Preprints of the 19th World Congress
The International Federation of Automatic Control
Cape Town, South Africa. August 24-29, 2014

Controllers design for two interconnected
systems via unbiased observers

Harouna Souley Ali* Marouane Alma* Mohamed Darouach *

* Université de Lorraine (IUT de Longwy), CRAN UMR 7039 CNRS
186 Rue de Lorraine, 54400 Cosnes et Romain, France
(e-mail: harouna.souley@univ-lorraine. fr)

Abstract: This paper proposes functional observer based controller for each subsystem of two
interconnected system. The new approach that we use to express the control error permits to
use some results on large scale delay systems to solve the problem. The proposed controllers are
free of the interconnection terms, and the observation errors are unbiased. The observers based
controllers are designed via some matrices gains which are obtained via LMIs (i.e. via a tractable
approach) from the Lyapunov stability results. An algorithm is given for the computation of
the solutions. The result can be extended for the H,, control of linear and nonlinear large scale

systems.
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1. INTRODUCTION

The study of large-scale dynamical systems is of great
importance during the last years. This is due to the fact
that physical systems are generally interconnected in prac-
tice giving a large-scale systems. In fact many practical
control applications can often include electrical power sys-
tems, nuclears reactors, chemical process control systems,
transportation systems, computer communication, eco-
nomic systems and so on (Mahmoud [1997], Nguyen and
Bagajewicz [2008]). Several dynamics subsystems can be
distinguished (Chen and Lee [2009]) and delays generally
arise in the processing of information transmission. This
can cause instabilities and oscillations in these systems.
For these reasons, many studies have been devoted to the
analysis of stability of these systems (see (Siljak [1978],
Lyou and al. [1984], Hmamed. [1986], Huang and al. [1995])
and the references therein).

The stability of such systems is generally based on checking
the sign of the eigenvalues of the stability matrix (Chen
and Lee [2009]). This is not a very tractable method,
especially for the synthesis step. In (Chen. [2006]), a more
tractable LMI approach has been proposed for the stability
analysis.

Notice that in most practical situations, the complete state
measurements are not available for each subsystem. But
we know that for the control purpose, the availability of
the states of a functional of the states of each subsystem
is required (Dhbaibi and al. [2008]). Many works treat
this problem by two ways generally. The first one is
by designing an observer containing the interconnection
term (see Sundareshan and Huang. [1984], Siljak [1991]
and the references therein). the second method proposes
an observer without interconnection term (see Pagilla
and Zhu [2005], Dhbaibi and al. [2006]and the references
therein). In (Trinh and Aldeen [1997]) a reduced order
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observer is proposed which dynamics are given from the
set of unstable and/or poorly damped eigenvalues of
the considered Linear Time Invariant system. In this
paper, we propose a functional observer based controller
to estimate directly a stabilizing control for a wide class
of large scale systems, constituted by subsystems with
interconnection terms between each other. Our proposed
functional filter is without interconnection terms which
makes its implementation more easy.

2. PROBLEM FORMULATION

Let us consider a large-scale time-delay system S which is
described as an interconnection of n subsystems S7, Ss...
Sn, that are represented by (see Chen and Lee [2009])

S; l‘l(t) = A;x; (t) + Az (t — d”)
N
+ Z Aijai(t — dij) + Biu,(t) (la)
J=1

J#i

yi(t) = Cizy(t) (1b)
for i,j = 1...N;i # j and where z;(t) € R™ is the state
vector for the i system, y;(t) € RP¢ is its measured
output and wu,;(t) € R™ is the control input. A;, A;;, B;
and C; are constant matrices with appropriate dimensions
and d;; denotes the physical communication delays in the
interconnections of the large-scale system S.
In our Purpose, we suppose that all the B; matrices are
equal to the identity matrix: B; = I,,.

Our objective is to design an observer-based controller
with the following structure

ni(t) = Nimi(t) + Npimi(t — diz)
+ Jiyi(t) + Jriyi(t — dii) (2&)
() = ni(t) + Eiyi(t) (2b)
where 7;(t) € R™ is the state vector for the i*" system.
It must be noticed that both the filter and the controller
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do not contain an interconnection term, which makes it
more easy to be designed for each subsystem.

Problem 1. The objective is to establish a functional ob-
server (6a) and a control law (6b)such that:

(1) limtﬁoo ul(t) — Kﬂ?i(f) =0

(ii) the resulting closed-loop system (1)-(6) is asymptot-
ically stable where the observer (6) is unbiased i.e. its
dynamics does not depend explicitly on the subsystem
state x;(t).

The approach used in this paper is to design the controller
into two steps. The first one consists to use the item (i)
of problem 1 i.e. to search for a state feedback gain K;
verifying for subsystem (1). Once this gain is found we
then search in a second step, an unbiased controller via
observer (6) permitting to construct this gain K;.

3. DESIGN OF THE STATE FEEDBACK GAIN

Here,we suppose that we have access to all the state vector,
yi(t) = x;(t), such that u;(t) = K;x;(t).

By replacing the control input w;(t) by K;z;(t) in each
subsystem (1), then we obtain the following closed loop
subsystems:

N
j=1

J#i
= (A; + Ki)wi(t) + Aiiwi(t — dii)
N
+ > Aija(t — diy) (3)
=1
7

where K;(t) € R™*™ Using the results of Chen. [2006],
the first condition to stabilize x(t) is to get the matrix
(A; + K;) Hurwitz. The gain matrix K; can be obtained
by resolving the following simple LMI:

(Ai + K;)"Pi + Pi(A; + K;) <0,P, > 0 (4)
By choosing: Y; = P;K;, we solve:

ATP+Yi+ PA+Y, T <0,P >0 (5)
and we can obtain : K; = X;”'Y;

So, after this first step, we have K; such that 3 must be
stable with A; + K; Hurwitz.

4. OBSERVER BASED CONTROLLER DESIGN

Now, we design an observer:

ni(t) = Nini(t) + Npini(t — di;)
+ Jiyi(t) + Jriyi(t — dii)
a;(t) = ni(t) + Eiyi(t)
which estimates the control input.

Remark 1. Notice that for simplicity purpose, we consider
in this paper only two interconnected systems. Neverthe-
less, our results can be obviously extended to a large-scale
system composed with /N interconnected systems.

The estimation error is defined as:

= K;xi(t) — ni(t) — Eiyi(t)
=ixi(t) —mi(t) (7)
where ¢; = K; — E;C;. then

€i(t) = ixi(t) — 0i(t) (8)
By replacing #;(t) and 7;(¢) from (3) and (6) respectively,
we obtain:

éi(t) = Yi[(Ai + Ki)xi(t) + Agimi(t — dig) + Agjaj (t — dij)]

— Nini(t) — Npimi(t — diz) — JiCixi(t) — JriCiwi(t — dis)

Using the fact that : n;(t) = a(t) —
dynamic can be written as:

e;(t), the error

éi(t) = ¥il(Ai + Ki)ai(t) + Aiwi(t — dij) + Aijzj(t — dij)]
—JiCizi(t) — JriCizi(t — dig) — Ni[hizi(t) — ei ()]
—Nri[hizi(t — dii) — ei(t — dii)]
= [Yi(Ai + Ki) — Nithy — JiCi]wi(t) + i Az (t — dij)
+[i Aii — JriCi — Npgtps]ai (t — dii)
+Niei(t) + Nriei(t — dii) 9)

If we want to obtain the estimation error dynamics inde-
pendant from z;, we consider the following unbiasedness
conditions:

Vi(A; + Ki) — Nitp; — J;C; = 0 (10a)
ViAii — JriCi — Npihy = 0 (10b)
then

By taking B; = A; + K;, the unbiasedness condition for
the free of delay part is given by:

B — Ny — J;C; =0 (12)
which can be written as:
K;
[N: L; E5]| C; | = K;B; (13)
CiB;

where Ll = Jz - NZEZ
In the same way, the unbiasedness condition for the
delayed part can be written in the following compact form:

K;
C;
by taking Lri = Jpr; — NriEi~

[Nri Ly; Ej] = K; Ay (14)

These two conditions can be rewritten in the following
form:
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K; 0
0 K;
[N; Nyi Li Ly E;] | C; 0 = [K;B; K;Ai] (15)
0 C;
CiB; Ci A
or in the form:
xil'i = @; (16)
with:
Xi= [Nz NM' Lz LT’L Ez] (17)
K; 0
0 K;
Li=| ¢ 0 (18)
0 C;
CiB; CiAy
®; = [K;B; K;Aq] (19)

The matrix equation (16) has a solution x; if and only if:

rank [gl} = rankl; (20)
then the solution is given by:
Xi = ®If = Z;(I -T;Tf) (21)

where FZ'-" is a generalized inverse and Z; is an arbitrary
matrix.
Now we can obtain the different above matrices such that:

T
0
N;=x; |0| = N} — Z;N? (22)
0
0
where
I I
0 0
N! =&,Tf (0| ,and: N? = (I —-T,I'}) |0 (23)
0 0
0 0
0
I
Nyi=xi |0| = NL — Z;NA (24)
0
0
where
0 0
I I
N} =&, [0] ,and: N3 = (I -T,T) |0 (25)
0 0
0 0
0
0
Li=xi [I| =Lj - ZL} (26)
0
0
where
0 0
0 0
L =& |I|,and: L= (I -1T,T]) |1 (27)
0 0
0 0

0
0
Lpi=xi |0| = Ly; — Z; L2, (28)
I
0
where
0 0
0 0
L, =®T} 0| ,and: L2, = (I —T,T}) |0 (29)
I I
0 0
0
0
E;=x; |0| = E} - Z;E} (30)
0
I
where
0 0
0 0
E! =&,1f (0| ,and : E? = (I - T,I}) |0 (31)
0 0
I I

Once L;, N; and F; determinated, we compute J; using:

J;=L; + N;E; (32)
Similarely we get J.; using L,;, N.; and E; as:
Jri = Lyi + Ny E; (33)

then, with some algebraic manipulations, the error dy-
namic can be rewritten as:

éi(t) = (N} — Z;N7P)es(t) + (N — ZiN7ei(t — di;)

+(QF + Z:Q7)x;(t — dij) (34)
where:
Qi =i Asj (35)
Q7 =17 Ay (36)
with:
ui = K; — B C; (37)
;= EC; (38)

In order to study the stability of the error, we introduce
the following new augmented state :

_ T;
€;

In fact that we don’t have access to all state vector, the
applied control u;(t) of (1a) is replaced by ;(t) such that

(39)

SZ‘ . .’i?i(t) = Aixi(t) + Aiiwi(t — dii)
+ Aijz(t — dij) + 4, (t) (40)

Since e;(t) = u;(t) — 14;(t), so we can replace 4;(t) in (40)
by:

ﬁi(t) = Kil‘i(t) — ei(t) (41)

and we obtain:
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+ Aijxj(t — dz]) — ei(t)

Now, let us consider dynamics of the augmented state é€;,
then we have:

= Ti| A; + K; -1 .Ti(t)
“Tle| T 0o N —2zZiN?| e
n Ay 0 x;(t — di;)
0 NYL—Z;NZ| |ei(t —di;)
+ Aij 0 X (t - d”)
Qi + Z:Q7 0] |e;(t — dij)
Then the error dynamics can be rewritten in a compact
form as ( for 4,5 =1,2;i # j)
e = Aie; + Aye;(t — dy) + Aije;(t — dij) (44)
The expressions of matrices A;, A; and A;; are directly
deduced from equation (43).

(42)

(43)

For this purpose and similarly to (Chen. [2006]), let
us consider the following subsystem (for i,7 € N =
{1,2,...,N})

N
&i(t) = Fiai(t) + Y Fijaj(t — hij), t =0 (45)
=1

The stability condition of system (45) is given through the
following lemma.

Lemma 1.(Chen. [2006]) The system (45) is asymptotically
stable with h;; € RT provided that F; is Hurwitz, and
there exist matrices P; and Vj; such that the following
LMI condition holds.

[21# = ] <0 (46)
S12 —S22
where
B = bdiag [®q, Pa,- -+, Dy] (47)
with
N
O, =F/P,+ PF, + > Vy (48)
Jj=1
E12 = bdiag [A1, N, -+, AN] (49)
oo = bdzag [7\\17 RQ, Ty KN} (50)
A= [FEP, - FEL,Py] (51)
Ai = bdiag [Vai, Vo, -+, Vi) 52)

Proof. The proof is given in (Chen. [2006]), Theorem 1,
by using Lyapunov method.

The idea is to apply Lemmal to system (44) in order
to obtain the stability condition, in closed loop, of the
two interconnected systems (1). The result is given in the
following lemma

Lemma 2. The new error state is asymptotically stable
with d;; € RT provided that A;, A; are Hurwitz, and
there exist matrices X7, Xo, Wi1, Wha, Wh1 and Wss such
that the following LMI condition holds.

(1,1) 0 Ahx ALx, 0 0
0 (2,2) 0 0 AlLx ALX,
Xl-All 0 —W11 0 0

Xodsy 0 0 Wy 0 o | <0 (3

0 X1 A1s 0 0 —Wis 0
0 XA 0 0 0 —Wao

with

(1,1) = AT X + X1 AL + Wit + Was
(2,2) = Ag)fé + XAy + War + Wao

(54)
(55)

Now, we can state the following theorem witch gives in
terms of LMI the stability condition of the error system of
the two interconnected systems.

Theorem 1. The new system error is asymptotically stable
if there exist matrices X1; = X7; > 0, X1 = X, > 0
Xop = X3, > 0, Xop = X3, > 0, Y2, Yoo, Xoo, Wipy =
Wiy > 0, Wiig, Wiig = Wiy > 0, Wiag = Wi, > 0,
Wiaa, Wiaz = Wihs > 0, Warr = Wiy > 0, Waro, Wars =
Wg;?) >0, Wagy = WQI;I > 0, Wago, Waog = W21;3 > 0 such
that

X12K 1By + N7 X15K + NPT YLK,
BT KT X5 + KT X1oN! + KTY;5 N2
NITX15 + X12N) + NPTY, + Y1 NP

[ BY X11 + X118y
] <0 (56)

B§X21 + Xo1Bs
XooKoBy + Ny ¥ Xoo Lo +N3TY55 Ko
BY K X3 + K3 X0oNj + K3 Yoo N3

<0 (57
N22TY'2T2+X22N12+N21TX22+Y22N22] (57)

[(k, )] <0
for 1 < k,£ < 12 such that

(1,b1) = BIXy + XuBi + Win + Win

(58)

(1,2) = (2,1)" =B K{ X1
+ KX 1oN! + KTY1oNE + Wi + Wigo
(1,5) = (5,1)" = AT, X11 + X11 A1 + Winy + Wiz
(1,6) = (6.1)" = AT, K] X1
+ KT XN + KEVia N2 + Wi + Wig
(1,7) = (7.1)" = AL, Xo1 + QY X2 Ky + Q3 Y35 K

(1,8) = (8,1)" = AL KT Xoo + Q37 Xoo + QFTY,

(2,2) = N}TX 15 + X1oN}
+ NETYIE + Y12N12 + Wi1s + Wiag
(3,3) = BIXa + XoiBy + Way + Way
(37 4) = (47 3)T = BgKgXQQ
+ KT XooNJ + K3 You N3 + Waya + W
(3,9) = (9,3)" = ALX11 + QIT X1 Ky + Q3TY LK,
(3,10) = (10,3)" = AL K{ X12 + Q1" X12 + Q17Y/}
(3,11) = (11,3)" = AL Xo1 + Xo1 Agy + Wary + Wagy
(3,12) = (12,3)" = AL KT Xy,
+ KT Xoo N}y + KIVoa N2, + Waia + W
(4,4) = NoT Xo5 + Xoo Ny
+ N3TY5h + Yoo N3 + Warg + Waog
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(5,5) = —Wip1

(5,6) = (6,5)" = —Wi1s
(6,6) = —Wi13
(7,7) = —Wan1

(7,8) = (8,7) = —Ways
(8,8) = —Ways
(9:9) =-Win

(9,10) = (10,9)" = =Wy

(11,11) = —Wasy
(11,12) = (12,11)" = — W
(12,12) = —Wans
Any other block of the above matrix is equal to 0.
Once the LMIs are verified, the matrix gain Z; and Z; are
given by
Z1 = X5 Yo (59)
and
Zy = X33 Yao (60)
Proof. We just give a sketch of proof due to lack of
place; in fact the whole proof is derived from that of
(Chen. [2006]) and is too long. Notice that we express the
Hurwitzness of matrices A; and As as required by Lemma
2 by using Lyapunov approach which give the LMI (56)
and (57).

The LMI (58) is obtained from inequality (53) of Lemma
2 where matrices A, Asg, Aj2 and Ay are given by (44).

Then matrices A7, X, W11, W12, Wa1 and Wao of Lemma
2 are chosen as follows

x = | Xu K{ X1, = | X2 K3 X9
XK1 Xyo XKy  Xoo
(61)
Wit Wiz Wiz21 Wiaza
Wi = Wia = 62
n [Wﬂz W113] 12 [ngg W123} (62)
Wa11 Waia Wao1 Waga
Wo1 = Wao = 63
2 [Wiz W213] > {ngg W223} (63)

Notice that instead of taking diagonal lyapunov matrices
X, and X5 to make the inequality be LMI, we consider a
more general class as shown by (61).

So it suffices to take Yis = X127 and Yoy = X9975 to
obtain LMI (58).

The observers (6) are easily reconstructed using the gain
Z; for i = 1,2 using equations (22) to (33). The following
algorithm permits to compute the observers easily.

The observer design algorithm

The different steps of the functional filter design are
summarized as follows :

(1) Step 1 : Compute I'; and verify that rank condition
is satisfied ;

) Step 2 : Compute matrices N} and N?, E} and E2,
Q} and Q? for i = 1,2

) Step 3 : Obtain matrices X12, Xog, Y12, Yas through
resolution of LMIs.

) Step 4 : Determine matrix gains Z; and Zs.

) Step 5 : Compute the filter matrices N;, E;, J;.

5. CONCLUSION

This paper presented a computationally tractable solution
via LMI to the observation based control problem of
interconnected systems. A new method is proposed which
permits to first write the functional control error, and
after that, using results on the stability of large scale time
delayed systems, a functional filter is easily designed for
each interconnected subsystem. Notice that the proposed
filters are free of interconnection terms which make the
design easy. The future works will concern the design of
functional H., filters based controllers of more general
classes of interconnected systems.
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