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Abstract: This paper investigates the problem of passive control for a class of bilinear stochastic
systems. It assumes that the multiple dimensional control is bounded. Based on storage function
method, passivity condition for the bilinear stochastic systems is presented by introducing a bounded
nonlinear feedback controller. Moreover, input and output strict stochastic passivity, the relationship
between output strict stochastic passivity and stochastic L, gain from input to output, and stochastic
KYP (Kalman-Yakubovich-Popov) property for bilinear stochastic systems have been considered. A
numerical example is provided to show the effectiveness of the method.
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1. INTRODUCTION

A bilinear control system is described by the following dynam-
ical equation % = Ax+ Y, u;N;x + Bu, where A, N;, B are
constant matrices of appropriate dimensions, and the control
inputs u = [uj uy ... u,)" appear as coefficients of the state
x € R"™. The bilinear control model, containing multiplicative
controls, can approximate a wide class of engineering systems
and natural phenomena, such as nuclear reactors, manufac-
turing processes, induction motor drives, heat exchanger with
controlled flow, immune system, ecology processes, economic
processes, and so on Mohler (1973); Pardalos and Yatsenko
(2007). Since the concept of bilinear systems introduced in the
early 1960s Mohler (1973), the study of such systems has been
received considerable attention in the last half century Pardalos
and Yatsenko (2007).

In fact, the bilinear control systems can be regarded as a
class of special systems between nonlinear and linear systems.
Many effective methods and algorithms for nonlinear control
systems have been specialized for bilinear systems, and some
approaches for linear control systems have also been extended
to bilinear systems. Some earlier results on bilinear control
systems can refer to Mohler (1973); Pardalos and Yatsenko
(2007) and the references therein. Bounit (2003) has estab-
lished some necessary and sufficient conditions for bilinear
control systems via nonlinear feedback. The problem of global
asymptotic stabilization for bilinear singular control systems
has been investigated by Lu and Ho (2006) based on LaSalle
invariant principle for nonlinear systems. For discrete-time un-
certain bilinear fuzzy systems, Li et al. (2008) has proposed H..
controller by means of the parallel distributed compensation ap-
proach and linear matrix inequality (LMI) technique. Based on
LMI optimization method, a static linear state-feedback control
has been designed for bilinear control systems with parameters
in polytopic region Amato et al. (2009).
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Apart from multiplicative controls in bilinear control systems,
a large number of real-world systems described by bilinear
models are frequently perturbed by multiplicative noises, for
example, fluctuations in electrical circuits, diffusion processes
in nuclear fission and heat transfer, immune system, etc. Mohler
and Kolodziej (1980); Mao (1997); Sornette and Pisarenko
(2008). The existence of multiplicative stochastic perturbations
makes the analysis and design problems for bilinear stochastic
systems more complex. The issues of realization and identifi-
cation of bilinear stochastic systems have been considered in
Desai (1986) and Favoreel et al. (1999), respectively. When
control inputs are bounded, the bilinear stochastic systems can
be transformed into linear ones with norm-bounded parametric
uncertainties, and then by stochastic Lyapunov function method
state observer and H., filter have been constructed in terms of
LMIs Ali et al. (2005); Halabi et al. (2009).

On the other hand, the passivity theory originating from circuit
theory, has been widely applied in analysis and synthesis for
dynamical systems, such as van der Schaft (2000); Byrnes et al.
(1991); Lin and Shen (1999); Arcak and Sontag (2008); Zhao
and Hill (2008). A system or circuit is passive means that it
consumes energy, but does not produce energy. In other words,
the motion of a passive system is accompanied by the loss of
its storage energy. Thus, the passivity of a dynamical system
implies its stability in Lyapunov sense. Most recently, passiv-
ity method has been used to control design for discrete-time
singular bilinear systems with uncertainties Zhang and Zhang
(2013). In Florchinger (1999), the passivity concept has been
extended to nonlinear stochastic control systems. By nonlinear
stochastic KYP Lemma, the relationship between a passive
system and its zero-output dynamics for nonlinear stochastic
systems has been presented in Lin and Lin (2009); Lin et al.
(2012). The stochastic passivity approach has been employed to
adaptive control Yaesh and Shaked (2009). Passivity analysis
for stochastic neural networks and power systems has been
studied recently in Chen et al. (2012); Zhu and Shen (2011);
Odun-Ayo and Crow (2013). To the best of authors’ knowl-
edge, however, passive control for bilinear stochastic systems
has not been investigated, which motivates the present paper.
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In this paper, a passivity system approach is applied to feed-
back stabilization for a class of bilinear stochastic systems with
multiple-dimensional bounded control. First, a sufficient con-
dition, ensuring stochastic passivity of the closed-loop bilinear
stochastic control systems under a nonlinear bounded feedback
controller, has been provided using storage energy method.
Compared with some existing results, the parameter of the
controller needn’t to be designed, and the controller relies only
on the given systems parameters. Second, input strict stochastic
passivity, output strict stochastic passivity, and stochastic finite
L, gain from input to output of bilinear stochastic systems
have also been considered. Third, a stochastic KYP condition
for bilinear stochastic systems has been proposed by means
of incorporating the bilinear term into state term. Finally, the
validity of the proposed method is shown by an illustrative
example.

Notations: The notations in this paper are standard. | - | refers
to the Euclidean norm of a vector; tr{A} is the trace of matrix
A; E{-} denotes the mathematical expectation; A,,(-) and Ay (-)
designate the minimal and maximal eigenvalues of a symmetric
matrix, respectively; (x, x) stands for usual inner product. Pr{-}
is the probability. (Q,%#, %) is a complete probability space,
where Q is the sample space, .% is the o-algebra of subsets
of Q, and & is the probability measure on .%. The symmetric
term in a symmetric matrix is denoted as .

2. PROBLEM FORMULATION AND PRELIMINARIES

Consider the following bilinear stochastic system

dx(1) =[Ax(t) + i ui(t)Nix(t) + Bu(t)]dt + Ex(t)dw(t) (la)

¥(t) =Cx(t) + Du(t) (1b)

where x() € R" is the state vector; u(t) = [uy (t) ua(t) ... unm(t)]"

is the control input satisfying | u;(r) |< a, where o > 0 is a
known constant presenting the upper bound of control input;
y(t) € R™ is the output vector; w(r) is a scalar Brownian motion
(or Wiener process) defined on the complete probability space
(Q,.F,P) satistying E{dw(t)} = 0 and E{dw?(t)} =dt. A €
Rnxn’M 6 R}’IXVL’B e Rnxn’l,E e Rnxn7c 6 RH’IXVI’D 6 Rmxm are
known constant matrices.

We now proceed to present some preliminaries as follows.
Definition 1. Consider the following system

dx(t) = f(x)dt + g(x)dw(r). 2)
System (2) is said to be stochastically stable or stable in

probability if for any scalars p € (0,1) and r > 0, there exists a
scalar 6(p,r) > 0 such that

Pr{|x(#) | <nVt >0} >1-p
when | x(0) |< 8(p,r). Additionally, system (2) is said to be
stochastically asymptotically stable, if it is stochastically stable,

and further, for every p € (0, 1), there exists a scalar §(p) > 0
such that

Pr{tlim |x(r) | =0, >0} >1—p

when | x(0) |< 8(p).

Lemma 2. (It6 Lemma) Assume x(f) is an Itd process and
V(x) is a positive definite and radially unbounded real-valued
function, which is continuously twice differentiable in x and
once differentiable in ¢ > 0, then the stochastic differential of
V(x) along system (2) is

dV(x) = LV (x)dt + 3—Vg(x)dw(t)
X
where the infinitesimal generator is written as
v v 1 ., 0%
LV (x) = o T ox (x) + Etr{g (x) 2 g(x)}.

Based on stochastic stability theory Mao (1997), £V (x) <0
implies the stochastic stability of system (2). Furthermore, if
ZV(x) < 0 then system (2) is stochastically asymptotically
stable.

Definition 3. a) System (2) is said to be stochastically passive,
if there exists a continuous positive definite function V(x)
satisfying

2V (x) <2y (Ou(r), ¥t >0
for any input signal u(¢). Moreover, system (2) is said to be
strictly stochastically passive, if there exists a positive definite
function Q(u, x,t) such that

2V (x) <297 (t)u(r) — Q(u,x,t),Vt > 0.
b) System (2) is said to be input strictly stochastically passive,

if for any input signal u(t), there exist a continuous positive
definite function V (x) and a scalar y > 0 satisfying

2V (x) <297 (0)u(r) — yu? (1)u(r),vr >0
i.e., the positive definite function Q(u, x,t) in a) is yu” (t)u(t).
¢) System (2) is said to be output strictly stochastically passive,

if for any input signal u(#), there exist a continuous positive
definite function V (x) and a scalar € > 0 satisfying

2V (x) <2y (Nu(r) —ey" (1)y(1), V1 = 0
ie., Q(u,x,t) = eyl (t)y(t).
Remark 4. The function V (x) satisfying Definition 3 is called
storage function of system (2), and the inequality in a) is called
the dissipation inequality. Recalling E{dw(¢)} = 0, integrating
both sides of the first inequality in a) and taking mathematical
expectation, we have

E{V(x)} < 2E{ /0 T (yu(t)de} + V(0,7 > 0.

It indicates the phenomenon that the expectation of the stor-
age energy V(x) at any time 7 > 0 is not larger than the
sum of the expectation of total externally supplied energy
2E{ [ ¥ (t)u(t)dt} and the energy stored in the system at ini-
tial time during the time interval [0,7]. Thus, similar to van
der Schaft (2000), we can say that the expectation of internal
energy of a system (2) is stochastically dissipative, or there is
no internal creation of energy.

The following inequality is useful to derive the main results.

Lemma 5. For any vectors x, y € R"” and a symmetric positive
definite matrix P € R™", then

2xTy < xTPx—l—yTP*ly.
The main objective of this paper is to construct a multiple
dimensional bounded feedback control law u(z) such that the
resulting closed-loop system of (1) is stochastic passive, in-

put/output strictly stochastically passive, and it has stochastic
L, gain and stochastic KYP characteristics.

3. MAIN RESULTS

Firstly, system (1) can be rewritten as
dx(t) =[Ax(t) + (N + B)u(t)]dt + Ex(t)dw(t)
¥(t) =Cx(t) + Du(t)
where N, = [Nyx(¢) Nax(¢) ...

(3a)
(3b)

Npux(t)].
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In some recent papers, for instance Li et al. (2008), a bounded
scalar state-feedback control law is designed as
Kx(t
ult) =a *1)
V1+xT (t)KTKx(t)
where the gain matrix K € R'” is to be determined. However,

it should be noted that the feedback controller in (4) is one-
dimensional.

“)

Inspired by the one-dimensional nonlinear controller in Bounit
(2003), in this paper we construct the following multiple di-
mensional nonlinear feedback control law

u(t) =[ur(t) ua(t) ... up(t)]”

: B 5
_q W EBA) o e @

14 (Nix(t) + B, x(t))?

It is obvious that u(¢) in (5) is bounded with its components
| u;(t) |< a. In contrast with Li et al. (2008), the feedback
controller (5) does not depend on any design parameters, and
u(t) can be computed by the given parameters o, N;, B and the
current state value x(t).

ui(t) =

By adopting the nonlinear feedback controller (5), the main
results of this paper are presented in what follows.

3.1 Stochastic Passivity

For bilinear stochastic system (1), we have the following con-
clusion.

Theorem 6. The closed-loop system of (1) under nonlinear

feedback controller (5) is strictly stochastically passive, if there
exists a matrix P > 0 with appropriate dimensions such that

r [Tt PB— cr

“ |« —=D-DT

where T’y = PA+ATP+ET PE + ma?*P+Y" | NI PN,.

] <0 6)

Proof. Select a storage function as
V(x) =x" Px (N
with P > 0 to be determined.

Applying Lemma 2, the stochastic differential of (7) along (1a)
shows as

dV (x) = 2V (x)dt +2x" PEx(t)dw(t) ®)
where the weak infinitesimal generator is

2V (x) =x" (t)[PA+AT P+ E" PE|x(z)

+2x7 (1) P(N, 4 B)u(z). )
According to Lemma 5 and |u;(7)| < a, we get
2x" (£)PN,u(r)
=2xT (£)uy () PN1x(t) +2x7 (t)uz () PNox(t)
4+ 20T ()t (£) PNux (1)
<X (1)(a®>P+NIPP'PN, +a?P+NIPP~'PN,  (10)

+ -4 a?P+NIPPIPN,)x(1).

=x" (1) (mo>P + i NI PN))x(t).
i=1

Noting (10) and (1b), we have

2LV (x) =297 (1)u(r)

<xT(1)[PA+ATP+ETPE + (ma*P + iN,.TPN,-)]x(t) an
i=1
+2xT (1) PBu(t) — 2xT (£)CT u(r) — 2u® (t)DT u(r)
=&T(NrE(r)
where & (1) = [xT (¢) u” (¢)], and T"is given in (6).

When I' < 0, denote Ay(I') = —p < 0. Then, it follows from
(11) that there surely exists a positive scalar 0 < g <
such that 2V (x) < 2yT(t)u(t) — ux? (t)x(t) < 2yT (t)u(t) —
tox” (£)x(t). As a consequence of (6), system (1) is strictly
stochastically passive from Definition 3. The proof is thus
completed. |
Remark 7. If D = 0, i.e., the output is y(z) = Cx(z), then (6) is
not strictly feasible. It should be noted from (11) that, in such
case, if we can find a positive definite matrix P > 0 satisfying

m
PA+ATP+E"PE+ma’P+ Y N/PN; <0
i=1
with equality constraint PB = CT, then system (1) is strictly
stochastically passive. In this paper, we assume that D+ DT >0
are always satisfied if not special specified.

When B = 0, the stochastic system (1) is still bilinear, and
Theorem 6 reduces to the following one.

Corollary 8. System (1) with B = 0 is strictly stochastically
passive, if there exists a matrix P > 0 with appropriate dimen-
sions such that

T (12)

where I'y is given in Theorem 6.

T
[F' —C }<0

When N; = 0, the stochastic system (1) becomes linear, and then
we obtain the following result readily.

Corollary 9. System (1) with N; = 0 is strictly stochastically
passive, if there exists a matrix P > 0 with appropriate dimen-

sions such that
PA+ATP+ETPE PB—CT
. _p_pT <0. (13)

3.2 Input and Output Strict Stochastic Passivity

This subsection deals with input strict stochastic passivity and
output strict stochastic passivity of bilinear system (1).

Select the storage function (7), then from (11) there is
LV (x) = 29" (t)ule) + yu” (1)ur)

m
<" (t)[PA+A" P+ E"PE + (ma®P+ Y N] PN;)]x(t)
i=1
14
+2xT (1)PBu(t) — 2x" (t)CT u(r) (14)
—2u” (1)DTu(t) + yu” (t)u(r)
=& (NOE(r)
where @ =T"+ diag{0, —y/}.
It is clear from Definition 3 that ® < 0 ensures the input strict
stochastic passivity of system (1).

Therefore, the input strict stochastic passivity of system (1) can
be presented as follows.
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Theorem 10. The closed-loop system of (1) under nonlinear
feedback controller (5) is input strictly stochastically passive,
if there exist a scalar ¥ > 0 and a matrix P > 0 with appropriate
dimensions such that
r, PB-C’
[ x yI—D—D"
=PA+ATP+ETPE + ma*P+Y"™  NIPN;.

} <0. (15)

where I';

Similarly, we can derive the output strict stochastic passivity of
system (1).
Theorem 11. The closed-loop system of (1) under nonlinear
feedback controller (5) is output strictly stochastically passive,
if there exist a scalar € > 0 and a matrix P > 0 with appropriate
dimensions such that
A1 PB—C" +eC'D
«+ —D—D" +eD'D

=PA+ATP+ETPE+mo?P+Y" NI'PN;+eCTC.

<0. (16)

where A4

3.3 Stochastic Stability and Stochastic Finite Ly Gain

This subsection will show that the stochastic passivity of the
bilinear stochastic system (1) implies stochastic stability of
(1a) with u(#) = 0. Moreover, we will establish the relationship
between the output strict stochastic passivity and stochastic
finite L, gain from input to output for system (1).

Consider the following stochastic system
dx(t) =[f(x) + k(x)u(r)|dt + g(x)dw(t)
y(t) =c(x) +h(x)u()
where f(x),k(x),g(x),c(x),h(x) are functions with compatible

dimensions, then the stochastic finite L, gain from input u(#) to
output y(¢) of system (17) is defined in what follows.

Definition 12. System (17) is said to have stochastic finite L,
gain, if there exists scalars k1 > 0, k2 > 0 satisfying

E{|y:[3} < kiE{Juz 3} + 12lx(0)[3,Y7 > 0
where |z:|3 = [o 27 (t)z(¢)dt for any vector z(z).

A7)

Remark 13. The stochastic finite L, gain of system (17) means
that finite input u(¢) in the sense of mean square will lead to
finite output y(¢) in the sense of mean square over the time
interval [0,7]. Stochastic finite L, gain expresses the input-
output feature of a stochastic system, and it reduces to BIBO
stability in square for a system in deterministic setting. Thus,
we can also say that system (17) is stochastically input-output
stable in mean-square if the inequality in Definition 12 holds.

Theorem 14. The bilinear stochastic system (1a) with u(z) =0
is stochastically stable, if system (1) is stochastically passive;
furthermore, system (1a) with u(¢) = 0 is stochastically asymp-
totically stable, if system (1) is strictly stochastically passive.

Proof. Noting Definition 3, when system (1) is stochastically
passive then .2V (x) < 2yT (t)u(t).

In addition, it can be seen that u(¢) = 0 ensuring £V (x) <0,
which guarantees the stochastic stability of system (la) from
Mao (1997).

Moreover, if system (1) is strictly stochastically passive, the
following can be obtained by setting u(¢) =0

ZV(x) < —0(u,x,1) < 0,Vt > 0.
Hence, system (1a) is stochastically asymptotically stable. W

Theorem 15. If there exist a scalar € > 0 and a matrix P > 0
with appropriate dimensions satisfying (16), then the bilinear
stochastic system (1) under the nonlinear feedback control (5)
has stochastic finite Ly gain from input to output in the sense of
Definition 12, where k1 = 3 16 and Kk = 1 AM(P).

Proof. In view of Theorem 11, system (1) is output strictly
stochastically passive when (16) holds. So, (16) will guarantee
LV (x) <297 (t)u(t) — ey (t)y(t),vt > 0.

Subsequently, we can deduce that for a scalar € > 0

2V (x) <2 (1)u(r) —ey" (1)y(1)
= =[5V~ )] [3VE(0) — (o) N
o Ol = 2 W0
<2 (ul) = 2T (O3(0)
Y (0(0) < qgu ()~ 3 2VR). (19)
Integrating both sides of (19) over [0, 7] leads to
/y dt<—/ dt——/ ZLV(x
(20)

Noticing E{dw(t)} = 0and E{V (x(7))} > 0,¥7 > 0, we obtain

E{ /0 LV (x)dt} =E{ /0 av(x)}

—E{V(x(1))} - V(0)
> V(0).

Taking mathematical expectation to both sides of (20), there is
E{ly:[3} < <

16 4
< Ellus}+ 5 A (PO

E{|Mr|z}+ V(O)
(1)

Obviously, system (1) has stochastic finite L, gain from input
u(t) to output y(¢) in the sense of Definition 12. [ |

3.4 Stochastic KYP Property

In this subsection, stochastic KYP property of bilinear system
(1) is considered. The definition of stochastic KYP property of
the stochastic system (17) is addressed as follows.

Definition 16. System (17) is said to have stochastic KYP prop-
erty, if there exist positive definite function V(x) and matrix
functions /(x), ¢(x) such that

‘9—Vk 2cT =—2"¢ (22)
ox
h+h" =97 ¢.

Theorem 17. The closed-loop system of (1) under nonlin-
ear feedback controller (5) is stochastically passive and has
stochastic KYP property, if exist matrices P > 0 and L, W with
appropriate dimensions satisfying
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m
PA+ATP+ETPE+ma’P+Y N/ PN;<-L"L
i=1
PB-C' =—L"w
D+D" =w'w.
Moreover, system (1) is strictly stochastically passive with

stochastic KYP property, if the first inequality of (23) holds
without equality.

(23)

Proof. Choose the storage function V (x) = x” Px, then
2LV (x) =x"(t)[PA+AT P+ ET PE|x(z)
+2x7 (t)PNyu() 4 2x" (t)PBu(t)

xT(t)[PA+ATP+ETPE 24)

m
+ma?P+ Y NIPNj|x(t) +2x (t)PBu(t).
i=1

In light of (23), there amounts to
2LV (x) < —x" ()L Lx(t) +2x" (£)(CT — L
=27 ()CTu(t) +u” ()W Wult)
— [Lx(t) + Wau(0)) " [Lx(r) + Wu (1))
<2x"(1)CTu(t) +u” (t)(D+ D" )u(t)
=2y" (1)u(r).

It is clear to see that (23) means that system (1) is stochastically
passive from Definition 3.

W)u(r)

(25)

Furthermore, if the first inequality of (23) holds without equal-
ity, i.e., PA+ATP+ ETPE + mo®P +Y!" | NI'PN; < —L"L,
then £V (x) < 2y” (¢)u(t). We can always find a positive defi-
nite function Q(u, x,t) such that

2LV (x) <297 ()u(t) — Q(u,x,t),Vt >0
which means that system (1) is strictly stochastically passive.

At the same time, system (1) can be written as model (17) with

£ <A+ Y wON0)

(26)
k(x) =B, g(x) = Ex(1),
c(x) =Cx(t), h(x) = Dx(t).
Considering (10) and (23), it can be seen that
ov . 1 ;9% T T T
+mo’P+ Y N PNjjx(1)
i=1
< —xT ()L Lx(t).
Selecting matrix functions /(x), ¢(x) as
1(x) =Lx(1), ¢ (x) = Wul(1). @7

then the fist inequality in Definition 16 can be established, and
the other two equalities in Definition 16 are also satisfied. So,
system (1) has stochastic KYP property from Definition 16.
This completes the proof. |

Remark 18. Tt deserves to notice that, the function f(x) in (26)
includes the bilinear term Y7 | u;(¢)Nix(¢) of system (1). Based
on this disposal, the first inequality in Definition 16 can be
established by (10) and (27). Otherwise, if the the bilinear term

", ui(t)Nix(t) is incorporated by k(x) as k(x) = N, + B, then
the second equality in Definition 16 is expressed as
P[N1x(t) Nax(t) ... Nux(¢)] +PB—CT = —LTW.
Consequently, one can not find constant matrices P > 0 and

L, W satisfying the above equation, since it relies on the
stochastic variable x().

4. ANUMERICAL EXAMPLE

In this section, a numerical example is given to demonstrate the
effectiveness of the approach.

Example 19. Consider the bilinear stochastic system (1) with

[—15 0 -1

a=|7%" Ble= [
[0.1 0

E=|", 0.1} C=[051],D=02 (28)
(0.1 0.2 02 0

NM=1o1 0.3} N2 = { 0.1 —0.2}

In this example, we assume that the control input satisfies
|u;)] < =0.8,i=1,2.

Solving (6) with (28), we can obtain

p_ [43633 41711
= | 4.1711 5.0422

Therefore, system (28) under bounded nonlinear feedback con-
troller (5) with o = 0.8 is strictly stochastically passive ac-
cording to Theorem 6. Moreover, the corresponding closed-
loop system of (28) is stochastically asymptotically stable from
Theorem 14.

Applying Theorem 10 to system (28), we have

p— 3.5310 3.9239
~ 1 3.9239 4.9909

This means that system (28) under controller (5) with a = 0.8
is input strictly stochastically passive.

},y0.1751.

By using Theorem 11 to this example, we can find that system
(28) under controller (5) with @ = 0.8 is output strictly stochas-
tically passive. From Theorem 15, the closed-loop system of
(28) under controller (5) with o = 0.8 has stochastic finite L,
gain from input x(¢) to output y(¢) in the sense of Definition 12.

For this example, we can compute W = /2D = 1/0.4. Sub-
stitute W into (23), LT = —(PB—C7)/+/0.4 can be obtained.
Then by using Schur completes, the first inequality of (23) can

. YN . .
be rewritten as [1;1 ’(PB’E )/ 0'4] < 0, where I'; is given in

Theorem 10. By solving this LMI, we can see that system (28)
strictly stochastically passive with stochastic KYP property.

5. CONCLUSIONS

This paper has considered stochastic passive control for bilinear
systems with multiplicative noises and bounded inputs. Based
on storage energy method and introducing a bounded nonlinear
feedback control, which is dependent only on the given system
parameters, a stochastic passivity condition for the resulting
closed-loop system has been presented. In the meantime, some
other properties for bilinear stochastic systems have also been
investigated. The usefulness of the proposed method has been
verified by an illustrative example.
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