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Abstract: Motion coordination of differential drive robots with wheel slip is considered in
this work. In applications involving motion coordination of multiple wheeled vehicles, much of
the existing work has assumed a pure rolling condition between the wheel and ground while
deriving the vehicle dynamics and subsequently in the development of model-based controllers
that can achieve and maintain the desired formation of vehicles. Wheel slip is common when
using differential drive mobile robots as the orientation of the robot is achieved by commanding
a velocity differential between the two driven wheels of the mobile robot. In formations of
wheeled mobile robots, to maintain the desired spacing between vehicles, rapid accelerations and
decelerations may be needed to maintain the desired spacing between vehicles. In this paper,
we assume wheel slip and model the dynamics of each mobile robot with a simple Coulomb
friction-based traction force model to distinguish between slip and no-slip conditions. Based on
this dynamic model of the mobile robot with wheel slip, a formation controller is developed by
limiting the torque to the wheel motors of each robot to avoid slip and achieve and maintain
the desired formation. Experiments are conducted with a formation that is a platoon of three
wheeled mobile robots. Experimental results are shown and discussed to investigate occurrence

of wheel slip and its effect on coordination.

1. INTRODUCTION

Slip between the wheels and the ground can cause con-
siderable deviation from the actual position of a wheeled
mobile robot from its desired position. In particular this
deviation is exacerbated when measurements from en-
coders are used to control the wheel angular position
which in turn is used to control the Cartesian position and
orientation of the mobile robot. Slip is inevitable in differ-
ential drive robots because a differential velocity between
the left and the right wheels is commanded to achieve
an orientation of the wheeled mobile robot in the plane.
The slip effect is magnified when coordination of multiple
wheeled mobile robots is necessary to achieve and main-
tain a desired formation with a desired spacing between
different robots; an example is a platoon of vehicles where
one desires to achieve and maintain a desired spacing
between each vehicle in the platoon. A spacing error that is
created due to a disturbing force on one particular vehicle
may propagate upstream and downstream depending on
the location of the vehicle within the formation, the type
and form of the communication graph, and the controller
on each vehicle that is used to achieve and maintain the
formation. To correct for these spacing errors, each mobile
robot may typically go through rapid acceleration and
decelerations to reject the disturbing forces in an effort to
regulate the spacing errors to zero. The rapid acceleration
or deceleration of the wheels often leads to wheel slip. This
is significant as encoders on driven wheels are often used to
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determine the incremental position of the wheeled mobile
robot from its start position. If the wheels are slipping,
the computation of the Cartesian position of the robot is
erroneous as slipping of the wheels will affect the position
obtained by using the encoders. This may exacerbate the
spacing errors between vehicles in a formation if wheel
slip is not taken into consideration in the design of the
controller for each vehicle.

It is typical in most of the literature to assume pure rolling
conditions while developing the dynamics for the differen-
tial drive mobile robot configuration Yun and Yamamoto
[1993], Petrov [2010]. Pure rolling of wheels implies that
the torque input to the driven wheels is entirely utilized
towards the linear movement of the wheel. However, this
is not true in many cases where rapid accelerations and
decelerations may be involved due to large input torques,
which causes the wheels to slip. When a wheel slips only
a portion of the applied input torque to the wheels is
utilized towards the linear motion of the wheel, this can
be determined by studying the wheel-surface interaction
and by formulating a traction force model based on this
interaction.

There have been many studies related to wheel slip in
differential drive robots, such as Sidek and Sarkar [2008],
Balakrishna and Ghosal [1995], Y. Tian and Sarkar [2009].
It is typical to derive the kinematics and dynamics of
the wheeled mobile robot under slip and traction force
expressions are derived for a particular type of wheel-
ground interaction. One key aspect in studying wheel
slip is the interaction between the wheel and the ground;
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for example, soft rubber covered wheels, loose soil, etc.
Another aspect is the use of caster wheels that are used
to support the wheeled mobile robot; one or more caster
wheels are used in addition to the two driven wheels to
support the robot base platform. Some of the existing
work considered either a flexible wheel, rigid ground or
rigid wheel, flexible ground to determine the traction
force model Sidek and Sarkar [2008], Balakrishna and
Ghosal [1995], Y. Tian and Sarkar [2009]; this work has
not considered the influence of caster wheels on traction
force calculations. Some recent work on wheel slip by
considering rigid wheel, right ground interaction can be
found in Albagul and Wahyudi [2004], Nandy et al. [2011].
In Albagul and Wahyudi [2004] a two stage controller is
employed for trajectory tracking and it is indicated that
the measurement of the global location of the robot is
necessary to effectively control the robot. Traction forces
are determined by using the static friction coefficient
between the wheel and the ground for both slip and non-
slip conditions in Nandy et al. [2011].

Motion coordination of vehicles to create and maintain
a formation is a widely researched area in systems and
control. Recent work that considers wheel slip in formation
control problems can be found in Ze-su et al. [2012], Tian
and Sarkar [2012]. In Ze-su et al. [2012] an artificial po-
tential function was used to create an adaptive formation
control law for systems with lateral slip and parameter
uncertainties; simulation results were presented showing
the effectiveness of the controller used. Effect of wheel slip
in a leader follower type formation controller was explored
in Tian and Sarkar [2012] to show that slip may cause
instabilities in otherwise stable formations; simulation re-
sults were presented to show this effect. A dynamic model
for a differential drive robot with one caster wheel and
two driven wheels was derived in Torres et al. [2014] by
considering wheel slip. A traction force model is developed
by considering the action of the caster wheel (which has
been ignored in previous studies) and a simple friction
model for both lateral and longitudinal motion.

In this work we consider the problem of motion coordina-
tion of wheel mobile robots when there is slip between the
wheels and the surface. The dynamics of the robot with
both lateral and longitudinal slip of wheels in contact with
the surface are considered; the effect of the caster wheel is
included in the determination of the traction forces, which
can influence the occurrence of slip. Based on the model,
a torque limiting strategy is given to avoid slip. A series
of experiments are conducted to evaluate the strategy
for a platoon of three differential drive robots with the
desired velocity profiles chosen such that there is wheel
slip. Experimental results are presented and discussed.

The rest of the paper is organized as follows. The dy-
namics of the differential drive robot with wheel slip is
given and discussed in Section 2. Experiments related to
investigation of wheel slip in a single robot are discussed
in Section 3. Coordination experiments with a platoon of
three differential drive robots are discussed in Section 4.
Conclusions and future work are given in Section 5.

2. WHEEL SLIP IN MOBILE ROBOTS

Consider a sketch of differential drive robot shown in
Figure 1. Let the position of the robot be given by the
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Fig. 1. Two Wheeled Differential Drive Robot

vector [Ze,ye, |7, where (z.,y.) denote the position of
point ¢ (the center of mass) and ¢ is the orientation of the
robot in the global coordinate frame. The angular velocity
of the wheel is denoted by 6 and subscripts r and [ denote
left and right wheel, respectively. The generalized position
vector of the robot is ¢ = [2¢,ye, ,0,,0;]7. The control
inputs are the wheel torques (7, 7). Let s4 = sin¢, ¢y =
cos ¢, b is half of the wheel base, d is the distance between
the center of the mass and wheel axis. The kinematics
under the pure rolling condition are given by

9}7’ = ZcCh + YeSg + bgf)
élT = JfCC¢ + yCS¢ — bgf) (1)

O = ngC¢ — JfCS¢ — d(b
Relaxing the pure rolling assumption and letting the
wheels slip in both directions, the relationship between
linear velocities of the right and left wheels (g, ;) and

the lateral velocity of the wheel (7)) to the velocity of the
center of mass of the robot can be written as,

Pr = JfCC¢ + yCS¢ + bo
pr = ZeCy + YeSp — b (2)
0= ?Jc% - fc&i) —d¢
The new generalized position vector describing the robot
motion is ¢ = [T¢,Ye, @, pr, p1,1, 0, 017, Let my be the
total mass of the robot, m, be the mass of the wheel,
Flong be the longitudinal traction force, Fj,+ be the lateral
traction force, r be the radius of the wheel, I; be the
total moment of inertia of the robot in the plane of robot
movement, I,,, be the moment of inertia of the wheel in the
plane of rotation, miz = 2dmse, Moz = 2dmycy, Opxn
and I, x, be the null and identity matrices, respectively.
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Define
B(q) = [Oxa, Iaxa]", T = [, m]"
fll = (EOHQT + Flongl)ccb - (Eatr + Eatl)5¢
f21 = (Eongr + Eongl)5¢ + (Eatr + Eatl)
(

Co
f31 = Eongr - Eongl)b - (Eatr + Eatl)d
M;  Osxz  Osxo
M(q)=| My —I3x3 Osx2
O2x3,5 Oaxsz ILyylaxo
m 0 mis3 —5¢ Ccp —d
Mi=10 my —mos| Mo = | cyp 5¢ b
mi3 —Ma3 It Cop S¢ —b
[ 2dqu:52c¢, i T fin
2dm, ¢ s fa1
. 0 f31
. _ .C .C 0
Cg,q) = | ~9Weco T 0eso) | pgy — | 0
—¢(Tesy — Yely) 0
— (XS — Yol
d)( % y ¢) _Tﬂongr
0 __TF‘longl_

The dynamics of the robot under slip are given by,

M(q)i+ C(q,q) = B(¢)T + F(q) (3)

The longitudinal and lateral traction forces and their effect
on the wheel are shown in Fig. 2. To calculate the normal

Fig. 2. Longitudinal and lateral slip due to friction forces

forces we assume the robot is constructed such that its
mass is uniformly distributed along the longitudinal axis.
Therefore, the center of mass lies on the longitudinal axis,
and its distance to the center of the caster wheel is defined
as e. We assume that the point at which the caster wheel
makes contact with the ground surface when projected
onto the robot platform plane falls on the longitudinal axis.
One can find relationships of normal forces with the other
forces involved using force and moment balance as

NT+NZ+Nca:mtg (4)
(Flatr + Flau)h + Nib = Nyb (5)
Nea(d +€) = migd (6)

where N is the normal force, g is acceleration due to
gravity, h is the height of the center of mass of the
robot from the ground, and the subscript ca in a variable
indicates that it is pertaining to the caster wheel.

2.1 Slip avoidance control strategy

Consider a wheel that is rotating under pure rolling
condition. The total force on the wheel can be expressed
in terms of the applied torque (7) as,

Ty T

Pl (7)

MayT2 + Ty

For the entire robot we have
7—%7‘ Tmgr

- B2 4 Ly - 21y + myr?

(8)

The value of the maximum force that has to be applied on
the wheel before it starts to slip is

Frae = MsN (9)
where s is the static friction coefficient. Once the wheel

starts to slip the amount of force that is spent on the linear
motion of the wheel is given by

where py is the kinetic friction coefficient. Thus the
difference between the applied force (Equation (7)) and the
force given by Equation (10) causes the wheel to continue
slipping. Note that lateral slip of the wheel may occur in
conjunction with longitudinal slip.

The wheel slip is determined by the traction forces acting
on it. Hence using the traction forces if we limit the
applied torques on the wheels such that the reaction force
is less than the maximum allowable force F},q., slip can be
avoided. Thus mathematically the maximum torque that
can be applied to the wheel to ensure that there is no slip
is obtained by equating Equation (8) to the value pusN as
2
G ) (11)
myr
The normal force IV in the above equation is either NV, or
N; depending on the wheel in consideration.

3. EXPERIMENTS WITH A SINGLE ROBOT

Each wheeled mobile robot has two independent wheels
and a free-ball caster wheel for balance, Fig. 3. Each
independent wheel is fixed to the shaft of the motor rated
at 12 V, with a no-load speed of 350 rotations per minute
and a stall torque of 0.78 m-N. A pair of quadrature
encoders with 1856 counts per revolution mounted on
the shaft of the motor are used to measure the speed
of the wheels and calculate the position of the robot.
The robot control algorithms are implemented using an
Arduino micro-controller along with motor drivers and
"Xbee Series 1’ communication module and a desktop
computer containing a "Xbee Series 1’ as receiver.

Fig. 3. Mobile robot used in experiments

The control strategy for the robot consists of two loops as
shown in Fig 4.

The outer loop is a nonlinear kinematic path controller
first proposed in Kanayama et al. [1990]; this outer loop
takes the measurement of the robots’ current position and
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Fig. 4. Two loop trajectory tracking kinematic controller.

the reference trajectory position to calculate the position
error. The position error is used to compute the desired
linear and angular velocities the robot has to follow to
reach the trajectory.

(12a)
(12Db)

Vg = Uy COS€g + kpey
wq = wyr + vr(kyey, + kg siney)

where v, w are the linear and angular velocities, respec-
tively, subscripts d,r denote the desired and reference
values and k., k, and kg are positive controller gains. The
eITOTS €, €y, €4 are computed error in x, ¥ and 6 computed
in the robots frame. The references values of z,y and ¢
are obtained from the reference trajectory in the case of a
single robot tracking and from the position of the (i — 1)
robot and the desired inter-vehicular spacing in the case of
a robots formation. The output of the outer loop provides
a velocity reference to the inner velocity loop. The inner
loop consists of a Proportional Integral (PI) controller to
control individual motor velocities. This inner loop uses
the measured motor velocities and reference velocities cal-
culated from vg, wy to generate corrective control voltages.

The parameters for the robots are 2b = 0.21 m, e = 0.095
m, d = 0.055 m, g = 9.81 m/s, h = 0.0216 m, m, = 1.5
kg, I,, = 0.009753 kg m?, I,, = 0.000584 kg m?, Lyy =
0.001168 kg m?, » = 0.0365 m, m,, = 0.064 kg. The staic
and kinetic coefficient of frictions were experimentally.
The robot is pulled on the desired surface and the force
required to start moving the wheels and to keep the wheels
moving is measured. These measured forces and calculated
normal reaction force (N) on the wheels is used to compute
the coefficients. The friction coefficients thus obtained are
s = 0.241 and p, = 0.239. Since the two values are very
close to each other and the measurement process is prone
to uncertainties for all practical purposes both values are
taken to be equal to 0.24. Using these numerical values,
the maximum allowable torque on each wheel is found to
be 0.095 m-N which is equivalent to an acceleration of
approximately 45 rad/s 2.

The wheels are accelerated for 0.5 seconds using a constant
input torque after which the torque is set to zero (i.e.,
constant velocity). The position of the robot is calculated
using the encoder readings. The actual position of the
robot is obtained using a video camera looking down from
the ceiling above the robot. The position obtained from
these two methods is compared to establish the wheel
slip in the robot. The robot is run with the maximum
motor torque of 0.13 m-N. The position of robot from both
encoders and video with and without saturation on the
torque input are shown in figures 5 and 6.

Notice that in the case where input torque is not limited
the position given by the encoders is more than the true
position obtained from the camera. This is because when
the wheel slips the linear position traversed by any point
on the wheel surface computed using encoder measure-

x (m)

0.8 1
0.6 1

04 1

Video
Encoder

02} 2 "

0 . . N
0 0.5 1 1.5 2
t (sec)

Fig. 5. Evolution of the position of the robot from encoder
and video without any limits on input torque
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Fig. 6. Evolution of position of robot position from encoder
and video with limiting of input torque

ments is more than what is actually observed.Also notice
that in the case where the input torque is restricted to
less than 0.095 m-N the position obtained from both en-
coder and video match each other. Such a torque limiting
strategy will be applied in coordination experiments next.

4. COORDINATION EXPERIMENTS USING SLIP
AVOIDANCE

Coordination experiments are carried out with three
robots in a platoon Fig. 7. The first experiment is carried
out without any slip avoidance, while the second experi-
ment was done by limiting the input torques. The satura-
tion on input torques can be applied either in the outer
loop of controller while calculating the reference velocities
for the inner loop or at the end of the inner loop before the
voltage is applied to the motors. Although experiments are
conducted using both the cases, only a sample of results
from the outer loop saturation are provided in this work.

Coordination is introduced into the system from the con-
troller given by equation (12). In the control of a single
robot the reference trajectory, i.e., the reference position
of the robot g,y is generated using a reference trajectory
function. For coordination the same reference position is
obtained by the combination of the neighbor vehicles’
position ¢;_1 and the desired inter-vehicular spacing J; as
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Fig. 7. Picture of mobile robots used in formation experi-
ments

Qref = Gi—1 — 0;
The communication between robots follows a ring struc-
ture as discussed in Konduri et al. [2013], i.e., each robot
transmits its position only after it receives the position
from its neighbor.

The inter-vehicular communication is crucial for the effec-
tive functioning of the formation. Any delay in commu-
nication may lead to large accelerations resulting in slip.
Consider a straight line trajectory parallel to the x-axis
and let there be a spacing error only in the x-direction.
Then if one were to use the controller discussed previously,

the equation (12) will reduce to
Vg =V + kz(x —2,) ,wqg=0

If there is a communication delay 74 > 0, then the desired
linear velocity can be written as

Vad = vpe ¢+ ky(x — zpe” ) (13)
From the above equation,
[vaa| < |vre™ ™| + ko |(x — xre” ™) (14)

< g + kel (x — 2p)[ + Ke|2e | (1 —e77)

Since k, > 0 and (1 — e ™) > 0, ky|z,|(1 — e~ ™) > 0.
Hence |vgg| > |vg| for all z, # 0 and the magnitude
of v4q keeps increasing with z, and 74. If the inner
loop follows the desired velocities instantaneously, delay
in communication can cause sharp accelerations which in
turn will result in slip. Notice that as the formation size
increases the delay time may increase further increasing
the desired velocity corrections.

The position through out the experiments is obtained from
the encoders and the final positions after the vehicles stop
at the end is measured manually. In both the experiments
the outer loop control runs at 20 Hz and the inner
loop runs at 50 Hz. The encoder ticks are accumulated
separately using interrupts and the number of counts are
obtained every time when either the inner or outer loop
runs.

—

o Velocity m/s

0.15. .. .

8
Time (s)

Fig. 8. Velocity profile used in experiments
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The experiments started with zero inter-vehicular spacing
error and the coordination controller starts after 3 seconds
into the experiment. The starting position for robots are
(0.6096, 0), (0,0) and (-0.6096, 0) meters with orientation 0
degrees. The desired inter-vehicular spacing is set to 0.6096
m. The velocity profile used for the experiments is shown
in Fig 8.

The evolution of the x-position of the robots without
limiting the torque are shown in Fig 9. Notice that the
rate of change of position increases around 5 seconds into
the experiment and decreases after 8 seconds and finally
goes to zero after 12 seconds into the experiment. The
experiment is run for one acceleration and one deceleration
however the deceleration is smoother than the acceleration
phase. The x-position of the robots with torque limiting
strategy is shown in Fig. 10.

6
5,
4+
3,
)
< 21
1t .

———I I‘, Robot 1
o=~ o = = =Robot 2 |1
e == Robot 3

_1 L s
0 5 10 15
t (sec)

Fig. 9. Evolution of robot x positions (meter) without slip
avoidance

X (m)

___—’ /7 = Robot |
oF = . = = =Robot 2 |1
- == Robot3

71 L s
0 5 10 15
t (sec)

Fig. 10. Evolution of robot x positions (meter) with slip
avoidance

Comparing the position one can clearly see that in the
case of limiting the input torques, the positions change
more smoothly than the case without such torque limits,
in particular during accelerations and decelerations. Also
observe that when limiting input wheel torque, the inter-
vehicular spacings are maintained better. The evolution
of y-positions for both cases is shown in Figs. 11 and 12.
Observe that the error in the y-position as measured by the
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encoders is substantially less when torque limiting strategy
is employed.
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Fig. 11. Evolution of robot y positions (meter) without slip
avoidance
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Fig. 12. Evolution of robot y positions (meter) with slip
avoidance

The final positions of the three robots from encoder and
manual measurement without limiting torque are (4.78,
0.02), (4.17, 0.04), (3.55, 0.03) and (4.87, 0.24), (4.26,
0.18), (3.65, 0.42). Notice that the x-positions are within
0.1 meters where as the y-position has larger error. The
final positions with slip avoidance are (4.97, 0.003), (4.36,
0.005), (3.75, 0.002) and (5.02, 0.07), (4.38, 0.06), (3.77,
0.06). Comparing the measurements shows that when
limiting torque to avoid slip, the errors in both x and y
are much smaller. When input torques are constrained as
given by the traction force model, wheel slip is avoided
thereby improving the accuracy of position measurement
and reducing the spacing errors.

5. CONCLUSION

In this work we have investigated wheel slip and its effect
on coordination of multiple mobile robots. A torque limit-
ing strategy is employed to restrict the torques that would
cause slip, which is based on the dynamic model where
slip is explicitly included. Extensive experiments were

conducted to evaluate and verify the proposed method.
Possible future work on this topic include online estimation
of friction coefficients, implementation of coordination tra-
jectories that involve changing orientation of the robots,
and development of an advanced nonlinear controller that
includes the robot dynamics and the traction forces.
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