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Abstract: The simple multi-period repetitive control system proposed by Yamada and
Takenaga is a type of servomechanism for a periodic reference input. That is, the simple
multi-period repetitive control system follows the periodic reference input with a small steady
state error, even if a periodic disturbance or uncertainty exists in the plant. In addition,
simple multi-period repetitive control systems ensure that the transfer functions from the
periodic reference input to the output and from the disturbance to the output have a finite
number of poles. Yamada et al. clarified the parameterization of all stabilizing simple multi-
period repetitive controllers. Recently, Sakanushi et al. proposed the parameterization of all
robust stabilizing simple multi-period repetitive controllers for multiple-input/multiple-output
plants with uncertainty. However, their method cannot be applied to time-delay plants. In this
paper, we propose the parameterization of all robust stabilizing simple multi-period repetitive
controllers for multiple-input/multiple-output time-delay plants.
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1. INTRODUCTION

Multi-period repetitive controllers improve the distur-
bance attenuation characteristics of the modified repet-
itive control system that follows the periodic reference
input with a small steady state error (Gotou et al., 1987;
Okuyama et al., 2002; Yamada et al., 2003). Yamada et al.
point out that the disturbance attenuation characteristic
for frequency component, which is same as that of the
periodic reference input, of multi-period repetitive control
systems are not very good and propose a design method
for multi-period repetitive controllers to attenuate wide-
frequency disturbance which is the same as the frequency
of periodic reference input based on the idea of changing
time-delay (Yamada et al., 2003).

Using the multi-period repetitive controllers in Gotou
et al. (1987); Okuyama et al. (2002); Yamada et al. (2003),
even if the plant does not include time delays, transfer
functions from the periodic reference input to the out-
put and from the disturbance to the output have infinite
numbers of poles. This makes it difficult to specify the
input—output characteristic and the disturbance attenu-
ation characteristic. However, from a practical point of
view, it is desirable that these characteristics be easy to
specify, which would require these transfer functions to
have finite numbers of poles. To overcome this problem,
Yamada and Takenaga propose simple multi-period repet-
itive control systems in which the controller works as a
multi-period repetitive controller and the transfer func-
tions from the periodic reference input to the output and
from the disturbance to the output have finite numbers
of poles (Yamada and Takenaga, 2008). In addition, they
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clarify the parameterization of all stabilizing simple multi-
period repetitive controllers.

When we apply simple multi-period repetitive control de-
sign methods to real systems, the influence of uncertainties
in the plant must be considered. In some cases, uncer-
tainties in the plant make the control system unstable,
even though the controller was designed to stabilize the
nominal plant. The stability problem with uncertainty is
known as the robust stability problem (Doyle et al., 1989).
Yamada et al. propose the parameterization of all robust
stabilizing simple multi-period repetitive controllers for
plants with uncertainties (Yamada et al., 2008). How-
ever, because the method in Yamada et al. (2008) uses
the characteristics of single-input/single-output systems,
this method cannot be applied to multiple-input/multiple-
output plants. To solve this problem, Sakanushi et al.
examine the parameterization for multiple-input/multiple-
output plants (Sakanushi et al., 2012). Many real plants
have multiple-input and multiple-output, and include un-
certainties and time-delays. In addition, the parameter-
ization is useful to design stabilizing controllers (Youla
et al., 1976; Kucera, 1979; Glaria and Goodwin, 1994;
Vidyasagar, 1985). Therefore, the problem of obtaining
the parameterization of all robust stabilizing simple multi-
period repetitive controllers for multiple-input/multiple-
output time-delay plants is important.

In this paper, we propose the parameterization of all ro-
bust stabilizing simple multi-period repetitive controllers
for multiple-input/multiple-output time-delay plants such
that the controller works as a robust stabilizing multi-
period repetitive controller for time-delay plants and
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transfer functions from the periodic reference input to the
output and from the disturbance to the output have finite
numbers of poles when the uncettainty does not exist.

Notation
R the set of real numbers.
R(s) the set of real rational functions with s.

RH, the set of stable proper real rational func-
tions.

H, the set of stable causal functions.

D+ orthogonal complement of D, i.e.,
[D Dl] or [DDL] is unitary.

AT transpose of A.

Af pseudo inverse of A.

p

) spectral radius of {-}.

) largest singular value of {-}.

H, norm of {-}

{} the Laplace transformation of {-}.

- the inverse Laplace transformation of {-}.

é g] represents the state space description
C(sI —A)~'B+D.

2. PROBLEM FORMULATION

Consider the unity feedback control system given by

y = G(s)e *tu+d
{u —C()r-y) 1)

where G(s)e™*F is the multiple-input/multiple-output
time-delay plant, L > 0 is the time-delay, G(s) € R™*P(s)
is assumed to be stabilizable and detectable. C(s) is the
multi-period repetitive controller with m-th input and p-th
output defined later, u € RP is the control input, d € R™
is the disturbance, y € R™ is the output and r € R™ is
the periodic reference input with period 7' > 0 satisfying

r(t+T) =rt) (Vt>0). 2)

It is assumed that m < p and rank G(s) = m. The nominal
plant of G(s)e™*l is denoted by G,,(s)e”*Em, where
Gn(s) € R™*P(s). Both G(s) and G,,(s) are assumed to
have no zero or pole on the imaginary axis (Doyle et al.,
1989). In addition, it is assumed that the number of poles
of G(s) in the closed right half plane is equal to that of
G (s) (Doyle et al., 1989). The relation between the plant
G(s)e *L and the nominal plant G,,(s)e™*Fm is written as

G(s)e *E = (e7*Im I + A(5))G(s), (3)
where A(s) is an uncertainty. The set of A(s) is all
functions satisfying

d{A(w)} < [Wr(jw)| (Vw € Ry), (4)
where Wr(s) is a stable rational function.

The robust stability condition for the plant with uncer-
tainty A(s) satisfying (4) is given by

IT(s)Wr(s)ll
where T'(s) is given by

<1, (5)

T(s) = T Guls)e O (s). (6)

According to Gotou et al. (1987); Okuyama et al. (2002);
Yamada et al. (2003), the general form of multi-period
repetitive controller C(s) which makes the output y to
follow the periodic reference input r with period T in (1)
with small steady state error, is written in the form

(I+Gp(s)e *tmC(s))

N N -1
C(s)=Co(s) + Z Ci(s)e_STi (I — Z qi(s)e_STi> (

0 €
(i =
N),

7)

where N is an arbitrary positive integer, T; >
R(i=1,...,N), Co(s) € RP*™(s), C;(s) € RP*™(s)
1,...,N) satisfying rank C;(s) = m@E = 1,..

qi(s) € Rmx’”(s)(i = 1,...,N) are low-pass filters
satisfying Z ~,¢(0) = I. In the following, e=*7i(I —

Zf\; ¢i(s)e=*T:)~1 defines the internal model for the pe-
riodic signal with period 7. According to Gotou et al.
(1987); Okuyama et al. (2002); Yamada et al. (2003), if

the low-pass filters ¢;(s)(: = 1,..., N) satisfy
N
O{I—Zqi(jwk)} ~0 (k=0,...,Nnaz), (8)
i=1

where wi(k = 0,..., Njae) are frequency components of
the periodic reference input r written by

2
wp="5k (k=0 Nma), (9)

and wy,, . is the maximum frequency component of the
periodic reference input r, then the output y in (1) follows
the periodic reference input r with small steady state error.

Using the multi-period repetitive controller C'(s) in (7),
transfer functions from the periodic reference input r to
the output y and from the disturbance d to the output y
in (1), respectively, are written as

-1

y= (I + G(s)efSLC(s))

N
— (eI T 4+ A(5))Goml(5) {C’O(s) + Z (Ci(s) — Col(s)
)

G(s)e *LC(s)r
q:(s)) *ST’"} [I—i— (e*SL""I +A(s)) G
N
Z [{I+ (e7Lm T+ A(5)) G (5)Co(s) } qi(s)
=1

(e T b A)Gon(8)Cils)] e

and

(10)

= (I+G( Je *LC(s)) T d

( Z% _9T> [I+ (e %I + A(s)) Gl(s)

N
S TH{I A+ (e T+ A(5)) G (5)Co(3) } ai(s)

—(e T + A(5)) G (5)Ci(s)] e T1] ' d. (11)

Generally, transfer functions from the periodic reference
input r to the output y in (10) and from the disturbance
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d to the output y in (11) have infinite numbers of poles,
even if A(s) = 0. In this situation, it is difficult to specify
the input-output characteristic and the disturbance atten-
uation characteristic. From the practical point of view, it
is desirable that the input-output characteristic and the
disturbance attenuation characteristic are easily specified.
To do this, it is desirable for transfer functions from the
periodic reference input r to the output y and from the
disturbance d to the output y to have finite numbers of
poles.

From above practical requirement, we define a robust
stabilizing simple multi-period repetitive controller for
multiple-input /multiple-output time-delay plants as Def-
inition 1 and clarify the parameterization of all robust
stabilizing simple multi-period repetitive controllers for
multiple-input /multiple-output time-delay plants.

Definition 1. (robust stabilizing simple multi-period repet-
itive controller for multiple-input/multiple-output time-
delay plants.)

We call the controller C(s) a “robust stabilizing simple

multi-period repetitive controller for multiple-input/multiple-

output time-delay plants”, if following expressions hold

true:

(1) The controller C(s) works as a modified repetitive
controller. That is, the controller C(s) is described
by (7).

(2) When A(s) = 0, the controller C(s) makes transfer
functions from the periodic reference input r to the
output y in (1) and from the disturbance d to the
output y in (1) have finite numbers of poles.

(3) The controller C(s) satisfies the robust stability con-
dition in (5).

3. THE PARAMETERIZATION

In this section, we clarify the parameterization of all robust
stabilizing simple multi-period repetitive controllers for
multiple-input/multiple-output time-delay plants defined
in Definition 1.

In order to obtain the parameterization of all robust
stabilizing simple multi-period repetitive controllers, we
must see that controllers C(s) ensure that (5) holds.
The problem of obtaining the controller C(s), which is
not necessarily a simple multi-period repetitive controller,
satisfying (5) is equivalent to the following H., control
problem. In order to obtain the controller C(s) satisfying
(5), we consider the control system shown in Fig. 1. P(s)

w z

Y

u

Fig. 1. Block diagram of H, control problem

is selected such that the transfer function from w to z in
Fig. 1 is equal to T'(s)Wr(s). The state space description
of P(s) is, in general,

z(t) = Axz(t) +Biw(t) +Bou(t — L)
{ z(t) = Crz(t) +Dau(t) . (12)
y(t) = Cgic(t) +D21’U.)(t)

where A € R"*", By € R"*™, By € R"*P (C; € R™*",
Cy € Rmxn, Dy € RmXp, Dy € Rmxm7 :c(t) € R",
w(t) € R™, z(t) € R™, u(t) € RP and y(t) € R™. P(s)
is called the generalized plant. P(s) is assumed to satisfy
following assumptions:

(1) (Cq, A) is detectable, (A, Bg) is stabilizable.
(2) Dj2 has full column rank, and Ds; has full row rank.
A—jwl B
(3) rank [ ” Dlj —ntp (YweR.),
A—jwl B
rank [ 0‘27 D211:| =n+m (Vwe Ry).

(4) C1A'By =0 (i=0,1,2,...).

Under these assumptions, from Abe and Kojima (2007),
following lemma holds true.

Lemma 1. There exists an Ho, controller C(s) for the
generalized plant P(s) in (12) if and only if there exists an
H, controller C(s) for the generalized plant P(s) written
by

q(t) = Aq(t) +Biw(t) +Bou(t)
Z(t) = Ciq(t) +Dpu(t) , (13)
§(t) = Caq(t) +Daw(t)

where By = e~ 4Lm By, When u(s) = C(s)y(s) is an Hoo
control input for the generalized plant P(s) in (13),

u(t)=L7H{C(s)5(s)} (14)
is an H, control input for the generalized plant P(s) in
(12), where

0
g(s) =L y(t) + Cq / e*A(T+L"")Bgu(t + 7)dT
_Lm,
(15)

From Lemma 1 and Doyle et al. (1989), the following
lemma holds true.

Lemma 2. If controllers satisfying (5) exist, both
. _ T
X (A= BoDlyCr) + (A- BoD,Cr) X

X {BlBlT — By (D,Dyy) " Bg“} X

T

+ (Di3C1)" D130y =0 (16)

and
T

Y (A= BiDL,Cy) + (A= BiDLCy) Y

+Y {C’chl —cf (DyDL) ™ 02} Y

+B,Dg; (BiDg)" =0 (17)
have solutions X > 0 and Y > 0 such that

p(XY) <1 (18)

and both
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~ ~ _1 ~
A= BoDl,Cy+ {BiBT = By (DIyDiz) ' B} X (19)
and
A= BiD}Cy + Y {CTCr = Cf (DuDR) ™ G2} (20)
have no eigenvalue in the closed right half plane. Using

X and Y, the parameterization of all controllers satisfying
(5) is given by

C(s) =C11(8) + C1a(5)Q(8)(I — Caa(5)Q(s)) ' Ca1(s),
(21)
where
AC BCl Bc2
Cr1(s) Crz(s)
anes)- g @

Ac=A+BBTX — By (DIQCl + B BT X)
—(I-yXx)" (BID;1 + YCQTE;)
(Co+ DB X),

Ba=(1-YX)" (BiD} +YCIER!)

Bu=(-YX)" (32 +YC! D12> B

Co =—-DI,C, — ER'BY X,
Cuo=—Ey""? (C2 + D BT X)

—1/2

D.1 =0, Doa= E1_21/2, Doy = Eyy / » Deaa =0,

E19 = D{,D19, E9 = Dy D3,

and Q(s) € HZX™ is any function satisfying ||Q(s)]|,, <1
(Doyle et al., 1989).

Remark 1. C(s) in (21) is written using Linear Frac-
tional Transformation(LFT). Using homogeneous trans-
formation, (21) is rewritten by

Q

(s)
(Z11(5)Q(5) + Z12(s)) (Z21(8)Q(s) + Zaa(s)) ™"

Q) Zaa(s) + Zaa(s))  (Q(8)Z1(s) + Zia(s))

(23)

where Z;;(s)(i = 1,2;5 = 1,2) and Z;;(s)(i = 1,2;5 =
1,2) are defined by
|:le(5) Z12(S)}

Zzl(s) Z22(S)
_ [012(8) - 011(5)02_11 S

—Cxy' (5)Caa(s)

and

{ZH(S) ?12(3)]
Z21(8) Zaa(s)
_ |:021 (S) — 12

—C2(s)Chy (8)

022(8)071 (S)CH (S) 071 (8)011 (S)
12 120;21(5) :|(25)

and satisfying

[222(8) g (8)} [ Z11(s) —le(s)} _7

Zo1(8) Zh1(s) | | —Z21(s) Zaa(s)
Z11(8) —Z12(5) | [ Za2(s) Zaa(s)
{ Z21(8) Z2a(s) } {221(5) 211(5)]' (26)

Using Lemma 1, Lemma 2 and Remark 1, the param-
eterization of all robust stabilizing simple multi-period
repetitive controllers for multiple-input/multiple-output
time-delay plants is given by following theorem.

Theorem 1. If simple multi-period repetitive controllers
satisfying (5) exist, both (16) and (17) have solutions
X > 0and Y > 0 such that (18) holds and both (19) and
(20) have no eigenvalue in the closed right half plane. Using
X and Y, the parameterization of all robust stabilizing
simple multi-period repetitive control laws satisfying (5)
is given by

u(t) =L {C(s)g(s)} (27)
where
0
g(s) =L y(t)+Cy / e~ ATHm) Bou(t 4 7)dr p(28)
—Lym
and
C(s)

= (Zn(:)Q(s > + Z12()) (Z1(5)Q(5) + Zaa(s))
= (Q) Za1(5) + Z2a(s))  (Q()Z11(s) + Z1a(s))
(29)

where Zi;(s)(i = 1,2;j = 1,2) and Zj;(s)(i = 1,2;j =
1,2) are defined by (24) and (25) Cij(s)i=1,2;j=1,2)
are given by (22) and Q(s) € Hf,’oxm is any function
satisfying [|Q(s)]|, < 1 and takes the form

Qs)= (QnO(S) + Z Qni(s)e_STi>
(Qdo - Z Qai(s ‘éTf'f) . (30)

Qni(s) = Gog(8)Qi(s) € RHEX™ (i=1,...

and

,N) (31)

Qui(s) = —G1a(5)G2,(5)Qi(s) € RHIX™
(i=1,....,N). (32

Here, Gln(s) € Rngm, Gld(s) € Rngm, ng(s) S
RHZ*P and Ga4(s) € RHEXP are coprime factors satisfy-
ing
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Z2(s) + Gin(5) Z12(s) = Gin(5)G1y (5) (33)

and

GT,1 (5) (Z21(5) + G (5) Z11(5)) = Gaa(5)Gag (3). (34)

Qno(s) € RHEX™, Qqo(s) € RHZX™ and Qi(s) €
RHEX™ (1 =1,...,N) are any functions satisfying

o {Zzz (Qdo + Zde )
+Z21 (QnO + Zan > } =0, (35>

rank (anj(s) —'CQnO(S)(ng ( )CQdZ( ))
(i=1,. ]V)

. N).

(36)

and rank Q;(s) =m (i =1,...
Proof. First, the necessity is shown. That is, we show
that if the multi-period repetitive controller written by
(7) stabilizes the control system in (1) robustly and makes
transfer functions from the periodic reference input r
to the output y in (10) and from the disturbance d to
the output y in (11) have finite numbers of poles, when
A(s) = 0, then C(s) and Q(s) are written by (29) and
(30), respectively. From Lemma 2, the parameterization of
all robust stabilizing controllers C(s) for G(s) is written
by (29), where Q(s) € HEX™ is any function satisfying
|Q(s)|loo < 1.In order to prove the necessity, we will show
that if the controller C'(s) written by (29) works as a multi-
period repetitive controller, then Q(s) € HEX™ in (29) is
written by (30). Substituting C'(s) in (7) into (29), we have

(30), where
@no(s) = Non(s)Na(s), (37)
Qni(s) =Nin(s) (i=1,...,N), (38)
Qao(s) = Don(s)Da(s)Noa(s)Na(s) (39)
and
Qai(s) = Din(s)Noa(s)Na(s) (i=1,...,N). (40)
Here, No,,(s) € RHEX™, Ny, (s) € RHEX™ (' —1,...,N),

Noa(s) € RHT*™, Ng(s) € RHI*™, DOn( ) € RH*™,
Din(s) € RHZ>™ (i =1,.. .,N), ng(s) € Rmem and
Dy(s) € RHZX*™ are coprime factors satisfying

Z21(5)Co(8) — Z11(s) = Don(s) Dy (s), (41)
(221(5)C1(5) = Za1(5)Col5)as(s) + Zur(9)ai(5)) Doals)

= Din(s)D71(s), (42)

(212(8)*222(8)00(8» Doq(s)Dqa(s) = NOn(S)No_dl(S)
(43)

and

~ (Z22(5)Cu(s) = Zan()Cr(s)a(s) + Zra(s)ai(s) ) Doa(s)

Da(s)Noa(s) = Nin(s)N;(s) (i = L N). (44)
From (37) ~ (40), all of Qno(s) Q ( ) (i=1,...,N),
Qao(s) and Qgi(s) (i = 1,...,N) are included in RH
Thus, we have shown that itC (s) written by (7) stabilizes
the control system in (1) robustly, Q(s) in (29) is written
by (30). Since YV ¢;(0) = I, from (37) ~ (40) and
(26), (35) holds true. In addition, from the assumption

of rank C;(s) =m (i =1,...,N) and from (42) and (44),
rank D (s)=m (i=1,...,N) (45)
and
rank N;p(s)=m (i=1,...,N) (46)

hold true. From (45), (46), (38) and (40), (36) is satisfied.

The rest to prove the necessity is to show that when
A(s) = 0, if C(s) in (7) makes transfer functions from
the periodic reference input r to the output y and from
the disturbance d to the output y have finite numbers of
poles, then Q,;(s) and Qg;(s) are written by (31) and (32),
respectively. From (30), when A(s) = 0, transfer functions
from the periodic reference input r to the output y and
from the disturbance d to the output y are written by

Y = Gryn(s)Gq(s)r (47)

and

Y= Gdyn(s)G;;d(s)d,

respectively, where

(48)

Gryn(s) =Gm(s) {Z1z(S)Qdo( )+ Z11(5)Qno(s Z

(Z12(8)Qui(8) + Z11(8)Qni(s)) e *T¢ }, (49)
Grya(s)
= (Z22(8) +Gml(s )Z12( ) Qao(8)+(Z21(s)+Gm(s)
Z11(5)) Qno(s) + Z{ (Z22(8) + Gm(8)Z12(s)) Qai(s)
+ (Za1(s) + Gm(S)le(S)) Qni(s)}e™*T, (50)
N
Gayn(8) = Z22(5)Qao(s) + Z21(5)Qno(s) + Z (Za22(s)
Qui(s) + Z21(5)Qni(s)) e " (51)
and
Gdyd(s)
= (Z22(8)+Gm(s )Zl2( ) Qao(s)+(Z21(s) +Gm(s)
Z11(8)) Qno(s) + Z{ Z22(8) + Gim(5)Z12(5)) Qai(s)
+(Z21(s) + Gm(S)Zn(S)) Qni(s)}ye ™", (52)

From the assumption that transfer functions from the
periodic reference input r to the output y in (47) and

10094



19th IFAC World Congress
Cape Town, South Africa. August 24-29, 2014

from the disturbance d to the output y in (48) have finite
numbers of poles, (50) and (52),

(Z22(5) + GnL(S)ZlQ(S)) Qdi(s)
+ (Z21(s) + G () Z11(5)) Qui(s) = 0 (53)
holds. Using (33) and (34), this equation is rewritten by

Qai(5) = —G1a(5)Gan(5)G54 (5)Qni(s). (54)
Since Qni(s) € RHEX™ and Qui(s) € RHIZ*™, Qni(s) and
Qai(s) are written by (31) and (32), respectively, where
Qi(s) € RHYX™(i =1,...,N). From (45), (46), (38) and
(40), rank @Q;(s) = m(i = 1,..., N) holds true. We have
thus proved the necessity.

Next, the sufficiency is shown. That is, it is shown that
if C(s) and Q(s) € HEX™ are given by (29) and (30),
respectively, then the controller C(s) is written by the form
in (7), Zfil ¢:(0) = I holds true and transfer functions
from the periodic reference input r to the output y and
from the disturbance d to the output y have finite numbers
of poles. Substituting (30) into (29), we have (7), where,

Co(s), Ci(s)(t = 1,...,N) and ¢(s)(i = 1,...,N) are
written by
Co(s) = (Z11(8)Q@no(8) + Z12(5)Qao(s))
(Z21(5)Qno(s) + Z22(s)Qao(5)) "', (55)
(Qno $)Qu0 (8)Z21(8) + Zaa(s )
(an 3 QnO( )QdO de 5 )
(Z21(5)Quo(5) + Z22(5)Quao(s)) ™"
(i=1,...,N) (56)
and
qi(8) = — (Z21(5)Qni(s) + Z22(5)Qai(s ))
(Z21(8)Qno(s) + Za2(5)Qao(s)) ™"
(i=1,...,N). (57)

We find that if C(s) and Q(s) are given by (29) and (30),
respectively, then the controller C(s) is written by the
form in (7). From rank Q;(s) =m(i =1,...,N) and (56),
rank C;(s) = m(i = 1,...,N) holds true. Substituting
(35) into (57), we have Zil ¢;(0) = I. In addition, from
(31) and (32) and easy manipulation, we can confirm
that when A(s) = 0, transfer functions from the periodic
reference input r to the output y and from the disturbance
d to the output y have finite numbers of poles.

We have thus proved Theorem 1.
4. CONCLUSION

In this paper, we proposed the parameterization of all ro-
bust stabilizing simple multi-period repetitive controllers
for multiple-input/multiple-output time-delay plants such
that the controller works as a robust stabilizing multi-
period repetitive controller for time-delay plants and
transfer functions from the periodic reference input to the
output and from the disturbance to the output have finite

numbers of poles. Since the robust stabilizing simple multi-
period repetitive control system has merit such as the
stability of control system wity uncertainty is guaranteed
and the robust stabilizing simple multi-period repetitive
control system can be easily designed, the practical appli-
cation of the robust stabilizing simple repetitive control is
expected.
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