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Abstract: Explicit formulae of dominant parts of the estimation errors of plant A matrix in
PI-MOESP, PO-MOESP, and one of N4SID methods are derived based on a proposing lemma
on perturbations to the singular subspaces. By considereing a gap between the true and a
perturbed singular subspaces instead of the perturbation on the subspace, a simple formulae of
the estimation error is obtained. The order of the subordinate terms are also analysed.
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1. INTRODUCTION

Subspace identification method is remarkably developed
and widely applied to real systems. Some famous ap-
proaches are CCA(Larimore (1990)),N4SID(Van Over-
schee and De Moor (1994)), MOESP(Verhaegen and
Dewilde (1992a,b); Verhaegen (1993, 1994)), etc., and the
asymptotic variances of the estimates in these methods are
analyzed and are now emerging. (Bauer et al. (1997, 1999);
Bauer and Jansson (2000); Bauer et al. (2000); Bauer and
Ljung (2002); Bauer (2005); Scherrer (2002); Chiuso and
Picci (2004b); Jansson (2000)).

In the analysis of the variance, Chiuso and Picci (2004a)
shows an equivalency between Robust N4SID and PO-
MOESP methods but to the best of the author’s knowl-
edge, there are no comparison study by using explicit for-
mulae of the estimation errors. The difficulty comes from
the complexity of the perturbation formula to the basis of
the singular subspaces. For this problem, it reveals that
a more simple formula can be given for the perturbations
to the singular subspace itself instead of its basis(Ikeda
(2013)). In this paper, an explicit formula of the estimation
error of A matrix in each of PI-MOESP, PO-MOESP, and
one of N4SID methods is to be derived by using a lemma
on the perturbations to the singular subspaces.

It is often the case that the purpose of the identification
is to obtain a plant model. For such cases, the estimation
error on the A matrix of the plant model is also to be
analyzed under the assumption that the plant model and
the noise model does not have a common pole.

This paper is organized as follows. Section 2 formulates
the problem and the assumptions. Section 3 describes some
preliminaries on the subspace identification methods while
Section 4 analyzes the estimation errors of A matrix in PI-
MOESP, PO-MOESP, and one of N4SID methods. Finally
Section 5 concludes the paper.

Copyright © 2014 IFAC

Notations: Let X' denote a pseudo inverse (Moore-
Penrose generalized inverse) of X (Golub and van Loan
(1989)).

Big O notation is adopted to describe the error term
in an approximation, i.e. the least-significant terms are
summarized in a single big O term.

Let Of(A,C) denote an extended observability matrix
composed of the system matrices (A, C) for a given index
f > n where n is a degree of the system. Namely,

Os(A,C):=[CT (CA)T (CAT-HT1T. (1)

Let Cf(A, B) denote an extended controllability matrix as
Ci(A,B):=[A/"'B AB B]. (2)

Let T (A, B,C, D) be a block Toeplitz matrix composed
of the Markov parameters of the system (A, B, C, D) as

D 0
CB D
T (A, B,C,D) := : N . (3)
CA'2B CA/=3B ... D

Block Hankel matrix composed of a time-series data {uy}
is denoted by

Uy Ui4-1 Ui+ N -1
u Ui41 U2 - Uit N (4)
ilj ‘= . . . .
U Uj+1 Uj+N—1

2. ARMAX AND OE MODELS
Consider the following innovations (ARMAX) model:

Tht1 = Azxy, + Buy + Key, (5)
yr = Cxy + Duy + ey, (6)

where up € R™, yx € RY, e, € R!, and 2 € R™ are the
input, the output, the noise, and the state, respectively
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and A € R"", B € R™*™, C € R>*", D € R>*™, and
K € R™! are the system matrices to be estimated. The
following assumptions are made for this system:

(A1) (MAD)| <, I MA-KO)<1,i=1,...,n.

(A2) The innovations process {ex} is a white Gaus-
sian process with mean E{er} = 0 and covariance
E{ekelT} = Qeeékl-

(A3) The processes {ux} and {ex} are mutually indepen-
dent.

(A4) The processes {z}, {ur}, and {ex} are ergodic and
stationary (Anderson and Moore (2005)).

For the sake of simplicity, the input process {uy} is
assumed to be a white Gaussian process as:

(A5) {uy}is a white Gaussian process with mean E[ux] =
0 and covariance matrix Eugu; | = Quu6p where Q. =
Jgfm.

From the assumption (A5), the required PE (persistence
of excitation) conditions required (Verhaegen and Verdult
(2007)) are automatically satisfied.

In this paper, the estimates of A matrices of the plant
model are analyzed under the assumption that the plant
and noise models do not have a common pole.

(A6) A = (‘(1)1 /(1)2), B = <lf)1>, K = (é) and
C=(C, Cy).

According to the decomposition of the matrices above, the

state is decomposed as zy = (2] ,, 2] ).

On the other hand, the OE model under the assumptions
above is given by

Ty k1 = A1Ty ; + Brug, (7)
Y = C1Zu i + Vk, (8)

where
vp = [Ca(zI — A2) 'Ky + 1] ey 9)

3. PRELIMINARIES
3.1 1I/0 Data Equation
I/0 data equation derived from the innovations model (5)

and (6) plays important roles in analyzing and implement-
ing subspace identification methods:

Vi = 05X + Ty + HEy, (10)
where
O :=0f(A,B), (11)
T =T (A, B,C,D), (12)
My :=TyAK,C,I), (13)
X; = [xl Tit+1 Ti+N-1 ] ’ (14)
Uf ::Ll0|f_1. (15)

Yy and &¢ are defined similarly to Uy.

From the assumption (A6), Oy is divided as

Of - [Ofla OfQ] = [Of(Ala Cl)v Of(A27 CQ)]? (16)

while 7 and H are given by using smaller matrices:
Tr1:=T¢(A1, B1,C1,D) =Ty,
Hfg = Tf(AQ, KQ, CQ, I) = Hf.

3.2 Instrumental Variable Matriz

From the innovations model (5) and (6), the state matrix
is given by:

Xo=xP 4 Arx_,, (19)
X =Kyp2, (20)

where K, := [C,,(A, B),C,(A,K)], A:= A—~KC, B := B—
KD, Z; = [U,)", (V)" Uy :==U_p—y € RmP*N,
and V, =Y _, 1 € RP*N_ Thus, the I/O data equation

becomes

yf:Of/CpZ];JrﬁZ/ler’HfngrOffle,p. (21)
From the assumption (A6),
- A? 0
AP = L < 22
[Cp?opl Ag} , 22)
Cp1
K, = p 23
3 [—C,,ﬂ;,l C,,2] ’ 2

where Ay := Ay — K»C5, and Cp1 = Cp(A1,B1), Cpa :=
Cp(Az, K).

8.8 LQ Decomposition

Subspace identification methods are based on the following
LQ decomposition:

Uy L1 1T
ZZ; =: | Ly Loo ; , (24)
Yy L3 L3z L3 3

where Q;, ¢ = 1,2,3 is an orthonormal matrix which
satisfies QQ; = I and Q;/Q; = 0 for i # j. L;; is a
matrix with appropriate dimensions.

Let [Bu, 3] be a projection of Y; onto [U;,(Z;)T]T,
namely,

R . Uy f
[ﬂu ﬂz]:yf |:Z_:| : (25)
P
Then,
Bu=Ls1 L)' — LysLyy' - Lon Ly, (26)
B.=LaLy;. (27)

From Eq. (21), f. and f3, become estimates of 3, = O¢Kp
and 8, = Ty, respectively and their estimation errors are
given by
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B =MsEp(2, Wy ) + O APX_, (2, 105 )T, (28)

ézl éz2
Bu=H & (UsTT )T + O(A7/VN), (29)
where
Mgy, =1 = U UUT) Uy = T - Q1Q, (30)
L —\T — \Ty— _
HZJ =1-(2,)'(5,(5)) '3, (31)

The error term 3.1 = O(1/V/N), while 3., = O(AP).
Furthermore,

. 3 1 T T T1-1
Jim Beo = 05 APQ400, [0p2:00)) + Hp(1 © Qe )1, ]

x[Tp IJ. (32)

This means, BZ has an asymptotic bias.
3.4 SVD

In order to estimate Oy or K,, pre- and post- multlplymg
appropriate positive deﬁnlte matrices Wf and W to Bz

and decompose W Bz p_ into singular spaces as:

WhBW, = U2V, + R (33)
Weighting matrices:
i+ A\ T F 1 1 \T T3
Wi = (rf ) = (mymg,yi) . 6
1
. o\ 2 1 _ 2
W, =(0,1) = <sz 1, (2, )T> ., (35)

or identity matrices are often used.

The following lemma on the perturbations to the singular
subspaces is useful.

Lemma 1. Tkeda (2013) Let the singular value decomposi-
tion of X and X = X + X be:

! e LR 7 AN CY

N Ao ) A
A1 N I 7 A
When || X|| is smaller enough than the smallest singular

value of ¥,,, then

(Un) Un = (U#)TXVnE# (38)
= U)XV, 2+ O(| X|1%) (39)
vIivi=s-1oIxvt (40)
=0T XVE 4+ O(|1X)1?) (41)
where U, = U,, — Up, Vo = Vy, — V.

Proof: These equations are obtained straightforwardly
from the calculations of (U;5)"U, and V,[ V.t

Remark 2. 1t is often the case that the gap between the
two subspaces spanned by the left (or right) singular
subspaces is more important than the perturbation of the

subspace U, (or V,) itself. In such cases, Lemma 1 is useful
because taking into account, for example,

U, =UUU, +UHUHTT,,
U, U, just affects the coordinate transformation as is seen
in Remark 3 below.

In some of the state approaches, /6,, is defined from the
right singular subspace by using an appropriate nonsingu-
lar matrix Ty as

0K, = (WH ' U.2.V,] (W,;)* (42)
=W ' UnSn Ty - T 'V,T (W)™ (43)
%,_/

Some typical choises of Ty are Ty = f);%, or Ty = 1.
The choise of Ty determines the coordinate system of the
state space representation. Thus, the choise of T affects
the magnitude of the estimation error, but it does not
affect the representation of the error term as is seen in the
rest of this paper. The estimate Iﬁp can be decomposed
into the signal/noise components as

Kp =Ty (I + V[ Vo)V,[ (W, )~

Ko

+ TV Vit (Vi) T, )

(44)

Ky

where U, X,,, and V,, are a SVD of VAV;'BZWI; = UnEnVnT.
Remark 3. The difference between IC]'[7 and K, comes from
the difference of the coordinate systems: (A’, B',C’, D) =
(T~'AT = A", T~'B,CT, D), for T = T, (I+V,] V;,) "' Tn.
However, the effect of this difference is small enough be-
cause

K., =TK, =K, + O0(B2). (45)
The following lemma gives a formula for 16,, when Wpf is
defined as in Eq. (35).

Lemma 4. Under the assumptions (Al) ~

I (A5), together
with the weighting function W, in Eq. (35

), the estimation
error 16,, defined in Eq. (44) is given by

Ky = (WSO Wi H €, (2,)'T,
+APX T, (2,) 1T, + O(52) (46)
Ipy=(2, Huf (z,)"H)™
Ky (X" g7, (A6™) ) 7 Ky (47)
Proof: Applying Lemma 1 to /6,, in Eq. (44),
Kp=Ty'S, UL WS BW, VE(VE T (W)™ + 0(52).
(48)
Because WJTOf =U, X, TN,
Ty'S, U, = (W} op)t. (49)

Substituting Wp_ by Eq. (35),
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DL NT (1R — ) —
Wy Ve (Vi) t (W)
o T ety
=W, (I -V,V, )(W,) !
=I- (Wp7)2lc;)r(lcp(wp7)2lc;)illcp
= (2, Wy, (2,) )Ty
Substituting (49), (28) and (50
obtained.

(50)
) into (48), the lemma is

Similar to the estimation of /C,,, @ ¢ is estimated from the
left singular subspace by using an appropriate nonsingular
matrix Ths:

OfKy = (W) 00T T SV, (W) 7
—_————

(51)

@ ¢ is decomposed into the signal/noise components as

@f = (W}F)%Un([ + UnTﬁn)TM

’
Of

+(WH U (Uy) T U T (52)

Oy
The estimation error of @f is given by the following
lemma.

Lemma 5. Under the same assumptions in Lemma 4, the
estimation error O defined in Eq. (52) is given by

Op = (W) Iy e Wi €5 (K 2, 115 )

+O( ~.31)7
=1-W]O O] (W))*0p) tO; W}

(53)

- (54)

OTW+

Proof: Using V,, X 1Ty =
given by

(IC,,I/T/;)T and Lemma 1, Oy is

Oy = (Wf)_lné;vv; W/iHE (2, Ti,)

X (W) (Kp (W )2y )

Note that the term 622 disappears because I1
0. Adopting (35) for VVp_7

YL o). (55)
OTW+W Oy =

the lemma is obtained.

When W/ =1,
O =1 My €5 (K, 2, T, )1 + O(32),  (56)
Hé; =1-040;05)7'0;. (57)
In the following, W;‘ = I will be adopted.
4. ESTIMATION OF A MATRIX
4.1 State Approach
In this paper, the following regression is adopted:
A [B,(ﬁ.,m]{zaHzeor (58)
C [D,0,...,0] Yoo | [Ur ]|’

where Xo = K2, , X1 = K257, 25 = Z,Jn, Iy =

[ INO—1 OIOXl L;E |00} is adopted in the
ordinary N4SID. However, the difference is O(1/N) under
the assumption (A5) and does not affect the analysis of
the dominant parts of the estimation errors.

] . A regression onto

The following theorem gives the estimation error A=A-
A" = A — T7'AT in the state approach where T is a
transformation matrix in Remark 3.

Theorem 6. Under the assumptions (A1) ~ (A5), together
with I, in (43), the weighting functions W™ in Eq. (35)
and W;‘ = I, the estimation error of A in the state
approach (58) is given by

A= OlH e (27)T [/c; (AP (4P)T) 1A

J, @1 T LT
p m p
v ng]ic( DI, (A)T)
FKEXPTIE T + 00 + 0(£) +O(%). (59)
0 Z/{f \/N N

where A = max {p(A), p(A)} and p(A) is a spectral radius

of A.

Proof: See Appendix A.

Remark 7. In order for O(A?) to be O(1/N), the past
horizon p must be taken as p = 210g < log N. When the
sampling becomes faster and A approaches to 1, very large
p will be required. If N = 10000 and A = 0.98, the required
pis p = 228. If p is less than the half of its required value,
O(A?P) terms might be greater than O(1/v/N) terms.

Next, the estimation error of the plant model part will
be analyzed. If the nonsingular matrix T is known,
Ay = [I,0]A[I, 0] can be calculated directly. Thus, the
following theorem is obtained.

Theorem 8. In addition to the assumptions in Theorem
6, assume (AG6). Then, the estimation error of the plant
model A; = [I,0]A[I,0]" in the state approach is given by

Alz[OH HrEL, Uy )T
|-, e

+(IT @ N (XTI (X)),

AP 1
+HOON) +0(—=) + O(5); 60
(%) + 0(Z=) + O(;) (60)
where

{OH 1 OT Oflon(OfQHOT Of2)” 1(9f2r[oT ,
(61)
HJ@}VI =1- Of1(0;10f1)710;1, (62)
HLT =I- OfQ(O}rzsz)_lO;Q, (63)
Xio =Cpil, . (64)
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Proof: This theorem is a straight consequence of Theorem
6 and the following equation:

(07057
_ (O}lnégoﬂ)—l _o}loﬁ(oﬁné;loﬂ)—l
* (O;2Hé}rl Ofa)~!
(65)
4.2 Shift Invariance Approach
In the shift invariance approach, A is defined by
A=0,'0; (66)
= 04105 + 041(O5 — 05 A) + O(1/N),  (67)
—
A A

where Oy = [1,0]0f and O = [0, I]O;. Tt is also used that
Of = O(1/v/N). The following theorem gives a formula of
A under the same assumptions in Theorem 6.

Theorem 9. Under the assumptions (A1) ~ (A5), together
with Oy in (51), the weighting functions W, in Eq. (35)
and W;r = I, the estimation error of A in the shift
invariance approach (66) is given by

A={10,0]_,] - A0} } #s& (a1, )
+O(\ /VN) + O(1/N). (68)

Proof: From Lemma (5) and (’)fTHéT = 0(A7),
=1 2o}

A=010; + O JVN) + O(1/N).
The 1st term in the R.H.S. of the equation above is
calculated as

0105 =0 ([0(5-1y1x1: 1] — 051 A(0] Of) 71 O])

1
<HpEp (XS )T+ O(%): (69)

This proves the lemma.

As in the state approach, the estimation error of the
plant model A; = [I, O]A[I,O]" is given by the following
theorem.

Theorem 10. In addition to the assumptions in Theorem
9, assume (A6). Then, the estimation error of the plant
model A; = [I,0]A[I,0]" in the shift invariance approach
is given by

Ay = (10,10} 1] = i[O} ) Hys (X1 )

f
+0(§—N) +O(3)

4.8 PI-MOESP Method

(70)

In the PI-MOESP method, @f1 is defined by using an
appropriate nonsingular matrix 77 as

Op1Cp1 = VeIl (U, ) T (U, Ty, (U,) T (71)
= (W) ' ULTy T 80 V,T (W) + R (72)
—_——————
@fl
The estimated extended observability matrix is decom-
posed into the following signal /noise components

Op = (W) 'U(I + U U T

0}1
+(WH U (UE) ULy (73)
o
On the other hand, Oﬁpl is given by
Of/fm =04Cp1 + B, (74)

where

B=H &y, Uy ) " Uy Mgy, (1))~
+ OpaCpoHMp€, Ty, (U, ) T (U, Ty (U,)T) 7 (75)
Thus, the following lemma is obtained.

Lemma 11. Under the assumptions (A1) ~ (A6) together
with the weighting matrices W;r = I and W, =

1 2
(NUP Hf{‘f u, )T) , the estimation error of the extended

observability matrix in PI-MOESP method in (73) is given
by

Op1 =My Hp€p (X, Ty, )’
_ 1
+ 157 OpaCraMy€, (X)) +0(5)  (76)

Proof: Because T;'S,V,] = cplvi/p—, (Cme_)T =

VoS, 1Ty, From this, UL (UL)T = HJ@}FW?
L,

Ot = (W) Ty e W AW, (€W )1 + O(3%). (77)

and Lemma

Substituting W;r and Wp_ proves the lemma.

The estimation error of A; in PI-MOESP method is given
by the following theorem.

Theorem 12. Under the same assumptions in Lemma 11,
the estimation error of A; in PI-MOESP method is given
by

1211 = ([0, O}—m] - AlO}l) {Hfgf(xég)ﬂi?fﬁ

+02C2 1yl (ngm;f)f]

f
+0(2) + 0(3)

Proof: Similar to the proof of Theorem 9, so omitted here.

(78)
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5. CONCLUSION

An explicit formula of the dominant part of the estimation
error on A matrix in each of PI-MOESP, PO-MOESP, and
one of N4SID methods is derived. As reported in ITkeda
(2013), the difference between the estimation errors in Ay’s
in PO-MOESP and PI-MOESP methods are that not only
c‘,’fHL (1/{_)—r but also &, Hl (L{_)T are counted as noise

terms in PI-MOESP method and that O]Ll and (9 11
in PI- MOESP method are replaced by the 1-1 blocks
of O} and Of,l in PO-MOESP method. The difference
between the dominant noise terms in N4SID and PO-
MOESP methods lies in the difference of the terms pre-
and post-multiplied to H & fﬂé{-f U, )T, whose orders are
the same when f = p. However, in N4SID, there is an
asymptotic bias in K, of order O(\?).
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Appendix A. PROOF OF THEOREM 6

From Egs. (5) and (19),

Xo=Xo— APX_, + Kp 2, , (A1)
X=X —[0,...,0,an] — APX_pi1 + Kp 2
+AP[0,...,0,zN_pt1]. (A.2)
From the equation above, the following equation is obtained:
= AXy + BlUy)o + W, (A.3)

where

W1 =Kp 25 + Ko — AKpZ, + AAPX_ ), — APX_ 1y

—[0,...,0,]}]\7}+AP[O,...,0,$N,p+1]. (A4)
The estimation error of A in the state approach is given by
A= Wl(ionéf)’f. (A.5)

Tt will be claimed that the major part of A is composed of (I@I,Z; +
KSO‘O)(/"?OHéf)T while the other terms in (A.5) will be involved in

O(52) = O(A*) + O(AP /v/N) + O(1/N) terms.

Because rpz,:nljf(z;)ﬂcp = 0, the 3rd term of W (Xl
given by

Z#f)T is

ARy 2, (RTl, )T = O(32). (A.6)
As for the 4th term of wl(zeonéf ),
AAPX_ Tl Xo(XoTly Ao )~
= AAPX_ Hu (KpZ, +KpZ;) (XOHL E AR
= 0P /VN) + O(A) + O(\P8.) (A7)

The 5th term of W1 (A?OHZf;f)Jf can be analyzed in a similar way to
the 4th term. It is easy to see the 6th and 7th terms of Wl()gol'[éf )t
is O(1/N).

Finally, by using the following equations:

. —rrl fm—Ty—1 1 T
ngnoo(Zp Hbif (Zp ) ) Z;_Huf (Zp )
BT —
. }+ [77;{(% )~to }
Jy ®16 (=10,
X[Bﬂuu, 0n><pm7 AQachT +Kﬂeeaon><pl}v

:[JJ@)Im

and

I:BQuu, 0n><pm7 AQachT + KQee, Onxpl} ’Cp = O(>‘p)7

the lemma is obtained.



