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Abstract: This paper proposes an alternative extremum seeking control design technique for
the solution of real-time optimization control problems. The technique considers a proportional-
integral approach that avoids the need for a time-scale separation in the formulation of the
ESC. It is assumed that the equations describing the dynamics of the nonlinear system and
the cost function to be minimized are unknown and that the objective function is measured.
The dynamics are assumed to be asymptotically stable and relative order one with respect to
the objective function. The extremum-seeking problem is solved using a time-varying parameter

estimation technique.
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1. INTRODUCTION

Extremum-seeking control (ESC) has been the subject
of considerable research effort over the last decade. This
approach, which dates back to the 1920s Leblanc [1922], is
an ingenious mechanism by which a system can be driven
to the optimum of a measured variable of interest Tan
et al. [2010]. The revived interest in the field was primarily
sparked by Krstic and co-workers who provided an elegant
proof of the convergence of a standard perturbation based
extremum seeking scheme for a general class of nonlinear
systems. The main drawback of ESC is the lack of transient
performance guarantees. As highlighted in the proof of
Krstic and Wang Krstic and Wang [2000], the stability
analysis relies on two components: 1) an averaging analysis
of the persistently perturbed ESC loop and 2) a time-
scale separation of ESC closed-loop dynamics between the
fast transients of the system dynamics and the slow quasi
steady-state extremum-seeking task.

Over the last few years, many researchers have considered
various approaches to overcome the limitations of ESC. In
Krstic [2000], the performance limitations associated with
ESC were considered in detail. The non-local properties on
ESC was studied in Tan et al. [2006]. This work extends
the work in Krstic and Wang [2000] by considering the
case where the fast dynamics can be assumed to be uni-
formly global asymptotically stable along the equilibrium
manifold. In Adetola and Guay [2007], Guay et al. [2004]
and Cougnon et al. [2011], an alternative ESC algorithm
is considered where an adaptive control and estimation
approach is used. The key aspect of this approach is that
the equilibrium map is parameterized and the parame-
ters are estimated with the help of a tailored adaptive
estimation technique. The results in Nesic et al. [2010]
unify the approaches based on singular perturbation and
parameter estimation by considering the case where the
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objective function is parameterized in a known fashion. A
three-time scale approach is proposed to establish the com-
bined adaptive estimation and extremum seeking control
algorithms. Recent work reported in Ghaffari et al. [2012]
and Moase et al. [2010] have proposed a Newton-based
extremum-seeking technique that provides an estimate of
the inverse of the Hessian of the cost function. This tech-
nique can effectively alleviate the convergence problems
associated with the increase of the gain of the Newton
update. Other alternative techniques such as proposed
Zhang and Ordénez [2009] and Zhang and Ordénez [2012]
make use of sampled gradient measurements to improve
the convergence properties of ESC techniques that imple-
ment numerical optimization techniques. A sliding-mode
approach is presented in Fu and Ozgiiner [2011].

Although the limitations associated with the tuning of
ESC is generally well understood, the limitations associ-
ated with the two time-scale approach to ESC remains
problematic. Under the two time-scale assumption, the
optimization operates at a quasi steady-state, or slow,
time-scale such that the search for optimal operating con-
ditions does not affect the process dynamics. To over-
come the time-scale separation, one must incorporate some
knowledge of the transient behaviour of the process dy-
namics. In the case where a model is available, one can
use adaptive extremum seeking technique as proposed in
Guay and Zhang [2003] to stabilize a nonlinear system to
the unknown optimum of a known but unmeasured cost
function. If a model is not available but similar systems are
available, the use of multi-unit extremum seeking control
techniques Srinivasan [2007] can be used to steer both
systems in a neighbourhood of the unknown optimum.
Both classes of techniques can solve the steady-state op-
timization ESC problem without the need for time-scale
separation. In Scheinker and Krstic [2013], Lie bracket
averaging techniques are considered to stabilize unknown
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dynamical systems using ESC. The approach does not
explicitly rely on the need for time-scale separation but
it requires a known CLF of the unknown control system.

ESC problems cannot be currently solved in the absence
of time-scale separations if explicit process models or mul-
tiple identical units are not available. This paper attempts
to bridge this gap in the application of ESC. It proposes
a proportional-integral ESC design technique. This tech-
nique can be interpreted as a generalization of the stan-
dard approach where the integral action corresponds to
the standard ESC control task used to identify the steady-
state optimum. The proportional control action is designed
to ensure that the measured cost function is optimized
instantaneously. The approach considers an alternative
parameterization of the ESC problem in which the rate of
change of the output is parameterized directly without the
need to invoke a time-scale separation argument. Under
suitable assumption on the dynamics of the system, this
action can be shown to minimize the cost over short times
while reaching the optimum steady-state conditions.

The paper is organized as follows. A brief description of
the ESC problem is given in section 2. In section 3, the pro-
posed ESC formulation is presented for a known cost func-
tion and process dynamics. The proposed proportional-
integral ESC controller is described in section 4. A simula-
tion example is presented in 5 followed by brief conclusions
in 6.

2. PROBLEM DESCRIPTION

Consider a nonlinear system

&= f(x) +g(z)u 1)
y=h(z) (2)
where z € R"™ is the vector of state variables, u is the vector
of input variables taking values in Y C RP and y € R is
the variable to be minimized. It is assumed that f(z) and

g(x) a smooth vector valued functions of z and that h(z)
is a smooth function of z.

The objective is to steer the system to the equilibrium
x* and u* that achieves the minimum value of y(= h(z*)).
The equilibrium (or steady-state) map is the n dimensional
vector 7(u) which is such that:

f(m(w)) + g(m(u))u = 0.

The equilibrium cost function is given by:

y = h(m(u)) = £(u) (3)
Thus, at equilibrium, the problem is reduced to finding the
minimizer u* of y = £(u*). Let D(u) be a neighbourhood
of the steady-state x = w(u).

Some additional assumptions are required concerning the
cost function h(z).

Assumption 1. The cost h(z) is such that
(1) 25 =0

(2) Zha) 5 of, Vo e R™

where « is a strictly positive constant.
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Note that, in contrast to standard ESC, convexity of the
cost function h(z) is required. We also require the following
properties for the dynamics:

Assumption 2. The dynamics (1) are such that:

(1) the cost function h(z) decreases in the direction of

(o)
@)+ grg()u < —allr — (@), Vo € D(w)

(2) the matrix valued function g(z) is full rank Vz €
D(u),

Yu e U.

Assumption 2 states that h is non-decreasing in along the
vector field f(x) + g(z)u over some neighbourhood of the
steady-state manifold z = 7(u) at a fixed value of the
input u. It also states that the cost function is relative
order 1 in a neighbourhood of the origin.

Finally, we will require the following additional assumption
concerning the steady-state cost function £(u).
Assumption 3. The equilibrium steady-state map f(u) is
such that

Vol(u)(u—u*) > ayllu—u*|?
for some positive constant oy, Yu € U.

3. EXTREMUM SEEKING CONTROLLER WITH
FULL INFORMATION

In this section, we propose the extremum-seeking control
approach that will form the basis of the development
in later sections. Let us first consider the cost function
y = h(z) and compute its time derivation:

y=L¢h+ Lohu (4)
where L¢h and Lyh are the Lie derivatives of h(x) with

respect to f(z) and g(x), respectively. The Lie derivative
is the directional derivative of the function h(x) given by:

oh

oz

By the relative order assumption it follows that L,h # 0
in a neighbourhood of the unknown optimum x*.

oh
Lih= = f, Lgh=

We propose the following controller:

u=—kLsh +14 (5)
where 14 is a steady-state bias term to be estimated. Let
the optimal steady-state input be given by u*. The error
in the deviation bias is denoted by 4 = u* — 4. Pose the
function )

V=y+ 5@%
Its time derivative is given by:

V = Lsh—k||Lyg|? + Lyht — .

Let 4 = —Lgh. Upon substitution of & = u
obtains:

* — 1, one

V = L¢h — k||Lsg||* + Lyhu*
By assumption, it follows that:
V < —allz — m(u*)|* = k|| Lghl?

Since g(z) is everywhere full rank and z* is the unique
point where V h(z*) = 0. Thus the system reaches the
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largest invariant on the set Lyh = 0 which occurs at the
point z* with corresponding input u*.

As a result, the ESC closed-loop system converges to the
steady-state optimum of the cost h(z). The main feature
of the proposed ESC is the combination of a proportional
component u — 4 = —kLgh with integral action given by
@ = —Lgh.

4. EXTREMUM-SEEKING CONTROLLER

In this section, the minimization of y is performed in real-
time. Since the dynamics of the system are unknown, one
must consider an adaptive control approach to implement
the ESC (5). In the following, we parameterize the un-
known dynamics (4). Defining 6y = Lyh and 61 = Lgh, we
propose the following parameterization:

y=0y+6u= (]5T9 (6)

where ¢ = [1, uT]T and 0 = [0y, 67]". The design of the
extremum seeking routine is based on the dynamics (6).
The first step consists in the estimation of the time-varying
parameters 6y and #;. In the second step, we define a
controller, based on the controller (5), that achieves the
extremum-seeking task.

4.1 Parameter estimation

The first element of the proposed time-varying parameter
estimation scheme is the following output prediction model
for (6). Let § represent the predicted output for a given
value of the parameter estimates 6 = [fy, #7]7. The output
prediction error is denoted by e = y — ¢ and the parameter
estimation error is given by 0 = 0 — 6. We consider the
following prediction dynamics:

G =T+ Ke+ ¢, (7)

where K is a positive constant to be assigned and where
the time varying parameter ¢ € RP is the solution of the
differential equation:

¢h'=—Kc"+¢" (8)

with initial conditions ¢(0) =
dynamics are given by:

0. The prediction error

¢ =070 — Ke— cd (9)

with initial conditions e(0) = y(0) — 3(0). Following
standard arguments, we define the auxiliary variable n =
e — cT'd. The dynamics of n are as follows:

n=-—Kn-c'9,  n(0)=e0) (10)

A filtered estimate, 7, of 7 is also defined. The 7) dynamics
are given by:

0= —Kn. (11)

As a result, the dynamics of the estimation error 7 =n—n
are
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n=—Ki—c"é, 7(0) = 0. (12)

We can now define the proposed parameter estimation
update. Let X € RP*P be the solution to the following
matrix differential equation

Y =ccl — kpX + 61 (13)

with initial conditions ¥(0) = ay I > 0, where o1, § and kr
are strictly positive constants to be assigned. The inverse
of ¥ is then given as the solution to the matrix differential
equation:

Yl nled'e T f hpn T —n 2 (14)

with initial condition ©7!(0) = 171. Based on (7),(8) and
(11), one considers the following parameter update law
proposed in Adetola and Guay [2009]:

0 =Proj(X~(c(e — 7)) — 06),0),  6(0) =0° € ©°,(15)
where o is a positive constant. Proj{r, é} denotes a Lips-
chitz projection operator Krstic et al. [1995] such that

—Proj{r,0}76 < —70, (16)

0(0) €0’ — HeO,vi>0 (17)

where © £ B(0, z9), where B(0,z) is the ball centered

at # with radius zg. Following standard arguments from
adaptive control, the filter parameter, ¢(¢), must satisfy
the following assumption.

Assumption 4. There exists constants ag > 0 and T > 0
such that

t+T
/t c(r)e(r)Tdr > asl (18)

vt > 0.

4.2 Controller design

The input space U is defined as U = {u|||u|| < z,} where
zy, 18 a positive constant that identifies the upper limit on
the size of the norm the control input u. Let P(u) = |lul|?—
22 and define 7 = —kf+d(t) where d(t) is a bounded dither
signal with ||d(¢)|| < D and k > 0.

The extremum-seeking controller considered is given by:

u=—ky01 + i+ d(t) (19)
i= 14,

(20)
71

where d(t) is a dither signal to be determined, k4 and 77
are tuning parameters taken as positive constants.

Theorem 1. Let Assumptions 1 to 4 hold. Consider the
extremum-seeking controller (19) and the parameter esti-
mation algorithm (14) and (15). Then there exists tuning
parameters kg, k7, K and 77 such that for all 7; > 7. the
system converges exponentially to an O(D/7;) neighbour-
hood of the minimizer xz* of the measured cost function

Y.
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Proof: We consider the Lyapunov function:
1
W == ~Tﬁ + eTze

Taking the derivative of W ylelds.
) N S
W< —iTKij+ 77T+ 6756 — 7T9T29
(21)

Jo— ~ 1~ ~ N
+ gQTH —0%c(e — ) + §9TCCT9 + 0670

where the property of the property (16) of the projection

algorithm is invoked. Substituting for
dh=e+n=e—n+7

and completing the squares yields the following inequality:

kT

W<—ig"Kij+itc"g+6T26 — 170
Osrs 1 T - Ty Lors
+§0 9—5(6—77) (6—7))+00 9-1—57777

Noting that 8 = é+0~, one can rewrite the above inequality
as follows:

LVS—*<K_;Qﬁ+ﬁ%W+55y_
6 T H nT
—0—7994—99

By completing the squares, we remove the indefinite terms
as follows:

kr greg
2

. 1 1 . . o~
W< —qt (K - — klccT) 7+ —||9||2 + ks grsig
2 2 2
k
_— 4Tx0 T aTsf — v 2
+2k29 - 50"%0— (o 6]
v 2, Y 2
+2wn+yw

where k; and ky are strictly positive constants.

The boundedness of the matrix 3 can be shown as follows.
By integration, one gets:

) :e_thtZ(O) +/0 e~kr(t=7) (C(T)C(T)T
2 /t_T e~kr(t=7) (C(T)C(T)T + %I) dr

I =1
2) 4!

where Assumption 4 is invoked. By the boundedness of c,
one can also write,

t
2 <(0)+ (B2 + %) / e~k (=T gr]
0

,(Ozl-i-ﬁz-l- )I YoI.

As aresult, we get that: 711 < ¥ < oI and 7511 <yl<
77 '1. By the boundedness of ¥ and T', one can write:

: 1 ki 2\
< — _ ] - =
W < (K 2[ 5 )77|

k k 8\ .~
- (B -t ) e

2
v o 1\ a0 2
——0—0
+(k+k)n| ol

+ %I) dr

> e T (ag +
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We let the tuning constants of the ESC be such that:
K = ky I +ky,cle, kryl = kg,
where k,, >1/2, k,, > k/2, 0 =0 and k; > m. Let
1k g kry1 koo Yo 1
ka:KffIf— , ky = — y ke = —+—
€« =y 2 %y 2y’
and rewrite the last inequality as follows:

W < —kallfill* = ko 1611 + kel|6)* +

g
—16>.
ar

Next we consider the proposed ESC at constant @ using
the Lyapunov function candidate: ¥V = W + y. Using the
last inequality, its time derivative is given by:

. - ~ . (o
V < = kallil* = k[l + el|0]% + 2 011

+ 00+ 0T u + 67 d.
Substituting the proposed ESC:

V < = Kallill* = ko18]1” + Ee[|6]|> +
ka076, + 0T 0+ 6Td

o
116112
el

+ 609 —
or,

. ~ ~ . g
V < = kallill* = kll6]% + ke[| + 5 1011

+ 00 + 070 — ky070, + k076, + 67 d.

By Assumption 2, we obtain:
. 5 ~ . o
V < = kallill* = kll6]” + e[|6]% + S 1011

—allz —7w(@)||? — kg0 61 + k076, + 67 d.
Completing the squares using constants k3 and kg, we
remove the indefinite terms and collect terms to obtain:

kg

D < — k||| — _ Rg 2 _ 2
b <= hallil? = (ko — 22 ) 132 - alle — n(@)]

2 o 7 p2 1 2
2+ 508+ 5l
As a result, we see that the proposed ESC in the absence
of integral action can approach a neighbourhood of the
unknown optimum whose depends on the distance of
from the true unknown steady-state optimum v*. The next
step of the proof focusses on proving that this distance can
be minimized for some large enough 77.

To do this, we consider the equilibrium response, given by
x = 77( ), of the system at a specific 4. The equilibrium
map is such that:

f(m(@)) + g(m(@))i = 0.
The output trajectory along the equilibrium manifold, also
called the quasi steady-state response, can be described by
the differential equation:

dy _.rOn” 0*h(n(a))

dr = 0t 0xdxT f(n(@))
L0 OrT O?h(m (@) AR
+ a7 %Tiawﬂ g(m(a))a
Ot Oh(m(w)) (Of (w(@)  dg(n(d)) .
L T ( or T ox “)
L Oh(a(@) o di

S g(w(@)
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where dr = 7;dt represents the quasi steady-state time-
scale. Along the steady-state manifold, it follows that:

Ay _ M@ g m(a)) 22 = 1, 5) 2

where 615(a) is the equilibrium value of 6;.

The steady-state output map is h(w(uw)) = ¢(u). Differen-
tiating with respect to 7 along the steady-state yields:

dy ol di

dr ~ Oudr

Thus following development above, one can always identify
the gradient of the steady-state map ¢(u) as follows:

or Oh(m(w)) .
9 TQ(”(“))

Remark 1. This observation suggests a unification of the
proposed approach with the standard ESC which considers
only the gradient of the steady-state objective function.

Consider the Lyapunov function candidate, W = V +
%ﬂTﬂ. Differentiating, one obtains:
. . kg
W=kl = (ks = 52 ) 1012 - alfe — w(@)]?
kgks  ka o

- (k-2 N 2) el

+ kellfIP + 5603 + 5 Hd||2 — e’
Upon substitution of 4 = ——91, the following inequality
results:

. . kg
W< = kalil? = (= 5 ) 1012 - alle - (@) P
k kg ]{34 g
S S A A e R
(ho - "2 - & 2>nm
. o ~

+ k01 + 505 + 5 Hdll2 7 0,

The term @760, can be rewritten as:
(i
i, =20 i
Oh(m(@))

NEE

By local convexity of the steady-state objective function,
it follows that:

_ ~ oh
it < —aulil? - (%5 gte) -

D gn(a)) .

Oh(m(@)) . _
D yw(a)) o

Given that h(x) and g(z) are smooth, it follows that there
exists Lipschitz constants L, and Ly, such that:

a0y < —aul|al? + Ly Lalla||lz — w(@)].

As a result, one can write the following inequality for W:
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. i ky
W< = bl = (ko= 22 ) 1017 - s — n(@|"

. o 1
EOI% + =02 + —||d||?
+ kell0)° + 508 + 5l

1 N 1 ~ .
o () 1l + | 2| 2oLl - @)

1
— —a7h,.

TI

Finally, we bound the last term for some positive constant
ks

wﬁ—mmﬁ—@ by _ ks

_ M9 N2 _ (A2
= 5 = 2 ) 10 - alfe = w(@)]

. o 1
+hWW+5%+—fWW

(1
—ay [ =
TI

As a result, it follows that there exists a strictly positive
71 such that the last inequality can be written as:

. i k
W<kl - (- 2 — 2

kgks ki o
S S M A R T
(g SR z)nu

. o 1
E6]12 + =602 + —||d||?
+ kel + 568 + 5l

= afi(r])|le — 7 (@)|* - auBa ()@l
from corresponding positive constants 51 (7;) and Ba(7]).
As a result,ilt follows that, for every 7 > 77, 7, 6, @ and
01 converge to an O(D/7;) neighbourhood of the origin.
As u approaches a neighbourhood of u*, the state x enters
a neighbourhood of the steady-state optimum 7(u*). This
is achieved by using estimation gains K and kp that are
larger than the optimization gain k,; to ensure that all
constants multiply the corresponding norms (||7]|?, ||0]|%,
6111, ||%]|? and ||z — 7(@)]|?) are negative. [ |

1 . N
o3 ) 1P + || Zoulile - =@

5. SIMULATION EXAMPLE

In this section, we consider the following dynamical sys-
tem:

$1:7£82+’U,
Ty =T1 — T2

The cost function to be minimized is given by: y = 2] +
6(z1 — 1). The optimum occurs at u* = —1.145, 27 =
—1.145, x5 = —1.145 where y* = —11.15. The tuning
parameters are chosen as: kr = 100, K = 100/, k; = 0.1
and 71 = 1. The dither signal is d( ) = sm(lOOOt) The
simulation results are shown in Figures 1 and 2. Figure
1 shows the objective function and the corresponding
input trajectories for the ESC. Figure 2 shows the state
trajectories. The results demonstrate the effectiveness of
the PI-ESC to locate the unknown optimum.
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6. CONCLUSION

In this paper, an alternative proportional-integral ESC
technique was proposed. The technique is based on the
time-varying parameter estimation that allows one to ex-
ploit a simple parameterization of the unknown dynamics
of the cost function. The ESC algorithm is shown to
provide local asymptotic convergence of the closed-loop
system to the unknown optimum. In contrast to existing
ESC techniques, no time-scale separation is required to
achieve the steady-state optimum. Future work will be
focussed on the generalization of the technique to a large
class of systems. In particular, the proposed ESC will be
considered for the solution of steady-state optimization
problems in unstable systems
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Fig. 1. Plot of the cost function and the corresponding
control as a function of time.
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Fig. 2. State trajectories for the PI-ESC closed-loop pro-
cess.



