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Abstract:

The state estimation problem, here investigated, regards a class of nonlinear stochastic systems,
characterized by having the state model described through stochastic differential equations
meanwhile the measurements are sampled in discrete times. This kind of model (continuous-
discrete system) is widely used in different frameworks (i.e. tracking, finance and systems
biology). The proposed methodology is based on a proper discretization of the stochastic
nonlinear system, achieved by means of a Carleman linearization approach. The result is a
bilinear discrete-time system (i.e. linear drift and multiplicative noise), to which the Kalman
Filter equations (or the Extended Kalman Filter equations in case of nonlinear measurements)
can be applied. Because the approximation scheme is parameterized by a couple of indexes,
related to the degree of approximation with respect to the deterministic and the stochastic terms,
in the numerical simulations, different approximation orders have been used in comparison with
standard methodologies. The obtained results encourage the use of the proposed approach.
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1. INTRODUCTION

Consider the following stochastic nonlinear differential
system endowed with sampled measurements,

doy = f(x)dt + > FdWi,, t>0

i=1
Yin = h(zia) + GN;, 1=0,1,...

where x; € R™ is the state vector, y,o € R%i =
0,1,... are the sampled measurements at time ¢t = iA,
Wi+ € R are a set of pairwise independent standard
Wiener processes with respect to a family of increasing
o-algebras {F;, t > 0}, N; € R%s = 0,1,... is a
sequence of zero-mean independent random vectors, with
identity covariance matrix, independent of the state noise.
f:R®” - R™ and h : R® — R? are analytical nonlinear
maps. The initial state ©g = & is an JFy-measurable
random vector, independent of both W; and N;. In order to
avoid singular filtering problems, see Bucy and Jonckheere
[1989], the standard assumption rank(GGT) = ¢ is used.

(1)

A continuous-discrete modeling approach is necessary in
many realistic frameworks where the model under investi-
gation is required to satisfy the underlying physics of a dy-
namical system whilst measurements are constrained to be
discrete. Filtering problems in such a continuous-discrete
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domain occur in a wide range of frameworks, including
tracking [Teixeira et al., 2008], finance [Oksendal, 2003]
and systems biology [Hartmann et al., 2012].

It is well known that the solution to the optimal filtering
problem (in terms of the minimum variance estimate)
is a difficult infinite-dimensional problem for nonlinear
systems and, in general cases, it does not admit an imple-
mentable solution (see, e.g. Liptser and Shiryayev [1977]).
Only in few cases does the optimal filter have a finite
dimension (see Wong and Yau [1999] Basin and Calderon-
Alvarez [2009]). One way to approach nonlinear filtering
problems, in the general cases, is to approximate the orig-
inal system by means of a simpler mathematical structure
for which finite-dimensional, implementable state estimate
algorithms are available. This is the case, for instance, of
the Extended Kalman Filter (EKF), that makes use of
the linearization of the original nonlinear system, or of the
more recent polynomial extensions of the EKF, that suit-
ably exploit higher order degree Carleman approximation
(see, e.g. Germani et al. [2005, 2007] for both the discrete
and continuous frameworks).

For the continuous-discrete scenario here considered, the
EKF-based algorithms available in the literature (see, e.g.
Jazwinski [1970], or the more recent Hartmann et al.
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[2012], Jorgensen et al. [2007]) make use of the free evolu-
tion of the system (the mean value differential system):

&y = f(Z4), Ti—ka = Tk (2)
to compute the state prediction &) at the endpoint
of the time interval between a couple of consecutive
measurements [kA, (k + 1)A), starting from the estimate
Ty |k, whilst the one-step prediction error covariance matrix
Pyt1)x is computed at the endpoint of the same interval
as the evolution of the continuous-time Riccati equation

+ZFFT (3)

starting from P;—xa equal to the error covariance matrix,
with matrix A(t) given by the Jacobian matrix of f()
computed in Z;. Then the state estimate equations are
updated (as well as the error covariance matrix and the
Kalman gain) according to the optimal linear filter equa-
tions applied to the first-order approximation of the sys-
tem equations. This note proposes the use of the polyno-
mial Carleman approximation scheme (see, e.g., Kowalski
and Steeb [1991]) to compute a discrete-time approxima-
tion of the continuous-time stochastic nonlinear system,
with the aim to achieve a more accurate prediction step
in the filtering algorithm. Indeed, it has been shown that,
in a deterministic framework, the Carleman linearization
technique provides the embedding of the original nonlinear
system into an infinite-dimensional linear system, whose
discretization can be achieved and easily implemented with
a finer and finer degree of precision, Cacace et al. [2011].
The same idea is applied to the stochastic case here investi-
gated, providing a discrete-time bilinear system, i.e. linear
drift and multiplicative noise, whose system matrices will
be properly exploited to build up the filter equations (the
prediction step, actually).

Pt:A( )Pt+Pt

The same continuous-discrete filtering problem has been
recently addressed by the same authors, according to a
different mixed observer-filter algorithm, Cacace et al.
[2013a], in the spirit of the application of high-gain ob-
servers in the stochastic context, see e.g. Ahrens and Khalil
[2009], Andrieu et al. [2009], Boizot et al. [2010], Sanfelice
and Praly [2012], Cacace et al. [2013D].

2. THE CARLEMAN-BASED DISCRETIZATION

The filtering algorithm is based on the discretization of
the nonlinear stochastic differential system (1), providing
a discrete-time stochastic system whose state evolves ac-
cording to the measurements sampling times. To this aim,
consider the time interval [kA, (k + 1)A), where A is the
measurement sampling interval. In the followmg X (k) de-
notes the discrete state resembhng zra and ¢F 1 [KA, (k+
1)A) — R" is defined as ¢f = x, — X (k). Since the rest
of the Section is devote to achieve the update equation for
X (k+1) within the sampling interval under investigation,
in order to simplify the notation we drop the superscript

kin ¢F.

According to the Taylor expansion of the nonlinear func-
tion f(-) around X (k), it is:

=Y el
§=0

Pat+> Fawi,  (4)

=1

des = dxy

with 4
v f(x)

ol(k) = i

e Rnan (5)
=X (k)
where the square brackets in ¢l are used for the Kronecker
power of vector ¢ (that is =92 @, repeated i
times) and V, ® ¢(x) provides the Jacobian of any vector
function ¢(x) (see Germani et al. [2007] and references
therein for more details). Notice that ®j(k) = f(X(k)),

®1(k) is the Jacobian of f computed in X (k).

According to the spirit of the Carleman approximation we
aim to embed the nonlinear stochastic differential system
of ¢, evolving in the sampling interval [kA, (k+1)A), into
a stochastic infinite-dimensional linear system. To this aim

we require to compute the differentials of ¢£h], h > 1, that
is, according to the Ito formula and to (4):

d( YL]) - (v ® ¢£’”> i ! (k) dt
j=0

N % (v[z] ® ¢Lh]) Fodt + (V ® ¢£h]) Z FidWi,

i=1
(6)
where .
Fy = Z Fi[2] c anxl (7)
i=1
with F; denoting the i-th column of matrix F', and

vad vl (Led ), urer
Dol = O (Lewof ™), O er"

see Germani et al. [2007] for more details on the explicit
computation of matrices U/ and O”.

(8)

Thus, by suitably exploiting (8) we have:
a (o) =S vk (T o) (@) @ 1) at
3=0
1 _
+ 508 (oo ™) (Re1)d 9)

+ Z vh (ool (Fe
=1

According to the following property of the Kronecker
product

1)dW;

(A®B)- (C@D)=(A-C)®(B-D) (10)
that holds true for suitably dimensioned matrices A, B,
C, D, the following simplifications can apply

U (T o™ ((é;(k)a;“])@l)
= Ul (@} (k)¢ )®¢>“L_”)
7Uh( ) (Inh lgb[h 1))
= UM (@1 (k) @ Ln-1) o7 71

A/.\

n

(11)
Ol (1,2 06" ) (Fy 1) = 0% (Fy 0}/
—on ((Fo 1) ® (Iy-2¢""? )) (12)
= Ol (Fo @ Ly 2) ¢"
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vt (Loeol ™) (Fen =0l (Feo)

:U[;((E 1)@ (L' 1)) (13)

= Un (Fi @ L) éf' "
so that the differentials in (6)-(9) can be written, in a
unified fashion for h =1,2,.. .

a (o) = ZUh ! (k) @ Lnor) gVt

1 _
+ 505; (Fo ® L) ¢\ 2dt
° h—1
+2ﬁ%@®hm)£]mw (14)
= >[4 Jnoldt + [Ly)ndt
l=h—1
30 ((Bdnacdl ™+ (7 )i
=1
with
1
5OQ(FO@J”H), l=h-2>1
Adm =S @1, ()@ L), 1>h—1 (15
0, otherwise
o) (k), for h=1
1
[Li]n = 503110, for h =2 (16)
0, otherwise
[Bilnh-1 =UMF; @ Ln), h>1 (17)
F,, h=1
7iln = { 0, otherwise (18)

In order to write the infinite dimensional Carleman em-
bedding (4)-(9) in the interval ¢t € [kA,(k + 1)A)
in a more compact form, define the extended state
_[yr g 7
_|:¢ta¢t 7:| 9

stochastic differential system:

evolving according to the following

S
AV, = ApWydt + Lidt + Y (B¥, + Gi) dW, 19)
i=1
Ui—pa =0
where the infinite dimensional matrices L, Ay, B; and F;
have the block-structure

[Li)1]

[Ar]i2 [Ax]1s -
[Li]2 [Akl21 [Ak]22 [Ak23 -
0 [Ar]s1 [Ak]s2 [Aklss -
Ly=1| 0 |, A= 0 [Akla2 [Ak)a2
0 0 0 [Aglss
[]-'4]1: 0 0. 0 G
K B 0 0
F= Y1 B= 0 Bils 0 ;
0 0 0 [Bilas

with 0 denoting null matrices of suitable size .

The integral equation associated to (19) is given by:

t

\I/t:/ €Ak
kA
+Z/ M (B, + G) dW ;.

Since ¢; = x; — X(k) we can use only the first n
components of vector ¥; to compute the update X (k+1) =

(tiT)Lde
(o1)

T(p+1)a- Indeed, it is ¢y = LYy, with £ = [I, 052 -+ -],
therefore, from (21):
X(k+1)=X(k)+ U + V. (22)

with

(E+1)A
U, = / LA BADA=T) [ dr = / LA+ L,.do

[ = e
i=1

(23)

and

5 p(k+1)A
Ve = /

LeAHEHDA=T) (Bw 4 G;) dW,

(24)

Remark 1. Notice that the computation for the deter-
ministic drift Uy can be done in a finer and finer way,
according to the degree of tolerance required. Indeed, each
term of the infinite sum in (23) is a finite dimensional
matrix coming by suitably combining infinite-dimensional
matrices (see Cacace et al. [2011] for more details). On the
other hand, the stochastic term Vy, is a multiplicative noise,
since the components of W, are involved in the stochastic
integral. In presence of a complete statistical characteri-
zation of the stochastic driving term Vi, by taking into
account all the infinite terms for the computation of Uy
we would have an exact discretization if starting from
X(k‘) = TkA-

As far as the sequence Vi, k= 0,1, ..., it is easy to verify
that it is a sequence of zero-mean uncorrelated random
vectors, that is E [VkVﬂ =0,k +#j.

Lemma 2. Define = = E [Vng] the covariance matrix of
the random sequence Vi in (22). Then it is:

s (k+1)A
=3
i=17kA

)CeAk((kle)Af‘r)

(25)
. Qi (777'7 mT>€AZ((k+1)A_T)LTdT
where
Qi (777'7 mT) =E |:(B7,‘I’T + ]:z) (Bi\I/T + ]_-l)Tj| (26)
= Bim. B} + (B, + F) (Binr + ]:i)T
with
m=E¥]
(27)

my = Cov(¥;) = E {(\I’t — 1) (U — Wt)T}

mean value and covariance matrix of U,.

Proof Eq.(25) is a straightforward consequence of the Ito
isometry, since:
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/(k+1)A/(k+1
1= 1] 1 kA kA

LA 0T (B 4 F) (B, + F)

[1]
e

AR (D) A=T) £ T gy, deﬂ]

5 p(k+1)A
2.

EI{(Bi\I/T + F) (B, + F) | e

LA (k+1)A=T)

A;‘:((k+1)A7-r)£Td,r

(28)
and
E[(Biv, + F)(BiY. + F)" |
=E[(Bi(¥r =) + Bin: + Fi) (29)
- (Bi(¥r = nr) + Bin- + fi)T} = Qi(n:,m-)
O

Unfortunately, Lemma 2 is of poor practical use, since
the exact computation of Zj (an n X n finite-dimensional
matrix) passes through the computation of a pair of
infinite-dimensional objects like 7, and my. Therefore, in
order to provide a finite-dimensional approximation of
both 7; and m;, the p-degree Carleman approximation
of W, will be considered, by taking into account the
differentials d( l[th]) for h < p and trivially neglecting in
the right-hand-side of in (14) the higher-than-y Kronecker
powers of ¢;. This way, by denoting \Il? * the p-degree
Carleman approximation of qbl[th], the infinite-dimensional
equation (19) may be replaced by the finite-dimensional

equation for WY = [(} )T, (U)T,.., (Wf)T

AU} = AQWdt + Liydt + Y (BAW) + FI') dW;,  (30)
i=1

where Li/, F!' (and A}, BY) are provided by the first p

blocks (the first p row-blocks and column-blocks) in (20).

The integral equation associated to (30) is:

t
k= / e Lh gy
kA

(31)
+Z/ AT (BEWE 4+ FIY) AW
according to which:
t
= E[U}] = / A=) Lk g (32)
kA
and
m}y =Cov(¥}) = //ektT1
(B, + T ) (Bf‘lf‘é +F)"
(33)

e AW, AW,

_Z/ AL Q, ( mb )T ar
kA

From an implementing point of view it is useful to achieve
the differential equations associated to (32)-(33) for ¢ €
kA, (k+ 1)A):

t
ny =Ly, + /kA AZ@A;:(IL’_T)L’,:CZT = Alni' + LY,

(34)
Nen =0.
and
mt - Z Q nt 7mt
+Z AﬁeAW‘T)Qi(n&mﬁ)eAgT“_”dT
’ (35)

A=) Q, (e, ) AT (=7 AT

+Z/

:ZQZ ntvmt)+AZ

i=1

T
ARl 0,

In summary, the Carleman-based discretization of the
nonlinear continuous time system (1) is formally provided
by:

X8 (k+1) = XPE (k) +US + VI (36)
where the integer & defines the approximation of the
infinite sum in (23):

A’L
Uy, = Z LA Ly

i=1

(37)

and {V/'} is a sequence of zero-mean, uncorrelated random
vectors, with covariance matrix

s a(k+1)A (o)A
=t = Lredi (kD) A—T
=2 /m (38)

- Qi(nt, mﬁ)eAZT((kH)A—T)EquT
and LM = [I,

On><n2 e Onxn“]~

3. THE FILTERING ALGORITHM

The state estimates at the sampling times are achieved
by suitably exploiting the Carleman-based discretization
of the nonlinear stochastic differential system (36). Notice
that the Carleman approach provides a bilinear discrete-
time system (i.e. linear drift and multiplicative noise), the
only nonlinearity relying in the output equation. Below
follow the steps of the filtering algorithm.

Initialization at k = 0. We set the initial conditions for the
(a priori) prediction 2|y and for the (a priori) one-step
prediction covariance matrix Pyjq.

Steps of the filtering algorithm.

e Update: In the update phase, the current a priori
prediction is combined with current observation in-
formation to refine the state estimate. This improved
estimate is termed the a posteriori state estimate.
(1) Innovation or measurement residual:

e = Yra — M Zpp—1)
(2) Innovation covariance:
Sk; = HkPk|k71HIZ—‘ + GGT
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with the observation matrix defined by the fol-
lowing Jacobian

o, = 2
T ox

Trik—1

(39)

(3) Kalman gain:
Ky = Py HE S;
(4) Updated state estimate:
Trik = Trph—1 + Kirra
(5) Updated covariance estimate:
Py = (In — K Hy) Pyje—1
e Prediction: The prediction phase suitably exploits the
stochastic discretization (36) achieved by means the
Carleman approximation scheme around X*¢(k) =
(1) Compute Ll,f according to a chosen degree of
precision £, by means of (37)
(2) Compute Z} according to the chosen degree 1 of
the Carleman approximation, by means of (38)
and (34)-(35)
(3) Predicted state estimate:
Tk = Tppp + U
(4) Predicted covariance estimate:
Pyy1jk = P + 25
Remark 3. Notice that the computation of =)/ requires the
computation of the s integrals in (38), that is achieved by

means of the numerical solutions of 7' and m}’ provided

by (32)-(33).
4. SIMULATION

Numerical simulation results are here reported in order
to show the effectiveness of the proposed algorithm. The
example is taken from the systems biology framework,
where the problem to infer information from discrete
sampled measurements is particularly recurring.

The continuous-time model considered is the one that
describes the HIV dynamics (see Phillips [1996]), already
adopted to evaluate state estimation algorithms in the
recent past (see Cacace et al. [2013a,b]), whose equations
are presented below:
dryy = (s — diz1e — Bryewse)dt + f1dWh
dxoy = (Bxirxsr — doxor)dt + fodWa,
dasy = (prop — cas)dt + fsdWs,
Yin = T1ia + T2a + GN;
where x14, Tos, x3; are the target cells, infected cells and
serum viral concentrations, respectively and the output
represents the sum of the total cells presented in the blood
(y = o1 + x2).

(40)

Notice that in the physical system all state variables are
bounded and positive, thus the noise amplitude F' =
diag(f1, f2, f3) must be small enough to satisfy this con-
straint, as it actually happens in the simulations, which
have been performed in the time interval of [0,100] min-
utes.

Regarding the parameters, s is the rate of the constant
influx of target cells, d; the target cell loss, § the target
cells infection, dy the target cells infection loss, p the viral

Table 1. Parameters

S d1 B da P c

1-102 1-107% 13.-100% 1 1-10% 3

production and ¢ the viral clearance and were set at the
values presented in Table 1 (see Phillips [1996]).

To effectively evaluate the performance of the proposed
algorithm, we have chosen different values for the mea-
surement noise G in the range of 10 — 100 and the state
noise F' = n * diag(50,1,1) with n = 1,2. Two classes of
simulations have been considered, according to a couple of
different measurement sampling time: A = 0.5 and A = 1.

For each set of noise parameters, one hundred random
realizations were run and the performance was evaluated
by using the Mean Square Error (MSE) for each of the
state component z;, j =1,2,3:

N M
1 1 -
MSE; = ﬁZM};V(IM — & pk)? (41)

v=1

where ;) is the real value of component z; at time
t = kA, xj ) is the estimated value of component Xj,
N = 100 number of realizations and M the number of
measurements samples.

As far as the indexes of the approximation scheme, ¢ has
been fixed equal to 10 for all the simulations. On the other
hand, the filtering algorithm has been tested for ;4 = 2 and
=3 (2-EKF and 3-EKF for short). The comparison with
the standard Extended Kalman Filter (EKF) algorithm
(see the Introduction Section or Jazwinski [1970] for more
details) shows the very good results of the proposed
filtering scheme.

In Table 2 and 3, some numerical results for different types
of noises are presented. In particular in Table 2 it can be
noted that the EKF algorithm works better than the 2-
EKF, regards to xo and z3, reasonably due to the very
small noises; however, if we increase the order of index p,
the 3-EKF definitely improves the EKF performances. By
increasing the noise statistics, Table 3, it clearly appears
that even also the 2-EKF improves the EKF estimates.

Finally, in Figure 1 it is presented the evolution of the
concentration of healthy cells (1) and the corresponding
estimates of 2-EKF and EKF algorithms. Notice that in
the figure the simulation time has been reduced to allow
to distinguish the different curves.

Table 2. Numerical results: MSE

G =10 F =1 xdiag(50,1,1)
A =05 A=1
1 ) x3 1 T2 xr3
2-EKF  11.1 6.4 213 134 74 246
3-EKF  10.5 5.6 185 12.2 6.1 201
EKF 22.0 6.2 197 232 7.2 234
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5. CONCLUDING REMARKS

In summary, the algorithm here proposed has involved
two different and sequential tasks: the discretization of
stochastic nonlinear systems and the state estimate.

Regarding the first argument, in a deterministic fram-
work, the Carleman linearization technique provides the
embedding of the original nonlinear system into an infinite-
dimensional linear system. In the stocastic case, the result
is a bilinear discrete-time system composed by a linear
drift and a multiplicative noise.

The proposed algorithm is able to give a statistical charac-
terization of the stochastic term. Increasing the order p of
the Carleman approximation, the estimate of the discrete-
time state covariance matrix becomes more and more accu-
rate. In presence of a complete statistical characterization
of Vi, by taking into account all the infinite terms for the
computation of U we would have an exact discretization
of the original system, if starting from X (k) = zga.

The bilinear fashion of the obtained discrete-time system
motivates the use of the optimal linear filter for bilinear
systems, that requires the knowledge of the second order
state noise statistics. Further improvements will be based
on the application a higher order polynomial filter (see
Carravetta et al. [1996]).
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