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Abstract: In this paper, we investigate the tracking stability of phase-shifted circular reference
trajectories in multi-UAV systems subject to deterministic disturbances, stochastic perturba-
tions, and actuator saturation, whereby a trend-driven adaptive annealed-PID tracking strategy
is then proposed. Within this framework, a low-pass filtered trend of the error energy for each
vehicle regulates a slow outer-loop that adaptively modulates bounded PID gains. Meanwhile,
the inner loop ensures continuous control via leaky integration and anti-windup compensation.
Drawing upon the polytopic vertex–linear matrix inequality (LMI) framework, we establish
input-to-state stability under deterministic disturbances and mean-square boundedness under
stochastic perturbations. Numerical simulations demonstrate the effectiveness and robustness
of the developed tracking control approach.
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1. INTRODUCTION

Tracking problems in multi-agent systems (MAS) have
attracted extensive attention due to their critical role in
practical applications such as unmanned aerial vehicle
(UAV) trajectory coordination in Su et al. (2023), dis-
tributed sensing in Wang et al. (2025), and cooperative
transportation in Sun et al. (2023). As network scales
grow and task complexity increases, a central challenge lies
in designing scalable control laws that guarantee reliable
trajectory tracking—particularly for multi-UAV systems,
see e.g., Pan et al. (2022)—operating in highly dynamic
environments subject to various disturbances, see e.g., Wei
et al. (2021).

Among control strategies for multi-UAV systems, consen-
sus is generally categorized into complete consensus and
group consensus (De Pasquale et al. (2022)). With the
expansion of network scale and advances in distributed
optimal control, the research focus has gradually shifted
from achieving global consensus across the entire network
to establishing cluster consensus within local subgroups
under limited communication, and then propagating these
local agreements to obtain a network-wide solution (see,
e.g., De Pasquale et al. (2022); Guo and Meng (2023)). Dif-
ferent from such neighbor-coupled consensus formulations,
this paper considers a synchronized tracking architecture,
in which phase-shifted circular reference trajectories are
⋆ This research was supported by the Natural Science Foundation of
Jiangsu Province of China under Grant BK20250630, in part by the
Natural Science Research Project of Jiangsu Higher Education Insti-
tutions under Grant 24KJB120009, and in part by the Research Start
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assigned to individual UAVs, and each vehicle tracks its
own reference using local feedback. Two major method-
ological directions have emerged in this context: robust-
optimization approaches and adaptive approaches.

Robust-optimization methods aim to design controllers
capable of withstanding worst-case disturbances and
parametric uncertainties. Techniques such as high-order
sliding-mode control fall into this category, though they
may suffer from chattering and noise sensitivity Li et al.
(2024). Recent advances also integrate uncertainty directly
into the optimization layer, as seen in Wasserstein dis-
tributionally robust control Hakobyan and Yang (2024),
which improves robustness under distributional ambigu-
ity but may increase computational burden. In contrast,
adaptive methods adjust the controller structure online to
handle uncertainties or time-varying agent dynamics, see
e.g., Ahmadian et al. (2024); Tao (2025). For stochastic
nonlinear systems, event-triggered Itô-system control with
state quantization has also been studied in Sun et al.
(2024).

Existing control strategies, though partially adaptive, still
depend on predefined parameter ranges or online optimiza-
tion, which often leads to irregular gain behaviors and high
computational burden; moreover, the absence of unified
stability guarantees under highly dynamic and stochastic
environments further undermines tracking performance.
With the evolution of control principles from empirical
tuning to analytical design, PID control has emerged as
one of the most widely adopted techniques in engineering
practice Mao et al. (2023, 2025). This prevalence stems
mainly from its structural simplicity, ease of implementa-
tion, and low operational cost.
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Building on the structural simplicity of PID control and
the annealing concept in Barzegar et al. (2024), this paper
presents a dual-loop PID controller with annealed gains
driven by the error trend, which aims to achieve robust
tracking of phase-shifted circular reference trajectories in
a local multi-UAV system. The main contributions of
this paper are summarized as follows. First, an annealing
adaptive gain model, driven by the trend of the error
energy, is constructed and embedded into an augmented
PID control law, providing an intrinsic mechanism for
smooth gain adaptation and effective disturbance atten-
uation. To cope with highly dynamic environments and
stochastic disturbances, a fast–slow dual-loop architec-
ture is then designed at the gain layer, which integrates
a leaky integrator with anti-windup back-calculation to
mitigate integrator drift and saturation transients. Fur-
thermore, within a Lyapunov-based analytical framework,
we establish that the proposed tracking control scheme for
multi-UAV systems guarantees three fundamental prop-
erties: global boundedness of all adaptive states, input-
to-state stability (ISS) under deterministic disturbances,
and mean-square boundedness (MSB) when subject to
stochastic perturbations.

2. PROBLEM FORMULATION

2.1 The Multi-UAV Tracking Model

In this work, we consider a phase-shifted circular-reference
tracking problem for N homogeneous UAVs operating
in the two-dimensional x–z plane. Define first the index
V = {1, . . . , N}. Each UAV is modeled as a perturbed
double-integrator system

dpi = vi dt, dvi =
(
ui + dw,i(t)

)
dt+Gi dWt,i, i ∈ V,

(1)
where pi, vi, ui ∈ R2 denote the position vector, velocity
vector, and outer-loop acceleration command of the i-th
UAV; dw,i(t) ∈ R2 represents a bounded deterministic
disturbance, see e.g., a wind-shear model; Wt,i ∈ R2 is
standard Brownian motion; and Gi ∈ R2×2 denotes the
noise-intensity matrix. The stochastic term is understood
in the Itô sense. We further consider the actuator satura-
tion constraints in the UAV dynamics, given by

ui ∈ U := {u ∈ R2 : ∥u∥∞ ≤ umax }. (2)

Specifically, the actuator saturation operator acts com-
ponentwise and satisfies a global Lipschitz condition. To
define the circular-reference tracking task, let the reference
center be c ∈ R2, the radius r > 0, and the angular velocity
ω > 0. Furthermore, the i-th vehicle is assigned a phase
offset of ∆θi := 2π(i − 1)/N , from which the reference
trajectory and its derivative are given by
pr,i(t) =c+ r[cos(ωt+∆θi), sin(ωt+∆θi)]

⊤,

vr,i(t) = ṗr,i(t)=rω[−sin(ωt+∆θi), cos(ωt+∆θi)]
⊤,

ar,i(t) = v̇r,i(t)=−rω2[cos(ωt+∆θi), sin(ωt+∆θi)]
⊤,

(3)

with pr,i, vr,i, ar,i ∈ R2. To enable error-driven control,
define the tracking errors for each UAV as ep,i := pi − pr,i
and ev,i := vi − vr,i. In accordance with Trentelman et al.
(2002), we introduce two stacking rules:{

ep := col{ep,1, . . . , ep,N} ∈ RN×2,

G := diag{G1, . . . , GN}. (4)

Here, G is a block-diagonal noise-intensity matrix, whereas
other vector-valued signals, including ev, u, ar, dw, and
dWt, are stacked by the same column rule as ep. Before
proceeding, we present three standard assumptions con-
cerning the perturbed double-integrator dynamics.

Assumption 1: The disturbance dw,i ∈ L∞ is assumed to
be piecewise continuous, while the noise-intensity matrix
Gi associated with the Brownian motion is a bounded
constant matrix. Hence, the bounded intermittent and
piecewise-varying gusts are included.

Assumption 2: The actuator mismatch ∆(t) has bounded
components, with subvector satisfying ∥∆i(t)∥ ≤ ∆i,max.
The gains kaw and kleak are selected to ensure boundedness
of the integral error ei and the components of ∆(t). A
conservative sufficient choice is given by

kleak ≥
emax
p,i + kaw∆i,max

emax
i

, (5)

where emax
p,i and emax

i denote the prescribed bounds of the
position-tracking error and integral states, respectively.

Assumption 3: The vector θi(t) := (αi(t), βi(t), κi(t)) is

well-defined for all t and satisfies
∥∥∥θ̇i(t)

∥∥∥ ≤ L for L > 0.

Remark 1: The circular pattern is generated by the shared
reference parameters (c, r, ω) and the fixed offsets ∆θi,
whereas each UAV relies on local tracking feedback for
control. The stacked notation is introduced purely for
compact analytical representation and does not imply any
neighbor-coupled consensus dynamics. Furthermore, each
UAV measures its own position and velocity and receives
the reference parameter (c, r, ω,∆θi) from a synchronized
reference generator. Communication delays and packet
losses are neglected in the present model. Moreover, the
consideration in Assumption 3 follows from the saturated
γ-dynamics, the bounded tanh(·) mapping, first-order λeff

dynamics, and the smooth gain maps.

2.2 The Dual-Loop Structure

To maintain bounded and smooth adaptive gains un-
der strong disturbances and stochastic perturbations, we
adopt a dual-loop architecture with a fast trend loop and a
slow gain-tracking loop. Specifically, the fast loop extracts
filtered error-trend information before gain modulation.
To ensure that the resulting gains remain continuous and
bounded, we define the local error energy asEi(t) := ∥ep,i(t)∥2 + ∥ev,i(t)∥2,

˙̄Ei(t) = −1

τ

(
Ēi(t)− Ei(t)

)
,

(6)

for the i-th UAV, where Ēi(t) ∈ R denotes the first-order
low-pass filtered signal of Ei(t) ∈ R with time constant τ >
0, capturing its short-term averaged error. Similarly, we
then stack the signals as E(t) := col{E1, E2, . . . , EN} ∈
RN×1, and Ē(t) := col{Ē1, Ē2, . . . , ĒN} ∈ RN×1. Fur-
thermore, we define the error-trend function s(t) as

s(t) = Ē(t)− E(t) ∈ RN×1, (7)

which quantifies whether the current error is improving
or worsening compared to its recent behavior. Specifically,
Ei > Ēi leads to si < 0, indicating error deterioration,
whereas Ei < Ēi yields si > 0, indicating error recovery.
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It is worth noting that although s(t) captures the raw
trend information, it is typically not used directly by the
controller. Inspired by the annealing algorithm, we further
transform s(t) into a fast-loop parameter

γ̇(t) = −kgγ(t) + kssat

(
s(t)

δg

)
, (8)

wherein kg, ks, δg > 0 and |sat| ≤ 1; γ ∈ RN×1 denotes
a smooth, bounded, and Lipschitz-continuous trend in-
tegrator; the saturation function sat(·) limits each input
component to the range [−1, 1] componentwise; δg > 0 is
a sensitivity scaling parameter; ks > 0 characterizes the
driving strength from s(t) to γ; kg > 0 represents the
leakage-integration coefficient, which suppresses accumu-
lation and ensures the boundedness of γ.

Between the trend integrator γ and the closed-loop gain,
we introduce a slow-loop as follows,

λ∗(t) = λmin1N×1+(λmax−λmin)
1N×1+tanh(ρ γ(t))

2
, (9)

λ̇eff(t) = −η
(
λeff(t)− λ∗(t)

)
, (10)

which provides a tunable transition mapping to track γ.
Here, λ∗(t) and λeff(t) are elements of RN×1, while γi and
λeff,i are the dual-loop scalars acting on the i-th UAV,
respectively. The function tanh(·) provides a monotonic
bounded mapping from γi to the interval [λmin, λmax].
ρ > 0 serves as a slope-shaping factor that adjusts the
sensitivity of this mapping. In particular, the slow-loop
variable λeff(t) tracks λ

∗(t) through a first-order lag with
rate η > 0. A larger η enables faster tracking and a more
aggressive transient response, but typically at the expense
of reduced robustness.

Remark 2: According to the sign convention in (7), error
deterioration decreases λeff,i and increases the PID gains
in (13)-(14), while error recovery compresses the gains to
mitigate the risk of saturation.

2.3 Annealed Gain Scheduling

From the Robbins–Monro step-size conditions from time-
varying gain schemes, we recall the classical gain-scheduling

ui(k) = −αk

 N∑
j=1

Lij xj(k) + gi
(
xi(k)

) , (11)

which must satisfy the following two constraints on the
time-varying gain αk

∞∑
k=0

αk = ∞,

∞∑
k=0

α2
k < ∞, (12)

where Lij denotes the Laplacian matrix of the communica-
tion graph with L1 = 0, gi(·) represents the local feedback,
see e.g., the gradient ∇fi or a linear state feedback Kxi

and αk is the globally synchronized time-varying gain. It
is worth emphasizing that although this model showed
in (11) is not directly applicable to the highly dynamic
environments considered in this paper, prior results in
Li et al. (2010) indicate that, under the conditions of a
connected graph, bounded disturbance moments, and ap-
propriate monotonicity on gi, the aforementioned control
law, together with its step-size conditions, can still ensure
consensus and keep noise accumulation bounded.

Motivated by this observation, our gain-function design
adopts the same bounded-gain principle, while further
modifying the time-varying gain into an error-driven form
and incorporating an annealing mechanism to enhance
adaptability in highly disturbed environments. Using the
slow-loop parameter λeff(t) as a reference benchmark, the
nominal gain is compressed in an annealing manner, which
is explicitly given as follows

αi(t) =
Kp0

1 + λeff,i(t)a
, βi(t) =

Kv0

1 + λeff,i(t)a
, (13)

with Kp0,Kv0, a > 0. Herein, a denotes the exponent con-
straint constant, and αi(t), βi(t) ∈ R represent the position
and velocity feedback gains for the second-order integrator
model of the i-th UAV, together forming the baseline
PD tracking control law. To further mitigate steady-state
errors, an additional integral term is incorporated.

κi(t) =
Ki0

1 + λeff,i(t)a
, Ki0 ≥ 0, (14)

where κi(t) ∈ R is the integral feedback gain. The resulting
controller produces an augmented PID law, with initial
gains denoted by Kp0,Kv0,Ki0. In contrast to the PD
case, the closed-loop system becomes third-order, implying
that its characteristic polynomial must satisfy the Hurwitz
stability criterion. Consequently, the augmented dynamics
need to be included in the Lyapunov state analysis. Since
λeff,i(t) ∈ [λmin, λmax] is bounded, the gains αi(t), βi(t),
and κi(t) are also bounded. For the sake of compact no-
tation, we define α(t), β(t), and κ(t) as the average values
of the respective gains over all UAVs. For subsequent
analysis, define the diagonal gain matrices as

P (t) := diag{αi(t)}Ni=1, V (t) := diag{βi(t)}Ni=1,

Iz(t) := diag{κi(t)}Ni=1, P, V, Iz ∈ RN×N .
(15)

We further introduce the compact gain domain

Θ := [αi, αi]× [β
i
, βi]× [κi, κi]. (16)

and treat θi(t) := (αi(t), βi(t), κi(t)) as a time-varying,
measurable parameter vector, which always satisfies θi(t) ∈
Θ. Under the fast-slow time-scale separation, there always
exists a constant L > 0 such that ∥θ̇i(t)∥ ≤ L for all t, i.e.,
the variation rates of the PID gains αi(t), βi(t), and κi(t)
are uniformly bounded, thereby ensuring that the closed-
loop vector field remains continuous and bounded. More
specifically, the boundedness of θ̇i(t) is ensured by the
bounded γ- and λeff -dynamics, together with the smooth
gain mappings in (13)–(14).

Within the augmented PID control law, however, the addi-
tional integral term may lead to integrator drift when the
actuators are saturated. To address this, we incorporate a
leaky integration strategy and anti-windup compensation
into the original PID control law. Retaining the scaling
matrix specified in (15), the integral term is designed as

uunsat = −P (t)ep − V (t)ev − Iz(t)ei,

ėi = ep − kleakei + kaw(usat − uunsat),

usat = sat(uunsat, umax),

(17)

where kleak > 0 and kaw > 0 denote the leaky integra-
tion and anti-windup feedback coefficients, respectively;
uunsat ∈ RN×2 represents the unsaturated control input;
usat ∈ RN×2 is the output of the saturation function sat(·),
which constrains each element of the output command vec-
tor to [−umax, umax]. In case of saturation, the correspond-
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ing error is fed back into the integrator, thereby curb-
ing windup. Here, the anti-windup mechanism prevents
accumulation induced by saturation, while the leakage
term ensures continuous dissipation of the integral state in
the presence of residual errors and stochastic fluctuations.
Specifically, the actuator mismatch parameter is given by

∆(t) :=usat − uunsat, (18)

with ∆(t) ∈ RN×2, whose components satisfy |∆i(t)| ≤
∆i,max for all i ∈ V. Using the stacked notation and gain
matrices above, the tracking-error subsystem with leaky
anti-windup compensation is given by

dep = ev dt,

dev = (−Pep − V ev − Izei + dw +∆)dt

+G dWt,

dei = (ep − kleakei + kaw∆)dt.

(19)

Together with (6), (8), and (10), (19) forms the complete
closed-loop system.

For the LMI analysis, the two Cartesian coordinates
are treated in the same way. For either coordinate, let
eP , eV , eI ∈ RN×1 collect the corresponding scalar compo-
nents of ep, ev, ei, respectively. The Lyapunov state vector
is then Ξ := col{eP , eV , eI , Ē, γ, λeff} ∈ R6N×1. For no-
tational simplicity, the coordinate superscript is omitted;
the same argument applies to the other coordinate.

3. MAIN RESULTS

Our main results are presented in this section. First, we de-
rive verifiable vertex-based linear matrix inequality (LMI)
conditions over a convex polytope and establish the ISS
property of the proposed tracking scheme in the presence
of bounded deterministic disturbances. By leveraging these
results, we then demonstrate that the closed-loop system
achieves MSB under stochastic disturbances.

3.1 ISS amid Deterministic Disturbances

We begin by examining the deterministic component of the
multi-UAV tracking system, constructing its polytopic rep-
resentation, and subsequently analyzing the ISS property
of the closed-loop system under bounded inputs. Denote

z ≜
[
e⊤P e

⊤
V e

⊤
I

]⊤ ∈ R3N×1. (20)

Using the bounded-gain construction above, the time-
varying gains can be written in a scaling-matrix form. The
stacked dynamics then become

ż = A(P, V, Iz) z, (21)

with

A(P, V, Iz) =

[
0 IN 0

−P −V −Iz
IN 0 −kleakIN

]
. (22)

Based on the gain construction in Section II, the gains
(αi, βi, κi) are bounded. Consequently, the affine family
A(P, V, Iz) is enclosed by the convex hull of eight extreme
matrices, with the vertex set defined as V := {(P, V, Iz) |
P ∈ {αminIN , αmaxIN}, V ∈ {βminIN , βmaxIN}, Iz ∈
{kminIN , kmaxIN}}. The associated common quadratic
certificate is the existence of D = D⊤ ≻ 0 and W =
W⊤ ≻ 0 such that

A⊤
ν D +DAν ⪯ −W, ν = 1, . . . , 8, (23)

for all vertex matrices Aν generated by V.

Remark 3: If there exist matrices D ≻ 0 and W ≻ 0 sat-
isfying the vertex-LMI condition (23), then for all admis-
sible (α, β, κi), the third-order tracking-error subsystem is
uniformly quadratically stable under a common quadratic
Lyapunov function. In the absence of disturbances where
dw ≡ 0, ∆ ≡ 0, and G ≡ 0, by choosing V (z) = z⊤Dz,

one obtains V̇ ≤ −λmin(W )∥z∥2. Thus, the tracking error
z(t) converges exponentially to zero.

Remark 4: The dual-loop states γ and λeff serve only to
schedule the admissible gains (P, V, Iz) via (13) and (14),
thereby preserving the polytopic structure.

To quantify the system’s stability, we employ the negative-
feedback realization presented in (19) to formulate a
composite Lyapunov candidate

V (Ξ) = z⊤Dz+ 1
2 γ

⊤Cγ γ + 1
2 µ

⊤Cλ µ ∈ R, (24)

with z given by (20), D = D⊤ ≻ 0, Cγ = C⊤
γ ≻ 0, Cλ =

C⊤
λ ≻ 0, D ∈ R3N×3N , and Cγ , Cλ ∈ RN×N . Define the

mismatch variable µ := λeff − λ∗(γ) ∈ RN×1. For brevity,
we combine the bounded deterministic disturbance and the
deviation induced by actuator saturation as

d̃(t)
.
=

[
0⊤
N (dw(t) + ∆(t))⊤0⊤

N

]⊤ ∈ R3N×1. (25)

Theorem 1: Given that Assumptions 1–3 hold, the vertex-
LMI condition (23) is feasible, and d̃ ∈ L∞, the closed-loop

system (19) achieves ISS with respect to d̃(t), implying
that there exist a class-KL function βd and a class-K
function γd such that∥∥ (ep(t), ev(t), ei(t))∥∥ ≤ βd

( ∥∥ (ep(0), ev(0), ei(0))∥∥, t)
+ γd

(
sup

0≤τ≤t
∥d̃(τ)∥

)
.

(26)

Proof: From the deterministic component of (19) together
with the structure in (22), we have

ż = A(P, V, Iz) z+B d̃(t), (27)

where B ∈ R3N×3N is a constant input matrix. Taking
the derivative of V along the trajectories and applying
the vertex–LMI condition A⊤D + DA ⪯ −W , we obtain
V̇ = z⊤(A⊤D + DA)z + 2 z⊤DB d̃ + γ⊤Cγ γ̇ + µ⊤Cλ µ̇.
Using the boundedness and dissipativity of the trend and
gain-tracking channels, there exist Qγ , Qλ ⪰ 0 such that{

γ⊤Cγ γ̇ ≤ − γ⊤Qγγ,

µ⊤Cλµ̇ ≤ −µ⊤Qλµ.
(28)

Therefore, we obtain

V̇ ≤ − z⊤Wz+ 2z⊤DBd̃− γ⊤Qγγ − µ⊤Qλµ. (29)

For identical UAVs, one may set Cγ = cγIN and Cλ =
cλIN , so that the corresponding dissipative terms reduce
to scalar-weighted quadratic terms. The remainder of the
proof is unchanged. Applying Young’s inequality to the
cross term 2z⊤DBd̃, for any ε > 0, gives

2z⊤DBd̃ ≤ ε ∥z∥2 + ε−1 ∥DB∥2 ∥d̃∥2. (30)

Choose ε = 1
2 λmin(W ), and note that

λmin(D) ∥z∥2 ≤ z⊤Dz ≤ λmax(D) ∥z∥2,
λmin(W ) ∥z∥2 ≤ z⊤Wz,

γ⊤Qγγ ≥ λmin(Qγ) ∥γ∥2,
µ⊤Qλµ ≥ λmin(Qλ) ∥µ∥2.

(31)
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Thus, there exist constants c1, c2, c3, c4 > 0 such that

V̇ ≤ − c1∥z∥2 − c2∥γ∥2 − c3∥µ∥2 + c4∥d̃∥2. (32)

By positive definiteness property, it follows that

c
(
∥z∥2 + ∥γ∥2 + ∥µ∥2

)
≤ V ≤ c

(
∥z∥2 + ∥γ∥2 + ∥µ∥2

)
,

where c = min{λmin(D), 1
2λmin(Cγ),

1
2λmin(Cλ)} > 0 and

c = max{λmax(D), 1
2λmax(Cγ),

1
2λmax(Cλ)} > 0. As a

consequence, there exists c5 > 0 such that

V̇ ≤ − c5V + c4 ∥d̃∥2. (33)

Solving the scalar differential inequality in (33) yields

V (t) ≤ e−c5tV (0) +
c4
c5

sup
0≤τ≤t

∥d̃(τ)∥2. (34)

By the norm equivalence between V and ∥z∥2 + ∥γ∥2 +
∥µ∥2, and taking the square root of both sides, we obtain
KL- and K-functions

βd(r, t) =

√
c

c
e−

c5
2 t r, γd(s) =

√
c4
c5 c

s, (35)

where r = ∥(ep(0), ev(0), ei(0))∥. Thus, the bound in
(26) is established, demonstrating the boundedness of the
tracking errors under deterministic disturbances. ■

Corollary 1: Consider the multi-UAV tracking dynamics
described by (19). The following statements hold.

(i) If d̃ ≡ 0, then V̇ ≤ −c5V and V (t) decays exponentially.

(ii) If dw ≡ 0 and ∆ ≡ 0, then each component of the error
triple (ep, ev, ei) converges to zero exponentially.

3.2 MSB under Stochastic Perturbations

In this section, we consider a more general setting where
the input channels are subject to stochastic disturbances,
with the aim of analyzing the closed-loop tracking-error
stability. Specifically, the stochastic perturbations are
modeled as Brownian noise. Under Assumptions 1–3, the
dynamics in (19) can be rewritten in the following Itô form

dep=ev dt,

dev=
(
−Pep−V ev−Izei+dw +∆

)
dt+G dWt,

dei=
(
ep − kleakei + kaw∆(t)

)
dt.

(36)

Theorem 2: Given that the vertex-LMI condition (23)
holds and the disturbances satisfy Assumptions 1–2, then
there exist positive constants cm, cd, cG for which the
Lyapunov candidate V (Ξ) satisfies

d

dt
E
[
V
(
Ξ(t)

)]
≤ −cmE∥z(t)∥2+cd∥d̃∥2∞+cG ∥G∥2F . (37)

Moreover, there exist constants csup, cadd > 0 such that

sup
t≥0

E∥z(t)∥2 ≤ csup E∥z(0)∥2

+
csup
cm

(
cd ∥d̃∥2∞ + cG ∥G∥2F

)
+ cadd.

(38)

The proof follows from Itô’s formula and the standard
quadratic Lyapunov argument established in Theorem 1.
The detailed proof is omitted here due to space limitations.

Corollary 2: Building on Theorem 2, some results follow.

(i) There exists R > 0 such that lim supt→∞ E∥z(t)∥2 ≤ R.
Then, for any ε > 0 and any fixed t ≥ T , Chebyshev’s
inequality yields P{∥z(t)∥ ≥ ε} ≤ 1

ε2E∥z(t)∥
2 ≤ R

ε2 .

Fig. 1. Tracking trajectories of the multi-UAV system.

(ii) Let ε =
√
R/ς. Then Pr{∥z(t)∥ ≤

√
R/ς} ≥ 1 − ς.

Moreover, R = O(∥d̃∥2∞ + ∥G∥2F ). Hence, the closed-loop
system is ultimately mean-square bounded.

Remark 5: When G = 0, the MSB property reduces
to deterministic ISS. Under the additional condition of
dw ≡ 0 and ∆ ≡ 0, the common quadratic Lyapunov
function further shows uniform exponential stability of the
tracking-error origin.

4. NUMERICAL EXAMPLES

This section evaluates the proposed dual-loop annealed
PID controller in a phase-shifted circular-reference track-
ing task with N = 5 UAVs. The reference parameters
are r = 5m and ω = 0.5 rad/s, and the trend filter uses
ωe = 2.0 s−1, i.e., τ = 1/ωe = 0.5 s, with dt = 0.01 s. The
initial phases are uniformly distributed on the ring with
small random perturbations. The dual-loop parameters are
set as kg = 0.8, ks = 1.2, δg = 0.05, ρ = 1.0, η = 0.3,
λmin = 0.02, and λmax = 0.6, while the PID baselines are
Kp0 = 10, Kv0 = 8, Ki0 = 2.5, and a = 0.9. Deterministic
disturbances are generated by a stationary 2-D AR(2)
wind-shear model wk = a1wk−1 + a2wk−2 + σεk, with
a1 = 0.7, a2 = 0.2, and σ = 0.05. Brownian perturbations
with σb = 0.02 are added through the Euler–Maruyama
term σb

√
dt ξk, where ξk ∼ N (0, I).

The main numerical results are shown in Figs. 1–3. Fig. 1
shows that the proposed controller accurately tracks the
phase-shifted circular references under deterministic and
stochastic perturbations. As shown in Fig. 2, the RMS
tracking error and Lyapunov candidate V (t) decay rapidly,
while γ and λeff evolve smoothly within their bounds,
indicating the expected annealed adaptation and time-
scale separation. Fig. 3 further shows the actuator and
Lyapunov-evidence responses. The initially near-saturated
inputs are quickly desaturated by the anti-windup back-
calculation and gain compression, and only small steady-
state oscillations remain. The near-zero least-squares slope
in Fig. 3(b) is empirically consistent with the derived
ISS/MSB-type dissipation inequality.

5. CONCLUSIONS

This paper has addressed the stability of phase-shifted
circular-reference tracking for multi-UAV systems under
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(a) (b)

Fig. 2. Adaptive parameter and Lyapunov function evo-
lution: (a) dual-loop parameters and RMS error; (b)
Lyapunov function evolution.

(a) (b)

Fig. 3. Actuator saturation and Lyapunov evidence: (a)
actuator saturation; (b) Lyapunov evidence scatter.

simultaneous deterministic and stochastic disturbances,
as well as actuator saturation. A trend-driven dual-loop
PID tracking controller with annealed adaptive gains was
proposed, whereby the verifiable ISS and MSB guarantees
were established within a vertex-LMI framework. Numer-
ical examples confirm rapid convergence of tracking errors
and Lyapunov energy, swift actuator desaturation, and
low steady-state control effort. Moreover, the proposed
method achieves robust performance with a compact set
of tuning parameters via annealed adaptation, thereby
ensuring control continuity and low computational cost.
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