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Abstract: This paper studies the global leader-following consensus problem for a group of
discrete-time linear systems with bounded controls. For each follower agent, we construct a
bounded nonlinear feedback control law which uses the information of other agents obtained
through multi-hop paths in the communication network. The number of hops each agent uses to
obtain its information about other agents is no bigger than the largest algebraic multiplicity of
the eigenvalues on the unit circle of the system matrix. We show that these control laws achieve
global leader-following consensus when the communication topology is a strongly connected and
detailed balanced directed graph and the leader is a neighbor of at least one follower agent.
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1. INTRODUCTION

In recent years, coordinated control of multi-agent systems
has drawn substantial attention. As a fundamental ap-
proach to achieving group-wide behavior, consensus entails
all agents in the system to converge to an agreement state
by using only local information. Much effort has been made
towards solving consensus problems when the models of
agents in the system are in continuous-time (see, e.g.,
Saber and Murray [2004], Ren, Beard and Atkins [2005],
Jin and Murray [2006], Yu et al. [2011], Li et al. [2011]).
Fewer results have been obtained on multi-agent systems
operating in discrete-time. Examples of these results are
Wang and Xiao [2006], Casbeer et al. [2008] and Chen,
Lii and Lin [2013]. In particular, Wang and Xiao [2006]
presents a so-called “pre-leader-follower” decomposition
approach to solving consensus problems for discrete-time
multi-agent systems with time delays. Casbeer et al. [2008]
considers the consensus problem for agents with discrete-
time double-integrator dynamics and shows that consen-
sus can be achieved when the communication topology
contains at least one directed spanning tree and average
consensus can be achieved when the communication topol-
ogy is strongly connected and balanced. Chen, Lii and
Lin [2013] establishes criteria for consensus of discrete-
time multi-agent systems with nonlinear local rules and
time-varying delays.

There are also results on consensus of multi-agent systems,
both in continuous-time and in discrete-time, that take
into consideration input saturation, which is ubiquitous in
real world applications. It is clear that global consensus
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with bounded controls (see Meng et al. [2011] and Yang
et al. [2013)), like global stabilization with bounded con-
trols (see, e.g., Teel [1992], Sussmann and Yang [1991],
Yang et al. [1997]), is only possible for agents that are not
exponentially unstable (that is, all poles of the agent lie
on the closed left-half plane in the continuous-time setting,
or on or inside the unit circle in the discrete-time setting).
In particular, it is established in Meng et al. [2011] that
global leader following consensus with bounded controls is
possible if the agents are represented by double integrators
or by higher order neurally stable linear systems. Yang
et al. [2013] deals with the discrete-time counterparts of
Meng et al. [2011].

The results of Meng et al. [2011] have been extended to
agents that are represented by a chain of integrators of an
arbitrary length in Zhao and Lin [2013]. More specifically,
a bounded nonlinear feedback control law is constructed
for each follower agent in the group, which uses its informa-
tion about other agents obtained through multi-hop paths
in the communication network. The number of hops each
agent uses to obtain its information about other agents
is no bigger than the number of integrators in the agent.
Global leader-following consensus is then established un-
der these feedback control laws when the communication
topology among follower agents is a strongly connected
and detailed balanced directed graph and the leader is a
neighbor of at least one follower agent.

In this paper, we consider the global leader following
consensus problem for a multi-agent system where the
agents are represented by a general discrete-time linear
system with a bounded control. Under the assumption that
these linear systems are stabilizable with all their poles
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lying on or inside the unit circle, we construct, for each
follower agent in the system, a bounded nonlinear feedback
control law which also uses a multi-hop relay protocol. The
number of hops each agent uses to obtain its information
about other agents is no bigger than the largest algebraic
multiplicity of the eigenvalues of the system matrix on
the unit circle. We will show that global leader-following
consensus is achieved under these feedback control laws
when the communication topology among follower agents
forms a strongly connected and detailed balanced directed
graph and the leader is a neighbor of at least one follower
agent.

The remainder of this paper is organized as follows. In
Section 2, we state the problem of global leader-following
consensus and recall basic definitions and relevant results
in graph theory. In Section 3, we construct a bounded
nonlinear feedback control law for each follower agent
in the system and prove that these control laws achieve
global leader-following consensus. Simulation results are
presented in Section 4. Section 5 concludes the paper.

2. PROBLEM STATEMENT AND PRELIMINARIES

Consider a group of N follower agents, each described by
the dynamics of a discrete-time linear system,

xz(t+1):Axl(t)+buz(t)a i=1,2,---,N, (1)
where x; = [zj1,%i2,  , 2]t € R™ and u; € R are
respectively the states and control inputs of agent 4.

Assumption 1. All eigenvalues of A are inside or on the
unit circle and the pair (A, b) is stabilizable.

Let the leader be also described by the dynamics of a
discrete-time linear system,

zo(t + 1) = Amo(t), (2)
where xg = [3501@027 e 7330n]T € R™

The global leader-following consensus problem we are
to study is stated as follows. Consider a multi-agent
system consisting of the group of follower agents (1)
and the leader agent (2) operating on an underlying
communication network. For an a priori given arbitrarily
small scalar 6 > 0, construct a bounded state feedback
law u; = hi(zo,x1, -+ ,xn), |hi(xo, 21, ,xn)| < 0 for
all (zg, 21, ,2N) € RWHD - for each follower agent,
such that all these feedback laws together achieve global
leader-following consensus, that is, for all initial conditions
$Z(0) GRn,i:0,1,~'~ 7Na
lim (x;(t) —zo(t)) =0, i=1,2,--- N.
t—o0

The communication topology among agents is repre-
sented by a directed graph Gy = (V,&), where V =
{v1,va, -+ ,vn} is a finite, nonempty set of nodes (each n-
ode denotes a follower agent) and £ € VxV is a set of edges
(each edge denotes an ordered pair of nodes). An edge
(vj, ;) in a directed graph denotes that v; has access to the
information form v;. A directed path in a directed graph
is a sequence of edges of the form (v;1,v42), (Vi2, Viz), .
A directed path (v4,v41), (Vi1, vi2), - - -, (Vik—1,Vj) between
v; and v; is called a k-hop path, and v; is called a k'
neighbor of v;.

Let Ay = [a;j] € RV*¥N be the adjacency matrix associat-
ed with Gy, where a;; > 0 if (v;,1;) € € and a;; = 0 oth-
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erwise. Here we assume that a;; =0 foralli=1,2,--- | N.
Let £ = [l;;] € RV*N be the Laplacian matrix associated
with Ay, where l;; = Y | a;; and l;; = —a;; when i # j.
A directed graph is detailed balanced if there exist some re-
al numbers v; > 0,7 =1,2,--- , N, such that v;a;; = vja;;,
for all 4,57 = 1,2,---, N (Jiang and Wang [2009]). Let
v = [U15U27 T 7UN]T and dla'g{v} = diag{vla V2, " ,UNJ-

The leader agent is labeled as 1. The communication
between a follower agent v; and the leader agent vy is
denoted as a;g, where a;o > 0 if v; has access to the
information of vy and a;g = 0 otherwise. Denote M =
Ly + diag{ai0, a0, -, ano}-

Assumption 2. The directed graph Gy is strongly connect-
ed and detailed balanced and a;o > 0 for at least one
i,i=1,2,---  N.

Lemma 3. Under Assumption 2, all eigenvalues of M are
on the open right-half plane, and the matrix diag{v}M +
M7*diag {v}=2M"diag{v} is positive definite.

In the above lemma, the fact that all eigenvalues of M
are on the open right-half plane is established in Ren and
Cao [2011] and the fact that diag{v}M + MTdiag{v} =
2M™diag{v} is positive definite can be established based
on the analysis given in the proof of Lemma 4 in Hu
and Hong [2011]. Let I' = M7"diag{v} and ~;; be the
(i,7)™ entry of T'. Let the eigenvalues of T be ordered as
0< A <A< <A

3. MAIN RESULTS

Under an appropriate state transformation, the dynamics
of each follower can be rewritten in the following form

. Z’io(t + 1) = Ao(L‘Z‘o (t) + bou(t)7

Y mie(t+ 1) = Agmin (t) + bou(t), i=1,2,--- N,
where
(1) zio(k) € R™ and z;4(t) € R"®, with no + ng = n,
(2) all the eigenvalues of Ao are on the unit circle, and

the pair (Ao, bo) is controllable, and

(3) all the eigenvalues of Ay are strictly inside the unit
circle.

Under the same state transformation, the dynamics of the
leader agent is written as

E . {Ioo(t —+ 1) = Aol’oo(t),
O L @oo(t+1) = Agmos (1),

Zoo(t) € R™0,
IOQ(t) S Rne.

Let a bounded state feedback control algorithm u; =
hi(zgo, 10, - ,ZNo) cause all states z;0,i =1,2,--- , N,
to converge to the corresponding state of the leader a-
gent xgo asymptotically. Clearly, these same control laws
together achieve global leader-following consensus if u;(t)
goes to zero as time goes infinity. Thus, in the remainder
of this paper we will assume, without loss of generality,
that all the eigenvalues of A are on the unit circle.

Let the complex eigenvalues of A be a1 + jf1, s + jB2,

- ,0q £ jBy, where «;’s and f§;’s are not necessarily
distinct. Let there be p eigenvalues on the real axis. That
is,g>0,p>0and n=2q+p.

We next develop a state feedback control law for each
follower agent. We denote the difference between the state
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of a follower agent and the state of the leader agent as
fz(t) = Iz(t) - l‘o(t), 1= 1,27 cee ,N. Then,
Z;(t+1) = AZ;(t) + bu(t), i=1,2,---,N, (3)

where T; = [fil,fig, o ,fin]T € R™.

Denote & = [Tk, Tok, - ,Tnk)", kB = 1,2,-+- ,n, and
z=1[zT,23, -+ ,ZF]*. Then system (3) can be written as
Zt+1)=(A®IN)Z(t) + (b® In)u(t),
where u(t) = [uy(t),ua(t),- - ,un(t)]" and Iy denotes the

N dimensional identity matrix.

According to Yang et al. [1997], there exists a non-singular
matrix T such that the dynamics of the transformed state
z =Tz can be written as

2(t 4 1) = Az(t) + Bu(t),
where z = [2T,23,---, 257, 2 = |21k, 22k, -
k=1,2,--- ,n, and the matrices

| A A 5 | B1

A—{o AJ’ B—{Bg ’
are defined according to the locations of the eigenvalues of
A as follows.

aZNk]Ta

Case 1:p=0,0or p=1(A=1), or p> 2. In this case,

[1y 2t0)=3p 20+a)=5p ... 2¢Hip
0 Iy  2PHa=5p ... g2aHip
A=|0 0 Iy . g2tir ,
[ 0 0 0 ST S B
0270 0 29730 ... 0 el
029711 02430 ... 0 el
A2: . . . . . .. )
5 2g-1p 23 P
:OEq 'oe™r ... 0el’ PN x2gN )
oy =PIy 0 =BT - 0 —Byel
By oIy 0 o2 ®T 0 oqel
0 0 oy —Bon 0 —B2el
A3: 0 0 ﬁQIN OéQIN 0 042€F ,
0 0 0 0 o agdn =N
. O 0 0 0 o P agln |
T
Bi=[In In -+ INTonon

Bo=[—fin oy —Paoln oy -+ —Byln aqu]gquw

where ¢ > 0 is a design parameter whose value is to be
determined later.

Case 2: p=1 (A= —1). In this case,

Ay =—Iy, Ay =0T 0£297°T -+ 0 el
By =—Ix,

and A3 and By are as defined in Case 1.

T
Nx2gN "’

Such a transformation T is explicitly constructed in Yang
et al. [1997] as T = RyR; ', where Ry = [b® Iy, (Ab) ®
In, -+, (A" b)) ® Iy] and Ry = [B, AB, ---, A" 'B].

We use an example to help illustrate the state transforma-
tion. Let the dynamics of the agent be represented by
(ﬂil(t + 1) = l'zl(t) + ;o (t) + i3 (t),
xiz(t + 1) = xig(t) + .’I?i3(1f),
$i3(t + 1) = l‘ig(t) + ul(t)
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In this case, the linear state transformation matrix T is
constructed as
e'T? (e4+e)I—e'T? 1
T= 0 el I
0 0 1

We note here that such a state transformation is construct-
ed from matrix I'. From the expression of T, we can further
see that the state vector z; is a linear combination of the
states of agents that are within k hops away from agent
1, where k is less than the largest algebraic multiplicity of
the eigenvalues of the system matrix on the unit circle.

Based on the transformed states of the equation (3), we are
now ready to construct the following bounded consensus
control algorithm for each follower agent

q N
_ -1 l
Uif—zﬁ o|€ Z’Yijzn72l+2,i
=1 j=1
q+p N
-1 l .
_Za o 527ijzn—l—q+1,i ’ 7’:1727"' aNa(4)

I=q+1 j=1
where 0 : R — R is a saturation function defined as o(s) =
sign(s)min {|s|, $}, and 0 < & < min{3, TN It

. . _ Pt
is then easy to verify that |u;| < 15; ’ 8 <6

Theorem 4. Let Assumptions 1 and 2 hold. Then, under
the bounded control laws (4), the group of follower agents
(1) and the leader agent (2) achieve global leader-following
consensus. Moreover, each control input converges to zero
as time goes to infinity.

Proof: We start from the states z,_1 and z, and prove
that, in a finite time, z,, will enter and remain in a bounded
set, where the first term of the control law remains in the
bounded set [—$, $]. Following similar analysis, we can
prove that the states 2,k =1,2,--- ,p,p+2,p+4, --- ,n,
will all enter one by one and remain in a bounded set, such
that each term in the control law remains in the bounded
set [fg, g] Then the closed-loop system become a linear
system, for which global leader-following consensus can be
reality established.

Notice that the control laws (4) can be rewritten as

T
u = [uy,up, -, un]
q q+p
1l gl
= —g e o(eTzn—2142) — g e o(eTz—g-1+1)
=1 l=q+1
q q+p
1 1
= —E e 0(0n—2i42) — E e 0(On—g-1+1),
=1 l=q+1
where 0y, ; is the i*" element of
k: 172a"' 2

En—q—l+1rzk
- | 7
5%(”_1'*'2)1"21€7 k=p+2,p+4,-- ,n.
Here we have slightly abused the notation by using o to
denote both a scalar valued and a vector valued satura-
tion function, that is, for s = [s1,52, - ,s,]T, o(s) =
[0(31)7 0(32)7 T ’U(SH)]T'
We first consider the evolutions of z,_; and z,, which are
governed by
Zn—1(t + 1) = agzn_1(t) — By(zn(t) + u),
2 (t + 1) = Bgzn—1(t) + ag(zn( )
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Construct a Lyapunov function V; = % Lzp_1 +

3221z, which is positive definite. Then,

AV = (aqzn 1= By(zn + ) T(agzn—1 — By(2n + 1))

+%(5qzn—l + ag(zn + u))TF(ﬂqzn—l + aglen +u))

1

1
*52’2_1F«2n—1 — §Z;I;I‘Zn

1
=z Tu+ iuTFu

N q
:—28_19%2‘ [J(en’z) +ZEZ_1U(9n,21+2’i)
i=1 =2

q+p 1

+ Z slflo(ﬁn_q_l_%lﬂ;) JriuTFu.

l=q+1

Here, and hereafter in a similar situation, we have sup-
pressed the dependence on t of the state variables. If
|0ri| > % for at least one 7,7 =1,2,--- , N, then

q
A‘/1 Z € 1 nl [U nz) + Zelila(en—Zlﬁ-Q,i)
I 7L,’L‘27 l:2
q+p
+Z El_lo-(en—q—l-i-l,i) - Z E_len,i 0<9n7z)+
l=q+1 16nil<3
q q+p UTFU
Zgl_la(en72l+2,i)+ ZEHU(@H;*HLZ‘) +—
=2 l=q+1
L 1—erta1y g2
- ) [6 o 1-¢ ]4
|9n1‘2%
1 —ePta=1)52  NAy6?
+ Z ( ) N
41-¢) 2
|9n,-;\<%
52 N —1)(1—gpta—t
<5 [51_( J(A—¢ )—QNAN]
4 1—-¢
<0,

where we have used the facts that € < m and
|u;| < §. The above derivation implies that z, will keep
decreasing and 6,4, 1 = 1,2,--- , N, will enter and remain
inside the interval (—%, %) in a finite time, after which,
the evolutions of z,_3 and z,_o and the control laws w
respectively become

q
_Z o

Zn-3 (t+ 1) =Qg12n-3 (t) - /Bq—l [Zn—2 (t)
=2

q+p

D e

l=q+1

(t) —
t)+ atﬂ[ Zna(t) —Zq:EH
1=2
(t) —

X0 (e'Tzp_a142(t)) o(e'Tzpgin (f))]

Zn72(t+ 1) :5(ﬁ1zn 3

q+p

Y o

l=q+1

x0 (' T zn—2142(t)) o(e anaﬂﬂ(t))],

and
q+p

q
u=—el'z, — ZeHa(lezn_gHg Z el

1=2 l=q+1

5 an—q—l-&-l )
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Following a similar analysis as in the analysis of the
evolutions of z,_; and z,, we can show that all 0,
k=p+2,p+4,---,ni =1,2,--- | N, will enter and
remain inside the interval (—g, g) in a finite time.

We next consider the evolution of z,. We first consider
Case 1, p=0,0orp=1,(A=1) or p> 2. The evolution of
zp is governed by

p+q
zp(t+1) = zp(t) — Zal_la (e'T2n_qoi41(t)) = 2p(t) + 1.
l=q+1
where
p+q p+q

2

Construct a Lyapunov function Vo =
positive definite. Then,

AVy=

§ -1
g O' n— q_l+1).

l=q+1

6112571 q— l+1
32p Tz, which is
1 T L1

§(Zp +a) T'(z + 1) — 5% Iz,

1
=z, Tu+ iaTFa

or a"T'a
:—Ze g, lela( pz—&—ZE o (0 grpri)|+ 5

=1 l=q+2

If |0, > & for at least one i,5 =1,2,--, N, then

q+p
Vo S — Z 5_1_(191),7; [Eq0(9p7i) + Z El_lo-(enql+l7i)]

10p,i1>% l=q+2
q+p
—1— -1
=Y el (0p) + > T (On—goi414)

|01n,1-|<g l=q+2
+§aTFa
<= Z [5_1—
16:,:1>5
+%N)\N52q52
< — [51 - (V-

<0,

(1 —eP~1)§?

1—eP~1 62
] 4(1—¢)

1—¢ Z+ Z

[0n,i1< 3

2

1)(1 - gqil) i 2]\7)\1\/52(1] i

1—c¢

4

where we have used the facts that ¢ < and

1
2NAN+2N-2
|a] < e?6. Therefore, the state z, will keep decreasing and

0, will enter and remain inside the interval (—2,2) in

a finite time, after which the evolutions of z,_; and the
control laws u respectively become,

q+p
-1
Zp_l(t+ 1) = Zp— 1 Z gl E FZn q— l+1)
l=q+2
and
q q+p
UZ_Z €2, gy 0—e2 T2 —Z e lo(eMzn—giy1)-
=1 l=q+2

Following a similar analysis as in the analysis of the evolu-
tion of z,, we can show that all 8 ;, k = 1,2,---,p,i =
1,2,--- N, will enter and remain inside the interval
(-4, g) in a finite time, after which the closed-loop system

2(t+1) = (1 - 52<p+q>*1r) 4 (t),
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Z(t+1) = (1 - 62<P+q>—3r) 25(t) — 2PTDID, (1),

q+p
zp(t+1) = (I — ¥ 2,(t) — Zzsm_ll"zn,q,lﬂ,
l=q+1
Zpp1(t41) = arzpp1(8) = Bi (I = e¥77'T) zp00(1)
q+p
+51 Z X 2y gii1,
l=q+1
Zpt2(t+1) = 512p+1+(t) +ar(I =27z 40(1)
a+p
—o Z 52l71F2n—q—l+1,
l=q+1
Zpra(t+1) = azpia(t) — Bo(I = €27°T) 244
q+p
+02 52(1711“2;0—}-2(75) + Z 52171F2n—q—l+1 ,
l=q+1
Zp+4(t+].) = B2Zp+3(t) + as (I — 82q_3f) Zp+4
q+p
—y 52'171sz+2(15) + Z EZIlezn_q_H_l ,
l=q+1

Zn—1(t+1) : gzn—1(t) — Bg(I —el')z, (t)+

q q+p
Bq 252Z_1F2n72l+2+ Z 52l_11—‘zn7q7l+1 y
1=2 l=q+1
2n(t+1) = Bezn—1(t) + ag(I — el) 2z, (£)—
q q+p
g ZEQHI‘zn,QHg—i— Z 52HI‘zn,q,l+1 .
=2 l=q+1

It is trivial to show that lim; o 2x(k) =0,k =1,2,--- | p,
since I' is positive definite and & < m

We then consider the evolutions of 2,41 and zp42,

Zpr1(t + D =arzp41(H) = Bizpr2(t) — €27 Tzpp0(1))
q+p

+B1 Y e e g, (6)
l=q+1
Zpra(t + 1) =Frzp11 (t) +an(zpr2(t) — €27 Tpya(t))
q+p
+aq Z 521‘1an_q_l+1. (7)
l=q+1

We first consider the linear system

Zp1 (tH1)=a1zp11 (t) — Ba(zpt2(t) — €297 Tz 40(1)) (8

:(8)

Zpra(t+1)=P1zpp1 (1) Fu(zpra(t) — €297 T2y pa(1)),(9)
for which we construct a Lyapunov function V3 =
320110 2p 14520, o zp 40, which is positive definite. Then,

t
t

1
AVa=—e"1"1(zp12l) Tapya + €72 (2p42l) T (I2p12)
— 1 -
=-¢ 191?+29p+2 + §€2q 295+2F9P+2

1
_ [5_1 _ §€2q—2)\N] 054—291)-&-2

)

IAIA
o

1
where we have used the facts that € < NN TIN D and

g > 1 (the states z,+1 and z,42 do not exist when ¢ = 0).
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Therefore, we have AV3 < 0 and AV = 0 only when
Zpt1(t) = zpyo(t) = 0. That is, the linear discrete-time
system (8)-(9) is asymptotically stable, which in turn
implies that the states zp+1(t) and z,42(t) of system (6)-
(7) approach zero as time goes to infinity. Following a
similar analysis of the evolutions of 2,41 and 2,42, we can
show that lim; o 2, (t) =0, k =p+3,p+4,--- ,n, which
means limy_, o (i1 (t) — zor(t)) =0, k = 1,2,--+ ,n,i =
1,2,---, N, and lim; ,oo u;(t) =0,i =1,2,--+ , N.

We next consider Case 2, p =1 and A\ = —1, and
21(t+1) = =2 (t) +90(eT T2 (1)).
Construct a Lyapunov function V; = %z}"I’zl. Then,

1
AV,=—2{Te% (€q+1F21) +§€2qa(€q+1le)TFU (£q+1I‘zl)
1
:7571010(91) + *€2q0(91)TFJ(91)

1
< [e—l - 562‘1)\1\/] o(61) 0 (601)
<0,

where we have used the fact that ¢ < Thus,

2N)\N—1&-2N—1'
we have limy_, o, 41 (t) = 0.
As we have proven in Case 1, lim; o 2k(t) = 0, k =
2,3,--+,n, which in turn means that lim; .o (2 (t) —
zop(t)) = 0, k = 1,2,---.,n,i = 1,2,--- N, and
limg oo u;(t) =0,4=1,2,--- , N.

4. SIMULATION RESULTS

Consider a group of 3 follower agents, each described by
Z‘il(t + 1) = T;1 (t) + Zjo (t) + .131‘3(25),
Zig(t + 1) = l’lg(t) + xig(t)7
a?ig(t + 1) = .%‘ig(t) + ui(t), 1=1,2,3.
The dynamics of the leader agent is described as
Z0o1 (t + 1) = xm(t) + Zoo2 (t) + Zo3 (t),
xog(t —+ ].) = .Tog(t) =+ $03(t),
zo3(t + 1) = wo3(t).

The communication topology among the followers is rep-
resented by a directed graph which satisfies Assumption
2. The associated adjacency matrix Axs is given by

0-1-1
—2 0—2],
~1-1 0

and ag; = 1,a92 = agz = 0. Choose v1 = v3 = 0.2,v9 =
0.1, then Ay = 0.7464. Choose ¢ = 0.1 to satisfy ¢ <
1

2NAN+2N-2"

An =

Also, let § = 2. For the simulation purpose, we pick initial
states of the follower agents and the leader agent as

0.1 —6 20 20
6 26 36 12

Under the feedback control laws (4), the evolutions of the
differences between the states of the follower agents and
the corresponding state of the leader agent are shown in
Fig. 1(a), 1(b) and 1(c), respectively. Shown in Fig. 1(d)
are the inputs the follower agents. We can see that the
leader-following consensus is achieved.
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(a) The difference between z;1 and Zo1, 7 = 1,2, 3.
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(b) The difference between Z;2 and Zo2, ¢ = 1,2, 3.
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