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Abstract: Modelling dynamic networks is important in different fields of science. At present,
little is known about how different inputs and sensors contribute to the statistical properties
concerning an estimate of a specific dynamic system in a network. We consider two forms of
parallel serial structures, one multiple-input-multiple-output structure and one single-input-
multiple-output structure. The quality of the estimated models is analysed by means of the
asymptotic covariance matrix, with respect to input signal characteristics, noise characteristics,
sensor locations and previous knowledge about the remaining systems in the network. It is shown
that an additive property applies to the information matrix for the considered structures. The
impact of input signal selection, sensor locations and incorporation of previous knowledge is

illustrated by simple examples.

1. INTRODUCTION

Considerable research effort has been devoted to control of
dynamic networks. The modelling problem is less under-
stood. Some contributions to structured systems can be
found in [Dayal and MacGregor, 1997], [Massioni and Ver-
haegen, 2009], [Van den Hof et al., 2013], and [Wahlberg
et al., 2009]. The paper [Gevers et al., 2006] provides an
analysis of which parameter estimates are improved by
different inputs. The aim of this paper is to quantify the
improvement in two specific structures. The first structure
has its origin in boiler control, and has been considered in
the paper [Hagg et al., 2011]; key results concern the case
when there is common dynamics in the subsystems. The
structure also appears, as a special case, when estimating
a subsystem in a dynamic network, using the two-stage
method [Van den Hof et al., 2013]. The second struc-
ture can be an example of a sensor network of spatially
distributed sensors where the sensor dynamics are not
completely known. Given the structure of the network
and a subsystem of interest, our aim is to quantify how
different inputs and sensors improve the estimate of that
particular subsystem, in terms of the asymptotic statistical
properties of the estimator. The main contribution of this
paper is to provide an upper bound on the variance of
an estimate of a subsystem. Additionally the variance
reduction is characterized as a projection onto a certain
TOW space.

The outline of this paper is as follows. In Section 2 we
state the problem formulation, Section 3 gives some tech-
nical preliminaries. Section 4 contains results for the first
structure, both for an example of m = 2 inputs and the
general case. Similarly, in Section 5, results for the second
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structure for an example of m = 2 additional sensors and
the general case can be found. Results are exemplified
in low-order FIR examples in Section 6, and Section 7
concludes the paper.

Notation

We will treat vector valued complex functions as row
vectors, and the inner product of two such functions
f(2),9(2) : C — C*™ is defined as

s
(.92 5 [ FEe)g () dw 1)

™ —T
where g* denotes the complex conjugate transpose of g.
Furthermore f denotes the complex conjugate of f. In
case f,g are matrix valued functions we keep the same
notation whenever the matrix dimensions are compatible.

We denote by ||f|| = +/Tr (f, f) the Lo-norm of f : C —
C™*™_ We call two functions f, g orthogonal if {f, g) = 0;
if f,g are matrix valued, they are considered orthogonal
if every entry of (f,g) is zero. A set of functions {B}7_,
is said to be orthonormal if they are mutually orthogonal
with unit Lo-norm. If ¥ € £3*™, we denote by Sy C LJ
the subspace spanned by the rows of ¥. For two subspaces
X and Y, such that X C Y C L3, X+()) denotes the set
of functions in Y that are orthogonal to X. We denote the
orthogonal projection of f onto the space Sy by Ps,[f],
i.e., Ps,[f] is the unique solution to

minlg - fII
A sequence of subspaces {X"}, X" C LI' is said to
converge to Y C L* if for any f € LT
Tim [[Pxa[f] = Py[f]] = 0. 2)
We denote this by lim,, oo X™ =Y or simply X" =Y as

n — oo. The asymptotic covariance matrix of a stochastic
sequence {fn}%_;, fv € CY is defined as
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Fig. 1. Structure 1: Parallel serial structure.
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Fig. 2. Structure 2: Multi-sensor structure.

AsCov fn = Nliinoo N-E [(fN —Efn)" (fn — Efzv)} :

For a differentiable function f : R™ — C9, f'(z) is a
dJ;j(w)

n X ¢ matrix with _as (i,7)th entry. For a row
=T

vector X, we will denote by diag{X} the matrix with the
elements of X in the main diagonal and where all other
elements equal zero. The vec{X} operator transforms a
matrix into a vector by stacking the columns of X on
top of each other [Seber, 2008]. ® denotes the Kronecker
product [Seber, 2008]. We use the notation A for the
Moore-Penrose pseudo inverse of A. Function arguments
will, for clarity and lack of space, often be omitted.
However, they should be clear from the context.

2. PROBLEM FORMULATION

We consider two types of networks of linear dynamic
systems, where we wish to identify subsystem G,,+1. The
first is the parallel serial (cascade) structure considered in
[Hagg et al., 2011], see Figure 1.

Structure 1:

Ym1(t) = Y Crnr1 (@) Gr(@)un(t) + emsr (1), (3a)
k=1

yr(t) = Ge(Qui(t) +er(t), k=1,...,m, (3b)
where ¢ denotes the forward shift operator, i.e., g~ lu(t) =
u(t — 1) using normalized sampling time. The second is
the multi-sensor structure of Figure 2. The structure is
modelled as
Structure 2:

Ye(1)=Gr(q)Gmi1(@)u(t) + ex(t),
Ym+1(1)=Grmr1(Qu(t) + emy1(t).

kE=1,...,m, (4a)

(4b)

We assume that the additive zero mean white noise se-
quences {e;(t)} are mutually independent, and indepen-
dent of the input u(t), with variances A\;,i =1,...,m+ 1.
The input is assumed to be a realization of a weakly sta-
tionary stochastic process with spectrum ®,. The models
of the subsystems are independently parametrized with
0 = [61,...,0m+1], where 0; € R% d; € R for all i
1,...,m~+ 1. We assume the model structure is uniformly
stable (see [Ljung, 1999]), the true system is in the model
set and we denote the true parameters by 0°, that is,

Gk(q):Gk(Qaez)’ kilvam (5)
We assume that the parameter vector # is estimated from
a data set of measured inputs and outputs of sample
size N using the prediction error method, and we denote
the estimate by On. Under mild regularity conditions
(see [Ljung, 1999] for details), as N goes to infinity, the
parameter error /N (éN — 0°) converges in distribution
to a normal distribution with zero mean and covariance
matrix P, which we conveniently denote by

VN(Oy — 6°) € AsN(0, P). (6)
Here P is the asymptotic covariance matrix of the param-

eter estimates, which we assume for the moment can be
written as

Py = AsCovly = (0, 0)", (7)
where U : C — C™*"™ for some integer m > 0, which in
our case corresponds to the number of subsystems. All
the elements of ¥ are assumed to belong to Lo!. Let
J : R1Xn — CX4 be a differentiable function of . From
(6), it follows that

VN(J(Oy) = J(6°) € AsN(0, AsCov J(Ax)).  (8)

Using the Gauss’ approximation formula (or delta method)
[Ljung, 1999] and (6) it can be shown that

AsCov J(0y) = AT[(W, ®)]TA, (9)

where A is the derivative A £ J/(°) € C"*9. We will
use the formulation of the asymptotic covariance matrix

given in [Agiiero et al., 2012](Theorem 4) which, under our
2

assumptions © and adapted to our notation, is
o1 - 1o
-1 _
%—«Eﬁpmbﬁ}y (10)
where
L =vec{G}, W,=0ol@a ! (11)

and G is the transfer function matrix between all inputs
and all outputs.

3. TECHNICAL PRELIMINARIES

Here we recall some technical preliminaries that reformu-
late the Schur complement into orthogonal projections.
Lemma 3.1. Let f € £, and let S™ be a (closed) subspace
of £5* with orthonormal basis {Bx}}_;. Then
n
Psplf] 2> (f,Br) B
k=1
is the orthogonal projection of f onto S;".

(12)

L This is the standard situation when the true parameter vector
corresponds to a stable predictor in the prediction error method, see
[Ljung, 1999].

2 The main simplification of the general formula of [Agiiero et al.,
2012] comes from knowing the noise models and the noise variances.
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Proof. See, e.g., [Friedman, 1970]. O

Lemma 3.2. (Lemma I1.3 in [Hjalmarsson and Martensson,
2011]) Let v € £4*™, ¥ € L£5*™. Then the orthogonal
projection of the rows of v onto Sy (the subspace to L3
spanned by the rows of ¥) is given by

Ps,[] = (7, ¥) (¥, ©)]T 0. (13)
Furthermore
(7, O (¥, )]T(¥,7) = (Ps, 1], Ps, b)) - (14)
Finally it holds that
(Psy [, Psu V) = D (7, Br) (Br, ) (15)

k=1

where {By}},_,, for some r < n, is any orthonormal basis
of S\p .
Lemma 3.3. Assume that the asymptotic covariance ma-
trix for a vector 6 = [01 2], 6; € R™, 3 € R™, can be
written as

_ Uy, Uy) (P, o)

P 1 — \I/ \I/ — < 1, 1 b

o = (1Y) [<‘1’27‘I’1> (s, W)
where ¥ = [¥] \IIQT}T, Uy € L0 Uy € L32°™) and
Uy (ed)UT (e79@) is positive semidefinite and has rank p.
Then the asymptotic covariance matrix for 6o is

Py, = [(Us,Us) — (Ps,.. [, Psn, DY]T (17)

with v = U,UH[RIH where Ry is a spectral fac-
tor of Wy(ed)UT(e=9w), that is, Wq(e/?)WT(ev) =
R1(e’*)R¥ (e77%) such that the function R;(z) is analytic
in the unit disc and has rank p for all z in this domain.

(16)

Proof. The spectral factor R; exists under the given
assumptions, see Theorem 10.1 in [Rozanov, 1967]. Rewrit-
ing

(o, W1) = (W0 [R])7 Ry, (18)

and applying the standard inverse of a partitioned matrix
[Horn and Johnson, 1990] and Lemma 3.2 proves the
Lemma. O

In the next lemma, we let number of estimated parameters
in the m first subsystem grow large to make the projection
trivial to calculate.

Lemma 3.4. Let ¥ be defined as in Lemma 3.3 and assume
that ¥ = W) and ¥y = Ty Wy for some 'y € L£517™,
[y € £327™2 Wy € LI™ and WUy € LJ*™ ) and that
rank {\i/lxi/{f} = my. If Sp, = £, then

Py, = [<F2(‘i’2‘i’§{ - WH)afzﬂ ,

with v = UoUH [RTH | where R; is a spectral factor of
Uy (e79)WT (e79%), analytic in the unit disc with rank m;
for all z in this domain.

(19)

Proof. R; is an invertible mapping, hence Sr, g, = Sr, =
L3, which implies Ps. , [['27] = Ppm [[3y] = Tay in
Lemma 3.3. o

4. STRUCTURE 1: PARALLEL SERIAL STRUCTURE

In this section we study the parallel cascade structure
described by Equation 3, visualized in Figure 1. Before

giving the general theorem, it is instructive to consider
the case m = 2. When m = 2,

Pyt = (AT,
where
A [WH WH}
U, Ui w,wlt
T 0l = [(I)ulGlGS ‘I)u2G2G3}
A3 A3
= . q)u (I)u |(;’3|2 q)u (I)u |G3|2
U0l = diagd 2 M2y “ua Ao
(B = ding{ Sy Pea L Sy Do
A~ (I)u |(;’1|2 (I)u |G2|2
\II \IIH — 1 2
2v2 A3 A

Iy = ding{G], G5}, T =0,

Notice that rank{\fll\i/{{ = 2 when ®,,,®,, > 0. We
let the number of estimated parameters in 6; and 05 grow
large. Naturally, if S, Sg; — Lo, then, Sp, — L£2. From
Lemma 3.4 we have that

tim P, = [(G (M, +00,,). )] (20)

Sr, —L3

where
_ (I)uk |Gk |2
B Az + |G3|2>\k’
Remark 1. Notice that if we only use input u;, we obtain
the covariance matrix

P = (@ F)]

and similar results hold if we only use uy. The information
is additive, which may come as no surprise considering that
the same kind of relations hold for optimal combination of
uncorrelated estimators cf. [Kailath et al., 2000].

M,, k=1,2. (21)

(22)

For m input signals we have the following theorem.

Theorem 4.1. Consider structure 1 with m inputs, and
define

rlzdiag{c—g,...,@}, Iy =G ..
If St , Say s -, S, — La, S, — L', Then

m -1
where
o, |G|
M,, = e Gl k=1,...,m. (24)

Am+1 + |Gmt1]? Ak ’

Proof. The proof is provided in Appendix A

5. STRUCTURE 2: MULTI SENSOR STRUCTURE

In this section we study the multi sensor structure de-
scribed by Equation 4, visualized in Figure 2. For this
structure, we also first consider the case m = 2, before
providing the general formulation. For m = 2 additional
sensors

Pyt =(TAT)

where
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A= [l b
S ZURST:

\iQ\i]H — |:q)uG_1G3 q)uG_ZGB
A1 Ao

=z . (I)u|G3|2 (I)u|G3|2
Ui =d

1 lag{ )\1 ’ )\2
I T (I)u|G1|2 (I)u|G2|2 (I)u
VAEE —

2¥9 )\1 + )\2 +>\3

Iy = diag{G[,GL}, T2 =G

Notice that rank {\fll\il{i}
is, we assume that

P, (w) >0,  |Gs(e™)> >0, (25)
We let the number of estimated parameters in 67 and 65
grow large. Naturally, if Sgr,Sg; — Lo, then, Sr, — L3.
From Lemma 3.4 we obtain

tim P, = [(Da(@®fh 7). 15)] (26)

= 2 when ®,|G3|> > 0. That

w € [—m, 7.

Srl—hf,g
(I)u|G1|2 (I)u|G2|2
H
— . 27
Y VR (27)
We see that
_ _ \q-1
lim Py, = (G501, GE ). (28)
SF1_>‘C§

Notice that this is the same covariance matrix as if we
would only use output y3. This also holds for any number
of outputs satisfying the constraints of structure 2.

Theorem 5.1. Consider structure 2 with m additional sen-
sors, and assume that

@, (w) >0, |G g1 (€))% > 0,
Define

w € [-7m, 7. (29)

I, = diag{_/l,...,c—;n}, Ty =Gy
If Scr, Sciys - -+ Scr, — Lo, Sty — L', then
S, = LD
and

i, o,y = (T Gor)] - (30

Srl —>L‘,;n’

Proof. The proof is constructive and provided in Ap-
pendix B

Remark 2. The gain in information becomes arbitrary
small when the number of estimated parameters grow
large. This might (wrongly) lead us to the conclusion that
if we do not know the sensor dynamics completely we
should not bother with the additional sensors. However,
if we can restrict the dimension of the space Sr, (knowing
some parts of the dynamics for example) we still gain in-
formation. In fact, we can quantify the gain in information
as a projection.

Theorem 5.2. Consider the same assumptions as in Theo-
rem 5.1. Then

Py, ., = {(FQS, [a) — <PSF1@1 27 Ps,. o, [Fﬂ]ﬂ (31)

= [(To®, A\, To) + M| (32)
where the gain in information M is given by
M= <P3L _ [T27v],Pge [1"27]>, (33)
¥ ¥

Proof. The proof is provided in Appendix C

Remark 3. The information gain is a continuum where

another extreme is knowing the m additional sensors

exactly, which corresponds to SFL 5. = L£3'. In that case,
1*1

M is given by

M = (Doyy",To) = <r2 Z(I)U|Gk|2)\k1,r‘2> . (34)
k=1

6. FIR EXAMPLES

We verify the correctness of the presented results on
Monte-Carlo simulations of FIR systems. In all exam-
ples N = 1000 measurements are used and the sample
variances of the frequency function estimate of 500 noise
realisations is computed using (9). The noise source and
input are assumed mutually independent zero mean Gaus-
sian white noise with unit variance. When input 79 is not
considered it is put to zero. The estimates are computed
as the minimizer of 3

f(0) = N i det {i e(t)TAe(t)}
2 t=1
where €(t) = y(t) — 9(t), A = diag {A\]',..., A0 ). We
consider examples with m = 2 inputs and 3 FIR systems,
all with true order p = 3, i.e.
G =Gy=1+0.5¢""+0.25¢2,
Gs=140.2¢"1+0.04¢72
The systems G1, G5 are estimated with 30 parameters and
the system of interest in all examples, G3, is estimated with
3 parameters:

29 2
Gi=> gixg* i=12 Gs=) garq "
k=0 k=0

For structure 1, the parallel serial structure, the sample
covariance of the transfer function estimates shows strong
similarity to the asymptotic (both in samples and pa-
rameters) theoretic expression, see Figure 3. In the case
m = 1, then ro = 0 and G35 is estimated. Knowing the
first impulse response coefficient of G; and G gives only

a minor reduction in variance of G3 as seen in Figure 4.

(35)

For structure 2, the multi sensor structure, the variance
of the transfer function estimate G5 does not improve by
using also ys, and is the same as what would be achieved
by only using ys, cf. Figure 5. When we know the first
coefficient of G1 and G4, the estimate of the first impulse
response coeflicient g¢s; is improved which results in a

lower variance for the estimated transfer function Gis,
cf. Figure 6. In contrast to Structure 1, knowing some
parameters in G; and G2 makes all the difference, cf.
Figure 4 and Figure 6.

7. CONCLUSION

We have examined the variance of the estimate of one
systems in the network, when little assumptions where
made on the remaining systems in the network. We de-
rived asymptotic variance expressions for two types of
structured dynamic systems. The information from us-
ing additional inputs was shown to be additive. Previous

3 The prediction error method is efficient in the Gaussian case
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Fig. 3. Structure 1: Comparison of Monte-Carlo simula-
tions (MC) and the asymptotic theory for m = 1, 2.
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Fig. 4. Structure 1: Comparison of Monte-Carlo simula-
tions (MC) for m = 2 when the first impulse response
coefficient of G; and G5 are known.
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Fig. 5. Structure 2: Comparison of Monte-Carlo simula-
tions (MC) and the asymptotic theory for m = 1, 2.
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Fig. 6. Structure 2: Comparison of Monte-Carlo simula-
tions (MC) for m = 2 when the first impulse response
coefficient of G; and G5 are known.

knowledge about the additional sensors in the multi sensor
structure is imperative for a variance reduction, in fact,
without prior knowledge there is no asymptotic variance
reduction.
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Appendix A. PROOF OF THEOREM 4.1

We define Vj, € LmFTxm ag

1,i=75=k,
[Vk] {0 otherwise,

and Qp, € LM TDx1 55

Gmt1,
Gr, 1=m+1,
0, otherwise.

Anbi1}-

[Qk)i =

Let
Wy, = @, -diag {\[',...,
We can write
Zr
b
and IT" should be interpreted as block wise diagonal, where
:[Vl Q... Vi Qm]

H
} _TI, F:diag{G_’l,.. G;n+1}

Then,
Pyt = (TLW,,TL) =

A= Vi Qi) W, k{ ]
]; Xk Qp

It is readily verified that

(DA,T)
where

DT
A=l g
where
D, = (I)uz()‘;1 + |Gm+1|2)‘;11+1)a i = j'a
t , otherwise,

T € LmT1*1 s given by
[T]i = (I)uz'aiGm-‘rl)‘;ii-l

and

S = }j%A@«MH

k=1

We identify

BBl —TH, GG = D, Gyl = §
and

Iy = diag{G_/l,...,@}, Ty=G ..
Notice that rank {D} = m when ®,,,...,®,, > 0. We let
the number of estimated parameters in 61,...,0,, grow
large. Naturally, if S, Say, ..., Sa;, — L2, Sr, — L3
From Lemma 3.4 we have tilat

Fhm Py, = [(T2(S — ™). T2)] (A1)

S

m

$ ulGGn Gy
=N G P

v =

and the theorem follows after some simplifications.

Appendix B. PROOF OF THEOREM 5.1

We can write
Z " _
[ ] ~TL, I‘:diag{G’l,.. G;nH}

0T
where I' should be interpreted as block wise diagonal, and
Gm+1
L =
o Gerl
Gy ... Gn 1
Wy =&, ®@diag {\7",.... A\ -
Then,
Pyt = (TLW,,TL) = (TA,T), (B.1)
where DT
A= s}
with
D.. = |Gm+1| )‘ L=7,
= 0, otherwise,

T € LM% is given by
[T)i = ®,Gmi1GiN !
and .
S=®uN 0+ D RGP

k=1
The next step is to apply Lemma 3.4. We identify

FpWH —TH, G GH — D, G0l — g
and L
- diag{G’l, N .,G;n} R
To ensure that rank {\ill\i/{{} = m, we again assume that
®,(w) >0, |G i1 (e™)]? >0, (B.2)
We let the number of estimated parameters in 64,...,6,,

grow large. Naturally, if ng ,Sar — Lo, then, Sr, —
LY. From Lemma 3.4 we have that

w € [—m, 7.

slim Poy = [(To(S =™, 1)) (B3)
=Y ®ulGrPA (B.A)
k=1

and the theorem follows after some simplifications.
Appendix C. PROOF OF THEOREM 5.2

We notice that
Da(S = @, AL )0 = Tay(T2y)” (C.1
= (Pzr[T27], P [T29]) . (C.2)
Applying Lemma 3.3 to Equation (B.1) we see that
—1
Py = [(128.15) = (Ps,,; [P29], Ps, , [127]) | (C.3)
_ -1
= [(T2®uA,,} 1. Do) + M] (C.4)
where the gain in information M is given by

M = <P8L ~ [FQ’Y],PS#&, [Fg’y]>,

= 8;1%(,6;”).

(C.5)

where S+ -
v
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