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Abstract: Human preference over random outcomes may not be as rational as shown in the
expected utility theory. Such an “irrational” (as a matter of fact, closer to reality) behavior
can be modeled by distorting the probability of the outcomes. Stochastic control of such a
distorted performance is difficult because dynamic programming fails to work due to the time
inconsistency. In this paper, we formulate the stochastic control problem with the distorted
performance and show that the mono-linearity of the distorted performance, which claims that
the derivative of the distorted performance equals the expected value of the sample derivative
under a changed probability measure, makes the gradient-based sensitivity analysis suitable for
optimization of the distorted performance. We derive the first order optimality conditions (or
the differential counterpart of the HJIK equation) for the optimal solution. We use the portfolio
allocation problem in finance as an example of application.
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1. INTRODUCTION

The goal of a standard control problem in finance is to
optimize the expected value of a utility function which
represents the investor’s different “satisfactions” to differ-
ent outcomes. The expectation is taken with respect to the
natural probability measure P and is a linear functional in
the utility space (E[f(z)+g(z)] = E[f(x)]+ E[g(z)], with
x representing the outcomes). However, people’s “satisfac-
tion” is not always linear (e.g., E[f(x)+g(z)] # E[f(z)]+
E[g(x)]). In other words, the standard expected utility the-
ory cannot model and explain this nonlinearity of people’s
behavior. Examples include lottery and insurance; in both
cases, the expectation of the outcomes (benefit minus cost)
are negative and people still buy them; that is, two random
outcomes having the same expectation lead to different
satisfactions.

This problem has been attracting considerable interests
from the research community, especially in the financial
sector. A dual theory is proposed in Yaari (1987) to deal
with this non-linear behavior. The essential point of the
dual theory is that instead of distorting the outcomes
by a utility function, it distorts the probability of the
outcomes. Intuitively, the dual theory captures people’s
behavior that they usually enlarge the effects of rare events
and diminish those of common events. Some excellent
progress has been made in portfolio optimization based
on this performance model with distorted probabilities,
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or the “distorted performance” for short Tversky and
Kahneman (1992); Karatzas et al. (1991); He and Zhou
(2011); Jin and Zhou (2008); Cao and Wan (2013).
These works, however, depend on the special structure
of a financial market in which the stock prices are not
controllable. The formulation of the optimization of the
distorted performance and the approach to solve such an
optimization problem in a general setting of stochastic
control need to be developed.

The main difficulty is that dynamic programming fails in
optimization of distorted performance. Because if a policy
is optimal for a distorted performance when the process
starts from time ¢, this policy is no longer optimal from
time ¢t onward if the process started from time ¢’ < ¢t. This
property is called time-inconsistent; we need to look for
other approaches that do not require the time-consistent

property.

In the past decades, the author and his colleagues have
been working on the sensitivity-based optimization ap-
proach Cao (2007), which is an alternative to dynamic
programming. Unlike dynamic programming, which re-
quires time consistency, the sensitivity-based approach is
simply based on a direct comparison of the performance
of any two policies and therefore is not subject to time
consistency. When the two policies under comparison are
infinitesimally close to each other, the approach leads to
performance derivatives with respect to continuous pa-
rameters of policies. The performance and its derivatives
can usually be measured on a sample path and therefore
it is a sample-path based approach in the same spirit
of perturbation analysis (PA) Ho and Cao (1991); Cao
(2007). It has been shown that many results by dynamic
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programming can be obtained with the sensitivity based
approach Cao (2007).

On one side, the stochastic control with distorted perfor-
mance, which represents people’s preference pattern over
outcomes, cannot be solved by dynamic programming; on
the other hand, we have the sensitivity-based optimiza-
tion approach, which does not require the time-consistent
property. It comes naturally to try apply this approach to
the case with distorted performance. We have successfully
applied this approach to the portfolio management prob-
lem in Cao and Wan (2013), the results there rely heavily
on the simple structure of the market dynamics: the price
process of the stocks are not controllable. The goal of this
paper is to formulate and study the optimization with
distorted performance in a general setting of stochastic
control, with the sensitivity-based approach.

In Section 2, we define the performance with probability
distortion and formulate the stochastic control problem
with distorted performance. In Section 3, we review some
fundamental properties of the distorted performance Cao
and Wan (2013). It has been shown that the distorted
performance enjoys some sort of linearity, called “mono-
linearity”, which forms the basis of the sensitivity-based
approach applied to the problem. In Section 4, we present
the general optimality conditions in a differential form
(i.e., first order optimality condition); Applying the per-
turbation analysis principle, and with the mono-linearity,
we prove that derivative of the performance potential
of an optimal polity forms a martingale with respect to
the changed measure. In Sections 5, we discuss dynamic
systems described by the standard diffusion processes. We
derive the equations for determining the Radon-Nikodym
derivatives of the changed measure under any policy w.r.t
P, from which we obtain the first order optimality condi-
tion in terms of the sample-derivatives of potentials and
the system parameters.

In this paper, we show that the mono-linearity of the dis-
torted performance makes the gradient-based sensitivity
analysis suitable for optimization of the distorted perfor-
mance. We prove that at an optimal policy, the sample
derivative of the distorted performance is a martingale un-
der the changed measure. First order optimality conditions
(or the differential counterpart of the HJIK equation) are
then obtained for systems with diffusion state processes
in terms of system parameters. These results cannot be
obtained by dynamic programming.

2. THE BASIC FORMULATION
2.1 The performance with distorted probability

Consider a non-negative, a.s. finite random variable Xy
defined on a probability space (2, F,P), with 6 denoting a
parameter. With the expected utility theory, the objective
is to maximize the expected utility U(Xy) : Ry — R4

Ep[U(Xg)] = |  PlU(Xy) > z]}dz, (1)
R+
where Fp denotes the expectation under probability mea-
sure P.

However, people’s preference cannot always be measured
by the expected utility, e.g., they strongly dislike disasters

even if they happen rarely. This type of non-linear behav-
ior has been widely studied in the finance and economics
community. Widely used is the dual theory proposed in
Yaari (1987), which models the fact that people usually
subconsciously enlarge the chance of rare events (wining a
lottery or encountering a disaster) while diminishing the
effect of common evens. Therefore, in the dual theory, we
wish to maximize the following performance with a dis-
torted probability (or called the “distorted performance”):

nxy = BplXy] = /
R+

where w is a nonlinear distortion function, which is as-
sumed to be strictly increasing and analytical, with w(0) =
0 and w(1) = 1. Compared with (2), the utility function
U in (1) “distorts” the outcome values; this explains the
meaning of “dual”. In finance, a convex distortion function
is used by risk aversion investors, and a concave distortion
function for risk taking ones.

w{P[Xy > x]}dx, (2)

2.2 The optimization problem

Consider a stochastic system whose state S(t) follows the
standard diffusion process

dS(t) = a(t,S(t))dt+o(t, S(t))dW(t), 0<t<T, (3)
with S(0) = Sy € RY, where S(t) € RN, and W(t) €
RM represents a Brownian motion defined on (Q,F,P),
alt,S) € RY, o(t,S) € RY*M and both a(t,S) and
o(t, S) are smooth functions on [0, ¢] xRN Let F,,0< t <
T, be the filtration generated by W (t),0 < t < T'; we may
take w € Q) as a sample path of the system states generated
by a realization of W, denoted as w := {W(¢),0 <t < T}.
Sometimes we add w to indicate the dependence of a
random variable on the sample path, e.g., S(¢,w).

Let f(t,5),t € [0,T], S € R, denote the time-dependent
reward function, and F(T,S(T)) denote the terminating
reward. The performance concerned is

Xo(T) = / (. S(m)dr + F(T,S(T)),  S(0) = S,
(4)

We wish to maximize the distorted performance

Ep|Xy] = /R w(Hg(x))dz, (5)

with Hy(x) = P[Xe(T) > x|, subject to a(t,S) € A, and
o(t,S) € B, where 2 and B are given sets of n-dimensional
and n x m dimensional smooth functions, respectively; and
we use 0 to denote any parameter of a (¢, S) and o (¢, 5). In
a stock market, we may have 2 = {all a(t,5) : «;(t,S;) =
,U/zSz} and B = {all O’(t,S) : Ui,j(t,S) = 6i,j0iSi}7 with
n=mandd;; =0,if i # j,and §;; =1, if i = j; u; and
i, 1 =1,2,--- | N, are parameters.

3. FUNDAMENTALS

We first review some fundamental results in Cao and Wan
(2013) that motivate the study in this paper.

8.1 A weighted expectation form

Let Hy(x) = P[Xp > z] be the decumulative distribution
function of a random variable Xy defined on (9, F,P),
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and Gy(-) := H, '(:) be its left-continuous inverse. The
distorted performance (2) can be reformulated as

BplXo) = [ u(Hy(a))ds

:/0 Ge(w‘l(y))dy=/0 Ge(Z)dI;iZ)dz

= p [{enn 2 ©

where Z in (6) can be any uniform random variable on
[0,1] defined on (2, F,P).

It is advantageous to take a special form of uniform
random variable Z = Hy(Xp) in (6). Throughout the
paper we assume that Xy has no atom (the case with
atoms is technically more involved and will be the topic
for further research). In that case, Go[Hyp(Xy)] = X, and
(6) and (5) become

~ dw(z)
EplXg] = Ep | X B 7
P[ 9] s 0 dz z=Hg(Xp) ( )
3.2 Change of measure
We may use the random variable IT = dq”;—iz) in (7)
Z:Hg(Xg)

as a Radon-Nikodym derivative to define another measure
Qp on
dQp  dw(z)
AP~ dz li=H(x,)
Indeed, w is strictly increasing and we have

(®)

dw(z)
dz

C [tdw(z), B
—/0 sz =w(l) —w(0) = 1.

Ep(ll] = EP[

Z:HQ(X3)i|

Thus, (7) becomes

Ep[Xo| = Ep [Xe%%} = Eqg,[Xy]. )
To define a sample derivative, we use a function-like
notation for a random variable: Xy = Xg(w) := h(f,w). A
sample derivative 2{Xy} is defined as a derivative with
w={W(t),0 <t <T fixed for both # and 6 + A#:

0 0 0
“ixv- Zrx -2
o Xgyae(w) — Xg(w)
= A, Ab '
Assumption 1. For any 0, 2{Xe} = Zh(f,w) exist
a.s.; Hyg(x) is continuous differentiallable w.r.t.  and z;
Ep[%{XgHXg = z] is continuous in z; there exists a
random variable Ky with finite expectation, such that,
dw(z)
Xping — Xo| 222 < Kp|A0],a.s. (10
| Xo+a0 — Xo| o R 0|Ab|, a.s (10)

for |Af| small enough.

If di’l—(zz) is bounded in [0, 1], then (10) requires Xy uniform-

ly differentiable at 6. This assumption to needed to ensure

the interchangeability of expectation and derivative, a
well-known condition in perturbation analysis, and weaker
conditions exist Ho and Cao (1991).

Theorem 1. Under Assumption 1, we have

%E[XQ] = %[EQQ (XG)]
o dw(z)
=Ep {%{Xe} e z:Hg(Xs)}

= Bo, [ %)) ()

This important property is called the mono-linearity in
Cao and Wan (2013). It shows that when we take deriva-
tives, we may only change the measure at one end of the
derivative direction; this property makes it possible to use
the sample derivative and is the foundation for our analysis
in optimization of distorted performance.

4. OPTIMIZATION OF DISTORTED
PERFORMANCE: AN OVERVIEW

4.1 Stochastic control revisited

When w = 1, the problem becomes a standard control
problem. Let us briefly revisit the stochastic control prob-
lem with a sensitivity-based view and then derive the first
order optimality condition. On any sample path denoted
by w, we define the sample performance

T
ne(w) = /0 fo(r,Sop(r),w)dr + F(T,Sy(T),w), (12)

and the sample potential function

T
gg(t,w):/t fo(r,Se(r),w)dr + F(T,S¢(T),w). (13)

Then ng(w) = g¢(0,w) and the system performance is
mo(S) = Ep{ne(w)|Se(0) = S},
and the performance potential function is
gg(t,S):E’p{gg(t,w)‘SQ(t):S}, O§t§T7 vS.
(14)

We can easily prove that go(t,S) satisfies the Poisson
equation

AGQG(t7S)+f9<t7S):Ov OStST; VS7 (15)
with go(T, S) = F(T, 5), and the infinitesimal generator A

is defined with any smooth function h(t,S) (with subscript
0 omitted):

Ah(t,s) = dilTE{h(T, S()|S(t) = S}

- E{%h(t, S())|S(t) = s}.

T=t

(16)

We have the performance derivative formula (which can
be derived by Dynkin’s formula, see Cao et.al (2011))

16(S) = 30(0,8) = Ep{ge(0,w)|S6(0) = S}

= EP{ /OT[Aage + fol 2, Se(f))dt‘se(o) = 5}(;17)
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where 19, etc, denote the partial derivative with respect
to 6. By setting 15(S) = 0, we obtain the first order
optimality condition as Cao et.al (2011)

[Aago + fol(t,S) =0, 0<t<T, V6. (18)
This is the differential version of the HJB equation, and
can also be obtained by taking derivative of the standard
HJB equation.

On the other hand, taking derivatives with respect to 6 on
both sides of (15) yields

[Aogo + Aogo + fol(1.5) =0, 0<t<T, V5.
Thus, the performance derivative formula (17) becomes

in($) = B0 { [ oot So())at]50) = 5}, (19

and the first order optimality condition is

Aglga(t, S)] =0, 0<t<T, V8. (20)

In addition, we need a sample path based condition. From
(20), we have

Boio(t, 5) = lim ~ B [g0(t + 7, 5y(¢ + 7))
—do(t. So(t))] |So(t) = 5 |

= Bp{ & lin(t,)]|0(1) = 5},

Thus, the first order optimality condition takes the form

0<t<T, V8.

Ep{d[gg(t,w)]’S(;(t) - 5}

- d{Ep [QQ(T,M)‘Sg(t) - SH —0,0<t<T,¥ 421)

T=t

4.2 The first order optimality condition for distorted
performance

Now, we turn to the optimization of distorted perfor-
mance. Define

d
) =2 (22)
and
& = Eplér|F], 0<t<T,
with § = Ep[¢r|Fo] = 1. (23)

By definition, & is a martingale under P. We wish to
optimize the distorted performance defined as (cf. (7))

10(5) = Ep[99(0, w)&r(w)[Se(0) = 5]

= Eqg,[ne(w)|Ss(0) = 5], (24)
with @ be a measure defined by the Radon-Nikodym
derivative

dQy dw(z)

w) = = w).
dP (w) dz  1z=Hgy(ne(w)) fr(w)
By mono-linearity (11) in Theorem 1, we have

10(S) = Eg,[1(w)[50(0) = S].
The derivative of the distorted performance (19) is now
T
i(S) = ~Ea,{ | (4858 ¢, So(®))at],(0) = 5,
0
(26)

(25)

in which AQQ" denotes the infinitesimal generator under

measure Qg, and g5 (t, Se(t)) is defined in (14) under
measure Qy.

Therefore, we obtain the first order optimality condition
for the distorted performance: If 8 is an optimal policy and
Qy is corresponding distortion measure, then

A7 (6,8)=0, 0<t<T, VS  (27)

Before turning to the sample path based condition, we
need to reform &r(w). From (12), we have

no(w) = / £(r, So(r), w)dr

[ [ 1ot + P S(T).)

= Ry (t,w) + go(t, So(t),w),
with Rg(t,w) and gp(t, S(t),w) denoting the two terms in
the sum. Ry(t,w) satisfies

dR(t,w) = f(t, S(t),w)dL.

Set w(z) = dl;(j), then

(28)

&r = w{Hy[ne(w)]}
= w{Hp[Ro(t,w) + go(t, So(t),w)]}-
By the Markov property of S(t), given Ry(t,w) = R(t) and
So(t,w) = S(1),
& = EplSr|Fi
= Ep{w{Ho[Ro(t,w) + go(t, So(t),w)]}
is a function of R(t) and S(t). We denote it as

7}

§e(w) = &(S(t,w), R(t, w)). (29)
Now, by (21), the sample path based condition is
d{EQQ [gQ(T,w)‘sg(t) = 5}} =0 0<t<T VS

. (30)
For 7 > t, we have
Eo, [gg (r, w)’Se(t) — S, Ry(t) = R]

= Bp go(r,w)ér()|Sa(t) = S, Ro(t) = ]
= Bp |07, )& (S(r,), R(7.w)|So(t) = S, Ro(t) = R]
Thus, (30) becomes

A(Bp{ Eplgo(r.w)&- (S(r,w), R(r,w))

[So(t) = S, Ro(t) = RI|So(t) = S}) _ =0,

T=t
and we have the optimality equation

B dla(t.)&(Sa(t), Ro(0))]|So(t) = S, Ro(t) = R| =0,

Ep{d|go(t,)6u(Sa(t), Ra(0))] |S0(0) = 5} =0,
0<t<T,
This equation implies the following theorem:
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Theorem 2. For an optimal policy 6, the process
go(t,w)&:(Sp(t,w), Ro(t,w)) is a martingale with respect to
F; and probability measure P.

In particular, when w = 1, it is the standard stochastic
control problem and for an optimal policy 0, gs(t,w) is a
martingale with respect to P.

Globally, we have

T
/ Bp{d[go(t,0)6(So(t), Rolt)
0

0<t<T.

)] |s0(0) =
(33)

In addition, the derivative of the distorted performance
(26) becomes

T
io(S) =~ [ Ep{dlgn(t.)6e(Sa(0), Ra(t))][S0(0) = 5}.
° (34)
Finally, if f(t,5) = 0, then we have R(t,w) = 0 and (29)

becomes
&(w) =o(t, S(t,w)).

In the next two sections, we will derive optimality con-
ditions expressed explicitly in system parameters. The
potential-based optimality condition is based on (27); and
the sample derivative based conditions are based on (31)
or (32).

(35)

5. POTENTIAL-BASED OPTIMIZATION
CONDITION

5.1 Determining the martingale &

By the martingale representation theorem (see Karatzas
and Shreve (1991), Problem 3.4.16), there exists an JF-

adapted and R"-valued process ((t) = (¢1(¢),...,Cm(t))
with

M T

> [ e <,

m=1 0
such that

& = Bpler]+ Y / & Cn(r)dWn(r), 0T (36)

holds a.s. P. Therefore,

d§y = &C()dW (1), (37)
and from which, we get
&(w) = exp{ - %/o ¢*(s)ds +/0 C(s)dW (s) (38)

We first assume f(t,s) = 0 and use the form in (35)
&(w) = v(t, S(t,w)). Since & is a martingale, we have
A& = 0. Thus, the function v(t, S) satisfies the following
Poisson equation

9 t, 9) +zNja»(t s) -2 u(t,9)
o\ R T

>3 for”

i=1 j=1

2

”asas v(t, 8) =0

(39)

N =

_|_

with the boundary condition

v(0,5) = Ep[§r|Fo] = 1 (40)
and
dw(2)
T,S) = : 41
ol ) dz  z=Hg(ne(w)) (41)
where ng(w) = F(T, 5).
On the other hand, by the Ito rule, we have
dg; = dlv(t, S(1))]
) Y9
= 5,0(t. S)dt + ; a—Siv(t, S)[evi(t, S(t))dt
M
+D_ it S(t)dW; (1)
j=1
i 9
+ 2 Z _ (o0")sj 8Siasjv(t,5)dt
=1 j=1
Comparing this equation with (39), we have
N
g, = Z u(t,S) {Za”ts ()]
M
:Z [Z% (1, S(1)) 5g-o(t, )| AW 1)
Comparing this with (37), we have
Y )
> o (t.S(0) |55t 9)] = vlt. S0
j=1,2--- M. (42)

Therefore, (;(t), j = 1,2,---, M, can be obtained from
(41), with v(t, S) being the solution to (39) and (40).
When f # 0, we take the R(t) in (28) as a system state
and add (28) to the system equations:

dR(t) = f(t,S(t))dt,

dS(t) = a(t, S(t))dt + o(t, S(t))dW (t).
Set S()(t) = R(t) and ao(t,S) = f(t, S), 0'071'(t, S) =
0j0(t,S) = 0. This equation looks the same as a regular
system with one more dimension. With this notation, we

may denote
§i(w) = v(t, S(t)),
which has the same form as (35), with S(¢) =
SN ()T
With this modification, all the results (36-41) carries over

except that in the boundary condition (40), we have
ng(w) =R+ F(T,S), R= So(T).

Furthermore, with this modification all the other results
for f = 0 apply to the case f # 0. Therefore, in what
follow we only work on the form (35).

(43)

(So(t), S1(t),

5.2 The optimality condition for (24)

Now, we calculate the sample derivative
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dE{galt, So()]&:[Se(t)]|Se(t) = S}
= E{d{golt, So(1)I&:[Se()]}|Se(t) = S}

in the optimality condition (??). First, we have

d{golt, So()1&:[Se ()]}
= d{golt, So(t)]}&:[S0 ()] + golt, So(t)]d{&:[So(1)]}

+ d{golt, So(t)]}d{&:[So ()]}, (44)

where
T
Ep / f(r, So(r),w)dr

- s|}.

go(t, Se(t)) = —
+ F(T, Se(T ‘S@

By Ito rule, we have

dge(t, Sp(t))
N

= %ge(t, Se()dt + Y a(?s*- [90(, 50 (1))]
i=1 "

[al(t S(t))dt + ]zwj o1 (t, S())dW; (t)}

Therefore,

Ep (d{golt, So(t )]}&[So( )]1Se(t) = S)

{gge(t ) dt+z 95, [ (t 5)} i (t, S)dt]

N M 9

9
t3 ZZ“ ) 55,35,

From (37), we have
Ep (golt, So(t)]d{o.e[So(t)]}|So(t)

——==00(t, 5)}§e,t(s)dt

=5) =0,
and

Ep (d{go[t. So(t)]}d{&:[So(t)]}[Sa(t) = 5)

N 9 M
— Z: {8751 [g'e(t, 5)} [Z 0, (t, S)(j797t(s)} }§9¢(S)dt

Therefore, the first order optimality condition (31) is

;t(EP{ [g'e(ty So(t))&(Se(t ”59 S})
- {%gg(t, S) + i\’: 822- [Qe(t’ S)} [i(t, 5)]

2

1 N M . P 9 S

ogth, V8.

[99 t S } [Zglj t S Cjat )})}gﬁ,t(s)

Because &y +(S) > 0, so the first order optimality condition
(31) becomes

+2Nj a(?q (90t 9)] [es(t, 9)]

2

0
T . .
go )17] (t7 S) aS’LaS.] ga(t7 S)

&(8@1[9”5}[201”5% ()]) =0

0<t<T, vS. (45)

Condition (44) can also be obtained directly from (27).

From the Girsanov theorem, with (38), under measure Q,

the drift of the Brownian motion has to change according

to —((t):

dW<(t) = dW (t) — ((t)dt.

Under measure Q, the system equation has to be modified

according to the above equation:

aS(t) = [alt, (1)) + o (t, SO)C(B)dt + a(t, S(E)aW (1),
(46)

with S(0) = S. Applying A(,Q according to the system

equation (45) to go(t,S) yields (44).
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