too restrictive to find suitable gain matrices in
the sense of estimation performance, which limits their
application. Although using coordinate transformation can
relax the design condition, the transformation introduces
additional conservatism and reduces the estimation accu-
racy.

Unlike interval observers, the main idea of set-based meth-
ods is to construct, step-by-step, geometrical sets that
contain the reachable state of the system Althoff and Rath
(2021). Ellipsoids, polytopes and zonotopes are commonly
used as geometrical sets. Owing of their geometrical and
computational properties, zonotope-based methods pro-
vide a favorable balance between estimation accuracy and
computational efficiency Tang et al. (2019). For nonlinear
discrete-time systems, the authors of Alamo et al. (2005)
have proposed a zonotope-based interval state estimator
based on an adaptation of the prediction/correction prin-
ciple to the set-membership paradigm. Unluckily, the con-
vergence rate of the estimation error of this approach is not
tunable and there is no proof of its stability Efimov et al.
(2013). For the case of linear time-invariant systems (LTI),
the authors of Tang et al. (2019) have developed an effi-
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cient two-step set-valued estimation method by coupling
a point-wise observer scheme with zonotope analysis of
the estimation error. Unfortunately, the application scope
of this method is limited to the case of linear systems
and cannot be directly extended to the case of nonlinear
systems.

To overcome the limitations of the aforementioned works,
we propose an interval estimation method that combines
a point estimation observer with zonotope analysis of the
estimation error for bounded Jacobian nonlinear systems.
The key contributions of this work are as follows:

(1) A bounded-error observer is constructed to obtain
point estimates with guaranteed peak-to-peak per-
formance. In fact, the proposed design method for
the observer gain allows one attenuating the negative
effects of the unknown but bounded state disturbance
and measurement noise on the estimation error.

(2) By using the available bounds on the state distur-
bances and measurement noise, online zonotope com-
putations are applied to design a comprehensive set-
valued state estimator. Compared with the existing
methods [3], the proposed state estimator provides
results that are more accurate.

The remainder of this paper is organized as follows. Section
2 introduces some preliminaries and problem formulation.
In Section 3, a comprehensive interval estimation method
is introduced based on a bounded-error observer design
and a zonotope analysis. To illustrate the effectiveness
of the proposed method, numerical simulation results are
given and commented in Section 4. A conclusion and some
perspectives of this work are presented in Section 5.

2. PRELIMINARIES AND PROBLEM
FORMULATION

2.1 Preliminaries

Notation: Rn denotes the n-dimensional Euclidean space.
Rm×n is the set of matrices of size m by n. ⊕ stands
for the Minkowski sum. (·)T represents the transpose
of a matrix/vector. In a symmetric matrix, asterisk ∗
stands for the symmetric term. min(·), max(·), ≤, <,≥, >
and | · | should be understood elementwise. For a vector
z ∈ Rn, z(i) is its i-th element, ∥z∥1 =

∑n
i |z(i)|,

∥z∥2 =
√
zTz, diag(z) represents a diagonal matrix with

the entries of z as its diagonal elements. ↓q (·), introduced
in the Appendix, denotes a zonotope reduction operator.
An interval [z] ≜ [z, z] is a set of vectors z satisfying
z ≤ z ≤ z. For a matrix G ∈ Rn×m, G(i, j) is its (i, j)-th
element,G ≻ 0(≺ 0) means thatG is a positive (negative)

definite matrix and an interval matrix [G] ≜ [G,G] is
a set of matrices G which satisfy G(i, j) ≤ G(i, j) ≤
G(i, j), i = 1, . . . , n, j = 1, . . . ,m. In represents the n× n
identity matrix, while 0 denotes a zero matrix or vector of
appropriate dimensions.

Definition 1. An m-order zonotope Z ⊆ Rn is defined as:

Z = p⊕GBm = {p+Gξ, ξ ∈ Bm,Bm = [−1, 1]m} (1)

with p ∈ Rn and G. For notational simplicity, a zonotope
will be denoted by Z = ⟨p,G⟩ in the sequel.

Property 1. Tang et al. (2020) Given zonotopes ⟨p,G⟩,
⟨p1,G1⟩, ⟨p2,G2⟩ ⊆ Rn, A ∈ Rl×n and z ∈ Rn one has:

A⟨p,G⟩ ⊕ z = ⟨Ap+ z,AM⟩ (2)

x ∈ ⟨p,G⟩ ⊆ [x,x] (3)

⟨p,G⟩ ⊆ ⟨p, ↓q (G)⟩ (4)

⟨p1,G1⟩ ⊕ ⟨p2,G2⟩ = ⟨p1 + p2, [G1 G2]⟩ (5)

where p,p1,p2 ∈ Rn, G ∈ Rn×m,G1 ∈ Rn×m1 ,G2 ∈
Rn×m2 . ↓q (·) is a zonotope reduction operator and q is a
integer satisfying n < q < m. In addition, the bounds of x
are obtained by

i = 1, . . . , n,

{
x(i) = p(i)− ∥G(i, :)∥1
x(i) = p(i) + ∥G(i, :)∥1 , (6)

Lemma 1. De Oliveira et al. (1999) Given a matrix G ≻
0 and matrices N,Q,O, the following statements are
equivalent:

QTGQ−N ≺ 0 ⇔
[
−N ∗
UQ G−O −OT

]
≺ 0 (7)

Lemma 2. Alamo et al. (2005) Given a vector p ∈ Rn

and an interval matrix [G] = [G,G] ⊆ Rn×m, a family of
zonotopes is represented by Z = p ⊕ [G]Bm. A zonotope
inclusion, denoted by ♢Z, is a zonotope enclosing Z and
can be computed as follows:

Z ⊂ ♢Z = p⊕
[
Dc

[G],D
s
[G]

]
Bm+n = ⟨p,

[
Dc

[G],D
s
[G]

]
⟩
(8)

where Dc
[G] ∈ Rn×m, Ds

[G] ∈ Rn×n are matrices related

to [G] which are defined by:

Dc
[G] =

G+G

2
, Rc

[G] =
G−G

2
,

s[G](i) = ∥Rc
[G](i, :)∥1, i, . . . , n,

Ds
[G] = diag(s[G]).

(9)

2.2 Problem statement

Consider a discrete-time nonlinear system described by{
xk+1 = Axk +Buk + f(xk) +D1wk

yk = Cxk +D2vk
(10)

where xk ∈ Rnx , yk ∈ Rny , uk ∈ Rnu , wk ∈ Rnw

and vk ∈ Rnv are the system state, the measurement
output, the control input, the process disturbance, and
the measurement noise, respectively. A,B,C,D1,D2 are
known matrices with suitable dimensions. f(·) : Rnx →
Rnx is a nonlinear function that is first-order differentiable
with respect to x.

Assumption 1. Let Z ⊆ Rnx be the admissible domain
of x. It is assumed that known matrices M ,M ∈ Rnx×nx

exist such that, for all x ∈ Z, the Jacobian of f(·) satisfies

M ≤ ∂f

∂x
(x) ≤ M . (11)

Under Assumption 1, for any z1, z2 ∈ Z, there exists a
matrix M ∈ [M ,M ] such that

∆fT(z1 − z2) ≤ (z1 − z2)
TM(z1 − z2), (12)

∆fT∆f ≤ (z1 − z2)
TMTM(z1 − z2), (13)

where ∆f = f(z1)− f(z2).

Assumption 2. It is assumed that the process disturbance
wk, measurement noise vk, and initial state x0 are un-
known but bounded as follows:

∀ k ≥ 0, |wk| ≤ w, |vk| ≤ v, |x0 − p0| ≤ x0, (14)
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where w ∈ Rnw ,v ∈ Rnv , x0 ∈ Rnx and p0 ∈ Rnx are
known. Using (1), (14) can be rewritten as

wk ∈ W = ⟨0,Gw⟩,vk ∈ V = ⟨0,Gv⟩,
x0 ∈ Z0 = ⟨p0,Gx,0⟩,

(15)

where Gw = diag(w), Gv = diag(v), Gx,0 = diag(x0).

This paper aims at designing a set-valued state estimator
for system (11) that computes, in real-time, a tight interval
[x,x] that contains the actual state vector of the system.

3. MAIN RESULT

In this section, a robust observer is designed to provide
point-estimation in the bounded-error context with peak-
to-peak performance index. Then, a comprehensive inter-
val estimation method is proposed by combining the point-
estimate and zonotope analysis of the reachable set of the
estimation error.

3.1 An offline Bounded-error Observer Design

Consider the following observer

x̂k+1 = Ax̂k +Buk + f(x̂k) +L(yk −Cx̂k) (16)

where x̂ ∈ Rnx and L ∈ Rnx×ny are the estimated state
and observer gain.

The estimation error is defined as:

ek = xk − x̂k. (17)

By substituting (10) and (16) into (17), we have

ek+1 = Ãek +∆fk +D1wk −LD2vk (18)

with Ã = A−LC, ∆fk = f(xk)− f(x̂k).

Theorem 1. For a given constant 0 < λ < 1, suppose
there exist constants a > 0, b > 0, γ > 0, µw > 0,
µv > 0, a positive definite matrix P ≻ 0 ∈ Rnx×nx ,
matrices W ∈ Rnx×ny , U ∈ Rnx×ny , such that for all
M ∈ [M ,M ], the following inequalities hold:

Φ11 ∗ ∗ ∗ ∗ ∗
−aI −bInx

∗ ∗ ∗ ∗
0 0 −γInw

∗ ∗ ∗
0 0 0 −γInv

∗ ∗
Φ51 P PD1 −WD2 −P ∗
UJ 0 0 0 0 Φ66

 ≺ 0, (19)

λP ∗ ∗ ∗
0 (µw − γ)Inw

∗ ∗
0 0 (µv − γ)Inv

∗
Inx

0 0 µInx

 ≻ 0, (20)

where

Φ11 = λP − P + a(M +MT), Φ51 = PA−WC,

Φ66 = bI −U −UT, µ = µw + µv.

Then, the estimation error dynamics (18) is input-to-
state stable and its solution satisfies the peak-to-peak
performance bound:

∥ek∥2 ≤
√
µ
(
λ(1− λ)kV0 + µww

2 + µvv
2
)
, (21)

where V0 = eT0 Pe0 and µ quantifies the attenuation level.

Thus, optimal estimation performance can be obtained by
solving the following minimization problem:

min
a,b,γ,µw,µv,P ,W ,U

µ s. t. (19), (20). (22)

If problem (22) is feasible, the observer gain matrix L is
given by L = P−1W .

Proof: Firstly, using the positive definite matrix P ≻ 0,
we define the following Lyapunov function Vk = eTkPek
and its time variation is described by

∆Vk = Vk+1 − Vk = ζT
kΨζk (23)

where

ζk =

 ek
∆fk
wk

vk

 , Ψ =

Ψ11 ∗ ∗ ∗
Ψ21 Ψ22 ∗ ∗
Ψ31 Ψ32 Ψ33 ∗
Ψ41 Ψ42 Ψ43 Ψ44

 ,

Ψ11 = Ã
T
PÃ− P , Ψ21 = PÃ, Ψ22 = P ,

Ψ31 = DT
1 PÃ, Ψ32 = DT

1 P , Ψ33 = DT
1 PD1,

Ψ41 = (−LD2)
TPÃ, Ψ42 = (−LD2)

TP ,

Ψ43 = (−LD2)
TPD1, Ψ44 = (−LD2)

TP (−LD2).

Then, using Lemma 1 and substituting W = PL into
(19), it yields

Γ11 ∗ ∗ ∗ ∗
−aI −bInx

∗ ∗ ∗
0 0 −γlInw

∗ ∗
0 0 0 −γlInv

∗
Γ51 P PD1 −WD2 −P

 ≺ 0 (24)

where

Γ11 = λlP − P + a(M +MT) + bMTM ,

Γ51 = P (A−LC).

Using the Schur complement lemma Boyd and Vanden-
berghe (2004), (24) can be rewritten as

Ψ+

Ξ11 ∗ ∗ ∗
−aI −bInx ∗ ∗
0 0 −γlInw ∗
0 0 0 −γlInv

 ≺ 0 (25)

where Ξ11 = λlP + a(M +MT) + bMTM

Pre- and post-multiplying (25) with ζT
k and its transpose

yields

∆Vk + λlVk − γlw
T
kwk − γlv

T
k vk + α+ β ≤ 0 (26)

where α = aeTk (M + MT)ek − a∆fT
k ek − aeTk∆fk,

β = beTkM
TMek−b∆fT

k∆fk. Therefore, the satisfaction
of (19) implies that (26) holds.

Subsequently, based on (12) and a > 0, it follows that

∆fT
k (xk − x̂k) ≤ (xk − x̂k)

TM(xk − x̂k)

∆fT
k ek + eTk∆fk ≤ eTk (M +MT)ek

α ≥ 0 (27)

Similarly, based on (13) and b > 0, we have

∆fT
k∆fk ≤ (xk − x̂k)

TMTM(xk − x̂k)

∆fT
k∆fk ≤ eTkM

TMek
β ≥ 0 (28)

According to (27) and (28), (26) becomes

∆Vk + λlVk − γlw
T
kwk − γlv

T
k vk ≤ 0 (29)

When wk = 0 and vk = 0, we obtain ∆Vk ≤ −λlVk <
0, which proves the global asymptotic stability of the
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dynamics of the estimation error (18). Moreover, (29) can
be reformulated as:

Vk+1 ≤ (1− λl)Vk + γlw
T
kwk + γlv

T
k vk

≤ (1− λl)Vk + γlw
Tw + γlv

Tv (30)

which leads to

Vk ≤ (1− λl)
kV0 + γl

k−1∑
i=0

(1− λl)
i(wTw + vTv)

< (1− λl)
kV0 +

γl
λl

(wTw + vTv) (31)

Next, we apply Schur complement lemma to (20), which
can be rewritten as

Υ− µ−1Y ⊤Y ≻ 0 (32)

where Υ = diag([λlP , (µw − γl)Inw, (µv − γl)Inv]),
Y = [Inx

0 0] . Pre- and post-multiplying (32) by

[eTk wT vT] and its transpose, we have

eTk ek ≤ µlλlVk + µl((µw − γl)w
Tw + (µv − γl)v

Tv)
(33)

Finally, substituting (31) into (33) yields

eTk ek ≤ µlλl(1− λl)
kV0 + µl(µww

Tw + µvv
Tv) (34)

which completes the proof.

Remark 1. For any real matrix M ∈ [M ,M ] ⊆ Rnx×nx ,
there exists an equivalent representation in terms of a
convex combination of vertex matrices:

M =
∑N

i=1 τ (i)M i,
∑N

i=1 τ (i) = 1, τ (i) ≥ 0, N = 2n
2
x−ϕ

(35)
where M i denotes a vertex matrix whose entries are
selected from the corresponding entries of M and M ,
namely, M i(j1, j2) ∈ {M(j1, j2),M(j1, j2)}, ϕ represents
the number of corresponding equal elements in M and M .
Thus, by substituting (35) into (19) and employing the
S-procedure, addressing the set-valued problem (related
to the presence of the interval variable M) in (19) is
equivalent to solving:

For all i = 1, . . . , N
Φ11,i ∗ ∗ ∗ ∗ ∗
−aI −bInx

∗ ∗ ∗ ∗
0 0 −γlInw

∗ ∗ ∗
0 0 0 −γlInv

∗ ∗
Φ51 P PD1 −WD2 −P ∗
UJ i 0 0 0 0 Φ66

 ≺ 0, (36)

where Φ11,i = λlP −P +a(M i+MT
i ). Therefore, the op-

timization problem formulated in (22) can be equivalently
reformulated as follows:

min
a,b,γl,µw,µv,P ,W ,U

µl s. t. (36), (19). (37)

Notice that similar procedures have been applied in for-
mer studies Buciakowski et al. (2017) to solve different
kind of problems. The proposed vertex-based formulation
may become computationally demanding for general Ja-
cobian bounds. According to (35), the number of vertices

is N = 2n
2
x−φ, where φ is the number of fixed entries

in the Jacobian interval. Hence, the offline LMI design
has exponential complexity in the number of uncertain
Jacobian entries. This limitation should be taken into ac-
count for dense Jacobian intervals. For sparse or structured
Jacobians, however, N can be much smaller, as in the
illustrative example where N = 2.

Remark 2. A simple high-gain-like interpretation can be
obtained from the Mean Value theorem. Since f(xk) −
f(x̂k) = Mk(xk − x̂k) = Mkek, Mk ∈ [M ,M ] and
ρM = maxMi∈vert([M ,M ])∥M i∥2, the disturbance-free er-

ror dynamics satisfies ∥ek+1∥2 ≤ (∥A−LC∥2 + ρM ) ∥ek∥2.
Thus, choosing L such that ∥A−LC∥2+ρM < 1 makes the
nominal error dynamics contractive. This condition shows
that the observer correction should dominate the worst-
case incremental effect of the bounded Jacobian, while the
LMIs in Theorem 1 additionally optimize the peak-to-peak
performance.

Based on (21) , we have

∥ek∥2 ≤ φ2
k ⇒ |ek(i)| ≤ φk, i = 1, . . . , nx (38)

where φk =
√

µl(λl(1− λl)kV0 + µww
Tw + µvv

Tv).

Therefore, based on the peak-to-peak performance index,
the lower and upper bounds, denoted by xp

k and xp
k,

respectively, can be computed as follows:{
xp
k = x̂k − φkInx

,

xp
k = x̂k + φkInx

,
i = 1, . . . , nx. (39)

Although (39) can provide an offline interval estimation, it
is less accurate (tight) due to the conservatism introduced
by the overestimation of the effect of the nonlinear term
∆fk done by the inequalities in (31)-(33). Thus, we apply
zonotope analysis next to obtain tighter interval estima-
tion.

3.2 Online Zonotopic Interval Estimation

Once the observer in (16) is established, zonotope analysis
is used to compute an interval estimation containing xk

based on the reachable set of (18) as stated in the following
theorem.

Theorem 2. Suppose that the initial state belongs to the
initial zonotope x0 ∈ Z0 = ⟨x̂0,Gx,0⟩, or equivalently,
e0 = x0 − x̂0 ∈ ⟨0,Gx,0⟩. Then, the actual state vector
xk is included inside the zonotope Zk = ⟨x̂k,Gx,k⟩,
and its corresponding interval estimation [xz

k,x
z
k] can be

calculated as follows:

Gx,k = [ÃGx,k−1 T k−1 D1Gw LD2Gv], (40)

T k−1 = [Dc
[Ja]k−1

Ds
[Ja]k−1

], (41)

[Ja]k−1 = [A]k−1Gx,k−1, (42)

[A]k−1 =
∂f

∂x
(Zk−1), (43){

xz
k(i) = x̂k − ∥Gx,k(i, :)∥1,

xz
k(i) = x̂k + ∥Gx,k(i, :)∥1

, i = 1, . . . , nx, (44)

Gx,k =↓q (Gx,k) (45)

where the interval matrix [A]k−1 is obtained by replacing

the zonotopes Zk−1 in ∂f
∂x (Zk−1) with their interval outer

approximations, followed by interval arithmetic. The basic
principles of interval arithmetic are provided in Jaulin
et al. (2001), and practical implementations are available
in tools such as CORA Althoff and Grebenyuk (2016). The
matricesDc

[Ja]k−1
andDs

[Ja]k−1
are related to [Ja]k−1 and

are computed using (9). The operator ↓q (·) is employed
to limit the number of columns in Gx,k.

First, based on the Lagrange mean value theorem, f(xk−1)
can be expanded around x̂k−1 as
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f(xk−1) = f(x̂k−1) +
∂f

∂x
(x′

k−1)(xk − x̂k−1) (46)

where x′
k−1 is a point between xk−1 and x̂k−1, and it is

contained in Zk−1.

Substituting (46) into (18), we have

ek = Ã(xk−1 − x̂k−1) +
∂f

∂x
(x′

k−1)(xk−1 − x̂k−1)

+D1wk−1 −LD2vk−1 (47)

By substituting the variables in (46) with their zonotopic
set counterparts, one obtains

ek ∈ Ã(Zk−1 − x̂k−1)⊕
∂f

∂x
(Zk−1)(Zk−1 − x̂k−1)

⊕D1W ⊕LD2V (48)

Based on Property 1, (48) is equivalent to

ek ∈Ã(⟨x̂k−1,Gx,k−1⟩ − x̂k−1)

⊕ ∂f

∂x
(Zk−1)(⟨x̂k−1,Gx,k−1⟩ − x̂k−1)

⊕D1⟨0,Gw⟩ ⊕LD2⟨0,Gv⟩
∈Ã⟨0,Gx,k−1⟩ ⊕ [Ja]k−1⟨0,Gx,k−1⟩
⊕D1⟨0,Gw⟩ ⊕LD2⟨0,Gv⟩
⊕ ⟨0,D1Gw⟩ ⊕ ⟨0,LD2Gv⟩ (49)

Then, we apply Lemma 2 to ⟨0, [Ja]k−1Gx,k−1⟩, which
leads to

♢⟨0, [Ja]k−1Gx,k−1⟩ = ⟨0,T k−1⟩ (50)

where T k−1 = [Dc
[Ja]k−1

Ds
[Ja]k−1

]. Substituting (50) into

(49), we obtain

ek ∈ ⟨0,Gx,k⟩ (51)

Gx,k = [ÃGx,k−1 T k−1 D1Gw LD2Gv] (52)

Last, according to (17) and (51), it follows

xk = x̂k + ek ∈ ⟨x̂k,Gx,k⟩ ⊆ [xz
k,x

z
k] (53)

The lower bound xz
k and upper bound xz

k can be computed
by (6), which completes the proof.

3.3 Comprehensive method

Combining the interval estimation (39) provided by
bounded-error and the interval estimation (44) obtained
by zonotope analysis, the bounds of the comprehensive
interval estimation are computed as follows:{

xk = max(xp
k,x

z
k),

xk = min(xp
k,x

z
k),

(54)

where xk ∈ Rnx and xk ∈ Rnx are the lower bound and
upper bound of state xk, respectively.

Remark 3. The proposed method is also applicable to
linear systems with an uncertain matrix A ∈ Â + [∆A]

by defining f(xk) ≜ ∆Axk, where Â is a real-valued
matrix and [∆A] is an interval matrix. If ∆A ∈ [M ,M ],

then Assumption 1 is satisfied with ∂f
∂x = ∆A, and no

additional design is required.

4. ILLUSTRATIVE EXAMPLE

The effectiveness of the proposed interval estimation
method is demonstrated through the following example:

Consider the nonlinear pendulum model in Tahir and
Açıkmeşe (2021):{

xk+1 = Axk + f(xk) +D1wk

yk = Cxk +D2vk
(55)

where A =

[
1 0.065
0 1

]
, f(xk) =

[
0

−0.065 sin(xk(1))

]
,

C = [1 0], D1 = I2, D2 = 0.1, x = [x1 x2]
T de-

notes the position and angular velocity of pendulum.
The process disturbance and measurement noise satisfy

wk ∈ 0.006

[
rand(−1, 1)
rand(−1, 1)

]
, vk ∈ 0.01rand(−1, 1) with

rand(−1, 1) means an independent random signal uni-
formly distributed over [−1, 1]. The lower bound M
and upper bound M of the Jacobian matrix are M =[

0 0
−0.065 0

]
, M =

[
0 0

0.065 0

]
. Based on (35), the number

of M i can be computed as N = 22
2−3 = 2. Then,

setting λ = 0.5 and solving the optimization problem
(37), we obtain µw = 15.7, µv = 15.7, φ0 = 1.15 and
L = [1.503 7.737]T. Moreover, we set the initial state
at x0 = [1, 0], the initial state vector of the observer
x̂0 = [0.98, 0.02], the shape matrices of the considered
zonotopes are Gx,0 = diag([0.1 1]), Gw = 0.006I2,
Gv = 0.01 and q = 20. All simulations were performed
in MATLAB R2023b on a Windows 11 machine with an
Intel i7-12700 CPU and 16 GB RAM. Since the Jacobian
interval is sparse, only N = 2 vertices are involved. The
offline LMI optimization took 0.369 s, while the online
zonotope propagation over 50 steps took 0.140 s in total,
i.e., 2.754 ms per step on average.
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Fig. 1. The interval estimation by zonotope analysis and
bounded-error

The obtained simulation results by the proposed set-valued
state estimators are shown in Fig. 1. In Fig. 1, the dot-
ted lines stand for the actual state. The solid lines and
the dashed ones correspond to the interval estimation by
zonotope analysis (Eq. (44)) and bounded-error method
(Eq. (39)), respectively. Thanks to the use of inequal-
ity relaxations in the observer design process, zonotope
analysis can provide tighter interval estimation than the
bounded-error approach. However, one observes that for
the unmeasured state variable, the convergence rate of the
bounded-error method is faster than the zonotope analysis
approach.
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Fig. 2. The interval estimation by comprehensive results
and existing method

The comprehensive results (Eq. (54)) make a good balance
between estimation accuracy and convergence rate. The
interval estimation obtained by comprehensive approach
and the method in Tahir and Açıkmeşe (2021) is presented
in Fig. 2. In Fig. 2, the dotted lines stand for the actual
state. The solid lines and the dashed ones correspond to
the interval estimation by comprehensive approach and
the method in Tahir and Açıkmeşe (2021). The simulation
results indicate that the proposed method outperforms
the existing approach Tahir and Açıkmeşe (2021). In
particular, it achieves quicker convergence and provides
a more precise estimation interval.

5. CONCLUSIONS

A comprehensive interval estimation method is proposed
for discrete-time bounded Jacobian nonlinear systems sub-
jected to unknown but bounded disturbance and noise.
First, a bounded-error method is developed based on a ro-
bust observer, which is designed to guarantee the peak-to-
peak estimation performance index. Then, a comprehen-
sive interval estimation method is proposed by combining
bounded-error information and zonotopic interval estima-
tion obtained from extending zonotope set computation
to the dynamics of the estimation error. Finally, simula-
tion results have shown the effectiveness of the developed
approach. Extending the proposed method to achieve the
fault detection and isolation will be our future works.

APPENDIX

5.1 Size reduction operator

Let
−→
G denote the matrix obtained by sorting the columns

of G ∈ Rn×m in descending order according to their
Euclidean norms. The reduction operator is defined as
↓q (G) = [G1,G2], where G1 contains the first q − n

columns of
−→
G, and G2 is a diagonal matrix whose diagonal

entries are given by

G2(i, i) =

m∑
j=q−n+1

∣∣∣−→G(i, j)
∣∣∣ , i = 1, . . . , n.

It should be noted that the reduction operation restricts
the number of columns in the generator matrix, but at the
cost of introducing additional conservatism.
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