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Abstract: This paper investigates the distributed tracking control problem for multiple La-
grangian systems under a general directed graph where only a portion of the agents have
access to the desired time-varying trajectory. To overcome the problem that only positions
are measured, a observer is designed to estimate the velocity for each follower. By employing
the estimated states, the distributed observer-based controller is proposed using only position
measurements. Furthermore, the condition for the distributed tracking problem on the directed
graph is derived, such that the tracking errors and observer errors semi-globally converge to
zero. Finally, simulation examples are provided to show the effectiveness of the proposed control

algorithms.
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1. INTRODUCTION

Distributed cooperative control of multi-agent systems
has received considerable attention from various scientific
communities in recent years due to the broad applications,
such as autonomous underwater vehicles, sensor networks,
and unmanned aerial vehicles (Ren and Beard [2005];
Li et al. [2010]). To the best of our knowledge, linear
systems described by single/double integrators are focused
on in most existing results on the distributed control
problem (Hong et al. [2008]; Cao et al. [2013]). However,
the dynamics of a large class of mechanical systems,
including autonomous vehicles, walking robots and robotic
manipulators are much more complicated than those linear
models in practice (Sarlette et al. [2009]; Ren and Cao
[2011]). Thus, it is significant and nontrivial to study the
distributed coordination problem for multiple Lagrangian
systems which can represent the motion of a great many
mechanical systems.

Recently, some researchers have focused on the distributed
cooperative control problems of the networked Lagrangian
systems. The containment control problem were concerned
in (Meng et al. [2010]) and (Mei et al. [2012]). The conver-
gence of the followers’ states to the dynamic convex hull
was achieved with the aid of a distributed sliding-mode
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estimator and a non-singular sliding surface in (Meng et al.
[2010]). While, the results in (Meng et al. [2010]) are only
suitable in the case that the graph associated with the
followers is undirected. In (Mei et al. [2012]), containment
control problem was realized under directed graph which
is more general than that in (Meng et al. [2010]). The
problem of coordinated tracking to a reference trajectory
for networked Lagrangian systems has been addressed in
the following literatures. Under the assumption that the
interaction topology is undirected, a distributed adaptive
controller in (Dong [2011]) was designed to track the
reference trajectory for multiple mechanical systems. The
work in (Chen and Lewis [2011]) extended the topology
requirements in (Dong [2011]) to directed graph containing
a spanning tree by using neural network. However, the po-
sition and velocity tracking errors for each vehicle can only
be guaranteed to be cooperatively uniformly ultimately
bounded (UUB). Reference (Mei et al. [2011]) presented
a class of model-independent sliding mode control law for
networked Lagrangian systems with a dynamic leader such
that the tracking errors converge to zero asymptotically at
the cost of utilizing two-hop communication information.

It should be noted that the full state information are
required to implement the proposed control algorithms
in the above references. Nevertheless, in practice, velocity
measurements may not always be measurable due to the
strict constraints on the cost and space for installing the
devices. Motivated by these facts, a distributed consensus
algorithm was proposed for Lagrangian system in (Ren
[2009]) to deal with the problem that the agents have
no access to the velocity information. Differing from the
undirected topology condition in Ren [2009], the authors
in (Chen and Lewis [2012]) focused on distributed tracking
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problem for networked mechanical systems under directed
graph. However, all mechanical systems synchronize to the
reference system with bounded residual errors under the
given control approach. The work in (Mei et al. [2012]) was
extended by (Mei et al. [2013]), where the distributed con-
tainment control law was designed for multiple Lagrangian
systems under a directed graph. Though the neighbors’
velocity information is not used in (Mei et al. [2013]), the
leaders are required to keep stationary and the velocity
information of the follower itself is necessary.

In this paper, the distributed tracing control problem is
discussed under a directed communication topology, where
each agent has Lagrangian dynamics and only a subset
of the followers have access to the time-varying desired
trajectory. To overcome the absence of the velocity mea-
surements, a novel observer is constructed to estimate the
unavailable states. Based on the estimated states together
with the position measurements, the distributed controller
is designed such that the followers could track the leader
asymptotically. The main contribution of this paper is that
the coordinated tracking problem for Lagrangian systems
is solved using the minimum amount of information with
the aid of elaborately designed observer. It is worth men-
tioning that the observer and the control law proposed
in this paper can be implemented without any velocity
information, which is more general than the requirements
in other existing literatures such as (Mei et al. [2013]).

2. PRELIMINARIES

A group of n mechanical systems labeled as agents 1 to n
are considered as followers. The dynamics of the ith agent
is described by Euler-Lagrange equation as follows:

Mi(q:)Gi + Ci(qi, 4i)gi + Gi(qi) =7, i=1,---,n (1)
where ¢; € RP is the vector of generalized coordinates,
M;(q;) € RP*P is the symmetric positive-definite inertia
matrix, C;(qi,¢;)¢; € RP is the vector of coriolis and
centrifugal torques, G;(g;) is the vector of gravitational
torques, and 7; € RP is the vector of control torque on
agent 1.

The reference system, namely, the leader, is represented as

da(t) = f(t, qa(t), da(t)) (2)
where f : R x R? x R? — RP? is a uniformly continu-
ously differentiable vector-valued function, gq (¢4 and Gq,
respectively) is the position, (velocity and acceleration,
respectively) of the leader.

Assumption 1. The desired trajectory gq(t) is a bounded
smooth signal with bounded derivative, i.e., ||ga(t)|| < 7p,
lga()|l < ~v, where 7, and 7, are positive constants.

In the following, we use M (q) = diag[M(q1), - ( )]
]

C(‘]a Q) édiag[cl(QMLh)a"' n(an%L) 5 G( ) [ ( 1)3
o, GT(q,)]T as the vector form of M;(q:), Ci(qi, di), Gi(q:)
respectively.

b

For (1), the following properties are held. (Kelly et al.
[2005]; Spong et al. [2006])

(1) For any 4, there exist positive constants k,, and ks
such that 0 < kp, I, < M;(q;) < kaIp.

(2) Mi(q:) —

7

2C;(qi, G;) is skew symmetric, i.e.

M;i(q;) — 2C;(qi, @))€ =0, VE€R™  (3)
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(3) For all g;,z,y,z € RP, Ci(qi,¢;) in (1) satisfies

Ci(gi, 2)y = Ci(gi, y)x (4)
Ci(gi,x +y)z=Ci(gi, )z + Ciaqi, y)z (5)

Notations: The superscript 7" means transpose for real
matrices. Let 1,, denote the n x 1 column vector with all
entries equal to one. I, represents the identity matrix of
dimension n. || - || denotes the Euclidean norm.

We use G 2 (V, ) to represent the interactions among the

agents 1 to n with the node set V = {1,---,n} and the
edge set £ CV x V. The edge (i,5) denotes that the agent
1 transmits information to agent j in a directed graph, but
not vice versa. In an undirected graph, an edge (i,7) € €
if agent ¢ and j can receive information from each other.
Here, it is assumed that there is no loop in the graph,
ie., (i,3) ¢ €. If an edge (i,5) € &, then we call node i
is a neighbor of node j. Thus, the neighbor set of agent

i is defined as A\; 2 {jl(4,7) € E}. The root is a node
that has directed paths to all the other nodes in a directed
graph. A directed tree contains exactly one root and every
other node has only one parent. A directed tree is called
a directed spanning tree if it consists of all the nodes in a
graph. A directed graph contains a directed spanning tree
as long as one of its subgraphs is a directed spanning tree.
The adjacency matrix A = [a;;] € R"*™ is defined such
that a;; > 01if (§,4) € £, and a;; = 0 otherwise. Define the
weighted in-degree of node i as d; = Zje/\ﬁ; aij.

Definition 1. (Chen and Lewis [2012]). The auxiliary vari-
ables of position and velocity errors for systems ¢ are
defined as

1 n
si2qi———0 ayg+biga) 2 g — g (6)
d; + b; =
A I s
$i £ i — O aijd; +bida) £ di — 4o (7)

d; +b; =

where b; > 0 if the leader is the neighbor of agent ¢ and
b; = 0 otherwise.

The vector form of the error dynamics can be written as

s=(L+B)®L)(g— 1, ® qa) (8)
s=(L+B)@L)(q—1n® da) (9)
where s = [8{7857 e 73,;1’:]T7 q= [qquga T 7qr’17j]T7
dl _ ai2 B ain
d1 + b1 d1 + b1 di + by
o an da agn
L: da + b2 do + ba da + by 7
__am a1 dn
and B = diag{ﬁ’ e ﬁ}.

Lemma 2. (Khoo et al. [2009]; Chen and Lewis [2012]). If
the graph has a spanning tree with the leader as the root,
then s = 0 and § = 0 if and only if ¢ = 1,, ® q4 and
G=1,®qq-
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3. MAIN RESULTS
3.1 Observer Design

Before moving on, the following auxiliary variables are

needed.

The position “estimation” error is given as
4 =G — g

Accordingly, the velomty estimation error is

(10)

QZ = QL G (11)
And, the combined estimation error is defined as
ni = ¢ + aqg; (12)

where « is a positive constant to balance the velocity and
position convergence rate.

To cope with the problem that only the position measure-
ment of each follower is available, a velocity observer for
ith system is specially designed as follows, in which only
the local position information is used.

kig

i = M;(q:) " i = Cilqi, 40) (@i + aGs) — Gilgs)] — liGs (13)
where k; > «a, I; = a(k; — ) are user-chosen constant

scalars, w; is the intermediate variable.

Remark 1. Motivated by the idea that the observer is
designed to make the storage function decrease in (Malgari
and Drissen [2012]), where the tracking problem for single
robot is considered. Hence, the desired reference trajectory
is always available to the certain follower, while the case
has been extended to multi-agent system in this paper,
where not all the followers can get the reference trajectory.

qi = W; —

Choose the sub Lyapunov function candidate

anTM qi)ni + Z‘L Gi

Taking the time derlvatlve of Vj along (11)—(12) gives

Zm i(as m+2m (@ nﬁZqz i

(14)

72771 (i 771"’2771 %"’04%)
+ Z g; (ni — ad;) (15)
From the observer (13), one has
M;(gi)tii = 7i — Cilgs, 4:) (G + adi) — Gi(g;) — iM;G; (16)
and . )
M;(qi)qi = Mi(qi)wi — kiM;(q:) G (17)
Substituting equation (16) into (17), we can get
M;(¢:)Gi =7 — Ci(qi, 4:) (@i + i) — Gi(q:)
=i M;q; — ki Mi(q:)q (18)
Also, it can be easily obtained from the system model (1)
that
M;(g:i)di = 7 — Ci(¢i, di)di — Gi(qi) (19)
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In the light of (12), we have
M;(gi)Gi = Mi(q:)Gi — Mi(q:)ds

Then, replacing the two terms on the right side of equation
(20) with equation (18) and (19), one has

(20)

Cilgi, 4:)(Gi + agi)
1 M;G;

M;(¢:)q = Ci(gi, di)di —
—kiM;G; — (21)

Substituting equation (21) into (15), and replacing ¢; with
¢ = i + g

L mion

—1;, we have

Zm

%7 Qz

+Zm (qi 6:) qz+aZm (qir 6:)di
i=1
72771 qth Zfaznz QMQz

- Z(ki — a)n; Mi(q
i=1

+ Z q; i
i=1

Then, by using property (3), the crossing terms in (22)
follows that

i — o Z G s
=1

(22)

Ci(gi,4)di + aCi(qi, 4:)di — Cilair i) — aCi(qi, 4i)ds
=—Ci(qi, @) (ni — i) — aCi(qi, §:)Gs

= —Ci(qi, Gi)ni + aCi(ai, 4:)@ — aCi(as, i) G (23)
Defining the variable = £ {g;, e;, é;}7, where e; = ¢; — qu,
é; = ¢; — Gq and the set Q, :

Q—{leT 1T

1
q; qi + 26161 —e¢Te; <, vt >0}

56 (24)

For = € .., it can be deduced that ¢; and ¢; are bounded.
we note that for C;(g;, ¢;)¢ and C;(g;, ¢;)¢ are both zero at
¢ = 0. From the locally Lipschitz property of the coriolis
and centrifugal torque, there exist positive constants e;
and es depending only upon r and -, such that

1Ci(gi» G:)¢Il < ell¢]l and [[Ci(gi, ¢:)S I < ealIC]l-
Combining (23) and (25), Vo can be upper bounded by

(25)

Vo <~ [ M (mink; — @) — e |n]]* - allg]?

+(1 + aer + aes)[n] 4] (26)

8.2 Control Law Design and Stability Analysis

Based on the estimated states, the distributed control law

using only position measurements is proposed as

7 = M;i(qi)(Gsi + 5i) + Cilqis Gi)(4si — 8:) — Bi(8i +5i) + G
(27)

where (3; are positive constant, (fsi, c}si and éz are the

estimates of the variables §g;, ¢s; and §;, respectively.
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Accordingly, from (6) and (7), they have the following

forms 1 & ) n n
. 1 " - . ==Y &Me& - Cig,a)&+ ) & n—
s = d; + b; (Z ai;q; + bida) 2 ; ; ;
. 7~ (28) Ci(gi» Gi)(dsi — 8i) — Midsi — Giqi) + M3 (36)
Gsi = 7(2 aijéj + bida) Then, substituting the control law (27) into (36) and
di + b; j=1 combining (33)-(35), it yields
$i =i — i
Theorem 3. Suppose that the communication topology o { .
among the m + 1 agents contains a directed spanning Vi Z td, +b Z i €345, 45)05

tree with the leader as the root and no loop exists.

Under assumption 1, the tracking and velocity observation O A AN T e ~}
errors of multiple Lagrangian systems (1) are semi-globally Cils 45 + 45)mi) = kinj + a*4;
converge to zero using the distributed observer (13) and

control law (27), if parameters a, k;, 8; are selected such +Z§T{ 4 qz’gl Z a;;(n; — ag;)
that + JEN:
>0 (29) —Cigi> @) (3 + 8:) + Cilai, di) (mi — 0@‘)}
. 1
milnki > m(1+a61+a62) +M—m+a (30) —Zfz A M ZﬁTA
&3 [Mm (o — mink;) + e1] — ¢162[1 + a(er + €2)] — ag3
minf; > J - (31)
i 404[Mm(mi1nki —a) —e1] — (1 + aer + ae)? d — b Z a” qu] ] (37)
where ¢1 and ¢ are defined (39).
Proof. Consider the sub-Lyapunov function candidate where we have used the fact that
1 n
Vi=-= ZTMl IS 32 N i 2 . . X . . 2
1= 2 & Mia (32) Si:%*qSi:q*quF(Qi*Q')+(QSi*qsi)

i=1
where § = $; + ;. =58 +n —ag; — d; +b; _|_b Z aij(n; — aq;)  (38)
Before moving on, some preparations are firstly made to

facilitate the calculation of V;(¢). On one hand,
Recalling (25), for x € ,, we can obtain the following

5 M; lity aft the similar t
M;gsi — Mis; = d 5 Z aqu] + bia — Z aijGi — bida )mequa ity after merging the similar terms.
JEN; fM
nMy
M; N .. V_—mln'—M — (€1 + € 24 a{i
T di+b > aij(4; — i) (33) V1<~ mindi = M — (e +ea)] ] M,,
M F(Z+ B)|llglla
Further, it follows from the observer (13) and the system VnMya+avnte+ mfmxﬁza( + B)liclal
model (1) that M
1) —l—{@ M(61+62)+\/HMMmani+el\/ﬁ+eg
4 —; "o
A +amaxfio (L + B) | €] ]
=wj — k;jg; — qj . i ,
= Mj_l [aCj(qj, q])qj - Cj(qj, Qj + dj)’l]j] - [milnﬁi — My — (61 + 62)} ||£|| + ¢1H5||||Q||
—kjn; + g (34) +alI€]l[|] (39)
On the other hand, where (X)) denotes the maximum singular value of the

matrix X.

Ci(ai, @) (gsi — 8i) — Ci(qi, di) (dsi — s
(@ qA )(Aq ) . (.q @)t . ) . According to (14) and (32), the Lyapunov function candi-
= Ci(qi, 4i)dsi — Ci(qis Gi)dsi + Ci(¢iy Gi)dsi — Ci(Q, ¢i)gsi date for the overall observer-controller scheme V = V,+ 1}

—Ci(qi, @i)si + Ci(ai, di)ss satisfies
Ci(ai, G:) - I
= d+b Z a’lj(nj 7Oéqj) *Cv(qu(h)(57+51) 1 1 0 0 1 1 0 0
JEN: in 0 My O y<V(y) < 5yT 0 My O y
+Ci(qi, 4i)(mi — ;) (35) 0 0 Mm 0 0 My
Thus, the time derivative of V; is Py Py
n n (40)
1 . . _ T o :
Vi==S &M+ S Mg where y = (|G|, [Inll, I€IN*, and it is obvious that P; and
2 ; ; P; are positive definite matrices.
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Figure 1. Network topology associated with the leader
0 and four followers. Here, an arrow from i to j
denotes agent j can receive information form agent
i, 4,7 =0,1,--- 4.

Taking the time derivative of V(y) yields

Viy)=Vo+ Vi < —y"Qy (41)
where
1 1
o —5(1+a€1 +a52) —ggf)l
Q= —%(14—0451 + aez) My (mink; —a) — €1 _§¢2

_%(f)l —%(152 miin% — My — (a1
We can get that @ > 0 if and only if (29)-(31) hold. Then,
it is concluded from Theorem 4.10 in (Khalil [2002]) that
y = 03 is semi-globally exponentially stable. On one hand,
it follows from £ = $+s that s and $ both converge to zero.
By Lemma 2, ¢; — g4 — 0, and ¢; — ¢q —+ 0y, as t — oo.
On the other hand, we can also obtain 7 and § converge
to zero from (40) and (41), which implies ¢; — §; — 0, and
Gi—G4; — 0past — 00,4 =1,--- ,n. Namely, the accuarate
estimation can be obtained by using the proposed velocity
observer.

4. SIMULATION RESULTS

Numerical simulations are presented in this section to
demonstrate the effectiveness of proposed control algo-
rithm and observer. For simplicity, we choose four iden-
tical networked two-link manipulators modeled by Euler-
Lagrange equation. The readers can refer to Kelly et al.
[2005] for details. Let the masses of link 1 and link 2 be,
respectively, m; = 0.5kg, and my = 0.4kg, the lengths
of link 1 and link 2 be, respectively, Iy = 0.4m, and
lo = 0.3m, the distances of the mass center of link 1
and link 2 between neighbors be, respectively, l.; = 0.2m,
and .o = 0.15m. In addition, the moments of inertia of
link 1 and link 2 are, respectively, J; = 0.0067kg.m?, and
Jo = 0.003kg.m?.

To facilitate the comparison with Chen and Lewis [2012],
the same interaction topology is chosen as shown in Fig-
ure 1, in which the leader is denoted as agent 0. The
initial position of the followers are chosen as ¢;(0) =
[(m/5)i, (w/4)i]Trad, and the velocity observations of
the four followers ¢(0) are selected as [0.1,0.1]Trad/s.
Let the reference states of the leader be ¢q(t) =
[sin(t), cos(t)]*rad, and hence the angular velocity be
da(t) = [cos(t), —sin(t)]Trad/s. The control parameters
aresetasa=2,8;,=4,and k; =8,i=1,--- ,4.
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Figure 2. Angle tracking errors between the followers and
the leader.
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Figure 3. Angular velocity tracking errors between the
followers and the leader.

0.3 .
- = agenti
=._. 02 agent2 |
< agent3
I 0.1 \ agent4 |-
VQT O | N—
-0.1 . ; . . :
(o] 2 4 6 8 10 12
- = agenti
o 02 agent2
< agent3
| 0.1 agent4 |1
~ \
—01 .
0 2 4 8 10 12

6
time(s)

Figure 4. Angle errors between the observations and the
true values.

Figure 2-3 illustrate the angle and angular velocity track-
ing errors during the tracking process. These figures in-
dicated that the tracking errors converge to zero after
about two second’s regulation. From these figures, it is
obvious that the distributed tracking to a dynamic leader
is achieved effectively by using the proposed control law.
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Figure 5. Angular velocity errors between the observations
and the true values.

The performance of the observer is presented in Figure 4-5,
which show the estimation errors converge to zero asymp-
totically. These figures imply that accurate estimations of
the angle and angular velocity information can be obtained
from the observer, which is of great significance for track-
ing evolution. All the simulation results demonstrate the
effectiveness and feasibility of the proposed architecture of
the observer-based controller.

In comparison with the results that the tracking errors are
uniformly ultimately bounded in Chen and Lewis [2012],
we realized more preferable tracking performance with
lower control gains under the same topology condition.

5. CONCLUSION

The distributed tracking problem of multiple Lagrangian
systems using only position measurements is studied under
a directed graph. A novel observer is elaborately designed
for each follower to cope with the unavailability of velocity
information. Moreover, the distributed control strategy
using only local interaction information is introduced.
Sufficient conditions that guarantee the stability of the
system are provided and the effectiveness of the proposed
observer-based control law is verified by simulation results.
For future research, the authors are interested in the
challenging problem that the communication topology is
switching with time-delays.
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