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Abstract: In this paper, virtual actuators are proposed as a Fault Tolerant Control (FTC) strategy for
switching Linear Parameter Varying (LPV) systems subject to actuator faults. The overall solution
relies on the addition of a virtual actuator block that keeps the stability and some desired performances
without the need of retuning the nominal controller. It is shown that the design can be performed using
polytopic techniques and Linear Matrix Inequalities (LMIs). Simulation results obtained with a four-
wheeled omnidirectional mobile robot example are used to demonstrate the effectiveness of the proposed

approach.
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1. INTRODUCTION

In the last decades, the Linear Parameter Varying (LPV)
paradigm has become a standard formalism in systems and
control, for analysis, controller synthesis and system identi-
fication (Shamma, 2012). This class of systems is important
because, by embedding the system nonlinearities in the varying
parameters, gain-scheduling control of nonlinear systems can
be performed using an extension of linear techniques. On the
other hand, the hybrid systems paradigm is strongly related
to LPV systems. Hybrid systems are dynamical systems that
involve the interaction of continuous and discrete dynamics
(Jiang et al., 2011). The study of hybrid systems is motivated
by the fundamentally hybrid nature of many modern systems.
As remarked by Shamma (2012), in the special case of dis-
crete valued parameters, LPV systems constitute a specific case
of hybrid dynamical system. When there are both continuous
valued and discrete valued varying parameters, the resulting
system is referred to as switching LPV. Recently, researchers
have considered this class of system for improving the control
system performance (Lu and Wu, 2004, Lu et al., 2006, He
etal., 2010).

The objective of a Fault Tolerant Control (FTC) system (Blanke
et al., 2006, Noura et al., 2009) is to maintain current perfor-
mances close to desirable ones and preserve stability conditions
in the presence of faults. The accommodation capability of a
control system depends on many factors such as the severity of
the fault, the robustness of the nominal system and the presence
of mechanisms that introduce redundancy in the system compo-
nents (Rodrigues et al., 2006). The existing design techniques
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mainly include the passive and the active approaches (Jiang and
Yu, 2012, Rotondo et al., 2013). The passive FTC techniques
are control laws that take into account the fault as a system
perturbation. Thus, within certain margins, the control law has
inherent fault tolerant capabilities, allowing the system to cope
with the fault presence. On the other hand, the active FTC tech-
niques compensate the faults either by selecting a precalculated
control law or by synthesizing on-line a new control strategy.
The adaptation of the control law is done by using some infor-
mation about the fault so as to satisfy the control objectives with
minimum performance degradation after the fault occurrence
(see Zhang and Jiang (2008) or Benosman (2010) for a review).
Research on hybrid system-based FTC (Yang et al., 2010) is a
challenging issue for both theoretical and practical reasons, and
has been recently investigated in a few papers, e.g. (Ji et al.,
2003, Yang et al., 2009, Du et al., 2011, Ma and Yang, 2011,
Yang et al., 2011, 2012).

The compensation for actuator faults causing severe perfor-
mance deterioration of control systems has been an important
and challenging research problem (Ma et al., 2013). One of the
proposed solutions relies on the addition of a virtual actuator
block that keeps the stability and some desired performances
without the need of retuning the nominal controller. The main
idea behind the virtual actuator method is to modify the plant
with the faulty actuator adding the virtual actuator block that
masks the fault, and allows the controller to see the same plant
as before the fault. Initially proposed in a state-space formula-
tion for LTI systems (Lunze and Steffen, 2006), this active FTC
strategy has been extended successfully to LPV (Rotondo et al.,
2014b), Takagi-Sugeno (Dziekan et al., 2011), piecewise affine
(Richter et al., 2011), Lipschitz (Khosrowjerdi and Barzegary,
2013) and Hammerstein-Weiner (Richter, 2011) systems. An
equivalent formulation in input-output form has been recently
proposed in Blesa et al. (2014).

In this paper, the virtual actuator technique is proposed as
a solution to the FTC problem for switching LPV systems
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subject to actuator faults. It is shown that the design can be
performed using polytopic techniques, in particular solving a
system of Linear Matrix Inequalities (LMIs), a problem for
which efficient solvers are available (Lofberg, 2004, Sturm,
1999). The effectiveness of the proposed approach is shown
through simulation results obtained with a four-wheeled omni-
directional mobile robot example.

The paper is structured as follows. Section 2 presents the
proposed FTC strategy using virtual actuators in the context of
switching LPV systems. The design using a single quadratic
Lyapunov function and polytopic techniques is proposed in
Section 3. The application example, a four-wheeled omni-
directional mobile robot simulator subject to actuator faults, is
described in Section 4. Simulation results are shown in Section
5. Finally, the main conclusions are summarized in Section 6.

2. FTC STRATEGY USING SWITCHING LPV VIRTUAL
ACTUATORS

Let us consider a continuous-time switching LPV system in-
cluding actuator faults as follows:

X(1) = Ag (8(1)) x(t) + Bo s (8(),0(2)) u(t) ()
where x(¢) € R™ and u(r) € R™ are, respectively, the state
and the input of the system, A (¥(¢)) and B f (0(¢), 9 (¢)) are
known matrices of appropriate sizes whose structure and de-
pendence on the vector of varying parameters ¥ (z) € @ C R
depend on the value of the switching signal o € {1,...,S} C
N7, that is assumed to be known. It is also assumed that the
parameter set ® is partitioned into a finite number of subsets
{®i}ticq1, .5 by means of a family of switching surfaces. The

value of the switching signal ¢ determines which parameter
subset is active, and thus determines the dynamic behavior of
the system. The multiplicative actuator faults are embedded in
the matrix Bs  (0(t), ¢ (1)), as follows:

Bo,f (8(1),9(t)) = Bs (0(1)) diag (91(), -, 9n, (1)) (2)
where Bs (9(t)) denotes the faultless input matrix, and ¢;(¢)
represents the effectiveness of the i-th actuator, such that the
extreme values ¢; = 0 and ¢; = 1 represent a total failure of the
i-th actuator and the healthy i-th actuator, respectively.

In this paper, the concept of virtual actuator introduced in Lunze
and Steffen (2006) is extended to switching LPV systems. The
main idea of this FTC method is to reconfigure the faulty plant
such that the nominal controller could still be used without need
of retuning it. The plant with the faulty actuators is modified
adding the virtual actuator block that masks the fault and
allows the controller to see the same plant as before the fault.
The virtual actuator can be either a static or dynamic block,
depending on the satisfaction of the following rank condition:

rank (Bg’f(ﬁ(t),q)(t))) = rank (Bs (B(1))) 3)

If (3) holds, e.g. in the case of multiplicative actuator faults, the
reconfiguration structure is static and can be expressed as:

u(t) = Noy (8(1),9(1)) uc(?) @)

where u.(t) is the controller output and:
No (8(1),8(t)) = By ; (9(1),0(1))Bo (8(1))  (5)

Cases where (3) is not satisfied should be described through
values of the matrix B (¥(¢)) such that the following condition
holds? :

2 Notice that the matrix B ((¢)) does not depend on ¢(r) because the matrix
Noy (0(2),¢(r)) eliminates the effects of actuator partial faults.

Bg (8(1)) = Bos (8(1),0(2)) Noy (8(1),0(1))  (6)
In such cases, the reconfiguration structure is expressed by:

u(t) = Now (0(1), (1)) (uc(t) = Moy (3(1)) % (1)) (D)
where My, (0(1)) is the gain of the switching LPV virtual
actuator, while the virtual actuator state x,(¢) is calculated as:

(1) = (Ao (B(1)) +Bo (8(1) Moy (B(1))1s(1) g
+(Bo (9(1)) = Bo (0(1))) e (1)

When the actuator faults appear, the switching LPV virtual
actuator reconstructs the vector u(z) from the output of the
nominal controller u.(t), taking into account the fault occur-
rence. The faulty plant and the switching LPV virtual actuator
are called the reconfigured switching LPV plant, which is con-
nected to the nominal switching LPV controller. If the recon-
figured switching LPV plant behaves like the nominal plant,
the loop consisting of the reconfigured plant and the switching
LPV controller behaves like the nominal closed-loop system.

The switching LPV system (1) is controlled by a switching LPV
state-feedback control law:

uc(t) = Ko (9(1)) x(t) ©

where K (9(¢)) is the controller gain. Under faulty conditions,
the controller (9) is slightly modified, as follows:

uc(t) = Ko (9(2)) (x(1) +x,(¢))

In the following, it is shown that thanks to the introduction of
the virtual actuator block, the augmented system can be brought
to a block-triangular form.

Theorem 1. Consider the augmented system made up by the
faulty system (1), the virtual actuator (7)-(8) and the control
law (10)3:

(10)

(J& > _ ( As +BgKs Bg (Ko —Ms ) ) ) (x > an
Xy (Bs —Bg)Ks Ag +BsMsy+ (Bs —Bg) Ko Xy

Then, there exists a similarity transformation such that the state
matrix of the augmented system in the new state variables is
block-triangular, as follows:
[ As+BsKs 0

Aaug (6(t)) - < (BG _B:;)KG Ac +B:;MG.,V (12)
Proof: The proof is straightforward, and comes from introduc-
ing the new state variable x;(¢) £ x(¢) +x,(t) and considering
the state (x; () x,(1))".

Looking at (12), it can be seen that the state x; (¢) is affected by
Ko (9(t)) through the matrix Ag (9(¢)) + Bs (3(1)) Ko (B(2)),
while the state x,(r) is affected by My, (9(f)) through the
matrix Ag (0(1)) + B (0(t)) Mg, (9(t)). Hence, the switching
LPV controller and the switching LPV virtual actuator can be
designed independently.

3. DESIGN USING LINEAR MATRIX INEQUALITIES

The design problem to be solved consists in finding a matrix
Ko (0(t)) such that:

(1) = (A6 (9(1)) + Bo (9(1)) Ko (0(1))) x(1)  (13)

3 The dependence of the matrices As, Bs, By, K5 and Mg, on the varying
parameter vector ©(r) has been omitted for lack of space.
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is stable with poles in some desired region of the complex
plane?.

In this paper, both stability and pole clustering are analyzed
within the quadratic Lyapunov framework, where the specifi-
cations are assured by the use of a single quadratic Lyapunov
function. Despite the introduction of conservativeness with re-
spect to other existing approaches, where the Lyapunov func-
tion is allowed to be parameter-varying, the quadratic approach
has undeniable advantages in terms of computational complex-
ity.

The switching LPV system (13) is quadratically stable if there
exists Xg = XST > 0 such that (He et al., 2010):

(Ao () +Bo (8) Ko (9)) Xs + X5 (Ag (9) + K5 (9) By (9)) <O (14)
Vo €{1,...,5} and V& € ©. On the other hand, given a subset
2 of the complex plane, defined by:

2={zeC:a+zp+zB" <0} (15)
with o = o7 € R™*™ and B € R™*™, the switching LPV system
(13) has its poles in Z if there exists Xy = XZZ > 0 such that:

(X7 + B (Acr(ﬁT) +Bo(l9T)Ka(9T))X@
+ﬁlkX@ (Ac(ﬁ) +KO' (ﬁ)BG(ﬁ))}k,le[l,m

Vo € {1,...,5} and VO € O, where oy and fi; denote the

generic entry of & and 3, respectively. The main difficulty with
using (14) and (16) is that they impose an infinite number of
constraints. In order to reduce this number to finite, a polytopic
approximation of (13) is considered, as follows:

} <0 (16)

ZV, A, Y (o >OZ 9)=1lifo=1
Ag (B(1)) = ZV: ’) yl() ) >0, Zy@ ¥)=1lifo=s
i=1
Ng . Ny
Y A A, 1 (9) 20, Y AY (9)=tifo =5
i=1 i=1
(17)
Wi
sV (w()BY, 88V (9) >0, Za&” y=lifo=1
w=1
Ws
Bo(5(1) =1 Y & (9(1)BY, 8 (8) >0, Zan )=lifo=s

w=1 w=1

Wy ' We
Y 59 (9B, 6 (9)>0, ¥ 69 (9) = 1if o =5
w=1 w=1

as)

L0 0
Z%‘ (B)K; ",
i=1

ifo=1
Ny
DR RACI0)) exb
i=1

ifo=s (19)

WO)KS, ifo=$

LA
7
L

4 Following Ghersin and Sanchez-Pefia (2002), and with a little abuse of
language, the poles of an LPV system are defined as the set of all the poles
of the LTI systems obtained by freezing ¥ (¢) to all its possible values ¥ € ©.

The matrix Ks (9(¢)), with vertex gains (19) assures that the
switching LPV system (13) with state and input matrix as in
(17) and (18), respectively, is quadratically stable and has its

poles in Z if there exist X = X7 > 0 and Fl(.s), i=1,...,Ng
s=1,...,5 such that:

(AES)X + BSS)FES)) + (AE”X i B&;‘)FE“)) "0 Qo

. Y (s ¢ 9\ 7
{ak1X+ﬁkz (4% + BT ) + B (A0 x + BT } <0 @

k,le[1,m]
withi=1,...,N;, w=1,....,Wy and s = 1,...,S. Then, the
vertex gains can be easily obtained as:
K =rx! (22)

The proposed design conditions using LMIs can be applied
both to the case of controller design and to the case of virtual
actuator design, by making the changes Bs (9(t)) — B (9(1))
and Ko (0(t)) = Mo, (0(2)).

4. APPLICATION EXAMPLE

The application example used in this paper is a four wheeled
omnidirectional robot in simulation. Its dynamic model, includ-
ing actuator faults, is given by the following set of differential
equations (Oliveira et al., 2009):

X = (23)
Ve = (A]lc% +A22S5) v+ [(A11 —A)sgcy — @] Vy
+K11C0Sign(vxc(-) +Vy59)7BZIS9 (¢0u0 +f0) (24)
—Kxsgsign (—vyse + vyco) + Biace (@rur + f1)
—B35g (¢2uz + f2) + Brace (P3u3 + f3)
y=vy (25)
vy = [(A11 —An)sgco + @] vy + (Aus% +A22€5) Vy
+Ki159sign (vco + vyse) +Baice (Pouo + fo) (26)
+Kapcgsign (—vese +vyco) + Biase (rur + f1)
+B3ce (2uz + f2) + Biase ($3u3 + f3)
=0 27
@ = A330 + B3y (¢ouo + fo) + B3z ($1us + f1) 28)

+K335ign () + B33 ($au2 + f2) + B3a ($3u3 + f3)
where (x,y) is the robot position, 0 is the angle with respect
to the defined front of robot (sg £ sin @ and cg £ cos 8), vy, vy
and o are the corresponding linear/angular velocities, and u,
u1, up and uz the motor voltage applied to the wheel 1, 2, 3
and 4, respectively. The additive actuator fault in the i-th motor
is denoted by f;, while ¢; denotes the multiplicative fault. The
values used for the coefficients A;;, B;;, K;; are listed in Table 1.

Table 1. Values of the coefficients A;;, B;j, Kj;

Coefficient Value Coefficient Value
All -3.3605 B3 3.6079
A -3.4368 B3, 3.6079
Az3 -5.7363 B33 3.6079
By, -0.3950 B3y 3.6079
By 0.3950 K -0.8008
By 0.3950 K» -0.9486
B3 -0.3950 K3 -6.0746
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By introducing the following reference model:

&= (29)
f/; = (A] ]C% —|—A22S%) V; + [(A]] —Ay)sgco — O)] V;
+Ki1cosign (vico +vyse) — Baise (doup + fo) (30)
—K 595180 (—VXSQ + VyCQ) + Biacy ((ﬁ]bt? +f1)
—Ba3s¢ (@2”5 +f2) + B (433u§ +f3)
b=V, (31)
Yr = [(A11 — Ax) sgco + O] Vi + (A1155 +Ancg) vy
+K1159sign (vice +vysg) + Baice (@ou(r) +fo) 32)
+Kcosign(—vise +vyco) + Biase ((]Sluf +f1)
+Basce ($aus + f2) + Brase (§3us + f3)
6, = o, (33)
O = A330, + Ba1 (Qoup + fo) + B3z (d1uf + /1) (34)

+K33sign (@) + B33 (‘ISQME +f2) + B34 ((53145 +f3)
where (x,,y,) is the reference vehicle position, 6, is its angle,
v, v, and o, are the corresponding linear/angular velocities and

y ; .
uy, uy, uy, uy are the reference inputs (feedforward actions),

then, if the tracking errors e; = x, —x, ey = V. — vy, e3 2y, —,

ey 2V — Vy, €5 £0,—0, e £ 0, — » and the new inputs

-
y
Au; & u; —u;, i =0,1,2,3, are defined, under the assumption of
perfect fault estimation (¢; = ¢; and f; = f; Vi = 0,1,2,3), the
error model for the faulty four wheeled omnidirectional mobile
robot can be obtained from (23)-(34) and be brought to a quasi-
LPV representation, as follows:

éy 010 0 00 ey
é 0% 0 % 00 e
ées | 1000 1 00 e3
és | | 0% 0A 1 +Apn—% 0 O e4
és 000 0 0 1 es
€6 000 0 0 Ass €6
0 0 0 0
—B21¥04 B1205s —By304 B14¥s % 0 0 0 Aug
n 0 0 0 0 0 ¢ 00 Au
By1¥s Bip¥s Byzt¥s Bty 0 0¢poO Auy
0 0 0 0 0 0 0 ¢ Aus
B3 By B3 By
(35)

where the vector of varying parameters is:

V() A1y cos? 0 + Ay sin® 0

192(l) (A“—Agz)SiHGCOSG—CO
B(t)=| () | =| (A;1 —Axn)sinBcosO + @

Bu (1) sin

s(1) cos O

As shown in Rotondo et al. (2014a), in order to find a polytopic
controller for (35), it is useful to split the subset of the varying
parameter space generated by ¥4 and s in more regions, such
that (35) becomes a switching LPV system. In particular, in
this work, the quadrants have been considered as regions, with
0 = kn/2, k € Z being the switching condition, such that:

1 if cos@>0AND sin6 >0
2 if cosO>0AND sinf <0
3 if cosB® <0AND sinf <0
4 if cosO <0AND sinf >0

O =

To make the robot tracking a desired trajectory, proper values of
ug, u, u5 and uj should be fed to the reference model, such that
its state equals the one corresponding to the desired trajectory,
chosen to be circular, as follows:

xr(t) = pcos(6,(1)) (36)

v(t) = psin(6,(1)) 37

0.(t) =2mt/T (38)

where p is the circle radius and T is the desired revolution
period around the circle center.

Adapting the reference input calculation made in Rotondo et al.
(2014a) to the faulty case, the following is obtained:

uégt;
up(t T
(1) | = Arer (OBrer (1) (39)
w3 (1)
where 1 denotes the pseudo-inverse and:
—leseflso 31209@1 —B2356A(132 31469@3
Arf(t)=| Bacedo Biosedr Brice$s Biasgds | (40)
B31i¢o  Bxn¢r B¢y Bugs
Bref(t) = (ﬁrefl(t) ﬁrefZ(t) ﬁref3(t) )T (41)

Bresi(t) = p277r (sin ?01 () —cos ? (192(t) + 2T7r>)
—K1105(1)sign (v Os(1) + vy 04 (2))
—K22134(At)sign (Vy’l%S (l) — vxﬁs (t)) )
+B215g fo — B12co f1 + B23se f2 — B1ace f3

2w (. 2n;t 21 2mt
Brep2(t) = p— | sin— <193(t) — T) —cos ?191 (t))
—K1104(t)sign (v Vs () +vyVa(1))
K05 (1)sign (vy s (1) — vi04(t)) R
—Ba1ce fo — B125¢ f1 — B23ce f2 — B1ase f3

2r .
ﬁrefg,(t) = 7A33? — K33sign ((D(l))
—Bs1fo — Bofi — B3 fo — Baafs

5. SIMULATION RESULTS

The overall polytopic approximation (17)-(18) of the four
wheeled omnidirectional mobile robot quasi-LPV model (35)
has been obtained by considering:

Y € [Q,,E]} = [min (A11,A2),max (A;1,A2)]
W, € [0y,02] = [min((A}| —A2)sece) — @, max ((Aj] —Ax)sgcg) — @]
03 € [B3,03] = [min (A1 —An)sece) + @, max (A1 —Ax)secy) + @)
with:
(B31ul™ + B3pu™ + B33 ™ + B3gud™ + Ka3)
As3
where u"™* = 12V, i = 0,...,3 denotes the maximum input

voltage that can be applied to the i motor, that is assumed
to be limited by symmetric constant saturation limits, u; €
[_umax umax]

14 »7 :

0=—-0=

The controller and the four virtual actuators (one for each
wheel) have been designed using (20) and (21), to assure
stability > and pole clustering in:

2 ={ze€C:Re(z) < —0.1}

The results shown in this paper refer to a simulation which lasts
305, where the four wheeled mobile robot is driven from the
initial state:

(x(0),v:(0),5(0),v5(0), 8(0), @(0))" = 061

5 In the case of quasi-LPV systems obtained from a nonlinear system, the
closed loop system could be unstable for some operating conditions despite the
feasibility of the design conditions. A rigorous analysis of the stability should
also take into account the region of attraction estimates as in Bruzelius et al.
(2003).
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to the desired trajectory, defined as in (36)-(38) with p = 2
and T = 20s. The desired trajectory has been generated by the
reference model (29)-(34) using the reference inputs calculated
as (39)-(41), starting from the initial reference state:

(2+(0),v%(0),3(0),}(0), 8,(0), ,(0))" = (p,0,0,27p/T,0,27/T)"

The fault scenario considered in this paper is a total loss of the
first wheel motor starting from time t = 15s+:

_J 1 ift<15s
Po(t) = { 0 ifr>15s
It is assumed that, in the simulation where the proposed FTC

is applied (referred to as with FTC), the virtual actuator is
activated at time ¢ = 20s.

(42)

Fig. 1 shows the tracking of the desired circular trajectory in
the (x —y) plane. It can be seen that, if no faults occur, the
robot trajectory (blue line) reaches asymptotically the reference
(black line). On the other hand, under fault occurrence, the
robot trajectory deviates from the desired one in the case
without FTC (green line). The activation of the proposed FTC
strategy allows to recover the asymptotic stability of the error
system (red line). Thanks to the introduction of the virtual
actuator block, all the tracking errors go to zero, as depicted
in Fig. 2. Finally, the effect of the proposed FTC strategy on the
control inputs is shown in Fig. 3.

3
2 L
1t
E ol FTIC —7
> activated
-1}
—2H Nominal
Without FTC \
With FTC
Desired Fault appears
_3 ‘ ‘ ‘ ‘ ‘
-3 -2 -1 0 1 2 3

x[m]
Fig. 1. Tracking of the desired circular trajectory.

6. CONCLUSIONS

This paper has proposed an FTC strategy using switching LPV
virtual actuators for switching LPV systems. This FTC method
adapts the faulty plant to the nominal switching LPV controller
instead of adapting the switching LPV controller to the faulty
plant. In this way, the faulty plant together with the switching
LPV virtual actuator block allows the switching LPV controller
to see the same plant as before the fault. The addition of the

2 0.5
= 1 2 o
£ E
¢ 0 & -05
-1 -1
0 10 20 30 0 10 20 30
0.2 1
Nominal
= ©® 05 Without FTC
E 0 £ With FTC
o o 0 T ——
-0.2 -0.5
10 20 30 0 10 20 30
1.5 1
. PN
£ ® o ‘
o® 0.5 ©
0 -1
0 10 20 30 0 10 20 30
Fig. 2. Tracking errors.
15 15
10 m 10
— S — j_j _ 5
= =
= = 0
L - El /J
-5 Nominal -5
——— Without FTC
=101 witnFTC -10
-15 -15
0 10 20 30 0 10 20 30
15 15
10 10
5
= ‘ ‘ ‘ = \”I N \
Eh b =0 T ‘
-5 ML -5
-10 -10
-15 -15
0 10 20 30 0 10 20 30

Fig. 3. Control inputs.

virtual actuator block keeps the stability and some desired
performances under fault occurrence.

The overall loop consists of the nominal switching LPV con-
troller and the switching LPV virtual actuators. Both are de-
signed using polytopic techniques, solving a system of LMIs,
so as to achieve stability and pole clustering in a desired region.
Both specifications have been analyzed within the quadratic
Lyapunov framework, through the use of a single quadratic
Lyapunov function.

The potential and performances of the proposed approach have
been demonstrated in an illustrative application to a four-
wheeled omni-directional mobile robot simulator subject to
actuator faults.
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