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Abstract: This paper investigates the adaptive state-feedback stabilization of stochastic
nonholonomic systems which have both uncertain parameters and time-varying coefficients.
The state-scaling and backstepping techniques are exploited in the design of controllers. The
adaptive state-feedback stabilizing controllers and switching control strategy are proposed so
that the closed-loop system can be stabilized in probability. In the end, two simulation examples
are provided to illustrate effectiveness of controllers.
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1. INTRODUCTION

Consider the following stochastic nonholonomic nonlinear
systems described by
dag = do(t)uodt + fo(zo)dt + g4 (z0)dw,
dx; = d; (t)uoxiJrldt + fz (l’o,fi, g)dt
+97 (20,1, 0)dw, i =1,--- ,n — 1,
dz, = dn(t)Udt + fn(an Tn, Q)dt + 95(x07fn7 e)dw

(1.1)

(1.2)

where ug and w € R are control inputs, zg € R and
(1, -+ ,2,)T € R™ are system states, Z; = (21, -+ ,2;)7,
# € R™ is a constant vector of uncertain parameters,
fo(xo) :R — Rand fi(,ro,fi,o) : RiJrlXRm — R, 1 < ) <
n, are smooth functions and nonlinear drifts with f,(0) =0
and £;(0,0,0) = 0, go(zo) : R = R, g;(x0,T;,0) : Rt x
R™ — R", 1 < i < n, are smooth functions with go(0) =0
and ¢;(0,0,0) = 0, d;(t) : Rt - R, 0 < i < n, are
unknown uncertain time-varying control coefficients with
known sign, and w € R" is an r-dimensional independent
standard Wiener process defined on a complete probability
space (Q, F, P) with Q being a sample space, F being a
filtration, and P being a probability measure.

The stabilization of nonholonomic control systems has
achieved remarkable development during the two decades.
After the results in (Arnold, 1988), three methods are
used to stabilization of nonholonomic systems: discontin-
uous time-invariant stabilization(Astolfi, 1996; Ge, 2003),
smooth time-varying stabilization(Jiang, 1996; Tian, 2002;
Hu, 2004), hybrid stabilization(Luo, 2000). Now much
progress has been made in stability of stochastic differ-

Copyright © 2014 IFAC

ential equations(SDE). Especially, when backstepping de-
signs were firstly introduced, stochastic nonlinear control
had experienced a breakthrough(Krstic, 1998; Pan, 1999).
Based on the quartic Lyapunov function, asymptotical
stabilization control in the large of the open-loop system
without any nonholonomic constraint was discussed(Deng,
2001). Further research was developed by the recent work
(Wu, 2007; Tian, 2007).

It is known that stochastic disturbances are frequently
encountered in nonholonomic systems, especially, nonholo-
nomic mobile robots. There were some results which con-
sidered the problem of stabilization for stochastic non-
holonomic systems(Wu, 2012; Gao, 2012). The problem
of stabilization was discussed in (Wang, 2006) with no
drift terms and (Zhao, 2011; Zhang, 2013) in which the
first equation was ordinary differential equation. Y. Liu et
al. studied the output feedback stabilization (Liu, 2011).
Compared with the systems in (Zhang, 2013), there some
new features in this paper: one is that the first equation
contains drifts, the other is the uncertain parameters not
only exist in nonlinear drifts but in the terms before
dw. These new features will lead to difficulty to the de-
sign controllers. Although, we have discussed the similar
problem for simple three order stochastic nonholonomic
in (?), there are many estimation parameters. How to
design adaptive state-feedback stabilizing controllers for
stochastic nonholonomic systems with uncertain parame-
ters and time-varying coefficients simultaneously using less
estimation parameters.
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The purpose of this paper is to design stabilizing con-
trollers for stochastic nonholonomic systems with un-
known parameters and time-varying coefficients. The main
idea of this paper is highlighted as follows:

adaptive state-feedback stabilizing controllers are designed
for stochastic nonholonomic systems with unknown pa-
rameters and time-varying coefficients, simultaneously by
an estimation parameter.

The paper is organized as follows: Section 2 begins with the
mathematical preliminaries. In Sections 3, adaptive state-
feedback backstepping controllers are designed. In Sections
4, a switching control strategy for the original system is
discussed. Finally, two simulation examples are given to
show the effectiveness of controllers in Section 5.

2. PRELIMINARIES

The following notations will be used throughout the paper.
R+ denotes the set of all nonnegative real numbers, R™
denotes the real n-dimensional space. For a given vector
or matrix X, X7 and |X| denote its transpose and the
Euclidean norm, respectively, Tr{X} denotes its trace

when X is square, | X|p = /Tr{XXT}.
Consider the following stochastic nonlinear system

dz = f(t,z)dt + g(t,z)dw, z(0) € R". (2)
Define a differential operator L:

ov 1 0%V
V()= G f(ta) + 5 Te{g" (L) G5t ) (3)
where x € R™ is the state, the Borel measurable functions
fiRT xR®" - R" and g : RT x R® — R®*" are locally
Lipschitz in z, f(¢,0) =0, g(¢,0) =0, and w € R" is an 7-
dimensional independent standard Wiener process defined
on the complete probability space (2, F, P).

The following definitions and lemmas will be used through-
out the paper.
Definition 1. (Deng, 2001). The equilibrium z =
system (2) is
e globally stable in probability if for Ve > 0, there exists a
class K function (-) such that

P{lz(t)] <~(Jzol)} 21 —¢, VE=0, x(0) € R"\{0},
e globally asymptotically stable in probability if it is
globally stable in probability and

P{tlim |z(t)| =0} =1, Vz(0) € R™

0 of

Lemma 2. (Xie, 2009). Considering the stochastic system
(2), if there exist a C? function V (x), class Ko, functions
aq(+) and asa(+), constants ¢; > 0, ca > 0, and a nonnega-
tive function W (x) such that

ar(lz)) < ‘g‘(/:v) < c1v2<|x|>, .
LV(x) = 5+ §Tr{gTWg} < —e,W(z) + ca,

then for each z(0) € R

i). There exists an almost surely unique solution on [0, c0)
for (2),

ii). When ¢y =0, f(¢,0,0) =0, g(¢,0,0) = 0 and W (z) is
continuous, then the equilibrium = = 0 is globally stable
in probability and P{tlim W(z(t)) =0} = 1.

—00

Lemma 3. (Lin, 2002). Let « and y be real variables. Then,
for any positive integers m, n and any real number & > 0,
the following inequality holds:

|z [y|" <

|m+n.

T efamt ey
n

m + m+n
Lemma 4. (Lin, 2000). For any vector-valued continuous
function f(z,y), where z € R™, y € R™, there are smooth
scalar functions a(z) > 1 and b(x) > 1 such that

[f(z,y)] < a(z)b(y).
3. ADAPTIVE STATE-FEEDBACK STABILIZATION

For system (1), the following assumptions and remark are
needed.

Assumption 5. For smooth functions fo(+), go(:), there
exist known constant m; and constant vector mo € R",
such that

fo(zo) = mizo, go(zo) = Mmazy. (4)
Assumption 6. For smooth functions f;(-) and g;(-), ¢ =
1,---,n, there exist known non-negative smooth functions

7, RIFLXR™ — RT and €, : RTH x R™ — RY such that
for any x¢,Z; and 6:

| fi(zo, @i, 0)] < (J1| + -+ + |z:])7;(2o, T4, 0),

|9i (20, T3, )] < (Jwa] + -+ + [@:])&; (20, T, ).
Remark 7. From Lemma 3, there exist positive smooth
functions v;(wo,T;), ci(0), &i(wo,Ts) and e;(0), i =
1,---,n, such that

|fi(w0, i, 0)] < (|| + -+ + |wi])yi (wo, Ti)ei(6),

9i (20, T3, 0)] < (|z1] + -+ + |z:])&i (0, Ti)ei(0)-
Assumption 8. Without loss of generality, the sign of d; ()
is assumed to be positive, and for + = 0 and any t €
R*, there exist known positive constants Ao and pq, for
i=1,---,n and any t € R, there exist known positive
constants A; and unknown positive constant i, such that

0 < Ao <dp(t) <o, 0 <Ny < di(t) < p

In the following two subsections, we will consider the
system (1) under the condition of z¢(0) # 0 and the case
of 29(0) = 0 will be discussed in the Section 4.

8.1 The first state stabilization

Let us consider the subsystem (1.1) in stochastic nonholo-
nomic nonlinear systems (1). In order to guarantee that
x( converges to zero, one can take ug as follows:

1 3
U = —Noxo,No = )\7{)‘+Sgn(m1)ml + §|m2mg|F}, (5)
0

where A is a design parameter and sgn(-) denotes sign
function. If we employ a Lyapunov function of the form
Vo(zo) = 2a¢. From (1.1), Assumption 8, (3) and (5), one
can obtain LV < —)\xé. From above analysis, we have the
following Theorem.

Theorem 9. If Assumptions 5 holds, for constant my, Ag,
constant vector me, and the design parameter A > 0, the
smooth controller ug satisfy (5), then

i). the closed-loop system composed by (1.1) and (5) has
an almost surely unique solution on [0,00) for all x4(0),
which is bounded in probability.
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ii). the equilibrium z¢o = 0 of the closed-loop system
composed by (1.1) and (5) is globally asymptotically stable
in probability.

Substituting (5) into the subsystem (1.1), it is easy to
obtain that

dzo = —nodo(t)xodt + fo(zo)dt + gg (zo)dw.  (6)
Proposition 10. For any initial state zo(tg) # 0, the
solution of (6), that is, the solution of the closed system

composed by (1.1) and (5), will never reach the zero, which
avoids the uncontrollability of the subsystem (1.2).

Proof. From Lemma 2.3((Mao, 1997), P.93), one gets
Proposition 10 holds.

3.2 Other states stabilization

In order to design a smooth adaptive state-feedback con-
troller, the following state-input scaling transformation is
needed

Remark 11. For the initial state zq(tg) # 0, from Propo-
sition 10, one can obtain that the transformation (7) is
meaningful.

Under the new z-coordinate, the second subsystem (1.2)
can be transformed into
dz; = di(t)zip1dt + ¢dt + T dw,
i=1,---,n—1, (8)
dz, = d,(t)udt + ¢,dt + 1 dw,

where
b= I no(n— i)do(t)zi — (n — i)z 2
Ug Lo "
1 . . ;
i+ 120 i) 9%
2{ JIO ug
i =2 — (n—i)u .
Ug Lo

To invoke the backstepping method, the error variables ¢;
are given by

El:zlugi:Zi_Z;(x(hzifh@)vi:Q?“'an7 (9)

where 2} (i = 2,---,n) are virtual smooth controllers, 5)
denotes the estimate of © and

O = max {1,u70¢(9),ei(9),e§(0)}.
Then, by It6 differentiation formula, we have

dey = dy (t)zodt + p1dt + o] dw

d{:‘l‘ = d1 (t)Zi+1dt + det + G;-wa,
i=2,---,n—1,

de, = d,,(t)udt + F,dt + G dw,

where z; = (21, -

(10)

(1)

,z)T, 2 =Z, and

G; = Gi(t, o, %, 0) = gi_i —(n—i)z — 833290(:50)

Zazi{ _(”_k)zk%z}7 i=1,--,n

Fi = Fi(ta$0a2i7é)

= fi/ug ™" +mo(n —i)do(t)zi — (n — i)z fo/xo
1 . go 90 . giTgo
+§(n—z)(n—z+1) o +n0(n_z)ug’i“
0zF 0zF 102z

_ 7 _ 7 7, T
8x0d0(t)u0 amofo(f 0) — 3 922 B0 90

0z}
=3 etz + 2+ ol — kol
= Oz ug)
—(n— k)22 + 1(n —k)(n—-k+1)z 90 90
Mo 2 >
1~ &2 g gt 4
2 (933062k {ug_k B (TL k)Zki}go
i—1
1 92, o7 g7
"3 L G\ ~ (M 0u Y]
Jk=1 JU<k U 0
gk 90 0z] A
—(n—Fk)zx=—]p — —=06,
e kxo]} 00

By using the Assumption 6, (7), (8) and (9), we have the
following proposition.

Proposition 12. For smooth functions f;(-) and g;(-), i =
2,--+,n, there exist known non-negative smooth functions
vt R R™ — RY, j =1,2,3,4,5, such that for any
o, T; and 6:

fi % gi
| =1 < ©vi (20, %) Z lexl, | —=|
Ug k=1 Ug

i

< 07i2(70, 7i) Z lekl,

k=1
T T *

9 o, 90 _ 0%
|ug—i (n—1)z - 8%90(%0)
1—1

a *

azl{ = (=R
el 2k Zo

i
< 07i3(70, 7i) Z lekl,
k=1

BN 0% { Ik
2k:1 0100z

7
< O7ia(w0, %) > _ e,

k=1
: 0%z; gk . 90
Z 32]32k{ ug —J —(n=3)z :co]
9i 90 17 i
— — Z0 < ) T .
[~ (=BT < O(r0,7) 3_
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Now we design the adaptive backstepping controller of the
system (11).

Step 1: Define the 1st Lyapunov function Vi(xo, 21, G))
Vo + 1t + 1@2 where © = © — © are the parameter
estimation errors. According to Assumption 6, (8) and
(9), there exist nonnegative smooth functions 711(3007 z1),
c1(0), e1(0), y12(zo, 21) and y13(xo, 21), adding and sub-
tracting the term ©¢ie] + ¢1ef on the right-hand side
of LV1, Supposing that z3(zg,21,0) = —al(xmzl,@)gl,
where a;(+) > 0 is a smooth function to be chosen. Thus,
by Assumption 8, (3) and (9), we have

LV < —Axg — Ot1e] — Gt +di(t)(20 — 23)e + Migh 2

+é{7’1—é}+{ 1+@2H11 —&—ng}e’:‘i}, (12)
Where T = H116411, H11 = 61 -+ Y11 + (TL — 1)’ylgm1 -+
%75371112 =c + (n— 1){TIOM0 +mq + %n\m2|2}. Choos-
ing the virtual smooth control z; = —al(xo,zl,@)sl,

/\1—1 <\/ 1+ éQHH + ng), one gets

011(1’0, 21, @) =

Vi< —dof—Oniet ~ Gt + (el (2~ )
+é{7’1 — é}
Step i, 2 < i < n : Suppose that the design steps

from 1 to ¢ — 1 have been finished. The smooth virtual
control 27 and the tuning function 7;_, for Step j —
—Oéj_1(.130,2’j_1, @)E]‘_l,Tj_l = Tj-2 + H]—1,1€3717 where
aj_1, 0;—1 and H;_;; are smooth functions. If we
choose the (z — 1)th Lyapunov candldate function as

Vio1(20,8i-1,0) = Vi_s(20,5i_2,0) + i1, one gets

;1) have been chosen as z}(zo,Z;- L,O) =

i—1 1—1 i—1
LVig=—(A=) Bu)ag—0) (¢ — > @]
k=2 j=1 k=j+1
i—1 1—1
=D @ = Y Ayl +dima(t)ed (= - 7))
j=1 k=j+1
i—1 82* .
+O+Y =)y n - 61, 14
6+ < UGS (14)

where 2; = (1, ,&)T. In the following, we will prove
that (14) also holds for 4. Define the ith Lyapunov candi-
date function V;(zo,%;,0) = Vi_1(x0,&i-1, @)+ 14, From
Assumption 8, Lemma 3, (3), (9)-(1 ) Prop051t10n 2 and
adding and subtractlng the term O¢;e} +¢;e} on the right-
hand side of LV}, one gets

i i

LV; <—(A— Zﬁk)xo -0) (- Y e
= j=1 k=j+1
*Z Cj — Z Ck])5 +d;(t)e; (Zz+1 i+1)
k=j+1
: 302
N N kYT e +E, (15
” DIE {r -6} +£.15)

where

5737

Bi = (1/4)mopo + 3/8, E = {\/ 1+ ©2H;y + Hpp}e!, (16)
e =1+ (1/4)(n—1)+ (1/4)(i — 1) + (1/4)nopo(n — 2)
+(1/4)(n—2) 4+ (1/8)(n — 1)(n — 2) + (3/4)i

+(1/8)(i — 1)(2n — i),

i—1
1 3
Hyy=¢; + 1 + v+ (n—1) (%‘2|m2| + 1 I;(|m2|%2)§>

3 1 3 4
+Z4m+24\/1+ A)2° +\/1+ (B)?

i—1 3 % i—1 3 4 3 .
2 3 ;

+2 VI AT+ vE+ i

k=1 k=1

i—1 k 3 4
+Z(n_k>ZE 1+ (yka|ma|A)?*

k=1 7j=1

i—1 k 3 4 i—l 3
D NEe S 3t = PEE Y

k=1j=1 k=1

Hip =% + nopo(n — )(1 + (3/4)a)’3)

+(n — i) (m1 + (3/4)(mia;_1)*?)
3 2 4
J(maPPoi)?)

3 4 3 4 4
+monoV/ L+ (D) + gmi 1+ (D)

4
3

5= i)n—i+1)(Imaf? +

2

3 02zF
— 1 2 1 \2
8\/ (Jma*z0 Oz} )

1—1
3
Jriﬁo,uo Z_:l(n —k

4

ak 1A }

23 4_\/1

-
I
-

4
3

=~ w

+7 2 (n=k)V/14 (mA)?

<. 3
L

— k)\/l + (mlak,lA)QB

+
=~ w
7
3

-
- L

4
(ar—1|mg|?A)?®

(n—k)(n—k+1)/1+

+
| w
(]

.
L

n—k)(n—-k+1)y/1+ (|m2\2A)2%

S ool w
o
—

]

VUF EHACP + 1+ (2 HaCy?

.
L

_|_

1+ (8%H¢10)2,

b
I|
N
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Cik = (5/4) + (1/4)(n — i) + (1/4)(i — k)
+(1/D(n—k—-1)+1/8)(n—k—1)(n—k)
+(1/8)(i —k)2n—i+1—k)+ (3/4)i
+(1/nopo(n —k—1), k=2, i —2,

Cir, = (L/4){1 +nopro(n — k) + (n — k) }

+(1/8)(n_k)(n_k+1)vk:13 7i_2a
0z 0z} 0zF 0z

A=—" B=—"1-(C=—"F2,D=—-2 19
Oz’ 021 20’ Oxo’ (19)

Ciio1=9/4+ (1/4)(n— i) + (1/4)(n — i + 1) + (3/4)i,
Ciim1 = (1/4) + (1/4)(n — i) {nopo + 1 + (1/2)(n —i + 1)}
+1/4)(n =i+ Dinopo + 1+ (1/2)(n —i +2)}.

Choosing the virtual smooth control 2}, as 2}, (o, Z;, o)
%(\/ 14 @2HZ‘1 +

= —Otz‘(ﬂ«"o,?i,@)&'z‘, Oéi(l‘o,fi»(:))

Hig), one can obtain

% %

@Z(Ej* Z Ekj)é“?

LV, <—(A— Zﬂmé -

j=1 k=j+1
_Z Cj — Z ij)g + di(t)e; (Zz+1 zi11)
k=j+1
+O4+ Y &=k -0t 20
( g -0} (20)

In the end, when i =n, z,11 = 2z, = u is the actual
control, choose the actual controller

u<x072n7 @) = _an(x0a2n7 é\))gn (21>
and adaptive law for 5]
0 =r,= ZHilz??, (22)
i=1

where «,, > 0 are smooth functions. If we choose nth
~ n ~
Lyapunov function V,(zo,¢,0) = 2§ + 1 > en + 362,
k=1

T

where € =&, = (e1,-+- ,&,)", one gets
LV, < —(A=_ ) @Z (e — Z Ci)et
" k=2 " i=k-+1 (23)
— Z(Ek — Z Elk){‘:k
k=1 i=k+1

Theorem 13. If Assumptions 5, 6 and 8 hold and choose
the control input u and updating law © as (17) and (18),
respectively. Then

i) the closed-loop system composed by (11), (17) and (18)
has an almost surely unique solution on [0, 00) for Vz(0)
and ©(0);

i) the equilibrium (27,0T) = (0,0) of the closed-loop
system is globally stable in probability;

iii) for ¥z(0) and ©(0), P{lim |z(t) = 0} = L,

P{ lim O(t) exists and is finite} = 1.
t—o0

Proof. By (19), one can obtain £V, in (19) becomes
the same form as (3.19) in (Deng, 2001). Using (19) and
Lemma 2, and following the same procedure as in the
proof of Theorem 3.1 in (Deng, 2001), one can easily prove
Theorem 2.

4. SWITCHING CONTROL STABILITY

In section 3, we have considered the case of z¢(t9) # 0.
The controllers (5) and (17) for system (1) are given. Now
we turn to the case of xzo(tg) = 0. If the initial is zero,
one can choose an open loop control ug = —ufj # 0. With
the similar method in in Section V in (Wu, 2012), we have
there exists t¥ > 0 such that |zo(t%)| # 0, which can drive
the state x¢ away from zero in a limited time. So, when
te [to,tz), one can choose the control law uy = —ug and
u = u* in order to drive the state x¢ away from zero. After
that, at the time ¢ = ¢}, we switch the control inputs ug
and u into (5) and (17) in t € [t%, 4+00), respectively. Based
on above analysis, we give the main results of this paper.

Theorem 14. Suppose that Assumptions 5, 6 and 8 hold.

If the following switching control procedure is applied to
the system (1),

i) When the initial state belongs to

{(zo(to), 21(t0), -+, @n(to)) € R" Hzo(to) # 0},
controllers ug and u in form (5) and (17), respectively;

ii) When the initial state belongs to

{(zo(to), 1(t0), -, wa(to)) € R Hao(to) = 0},

If ¢ € [to,t%), one can choose the control law ug = u§ and
u = u*; If t € [t5,+00), at the time ¢ = t¥, we switch
the control inputs uy and w into (5) and (17), respectively.
Then, for any initial conditions in the state space , system
(1) will be asymptotically stabilized in probability at the
equilibrium and specifically, the states are asymptotically
regulated to zero in probability.

5. A SIMULATION EXAMPLE

Consider the following system

dzg = (0.525 + 0.375sint)updt + 0.5z0dt + 0.5z0dw,
dzy = (34 0.1sint)zouodt + 2160dt + z160dw,
dzy = (3 + 0.2sint)udt + 2060%dw

In simulation, choose § = 1, \;(i = 0,1,2), o and p to
satisfy 0.15 = )\0 S do(t) S Ho = 09, )\1 =29 S dl(t) S 1%
and Ao = 2.8 < do(t) < p which satisfy Assumption
3,m0 = 3.8, ¢ = 1.8, ¢ =0.8,¢ =0.1, & = 0.1 and the
initial values z¢(0) = 0.15, z1(0) = 0.057, 22(0) = —0.13,
©(0) = 0.18. Figure 1, 2 and 3 give the responses of the
closed-loop system consisting of (1), (5) and (17).

6. CONCLUSIONS

This paper studies the adaptive state-feedback stabiliza-
tion of stochastic nonholonomic systems with unknown
parameters. By using the backstepping approach, a recur-
sive adaptive state-feedback backstepping controllers is de-
signed for stochastic nonholonomic systems with unknown
parameters.
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