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Abstract: This paper investigates the decomposition with respect to outputs for Boolean
control networks (BCNs). Firstly, based on the linear representation of BCNs, some algebraic
equivalent conditions are obtained. Secondly, the concept of perfect equal vertex partition
(PEVP) is proposed for BCNs. Thirdly, a necessary and sufficient graphical condition based on
the PEVP for the decomposability with respect to outputs is obtained. Finally, an equivalent
condition of PEVP is derived to help to calculate a PEVP for a BCN.
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1. INTRODUCTION

Boolean networks (BNs) proposed by Kauffman (1969) are
a kind of discrete logical dynamical systems, which are
suitable for describing, analysing and simulating genetic
regulatory networks. BNs with external inputs are usu-
ally called Boolean control networks (BCNs). Both BNs
and BCNs have attracted great attention in the com-
munity of systems biology (Albert and Othmer (2003),
Faure et al. (2006), Shmulevich and Kauffman (2004),
Genoud and Metraux (1999), Datta et al. (2004), Pal
et al. (2005), Snoussi (1989)). In recent years, a semi-
tensor product method of BNs has been developed (Cheng
and Qi (2010)) and a new theoretical framework of BCNs
modeled by linear discrete systems has been established
(Cheng et al. (2011a)). Based on the linear representation
framework, many classical control problems are general-
ized to BCNs such as controllability, observability, stabi-
lization, synchronization and optimal control (Cheng and
Qi (2009), Laschov and Margaliot (2012), Fornasini and
Valcher (2013b), Cheng et al. (2011b), Li and Chu (2012),
Cheng et al. (2010), Zhao et al. (2011)). Furthermore,
many of these results are extended to different kinds of
BCNs (Chen and Sun (2012), Li and Sun (2012), Li and
Wang (2012), Feng et al. (2012), Zhang et al. (2012)).

It is well-known that, in the traditional linear control sys-
tem theory, system decompositions play an important role
in system analysis. Many control problems are strongly
related to system decompositions such as stabilization,
designing observers, disturbance decoupling, minimum re-
alization and identification. Indeed, these problems have
been investigated for BCN systems (Cheng (2011), Cheng
et al. (2010), Cheng and Zhao (2011), Fornasini and
Valcher (2013a), Laschov et al. (2013), Zhao et al. (2013)).
In Cheng et al. (2010), the decomposition forms called the
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controllable normal form, the observable normal form and
the Kalman decomposition have been investigated. But
some regularity conditions are imposed on the BCNs. In
fact, not all the BCNs satisfy the regularity assumptions
(Zou and Zhu (2014)). Moreover, with the method of
Cheng et al. (2010), it is not easy to get the coordinate
transformation constructively. In our recent paper Zou and
Zhu (2014), the decomposition with respect to inputs is
obtained without any regularity assumptions. Under the
regularity assumption on the controllable sub-space, the
maximum decomposition with respect to inputs is just the
controllable normal form in Cheng et al. (2010). Similarly,
how to remove the regularity condition for the observable
normal form is an interesting issue.

In this paper, we consider the decomposition with respect
to outputs in the framework of algebraic representation of
BCNs without using any regularity assumptions. We focus
on finding a method to obtain a coordinate transformation
constructively to realize the maximum decomposition with
respect to outputs. In section 2, we give some preliminaries
and describe the decomposition with respect to outputs. In
section 3, we obtain some equivalent algebraic conditions
for the decomposability. In section 4, we obtain a neces-
sary and sufficient graphical condition. In Section 5, an
approach is proposed to get the maximum decomposition
with respect to outputs. Finally, we give a summary of this

paper.
2. PRELIMINARIES AND PROBLEM STATEMENT

Let D = {True = 1, False = 0}. Consider a BCN described
by the logical equations

wl(t+ 1) = fl(xl(t)f" axn(t)aul(t)a"' 7um(t))a
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where the state variables z;, the output variables y; and
the controls u; take values in D, f; : D*™™ — D and
h; : D™ — D are logical functions.

We say that (1) is decomposable with respect to outputs
with order n — s, if there exists a logical coordinate
transformation z; = g¢;(z1, -+ ,Zn),¢ = 1,2,--- ,n, such
that (1) becomes

Zl(t+1) = fl(zl(t)a' e aZS(t)’ul (t)" o ’um(t))’

2(t41) = f(a () 2Bt un (),
Z5+1(t+1) = f8+1(21 (t)" o ’Zn(t)vul (t)7' o ’um(t))’

Up(t) = hy(1(2), - 2a(1))-

The BCN (2) is called a decomposition with respect to
outputs with order n — s. A decomposition with respect to
outputs with the maximum order is called the mazimum
decomposition with respect to outputs. We say that BCN
(1) is undecomposable with respect to outputs if the order
of the maximum decomposition with respect to outputs is
n.

Let Col(A) be the set of all the columns of matrix A,
and denote the ith column of A by Col;(A). Set Ay =
{6i]i = 1,2,---,k}, where 4} is the i-th column of k x k
identity matrix Ix. A matrix L € R,,xn is called a logical
matrix if Col(L) C A,,. The set of m x r logical matrices
is denoted by L,,x.. For simplicity, we denote the logical

matrix L = [0%,8%2 ... 6] by §p[i1, i, i)
Definition 1. (Cheng et al. (2011a)) Set A € Ryxn,
B € Rpxq, and a = lem(n,p) be the least common

multiple of n and p. The left semi-tensor product of A
and B is defined as Ax B = (A® I2)(B ® I2), where ®
is the Kronecker product.

Since the left semi-tensor product is a generalization of
the traditional matrix product, we directly write A x B
as AB. In Cheng et al. (2011a), to express the logical
variable with algebraic method, elements in D are identical

with vectors True ~ 63 and False ~ 63. For simplicity, we
denote A := Ay = {63,62}.

Proposition 1. (Cheng and Qi (2010)) Let z; and wu;
take values in A and denote x = X x;, y = XI_ y;,
u = X u;. Then the BCN (1) can be expressed in the
algebraic form

z(t+ 1) = Lu(t)x(t),
) ®)

where L € Lonygnim and H € Lopxon.

Let z = T'x be the algebraic form of the logical coordinate
transformation z; = g;(x1,- -+ ,x,), where z = x?_; z; and
T € Lonyon is a permutation matrix. Set 2 = x?_;2; and
22 = x . 2. Then the decomposition form (2) can be
rewritten in the algebraic form

A+ 1) = Guu) (@),
(1) = Gou(t)2(t), (4)
y(t) = MzU(1),

where G1 S L‘,Qs X 2s+m G2 S ﬁgn—s xon+m and M S £2;D><25.

For BCN (1) with the algebraic form (3), the problem
of decomposition with respect to outputs is to find a
permutation matrix T such that (3) has the form (4). The
problem of mazimum decomposition with respect to outputs
is to find a decomposition with respect to outputs with the
maximum order n — s.

In Cheng et al. (2010), the observable normal form of
a BCN is proposed. Here, we rewrite the result in the
algebraic form as follows.

Proposition 2. (Cheng et al. (2010)) Consider the BCN
(1) with algebraic form (3). Assume that the largest
unobservable subspace O, is a regular subspace with
{Zs41, Z542, -+, Zn } as its basis. Then, under the coor-
dinate transformation Z = Tz, the BCN (3) becomes

M 4+1) = Guu(t)z(¢),
Ut +1) = Gault)2(t), ()
y(t) = M),
where 2l = w3 7, 3P = X s 1 Zis G1 € Losyosim,
Gy € Lon—syonim and M € Lopy9s. Eq. (5) is called an
observable normal form of (3).

The basic concepts on regular subspace and the largest
unobservable subspace O, can be found in Cheng et al.
(2011a). Comparing (4) with (5), we find that the maxi-
mum decomposition with respect to outputs and the ob-
servable normal form have the same structure. A natural
question is whether they are the same notion. In fact, un-
der the regularity assumption on the largest unobservable
subspace O, the two concepts are the same. We give the
following proposition to illustrate this.

Proposition 3. Assume that the largest unobservable
subspace O, is regular, then a decomposition with respect
to outputs is a maximum decomposition with respect to
outputs if and only if it is an observable normal form.
Proof. Assume that (4) is a maximum decomposition with
respect to outputs with order n — s. We first prove that
s = §. By the definition of maximum decomposition with
respect to outputs, we have s < 5. From the definition of
largest unobservable subspace, it’s easy to get that

i Zn). (6)
Thus, (6) implies that n — s < n — §, namely s > §.

In the following, we say that (4) and (5) are equivalent.
Since {Zz41, -, 2, } is the sub-basis of state space X =
F(x1, 29, -+ ,o,) and § = s, then (5) is a maximum
decomposition with respect to outputs for the system (3).
Conversely, by § = s, (6) and Theorem 13 of Cheng et al.
(2010), we obtain that {zs41,- - , 2, } is also a regular basis
of O, that is, (4) is an observable normal form. ad

Zot1, 12 € Oc = F(Zsg1, Zaga, -

Proposition 3 implies that the decomposition with respect
to outputs is a generalization of the observable normal
form. In the remainder of this paper, we will give a method
to realize the decomposition with respect to outputs for
the system (3).
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3. ALGEBRAIC EQUIVALENT CONDITIONS FOR
THE DECOMPOSABILITY WITH RESPECT TO
OuUTPUTS

In this section, based on the definition of decomposability
with respect to outputs, we derive some equivalent alge-
braic conditions. We denote the n—dimensional column
vector whose entries are equal to 1 by 1

Lemma 1. Assume that My, My, ---,M; € R,,xn are
non-negative matrices satisfying 17 My = 1} for every
k=1,2,--- I.If My 4+ Ms+--- 4+ M; = IG, with G being
a logical matrix, then My = My =--- = M; =G.

Swap matrix W, ) is an mn x mn logical matrix, defined
as Wi ) = [In ® 00, 1 @ 62,,- -+, I, @ 6711].

Lemma 2. (Cheng et al. (2011a)) Let W, 1) € Rinnxmn
be a swap matrix. Then I/V[m n = W[;in] = Wn,m) and
Wim 1) = Wii,m) = Im, where I, is an identity matrix.

Lemma 3. (Cheng et al. (2011a)) Let A € Ryyxn, B €
Rpxq. Then me](A® B) lg,n] = (B ®A)

Theorem 1. Consider the BCN (1) with algebraic form
(3) Let L = [L17L27" . 7LQm],.Li S anxgn. Then the
following statements are equivalent:

1) the system (1) is decomposable with respect to outputs
with order n — s;

2) there exist a permutation matrix T € Lonyon and
logical matrices G1 € Losxom+s, M € Lopryxas such that

QL(IQm ® TT) G]_ (12m+5 ® 12n a) (7>
HT" = M(I ®13,. .), (®)

where Q = (I ® 12n 7T
3) there exist a permutation matrix 7' € Lonyon and
logical matrices G1 = [Ay, A, -+, Agm] € Los wom+s, A; €
Losyos, M € Lopyos such that
QL; = A;Q, 9)
H=MQ, (10)

where Q = (I ® 13,_.)T;
4) there exists a permutation matrix T' € Lon «o» such that
QLT (1)
and 1
S QT (12)
are logical matrices, where Q = (I3: ® 12T,L T
Proof. 1) < 2) Assume that (3) has the decomposition

(4) with respect to outputs with order n — s. By (3), we

have
At +1) = (o @ 15,-.)2(t + 1)

= (Iys ® 15, )TL(Izm @ TT)u(t)2(t), (13)

y(t) = HT" 2 ()27 ). (14)

By (4), we have
At 4 1) = G (Iymrs @ 15, )u(t)2(t), (15)
y(t) = M(I- © 13,-)20(6):P (). (16)

From (13) and (15), we get (7). From (14) and (16), we
get (8). Conversely, by (7), (8) and (13), (14), we get the
decomposition (4) with respect to outputs.

2) = 3) Multiplying (7) on the right by Iom ® T yields

QL = GI[I2"" ((I2 ®12n b) )] = [A1Q7 A2Q7 Tty AQ”Q])
which implies QL; = A;Q, thus (9) is obtained. Multiply-
ing (8) on the right by T gives (10).

3) = 4) Multiplying (9) on the right by T7 (los ® 1gn-s)
gives the logical matrix A; shown by (11). Similarly, mul-
tiplying (10) on the right by TT (Ios ® 19n-+) yields the
logical matrix M shown by (12).

4) = 3) We Denote the logical matrix (11) and (12) by A;
and M respectively. Let

QLiTTW[Qn—sgs] - [Ph P27 e aP2'”*3]a (17)

where P; € Lj: 42+ are non-negative matrices. By (17) and
Lemma 2 3, we have

A= QLT
= 2{ [P, Pa, -+, Pyns [Wigs gns)(Ips @ 1gn—s) (18)
= on=s 5P, Py oo Pons](1gn—s @ Io:),
that is,
— 1
Z (zn_s P;) = A;. (19)
i=1
Multiplying (17) on the left by 11. yields
13:[P1, Py, o+ Pones] = 15, Wign-s 00 = 13, (20)
namely 13 P; = 1L for every i = 1,2,--- 2775, Thus, by
Lemma 1 and (19), it follows that P, = A;. Then
QLT Wign-: o) = Ai(13,-. ® Ips). (21)
By (21) and Lemma 2, 3, we have
QLT" = Ai(Iy- ® 13, ). (22)

Thus QL; = A;(I>s ® 15,-,)T, then (9) is proved. With a
same procedure above, we can get (10) from (12).

3) = 2) Since Ipm T and T are nonsingular matrices, it’s
easy to get (7) and (8) from (9) and (10) respectively. O

Proposition 4. Let R, = {q|Col,(H) = &}k =
1,2,---,27 and |Rg| = hi. Assume that h is the
greatest common divisor of hi,hg, - ,hoe. Let rg =

max{r|2" is a factor of h}. If (3) has the decomposition
(4) with respect to outputs, then the order of (4) is at
most rg. Particularly, if 1o = 0 we can directly say that
the system is undecomposable with respect to outputs.

Proof. Multiplying (8) on the right by 1on gives Hlon =
2”75M125, i.e. [hl, hg, s ,th]T = 2" 5M15s. Thus, by
the definition of rg, we have n — s < ryg. O

Theorem 1 gives some equivalent algebraic conditions for
the decomposability with respect to outputs. But it does
not give a method to construct the transformation matrix
T. In the following section, we try to give a procedure to
compute T'.

4. PERFECT EQUAL VERTEX PARTITION

We first introduce some concepts of graph theory.

Definition 2. Let A be the vertex set of a graph G, and
P;,1=1,2,--- , pbesubsets of A. {®;}]- | is called a vertex
partition of A, if Ul &, = Aand &;N®; = ( for any i # j.
A vertex partition {S;})"; of A is called an equal vertex
partition if |S;| = |A|/p for every [ =1,2,--- | p.
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Fig.1. digraph corresponding to a BCN.
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For the definition of vertex partition, we admit that some
®,; is empty set. This is just for the convenience of stating
the following contents.

Proposition 5. Assume that A has two vertex partitions,
denoted by {®}/", and {<I>l}” respectively. Suppose
that, for each | = 1,2,---, @, there exists k; such that
®, C By, Set G; = {l| ®;, C ®;}. Then we have
o, = Ulegjfi)l for each j =1,2,--- , .

Every logical matrix L; € Lonxon can be regarded as an
adjacency matrix of a digraph G;. Here, the vertex set of G;
is A={1,2,3,---,2"}. G; has a directed edge (g, k) if and
only if (L;)rq # 0. We call G; the induced digraph of matrix
L;. It is said that k is an out-neighbor of ¢ if (L;)rq # 0.
Denote the out-neighborhood of set S by N(S). By the
definition of N'(S), we have

g€ S, pgN(S)= (Li)kq=0.

Definition 3. Consider a digraph G with the vertex set A.
The equal vertex partition {S;}/_; of A is called a perfect
equal vertex partition (PEVP) if, for any [ = 1,2,--- |,
there exists an oy € {1,2,--- , u} such that N(S;) C Sy,.

Fig.1 gives a digraph corresponding to the BCN z(t 4+
1) = [L1, LoJu(t)z(t), where u € A,z € Ays. Assume that
Gi(i = 1,2) is the induced digraph of matrix L;. In Fig.
1, Gy is described by the blue edges and Gs by the black
edges. Furthermore, the vertices with the same color have
the same output. Fig.1 shows a PEVP {S;};., for both
Gy and Gy. We shrink each S; to a vertex S; to construct
another digraph G, where S and S} are adjacent in Gf
if and only if there are some v; € S and v; € §; such that
vy and v; are adjacent in G;. Fig.2 shows the shrunken
digraph G} of G;.

Based on the above contents, we will propose an equivalent
graphical condition for the decomposability with respect to
outputs. Before the main result, we first give an intuitive
explanation on the motivation. From the decomposition
(2) with respect to outputs, we can see that, if z1,--- , zq
are fixed, the set

(23)

{(Zlv' Tt yRsyRs 41yt ,Zn) | Zj € {Oa]-}’ s+ ].Sjgﬂ} (24)
has 2"~° states. We denote (24) by S,,..,.. Then the
family

{Szl"'Zs i € {0’ l}a .] = 172a e 75}7 (25)

forms an equal partition of all the 2" states. By the
decomposition (2) with respect to outputs, we know that
the state z(t) transmits from one S, .,...., to another as
the control u(t) = &4 is fixed. Thus, the equal vertex
partition (25) is perfect for any induced matrix G; of L;.
Moreover, by the output expressions, the vertices in S, ...,
have the same output.

Assume L = [Lq,Lg, -+ ,Lom|,L; € Lonyon and Ry =
{q|Col,(H) = 6k,}, k =1,2,---,2P. Let G; be the induced
digraph of L;. We denote the out-neighborhood of vertex
set S; in digraph G; by N%(S)).

Theorem 2. Consider BCN (1) with the algebraic form
(3). The system (1) is decomposable with respect to out-
puts with order n — s if and only if there exists an equal
vertex partition {S;}7",(|S;| = 2"*) such that

(i) {Si}2., is a PEVP for any digraph G;,

(ii) for any [, there exists an «; such that S; C R,,.
Proof. (Necessity)By Theorem 1, there exist a permu-
tation matrix T € Lonyon and logical matrices A; €
Loswos(i = 1,2,--+,2™), M € Lopyas such that (9) and
(10) hold. Set

Q (12g ®12n s) :625[7;17”' 7Z.2"]- (26)

Thus, (9) and (10) can be rewritten as
525[i1,"' 72.271]_[/1':141'525[7:1,"' ,ign}, (27)
H = M8y.[ir, - isn]. (28)

Let S; = {qli;, = I}. Then {S;}%, is an equal vertex
partition of A with |S;| = 2"~5. For any [, we have

Jai, ar, st Adb, = 851, Mk, = 820, (29)
For any k € N(S)), there exists ¢ € S; (iq = l) such that
Coly(L;) = 65.. Then, we have
in] Coly (L) =63 = Ayoit = Aok, = 651, (30)
Thus i, = af, which implies k € Sa;'. Therefore, we have
Ni(S)) C Sqi- By definition 3, (i) is proved.
For any k € S, we have i, = [ and Coly(H) = M6%: = 651,
which implies k € R,,. Thus (ii) is proved due to S} C Ry, .
(Sufficiency) For any ¢ € S;,1 =1,2,---,2° let i, = 1. We
denote Q = das[i1, - -+ ,i2n]. Since |S;| = 2”_2 there exists
a permutatlon matrix 7" such that (I: ®13,_.)T = Q. For

Barlin, -

any [ € {1,2,---,2°}, it follows that
Col, (QLiQT) =QL;Coli(Q") =) _ QL;8%.
q€S:
:Z QColy(Li)
qeS:
=Y Q5. (ke N'(q) CN'(S) C Sar)

q€eS)

=S =3 agl = onesgl

q€eS) qES)
Col(HQ") = HColy(Q") = > Hol.
q€S;
=Y Coly(H) (g€ S C Ry
qeS;
— Z 6(11 — on— s(saz
q€eS)
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which implies Qn, QL;QT and S L_HQT are logical ma-
trices. Therefore, by 4) of Theorem 1, the sufficiency is
proved. O

Compared with the state-space method proposed by
Cheng et al. (2010), this Theorem gives a constructive
procedure to calculate the transformation matrix. If the
graphical condition of Theorem 1 is satisfied, it’s easy to
construct Q. Thus, we can get T by (I2s ® 12n O)T = Q.

To display the effectiveness of Theorem 2, we reconsider
Example 10.3 of Cheng et al. (2011a) and construct the
coordinate transformation using the graphical method.

Example 1. Consider the following BCN
z1(t+1)=x3(t) V u(t),
{962(7%Ll (@1 (A3 (8) V(w1 (N3 () u(t))),

563(154—1%— (31)

=x3(t) — u(t), ~
y(t) = (z1(t) < w3(t)) = (w2()Vas(t)).
Let z(t) = z1(t)za(t)zs(t). Then we have z(t + 1) =
Lu( ) ( ) nd ( ) Hl‘( ) where L = [Ll,LQ] € Lsx16,
with Ly = 0s[31311313], Ly=0s[4545454 5] and

H =62[21111112]. The digraph corresponding to the
BCN is just shown in Fig.1. The partition S;(i = 1,2, 3,4)
given in Fig.1 is a PEVP for both G; and G5. Furthermore,
by the color of vertices, the vertices in S; have the same
output. Thus, the system is decomposable with respect to
outputs with order 1. Let
(1) T=Q =206,023144132],
it follows that T' = d3[3 6 1 8 7 2 5 4]. The coordinate
transformation matrix 7T is the same as that given in
Example 10.3 of Cheng et al. (2011a). Therefore, the
decomposition with respect to outputs is obtained as
z1(t+ 1) = u(t),
{22(t+1) = 21(t) Au(t)
23(t+1)223( ) (t
y(t) = z1(t) — 22(t).

5. FINDING A PEVP

).

In this section, we first give an equivalent condition of the
concept PEVP and then provide an effective method to
calculate a PEVP.

Theorem 3. A given equal vertex partition {S;}7, is
perfect for the dgigraph G; if and only if there exists a vertex
partition {®!}7_, of G; satisfying

V1<1<2%3al, st. NY(®)) C S Cd)g;. (32)
Proof. (Sufficiency) Assume that (32) holds. It is easy
to get that N'(S;) € N*(®!,) C Si- Thus {S}%, is a

1

PEVP for the digraph G;.

(Necessity) Assume that {51}12;1 is a PEVP for the digraph
G, it follows that

V1<1<2%3af, st NY(S)) C Sy (33)
Set ‘ ‘ _
P ={k | Ni(S) C S} @ = S (39)
kep}
Then, {®{}?, is a partition of G;. It follows that
Ni@) = JN(Scsic Su=@,. (35

kep} peP,

1

Thus, (32) is proved. ad

In Theorem 3, every PEVP {S;}% | of G; corresponds to a
vertex partition {®{}?", satisfying (32). In the following,
we will give some properties of {®{}Z , which is very
useful for finding a PEVP.

Assume that the BCN (1) with algebraic form (3) is de-
composable with respect to outputs with order s. Then by
Theorem 1, there exist a permutation matrix T € Lon yon

and logical matrices A, € Lasxos(p = 1,2,---,2™) such
that (9) holds. We denote
Q:(SQS[ila"' 7i2"]a (36)
AMQ:§23[ju17"' 7ju2n]~ (37)
Then, from (9), it follows that
Ogs[ir, -+ yign|Ly = G2s[jur, - -+ s Juan]- (38)
By the necessity of Theorem 2, set S; = {q|i, = [}, then

{S;}%, is a PEVP for each G,,.

Proposition 6. Consider the PEVP {5, f;; with each
S; = {plip = I} constructed as in the necessity proof of
Theorem 2. Let ®)' = {p|j., = I}. Then {®/'}Z " is a
vertex partition satisfying (32).

Proof. From (32), one can easily see that

V1<Ii<2'? Fof, S.t.SlC(I)Zu.
1

Moreover, for any p € N(®}'), there exists ¢ € @/, i.e.
Jug =1, such that (Lj)pg # 0. Thus it follows from (38)

that
2'”

Z 6“;—=; (L,u,)kqa
k=1

which implies 4, = [, i.e. p € S; due to (Ly)pq # 0.
Therefore we have N (®}') C 5. ]

Proposition 7. Denote Ri = {q|Col,(L;) = 6k.},k =

1,2,---,2" Then the following statements hold:
(i) for any R}, there exists a { such that R} C ®

NU(Ry) C N (@)
(if)

m sl 7mJuq
2mGh, = 2melne =

and
k

= Ur.. N(@)= JN(RD, (39)
keG} keG!
where G} = {k| Ri C ®i} for any .
Proof. (i) For any ¢ € Ri, we have Col,(L;) = 65..

From (38), it follows that dst = (5%2 Set & = iy, then
= &, which implies ¢ € P, - Therefore, R C P, and

consequently NiU(RY) C Ni(flﬂp)
(ii) Since {Ri}?_, and {®}}% | are two vertex partitions
of A, from (i) and Proposition 5, Eq. (39) is derived. O

From the above contents, we know that it is only needed
to search PEVP from the vertex partition {®{}7 . We
illustrate this procedure using the example as follows.

Example 2. Reconsider the system (31), we have

Ry ={2,3,4,5,6,7}, Ry ={1,8}, (40)
R} =1{2,4,5,7}, R}=1{1,3,6,8}, (41)
R} =1{1,3,5,7}, R2=1{2,4,6,8}, (42)

where all the other sets in {R}}?_; and {R?}_, are (). By
(40) and Proposition 4, we have h =2 and 7o = 1, then
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s > n—rg = 2. If the system is decomposable with respect
to outputs, then s must be 2. In the following, we try
to explore whether there exists an equal vertex partition
{81}, (|Si| = 2) satisfying the conditions of Theorem 2.
By (ii) of Theorem 2 and (40), we can let S = {1,8} C R»
and Sz, 53,54 C R;. From (41) and (42), it follows that

Sy C Ry, S; C RIURZ.
Since there exists ai such that S; C fIDfli, by (39), we let

1

@} =R}, @} =RIUR:.
Since {4,5} = N2(®?) C ®2, we let Sy = {4,5}. Thus by
(41) and Theorem 3, we can directly let S5 = {2,7}, Sy =
{3,6}. Then the equal vertex partition {S;}}_, is obtained,
which is a PEVP for both G; and Gs, corresponding to
L; and Ly respectively. Moreover, (40) implies that the
vertices in S; have the same output. Then, the system is
decomposable with respect to outputs. In the future work,

we will address the Kalman decomposition without the
regularity assumptions.

6. CONCLUSIONS

We have investigated the decomposition with respect to
outputs for BCNs, which is a generalization of the observ-
ability decomposition of the traditional linear control the-
ory. Our analysis relies on some equivalent algebraic and
graphical conditions of the decomposability with respect to
outputs. It has been revealed that a BCN is decomposable
with respect to outputs if and only if it has an equal vertex
partition satisfying some conditions. The main advantage
of our results lie in that no any regularity assumption is
used and a constructive approach is provided.
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