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Abstract: In this paper a linear dynamical system controlled under the conditions of
disturbances and with control delays is considered. The Euclidean norm of a set of the system
motion deviations at given instants of time from the origin is minimized. A typical case of the
location of the indicated instants of time is studied. Within the game-theoretical approach the
problem of calculating the value of the optimal guaranteed result and constructing a positional
(closed-loop) control law that ensures this result is posed. For this problem, an effective solution
procedure based on the recurrent construction of upper convex hulls of auxiliary program
functions is elaborated. Results of numerical simulations are given.
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1. INTRODUCTION

In this paper a linear dynamical system controlled under
the conditions of disturbances is considered. The goal
of the control is to minimize the Euclidean norm of a
set of the system motion deviations at given instants
of time from the origin. Within the game-theoretical
approach of Krasovskii and Subbotin (1988) (see also
Osipov and Pimenov (1981); Krasovskii (1985); Krasovskii
and Krasovskii (1995)) the problem of calculating the
value of the optimal guaranteed result and constructing a
positional (closed-loop) control law that ensures this result
is posed.

In Gomoyunov and Lukoyanov (2012) this problem was
reduced to the calculation of the game value and the
construction of the minimax strategy in an auxiliary zero-
sum differential game without control delays and with
the terminal cost function. For calculating the game value
the upper convex hulls method (see, e.g., Krasovskii and
Krasovskii (1995)) was applied. For constructing the min-
imax strategy the method of extremal shift to the accom-
panying point (see, e.g., Krasovskii (1985)) was used. As
a result, for the initial problem, a solution procedure was
obtained. It is based on the recurrent construction of upper
convex hulls of auxiliary functions, which are defined on
the domain, whose dimension depends on the number N of
instants of time at which the motion quality is evaluated.
So this dimension can be large even if the dimension of
the state vector of the dynamical system is small. This
dependency narrows the application field of the procedure.
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In the present paper, a new solution procedure is proposed
for some particular but typical case of the location of
the instants at which the motion quality is evaluated. In
this new procedure the dimension of the domains of the
auxiliary functions being convexified becomes significantly
less and independent of N.

The paper develops the constructions from Lukoyanov
(1998) for the case of systems with control delays (see,
e.g., Banks et al (1971); Osipov and Pimenov (1981)).

2. STATEMENT OF THE PROBLEM

Consider a dynamical system described by the following
differential equation

dz(t)
dt
tg<t<d¥, zeR", wePCR", ve@CR’ (1)

and the initial condition

= A(t)z(t) + B(t)u(t) + B-(t)u(t — 1) + C(t)v(t),

x(to) =g € Rn,
Uy (+) = {1y (€) = ulto +€), € € [-7,0)} = po(-) € P.

Here ¢ is the time variable, x is the state vector, u
is the control vector, and v is the vector of unknown
disturbances; tg and ¢ are respectively the initial and the
terminal instants of time (tgp < ¥); P and @ are known
compact sets; matrix functions A(t), B(t), B,(t) and C(¢)
are continuous; 7 = const > 0 is the delay value; P is the
set of all Borel measurable functions from [—7,0) to P.

Let A > 0 be such that

[A(t)z + B(t)uy + Br(t)uz + C(t)v] < (1+ [[z]))A
for all t € [tg,d], x € R™, uj,ug € P and v € Q. Here and
below || - || is the Euclidian norm.
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A triple (¢, z,p(-)) € [to, ] x R™ x P is called a position of
system (1). The set K of all possible positions is defined
as follows:

K ={(t,z,p(") € [to,I] x R" x P :

]l < (1 + [|lzoll)e " —1}.

Let (te,s,pi(v)) € K, t. < 9, and t* € (t«, 9] be
given. We assume that admissible control and disturbance
realizations are Borel measurable functions

={u(t) e P, t, <t <t}
) ={v(t) €Q, t. <t < t*}.
In addition, we put
u(t) =pe(t —ts), tu—7 <t <ty
From the position (¢, z., p«(+)), such realizations w[t,[-]t*)
and v[t,[]t*) uniquely generate the system motion
={z(t) eR", t, <t <"},
that is an absolutely continuous function, which satisfies
the condition z(t.) = z., and, together with the corre-
sponding u(t) and v(t), satisfies equation (1) for almost

all ¢ € [t.,t*]. Note that, for any t € [t.,t*], the inclusion
(t,z(t),u ( )) € K is valid, where

={w(&) =ult+¢),e[-70)}. (2)

Let x[t0[~]19] be the system motion, that has been generated
from the initial position (tg,z0,p0()) € K by some
admissible realizations u[tg[-]¥) and v[to[-]9). The quality
of this motion is evaluated by the cost function:

y= (Dx |2)1/2, 3)

where ¥; = tg+ i1, i =1, N, 9y = 9.

The goal of the control is to minimize function (3). Note
that, since disturbance actions are unknown, the worst-
case may occur when disturbances maximize (3).

A control strategy U(+) is an arbitrary function

) = {U(t,l’,p('),&) € P7 (t,l‘,p()) S Ka €> O}a
where ¢ > 0 is the accuracy parameter (see, e.g., Krasov-
skii (1985); Krasovskii and Krasovskii (1995)).

The strategy U(-) acts onto system (1) in the discrete time
scheme on the basis of some partition

Ap={r:m=to, 75 <7j41,j =Lk g1 =9} (4)
A triple {U(:),e, Ak} defines a control law, that forms
a piecewise constant control realization according to the
following step-by-step rule:

u(t) = U(Tjax(Tj)aurj(')aE)a Tj <t< Tj+1, .7 = 17k7
where u.,(-) is defined according to (2), and

(Tj—f— (T]-i-f—to) to—TSTj+§<t0.

3
QU

19, u

(),s Ay) we denote the set of all triples
[19), v[to[]9)), where

)=
[t

o [ [-]9) is an admissible disturbance realization,
)

e uftgl-]¥) is the control realization formed by the
control law {U(-),e, A},

o x[to[-]¥] is the system motion generated by these
realizations u[tg[-]9) and v[tp[-]?) from the initial
position (to, zo, po(-))

oy
8 <
ﬁb
= ||
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The optimal guaranteed result I'? is defined as follows:

I' = inf limsup lim sup T,
U()  elo 610 A,

where the last supremum is taken over all partitions Ay
(4) with the diameter d; = max (741 — 7;) <6, and
=1,k

T =sup {7 : (2lto[10], ulto[19), vlto[19)) € 2.

The problem under consideration is to find the optimal
guaranteed result and to construct the corresponding
control law that ensures this result.

3. SOLUTION PROCEDURE

Put
h(t)=min{i=1,N: 9; > t}, teto,d], (5)

where instants ¢; are taken from cost function (3). By
h(t—0) and h(t+0) we denote the left-hand and the right-
hand limits of the function h(t) at the point ¢ € [t, J], and
in addition we put h(tg — 0) = h(tg), h(¥ + 0) = h(¥).

Let X(t,€) be a fundamental solution matrix for the
equation dx(t)/dt = A(t)xz(t), such that X(£,§) = E
where E is the identity matrix. Define a (2n X r)-matrix
B(t) and a (2n x s)-matrix C(¢) by the following rule:

B()— X(On(t40), 1) B(t)
C\X@,)(B@)+ X(t,t+7)B(t+7)x(1) )
(X On+0), )C()

C= < X(9,)C(t) ) ’

where x(t) =1ift <9 —7,and x(t) =0if t > ¥ — 7.

(6)

Let Ay be the partition defined in (4). Here and every-
where below we assume that the partition Ay contains all
the instants ¥; from the cost function:

%, €A, i=1,N. (7)

For every j = 1, k, denote

Tj+1
AY(Tj,9) = / max m1n<g7B(t)u +C(t)v)dt, geR?™,
vEQ ueEP
7
where (-, ) stands for the inner product.
Everywhere below the notation g = (I,m) means that

the first n coordinates of the vector ¢ € R?" coincide
with the coordinates of the vector | € R™, and the next
n coordinates of the vector g € R?" coincide with the
coordinates of the vector m € R™.

Define sets G(7; £ 0) C R*" and functions ¢(7; £ 0, g),

g € G(r; £0), j = 1,k +1, by the following backward
recurrence relations.

For j =k+1, put

G(Tg41 +0) =
={9==Um)
@(Te41 £0,9) =0,

{g=0},
eR™: I <1, m =0},
g € G(1+1 £0).

G(Tk+1 - 0)
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For j = 1,k, put
G(7; +0) = G(7j41 = 0),

7/J(Tj79) = A'I/J(ijg) + SD(TJ'Jrl - Oag)v g€ G(Tj + 0)7
<)0(7—j +0, ) = {1/1(%'7 ')};(Tj+0)v

where {1/)()}2 denotes the upper convex hull of the

function ¥(-) on the set G, i.e. the minimal concave
function that majorizes ¢(-) on G. Further, if 7; # 0,
where h = h(7;), define

G(Tj - O) = G(TJ + O)a
90(7_]' - ng) = @(Tj + 07g)a g€ G(Tj - O)a
If 7j =9y, put
G(rj —0) = {g € R*" : My(g) # 0},

o(rj—0,9) = max vo(r; +0,9.), g€G(r;-0),

(v,9+)EMn(g)
where

Mg = (m) = { (1,9, = (1,m.)) € [0,1] x G(7; +0) :
m = v(m, + X7 (W41, 0)0), 2 <1 ||1\|2}.
Here and below the superscript 1" denotes transposition.

Note that, for any j = 1,k + 1, the sets G(r; £0) C R*"
are convex and compact, the functions ¢(7; £ 0,g9),
g € G(r; £ 0), are concave, bounded and upper semi-
continuous, and 0 € G(7; £0), ¢(7; £0,0) > 0.

Put

4+0,2) = : - 4+0,9)],
el £0,2) = max [(9,2) + (75 £ 0, 9)]
zeR™ j=1k+1. (8)

Consider the following vectors wy = wy (¢t £0,z,p(-)) € R”
and we = wa(t £ 0,z,p(-)) € R™:
Fn(t+0)

w1 = X (Vppso0y, 1) + / X (n(t+0y, &) Br(&)p(E—t—T)dE,
t
t+7

uu=XWJﬂ+l/XW£NL@M@—Tm&—t—ﬂ%.

For (¢, z,p(:)) € K, denote

w(t+0,2,p(-) = (wl(tiO,x,p(.))

2n
w@iQ%Mﬁ>€R -0

Let j = 1,k, (1;,7,p(-)) € K and & > 0. Put
miy/e+ (15 —to)e
Z;L((EJ?(),E) = w(Tj + 07‘7:)1)()) - d 5 s
L+ [[mj|

where

my € argmax
meG(1;+0)

+ (7 +0,m) — \/(5 + (15 — to)e) (1 + ||m||2)]

%mmU+aamw>

Consider the following control strategy Ua,(-). For t =
Tj € Ay, this strategy is defined by the extremal shift to
the accompanying point z}/(-):
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Ua,(75,2,p(:),€) € argrr;pin(s;-‘, B(7;j)u),
ue

(ijxap(')) € K7

j=1Lk, (10)

where
u

s] = 5;(.’,5,])('),5) = w(Tj + O,l’,p()) - Z;Jl(x7p()7€)
For t # 7; € Ay, the strategy Ua, () is defined arbitrarily.

Theorem 1. For any number & > 0, there exists a number
6 > 0 such that, for any partition Ay (4), (7) with the
diameter ¢ < 9, the following inequality holds

0% —e(r1 = 0,w(r1 = 0,20, p0(-)))| < €.

Theorem 2. For any number ( > 0, there exist a number
e* > 0 and a function d(¢) > 0, € € (0,e*], such that, for
any value € € (0,¢*], and any partition Ay (4), (7) with
the diameter §; < §(¢), the control law {Ua, (+),&, Ax}
ensures the inequality

7<T04¢
for any admissible disturbance realization v[to[]?}).
The proofs of Theorems 1 and 2 are given in Section 7.

In the next three sections we consider some auxiliary
constructions.

4. AUXILIARY z-MODEL

Consider an auxiliary z-model described by the following
differential equation

dff) = B(t)u.(t) + C(t)v. (1),
to<t<9v, 2ze€R?™ w,c€P, v, €Q, (11)

where z is the state vector, u, is the control vector, v,
is the disturbance vector, matrix functions B(t) and C(t)
are defined in (6).

Let numbers \,, > 0 and A, > 0 be such that

H’LU(t + vavp())H < )\UH (t,l‘,p()) €K,

IB(t)us + Ct)va] < sy (s, 00) € [t0, 9] x P x Q.

A pair (t,z) is called a position of z-model. The set K, of
all possible positions is defined as follows
K. ={(t,2) € [to, 9] x R*™ : ||2]| < Ay + 1+ (t — to) Az }.
Let (ts,2:) € K., t. < 0, and t* € (t., 9] be given.
Admissible control and disturbance realizations are Borel
measurable functions

w, [t [t*) = {u.(t) € P t, <t < t*},

Ot [JE) = {va(t) € Q, . <t < 7).
From the position (¢, z.) such realizations uniquely gen-
erate the motion

2t [t = {2(t) e R, t, <t < t*},
that is an absolutely continuous function, which satisfies
the condition z(t,) = z, and, together with u, (t) and v, (¢),
satisfies equation (11) for almost all ¢ € [t.,t*]. Note that,
for any ¢ € [t4, t*], the inclusion (¢, 2(t)) € K, is valid.
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Lemma 1. For any number € > 0, there exists a number
0 > 0, such that the following holds. Let

e Ay be partition (4), (7) with the diameter §; < J;

.j = ]-773 (Tj;$*»P*(‘)) € Kv (Tj,Z*) € Kz and
Se = w(Tj + 0,74, pu(+)) — 245

o z[7;[/|7j41] be a motion of system (1) generated
from the position (7;, ., p«(-)) by some admissible
disturbance realization v[7;[-]T;41) and a constant
control realization

ulj[]7j1) = {u(t)

where

=u®, T <t < Tj+1},

u® € argmin(s,, B(7;)u); (12)
u€epP

o 2[7;[]j+1] be a motion of z-model (11) generated

from the position (7}, z4) by some admissible control

realization w.[7;[-]7j4+1) and a constant disturbance

realization
v [1[m41) = {vi (@) =S, 7 <t <7541},
where
vy € argmax(s,, C(7;)v.). (13)
V. E€Q
Then the following inequality is valid
||w(7_j+1 - 07 Q:(Tj+1), uTj+1 ()) - Z(Tj+1)||2
< flsoll2 + (rjs1 = m)e. (14)

Here ur,,, (-) is defined according to (2) and
WTjp1 +&) =pu(tj1 +E—715), T —T< T +E< T
Proof. We follow the scheme of the proof of Lemma 25.1

in Krasovskii (1985) (see also Section 2.3 in Krasovskii and
Subbotin (1988)). Denote

s(t) = w(t +0,2(t),ui(-)) — 2(b),
Au(t) = u® —u.(t), Av(t) =v(t) — vs.
From (9), for almost all ¢ € (75, 7j41), we have
d|[s(t)||*/dt = 2(s(t), B(t) Au(t) + C(t) Av(t)).
Due to continuity properties of s(t) and B(t), C(t) there

exists such a function n(d), n(d) — 0 when § — 0, that the
following estimation is valid

(s(t), B(t)Au(t) + C(t) Av(t))
< (84, B(rj)Au(t) + C(r5) Av(t)) + n(5),

whatever positions (¢, z(t),u:(-)) € K and (¢, 2(t)) € K,
7j <t < Tjt1 < 7; + 9. Using (12) and (13) we obtain

(84, B(1j)Au(t) + C(1;)Av(t)) < 0.
Hence, for almost all ¢ € (75, 7+1),
dlls()[|?/dt < 2n(5).
Integrating this inequality, by (9) we get
= 0,2(7j1), Uryy (1)) = 2(7j50) |12
< sl + 2(7j01 — 75)0(9).

Thus, inequality (14) is fulfilled if we choose 6 > 0 such
that n(d) <e/2.

[ (741

5. PROPERTIES OF THE VALUES e(r; £0, ).

Let Ay be partition (4), (7) and values e(r; £0,-), j =
1,k + 1, be defined by (8) on the basis of this partition.
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The following Lemma establishes the u-stability property
(see, e.g., Krasovskii and Krasovskii (1995); Lukoyanov
(1998)) of these values with respect to z-model (11).

Lemma 2. Let j = 1,k, (7j,2:) € K, and v, € Q. Then,
for the disturbance realization

J741) {U*
there exists an admissible control realization w.[7;[]7+1)
such that, for the motion z[7;[-]7;41] of z-model generated

by these realizations from the position (7}, z.), the follow-
ing inequality holds

S(Tj + O,Z*) > €(Tj+1 -0,

Vg 7'] fv*,7j§t<7j+1},

2(7j4+1))-
The proof of this Lemma is similar to the proof of the
u-stability property in Lukoyanov (1998).

To prove Theorems 1 and 2 we also need the next result.

Lemma 3. Let j =1,k and h = h(7;) be defined by (5). If
7; # Up, then, for any z € R?",

e(t; —0,z) =e(r; + 0, 2), (15)
If 7; # U4, then, for any 2 € R™ and p(-) € P,
(= 0,w;) = al” + €*(r; + 0,w]).  (16)

Here the vectors wji =w(1;£0,z,p(-)) are defined by (9).

This Lemma is proved similarly to Lemma 1 in Lukoyanov
(1998).

6. PROPERTIES OF THE STRATEGY Ua, (-)

Consider the strategy Ua, (+) defined by (10).

Lemma 4. For any number ¢ > 0, there exist a number
e* > 0 and a function §(¢) > 0, € € (0,e*], such that, for
any value € € (0,e*], and any partition Ay (4), (7) with

the diameter §; < §(¢), the control law {Ua, (+),&, Ax}
ensures the inequality
v < e(m = 0,w(ri —0,20,p0(+))) + ¢ (17)

for any admissible disturbance realization v[t[-]9).

Proof. Let a number L > 0 be such that, for any j =
1,k + 1 and any 21,20 € R?",

|€(Tj*0,21)76(7’j70,22)| SLHZlf,ZQH, (18)
and L do not depend on the partition Ag.
Choose €* > 0 such that
e* +e*(9 —tp) <min{l, ¢/(N(L+ 1))}, (19)

where N is the number of instants 1J; from cost function
(3). For every € € (0,e*], take § = §(¢) > 0 from Lemma 1.
Let us show that such €* and () satisfy this Lemma.

Let z[to[-]¥] be a motion of system (1) generated from
the initial position (tg,zg,po(:)) by the control law
{Ua, (-),&, Ag} in a pair with some admissible disturbance
realization v[to[]9). Let ulto[-]¥) be the corresponding con-
trol realization, and u(t) = po(t —to) when tg—7 <t < to.
Denote

wF =w(r; £0,2(5),ur (1), j=1k+1,
),€),

2 =z} (x(75), ur,

Q
=
Jr

3
=
)
A
IS
4
o
™
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Note that, for any j = 1,%, we have (75,2}) € K., and
(see, e.g., Kornev (2012))

(2

;) € argmin[e(t; +0,2) + a], (20)

where minimum is taken over all pairs (z, «) such that

Jwf — 2|2+ a? <e+ (15— to)e. (21)

Fix j = 1, k, denote s, = w;' — zj, and choose v§ € @) by

(13). For the constant disturbance realization
vl Imien) = {ve(t) = 08, 7 St <7},
take w.[7;[-]Tj+1) according to Lemma 2 and consider
the corresponding motion z()[7;[|7;41] of z-model (11)
generated from the position (75, zy) Then, by Lemma 2,
e(rj +0,2Y) > e(rjr1 — 0,29 (7541)) (22)

and, by Lemma 1, if we take (21), (10), and (12) into
account,

lwiy — 29 ()P +0f <e+ (101 —to)e. (23)
Let us prove, for each j = 1, k, the inequality
N
e(rj +0,25) +a; = ST ez -8, (24)
i:h(’rj+0)

where

Bj = (N —h(rj +0) + 1)(L + 1)\/e + (9 — to)e.

Consider the induction on j from k to 1.
Let j = k. From (8) and (9), we have
e(Th1 — 0,wy 1) = [[z(In)]]-
Then, by (22), (18) and (23), we get (24) for j = k.

Now, we assume that inequality (24) is valid for j = ¢,
1 < ¢ <k, and prove it for j = q — 1.

If 74 # O, h = h(7y), according to (9) we have w) = w, .
So, by (23), we obtain
lwg =2 V(7)1 +ai_y < e+ (rg — to)e.

Thus, from (15) and (20), we get

e(rq — O,z(qfl)(Tq)) + g1 > e(rg +0, z;‘) + aq.
So, in this case, inequality (24) is valid for j = ¢—1 due to
the induction hypothesis, equality h(7,—1 4+ 0) = h(r, +0)
and inequality (22).
If 7, = O, according to (20)—(22), by the induction
hypothesis, we have

N
(Tt 0,w) > e(ry 0, 2540, > | S a5,
i=h(7440)

Then, using equalities (16) and h(7,—1 +0) = h(7,+0) —1,
we obtain

N

703“’5)2 Z

i=h(‘l’q71 +O)

lz(9a)[I* = Bq-

Therefore, in this case, the validity of (24) for j = ¢ — 1
follows from inequalities (22), (18) and (23).
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Using (20) and (24) for j = 1, by (19), we deduce
N
e(r140,w)) > e(m1+0, 2{")+ag > Z
i=h(1,+0)

[l (:)][*=¢.

Hence, accoeding to (15), we conclude, that, for the
realized value v of cost function (3), inequality (17) holds.

Besides the control law {Ua, (+),&, Ak}, we consider also
a disturbance law {Va, (+),e, Ax} that forms a piecewise
constant disturbance realization as follows

'U(t) = VAk (Tja Z(Tj), Ur; ()v 5) € argn&ax(s}’, C(Tj)v>a
IS

j:1’k7

Tj <t< Tj+1s
where

Svim}? e+ (15 —to)e
Y=

L+ [[mg]|?

mj € argmax {(mﬂu(Tj +0,2(75), ur, (+)))

meG(7;+0)

(7 +0,m) + 4/ (¢ + (73 — to)e) (1 + [m]]2) |

Here, as usual, ur, (-) is defined by (2) and
w(ry +&) =po(rj +&—to), to—7 <1+ <to.
Lemma 5. For any number ( > 0, there exist a number
e* > 0 and a function §(¢) > 0, € € (0,£*], such that, for
any value € € (0,e*], and any partition Ay, (4), (7) with the
diameter §; < d(g), the disturbance law {Va, (-), e, Ax}
ensures the inequality
Y 2 e(Tl - O,’lU(Tl - 0; x07p0(.))) - C
for any admissible control realization v[tg[-]¥).

(25)

This Lemma is proved similarly to Lemma 5 by using the
corresponding modification of Lemma 1 and the appropri-
ate v-stability property (see Lukoyanov (1998)) of values
(8) with respect to z-model (11).

7. PROOFS OF THEOREMS 1 AND 2

Theorem 2 follows directly from Lemma 4 and Theorem 1.
Let us prove Theorem 1.

As was shown in Gomoyunov and Lukoyanov (2012),
for the control problem (1), (3), there exist the optimal
control strategy U°(+) and the counter-optimal disturbance
strategy V°(-). In particular, it means that, for the number
¢ =¢&/2 > 0, there exist a number £ > 0 and a function
do(e) > 0, e € (0,&f], such that, for any value € € (0, (],
and any partition Ay (4) with the diameter §; < do(€), on
the one hand, the control law {U°(-),e, Ay} ensures the
inequality

7<TP+¢ (26)
for any admissible disturbance realization v[ty[-]¢¥), and on
the other hand, the disturbance law {V°(-), e, Ay}, which
forms the piecewise constant disturbance realization

’U(t) :Vo(Tjax(Tj)’u‘rj(')ag)a j:]-vkv
ensures the inequality

y>T%—¢
for any admissible control realization u[to[-]0).

Tj §t<7’j+1,

(27)
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In order to ensure inequalities (17) and (25) for ¢ = £/2,
take 7 > 0, &5 > 0 and d1(¢) > 0, d2(¢) > 0 by using
Lemmas 4 and 5. Put

e = min{ej, 7,5} > 0,
Let us show that this § satisfies Theorem 1.

Consider the motion of system (1) generated from the
initial position (tg,zg,po(-)) by the laws {Ua, (-),&, Ag}
and {V°(-),e, Ag}. Then, due to (17) and (27), we obtain
%= ¢ < <e(r = 0,w(m = 0,20,p0(-))) + ¢,
and, consequently,
FO - 6(7’1 - Oa w(Tl - 07x07p0('))) < 2( = f

Similarly, considering the motion of system (1) generated
from the initial position (to,xo,po(-)) by the control law
{U°(+), &, Ay} and the disturbance law {Va, (+), &, A}, due
to (25) and (26), we have

I —e(r — 0,w(m — 0,20, po(-))) > —2¢ = —¢.

Inequalities (28) and (29) complete the proof.

(28)

(29)

8. EXAMPLE

Consider a dynamical system described by the following
differential equation

dzgf) — sin (n(t + 1)) (1)
+ (1 —0.18) u(t) + 0.1t u(t — 1) + 0.8 v(¢),
0<t<10, z€R, vwel-1,1], ve[-1,1], (30)
and the initial condition

The motion quality is evaluated by the cost function

10 12
v = ( Z x? (z)) .
i=1

Note that, in control problem (30)—(32), for a solution
procedure from Gomoyunov and Lukoyanov (2012), the
dimension of the domains of the auxiliary functions being
convexified is equal to 10, whereas, for the procedure
described in Section 3, this dimension is equal to 2.

(32)

Let Ay be a uniform partition of the control interval [0, 10]
with the diameter J; = 0.005 and € = 0.05. By using the
solution procedure (Section 3) we numerically calculate the
values e(7; £0,-), j = 1,k + 1, and construct the control
law {Ua, (), €, Ak }. For related techniques of the software
implementation see Kornev (2012).

The obtained a priori calculated value of the optimal
guaranteed result is

I~ e(m — 0,w(r1 — 0,20, po(-))) ~ 1.808.

The results of the numerical simulations are shown in
Fig. 1. We consider the following motions 2 [0[]10], i =
1,4, of system (30) generated from initial position (31).

The motion z(M[0[-]10] (green line) is generated by the
laws {Un, (+),e,Ar} and {Va, (:),e, Ak}.

The motion 2(?)[0[]10] (orange line) is generated by the
control law {Ua, (+),&, A} and disturbance actions:

v(t) = sign(x(7)), 7 <t<Tip1, j= 1, k.

6 = min{dp(e), d1(¢), d2(e)} > 0.

The motion x(*[0[-]10] (red line) is generated by the
control law {Ux, (+), e, Ax} and zero disturbances.

The motion x*[0[-]10] (blue line) is generated by the
disturbance law {Va,(+),&, Ax} and control actions:

u(t) = —sign(x(r;)), 7 <t<Tjy1, j= 1, k.

The corresponding values of cost function (32) are
A1 =1791 ~T° ~® =1.791 ~ T,
73 =003 <I% ~® =2536>T1°.

Fig. 1. The results of the numerical simulations
in control problem (30)—(32).
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