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Abstract: In this paper, we consider a class of second-order uncertain nonlinear systems.
Besides parametric uncertainties, a non-parametric uncertainty may exist in every state equation
or channel with its effects bounded by a known function. Such a bounding function is allowed
to depend on all system states which means that the actual system does not need to meet the
triangular structure. Therefore the currently available backstepping technique cannot be used
to design controllers. To overcome such difficulty, a new backatepping-based robust adaptive
control scheme is proposed. It is shown that the proposed scheme can ensure all signals in the

closed-loop system bounded.
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1. INTRODUCTION

In recent twenty years, backstepping technique has been
wildly used in the design of controllers for nonlinear sys-
tems, see Krstic (1995) and Zhou (2007) for example.
Various kinds of uncertainties including unknown param-
eters, non-parametric modeling errors and unknown ex-
ternal disturbance are taken into account in the design
and analysis of control systems. An essential function of
an adaptive controller is to handle uncertainties caused
by unknown system parameters by employing an online
estimator to identify them real time. As for unknown
external disturbance, it is normally assumed bounded by
an unknown constant. This unknown constant bound can
also be estimated in adaptive controller design, see for
example in Zhou (2007) and Zhou (2004). On the other
hand, a non-parametric modeling error is often represented
as an unknown nonlinear function of system states and
inputs. Its effect may be assumed bounded by a known
function. But to use the existing backstepping technique,
such a bounding function should meet the requirement
of a semi-strict feedback form, see for examples Jang
(1998) Yao (1997) Yao (2001) Cai (2011) and Cai (2013).
All these requirements on uncertainties imply the system
model should eventually meet the triangular structure.
However, modeling errors may exist in every state equation
or channel and their bounding functions may be dependent
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on all system states. Thus the triangular structure condi-
tion cannot be met and this results in that the currently
available backstepping technique cannot be used to design
controllers.

On the other hand, it is well known that many practical
systems such as electrical motor systems, typical mechan-
ical systems, gun control systems of tanks and missile
systems can be described by second-order differential e-
quations, see Xu (2001), Xu (2007), Zang (2007) and Kim
(2004) for examples. So this paper aims at the design of an
adaptive controllers for second-order systems with model-
ing errors that do not meet triangular structure condition.
In the proposed controller design, the effects of uncertain-
ties caused by unknown modeling errors are not considered
in every step. Instead, their effects are accumulated to
the last step for compensation by selecting appropriate
control law and parameter update law. Throughout the
whole design procedure, it is important to maintain a
linear relation between the state vector z = (21, z2) and
its transformed vector z = (21, 22) obtained by coordinate
change. It is shown that the proposed adaptive controller
ensures global stability of the closed loop system and thus
is robust to the modeling errors.

The remaining part of the paper is organized as follows. In
Section 2, we present the class of system to be controlled
and formulate our control problem. In Section 3, we
propose an adaptive control scheme based on the general
procedure of backstepping technique and establish system
stability. Simulation results are given in Section 4 for
illustration. Finally, Section 5 concludes the paper.
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2. SYSTEM MODELS AND PROBLEM STATEMENT

We consider the following class of second-order nonlinear
systems.

jfl = T2 + Al(l‘l, To, U, t)

2 = go(x) + 9(2)"0 + bu + Ag(x1, 22, u,t) (1)

y =1
where x = (z1,22)" is system state and u € R is input,
y = x1 is output, go(z) € R,g(x) € RP are known
functions and b € R,6 € RP are unknown parameters.
Aj(z1,z9,u,t)(i = 1,2) are unknown nonlinear functions
representing modeling errors.

Assumption 1: There exists a positive constant o; such
that

|Ai(z1, w2, u, )| < o3l [(z1, 72) ]2

)T

(1=1,2) (2
Note that o; can be interpreted as the gain or strength of
the modeling errors.

Remark 1: Note that existing results on adaptive control
of nonlinear systems by using backstepping techniques
normally require the systems to satisfy the following
conditions

e The unknown modeling error is considered only in
the last state equation of system model, for examples
Zhou (2007) Cai (2011) Cai (2013). Namely, it only
exists in the channel of z,,.

e Although unknown modeling errors existing in every
state equation are considered, certain strong require-
ments are imposed, such as |A;(x1,- -, Zp,u,t)] <
ai(z1, - ,2;) in Jang (1998) Yao (1997) Yao (2001)
where a;(z1, -+ ,2;) is known This requirement in-
dicates that the bounding functions must satisfy a
semi-strict feedback form, or triangular structure of
system states. Therefore this essentially implies that
the actual system also needs to satisfy such a struc-
ture. As seen in (2), this requirement is no longer
needed in this paper.

Assumption 2: Unknown parameter b # 0 and sign(b)
is known.

Our control problem is to design an adaptive controller
for system (1) such that all the signals in the closed
loop system are bounded in the presence of modeling
errors satisfying Assumption 1. A condition related to
the strength of the modeling error is to be established.
Such a condition will make the choices of positive design
parameters possible.

3. DESIGN AND ANALYSIS OF ADAPTIVE
CONTROLLERS

3.1 Controller design

To carry out the design of control law and adaptive law, we
first make coordinate changes by following the procedure
of backstepping.

Z1=Y
Z9g = Ty — Q1 (3)

where o7 is a the virtual control.
Step 1: From (3) the derivative of z; can be rewritten as
Z =1 222—|—0¢1—|—A1(x1,m2,u,t) (4)

Consider the following Lyapunov function

1
The derivative of Vj is
Vi=214
=z1(22 + a1 + A1(z1, 22, u, t))
:Zl(ZQ+Oél)+21A1(£L'1,$2,’U,,t) (6)

Then the virtual control «; can be chosen as

ap = —C1z1 — Hzl (7)

where c¢q, e11 are positive constants.

From Assumption 1 and (7), the derivative of V; satisfies

Vi < z1 (22 + 1) + oz [[(z1, 22) |2

2
z
<zi(z2+ai)+ ﬁ + ennorl|(z1,22)|[3
=—c12] + 2122 + en10% ||(w1, 22) |13 (8)

Step 2: From (3), the derivative of 25 is given as

2o =go(x) + g(a:)TH + bu + Ag(z1, 22, u,t) — Do, @1
zgo(x) +g(x)T0 +bu + AQ(x17x27u7t)

—Da1($2+A1(1‘1,I‘2,U,t)) (9)
where D,, = %‘i is a constant and
1

Dy, = — — 10

1 (Cl + dey; ) ( )

Now the control law and update law of unknown parame-
ters can be designed.
Control Law:

U= pu

=0y — g(z)"0 — go(a) (11)
1

1
— 2o+ ——(Da,)?
4622 2 + 4621( 1) 22]

where co, €21, €22 are positive constants and p is an esti-

mate of parameter p = %, 6 is an estimate of 6.
Update Laws:

ay = —21 — €222 + Do, x2 — |

0 = To(g(x)zs — ko(6 — 6)))
p = —7(sign(b)uzz + k,(p — po)) (12)

where v, k,, kg, po, 0o are positive constants and I'p is a
positive definite matrix.

8.2 Stability Analysis

We now consider the following Lyapunov function

L, 1, Ly o b
where § = 6 — 0 and § =
estimation errors. Note that

p — p denoting parameter
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29Ao (21, T2, u,t) < |2a|oa|| (21, 22)||2

1
< ——25 + exa (0 |(21, 22)||2)?

- 4622
—Dqo, 2001 (21,22, u,t) < 22D, o1 || (21, 22)]|2 (14)

_ (Da,)?

< 2z + e21(01]| (21, 22)||2)?
€21

we have

2929 = 29(go(x) + 9(2)T0 4+ bu 4+ Ag(z1, 2, u, t)

—Dg, (2 + A1 (x1, 22, u,t))) (15)

1
< zo(go(x) + g(2)T0 + bu — Dy, x2) + in + ean
22
(Da,)?
4621
From (8) (13) and (15), the derivative of V' satisfies

(2]|(z1, 22)||2)* + 25 + ea1(o1]| (21, 2)]|2)?

V < —ci2] + 2120 + ennoil| (w1, 22)|[3 + 22(g0(x) + g(2)"0

1
+bu — Dy, 2) + —— 25 + eaa(0a||(x1, 22)||2)? + 25

deg
D, )? STr—14 bl .-
P 4 eor (ol a)ll)? - 7056 - U 55 (16
€21 Y
Note that
bu = bpi = b(p — )@ = @ — bpa (17)

With control law in (11), we have

V < —c12} + 2120 + ennoi || (w1, 22) 13 + 22(g0(2) + g(x) 70

o 1
4+ — bpti — Dy, 2) + o 25 + e2(02|(z1, 2)||2)?
€22
||

D 2 i . -
_~_<47 0‘1)z§+621(01|‘($17;§2)”2)2 g7 319——pp
€21 - I

= —c12] — 223 + enoi| (w1, 22)[[3 + €21 (01| |(z1, 72)[2)?
+eaa(oa||(z1, 22)|]2)* — éTPEIé - |:|P~P
+209(x)T0 — 29bpu

< —c122 — 2 — éTl“;l(é —Tyg(x)zs) — |rl;|ﬁ(,5 +
sign(b)ytize) + e1107]|(x1, 22)[3 + ear(o1]| (21, x2)||2)°

+ea2(0a||(1, 22)||2)? (18)
Similar to Zhou (2007), we have
. ) 1, 1,
kob(p = po) = —kp(p = p)[5 (P = p) + 5 (P + p) = po]
1. . . 1, .
=—3kp(p = p)* = kp(p = P[5 (0 + p) = pol
1, 1, . )
== 5kot” = 5Ep(p = P)[(6 + p) = 2p0]

1, 1 o )

== 5kol” + 5Epllp = P)(6 + p) = 2(p = P)po]
1, 1 . )

== 5kol” + SEplp* = 5 = 200p + 2pp0]
1, 1 )

= —5koP® + 5kolo® = 200p = (p = p0)* + 4]

1, 1
< —3kpp” + Skolp = po)? (19)

and

IO 1 ~ 1
kof" (0 — 6o) < *§k9||9||§+§k9”9*90||§ (20)

With (19) (20) and update laws (12), we obtain

2
V<= izl +0"ko(0 — 00) + |b|pk,(p — po)

i=1

2 '3
+D 0 el w2)|l3

i=1 j=1

SUNCIRIUINICINE P
< _Zcizi - ?kpp - §k9||9”2
i=1

2 i
+ > eiyogli(@n )3 +11

i=1 j=1

(21)
where

1 b
1= holl0 — 0ol3 + Lk o — o

2

Now we are at the position to give our main result.

Theorem 1. Consider the closed loop system consisting of
system (1), controller (11) and update laws (12). Under
Assumptions 1 and 2, the following results held

e All signals in the closed-loop system are globally
bounded if o; satisfies

O'1<\/].*€

where ¢ is an arbitrarily small positive number.
e The output y satisfies

(22)

1
—1II

li oly@®)| <
imisee (0] <\ 5

Proof.

e From (3) and virtual control given in (7), we have

zZ1 =21
23
29 = T2 + (Cl —+ 4@11 )Zl ( )
Namely,
x = B(cy,e11)z (24)

1 0
where z = (21, 22)7 and B = ((C1+ 1 ) 1>.It

4611
is clear that

l[z|[2 < [|B(e1, enn)||F - 1122

= (24 ter+ =) Jzlo

2
Tom (25)

Similar to Wen (1999), letting x = (21, - - - zn, p,07)T
and from (21) (25), we have
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b 1 ~
V< chz?—u kpp —ikeHe”%
L3S eyl + T
i=1 j=1
2
o bl o 1,
— — —k — —kgl|0
;cm 5 kP = Skollfll2
2 %
3D e (24 (e + %) lelF + 1T
i=1 j=1
7 2
__Z{Cl ZZQU ](2—1- 61+74611) )}z
=1 j=1
Wk — kol + 1
27 2 2
< FiB 4+ (26)
where F} = mm{[cl — Z Zem ( (1 +
i=1j=

ﬁ)Q)}, lglkp, 1ko}. If we choose design parameters
c1,Ca, 611 satlbfy that

1 2) _

Cl>;jzle” 2(2+ (et -)?) (1=12) (27)
all the signals of closed-loop system are bounded
from (26) and thus the stability of closed-loop system
is established. To analyze the existence of design
parameters ci, ca, €11, €21, €22 from condition (27), we
note that

V < BIxII3 (28)

, 27} and )\mm( 1)

is the maximum eigenvalue of matrix Fe . Then we
have

where F = maz{%, 1 \nae (T ")

: F
V<-Zv4n (29)
Fy

Similar to Zhou (2007) and Zhou (2004), by direct
integrations of the differential inequality, we obtain

L F.
V<V(0)e Bty FQH (30)
1
Now from (27), the design parameters should sat-
isfy that
L o
€L > ZZ% (2+ 01+E) )
= 1 ] 1 , (31)
2

From (31), it is clear that when c¢; is determined, ¢y

can be chosen easily. So the key lies in how select ¢; is

chosen to ensure the first inequality. This inequality

can be rewritten as

[(e11 + e21)0f + e2203]
2611

[(e11 + e1)0F + ean03]ct + (

—1)01 + [(611 + 621)01 —+ 62202](2 + W) <0

(32)

10817

It is a quadratic inequalities of ¢;. By Vietas for-
mula which shows the relationship between root-
s and coeflicients, (32) has positive solution when
€11, €21, €22,01,02 meet one of the following condi-
tions:

A>0
A>0 A=0
(*) { or (%) { ¥ >0 or(k*x) {
I, <0 I, > 0 3s >0
(33)
where A is the discriminant of roots of unary quadric

equation and 3,, IL, represent the sum and product

of two solutions, respectively. Note that 1I, = (2 +

m) > 0, so the first case (*) is impossible. From

the second and third cases, we have

1— [(611+€21)Uf+€220§]
2e11

= >0 34
[(e11 + e21)0F + e2207] (39

By [(e11 + €21)0? + e2203] > 0, we need

[(e11 + €21)0F + €920%2]

1 2ers >0 (35)
Namely,
1> [(e11 + €21)0F + e2203) (36)
2611
Then
[(611 =+ 821)0’% + 6220’%] < 2e11 (37)

By A > 0, we have

([(611 + 621)01 + 62202 )
2e11

2
( e + e21)07

2
2
2
+62202) ( + 16(611) ) 0 3%
So
[(e11 + €21)07 + e3003] — 2e11)?
( 11 + e 12611 2205 11) 24((611+€21)0%
2 1
Ny, L 39
+€2202) ( + 16(611)2) ( )

From (37) and taking square root of both sides of
(39), we obtain

2e11 — [(€11 + €21)0? + e2905] > deqy ((611 + ea1)0}

1

2
2 JE—
+e2202) + 16(e1r)?

(40)
Namely,
2e11 — [(e11 + €21)0F + eg03] > ((611 + e91)os
+6220§) 32(e11)2+1 (41)
So

2e
[(e11 + 621)01 + 62202 1

].+ \/32 611

Compared with inequalities (37) and (4 ), we can
have positive design parameters ej1, es1, €92, 01,09 if
(42) is true. Rewrite (42) as

2611

]. + v/ 32 611
Note that the right of (43) does not depend on
parameters ex; and egs. So we can choose these two

2 2
[6110‘1 + (6210’1 + 6220’2
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parameters such that (eg10? + e22035) = e116, where
€ > 0 is an arbitrarily small positive real number.
Then we have

2e
2 11
e110] +eng] < 44
enottend < e et Y
2e
2 11
e1107 < —ej11€ 45
NS e e W
2
o? < —e<l—c  (46)
1 + \/32(611)2 + 1
Namely,
o1 <V1-—¢ (47)
o If
1
t)| >4/ =11 48
0>/ (49
then )
V<-R|xl+11<0 (49)
So V will decrease till |y(t)| < ,/F%H.
|

We now derive guidelines for choosing design parameters.
Based on (22), we choose small positive numbers ¢; and
€9 such that

02 <1—¢g)—¢9 (50)
We determine the parameters eq1,es1 and ess from the
following conditions:

2
14 /32(e11)? +1
(6210’% =+ 6220’%) <eq1€2 (51)

Then parameter ¢; and cp can be selected based on (32)
and (31), respectively.

>1—eq,

4. SIMULATION STUDIES

To illustrate the effectiveness of the proposed scheme, we
consider the following second-order system

&1 = 22 + A1 (21, T2, U, t)
F2 = (2+ cos(x122))0 + u + Ag(x1, z2,u,t)  (52)
where x1,x2 are system states and wu is the input,

0 = 2 is an unknown parameter and A;(x1,x2,u,t),
As(x1,x2,u,t) are modeling errors. Suppose

Ay (21, T2, u,t) = 0.1sin(t)\/x? + 23

(27 + 23)) (53)

Note that |Ag(xa, 2, u,t)| < /2?2 4+ 23 = ||(z1,22)||2 and
Aq (21,22, u,t) satisfies that Aq(z1, 22, u,t)

< 0.1}|(z1,x2)||2, namely o7 = 0.1. As A; depends on
both 21 and z3, system (52) does not meet the triangular
structure requirement and thus existing backstepping ap-
proach cannot be applied to it. With our proposed scheme,
choose €1 = €2 = 0.01 . Then based on (51), (31) and
(32), c1 = o = 1,e11 = ea1 = egp = 0.1. We also select
lg =1,00 =1 and I'g = 1. The initial values are chosen as
follows: z1(0) = 1.5,22(0) = —5,60(0) = 0,u(0) = 0. Fig.1
and Fig.2 shows the states 1 and x5 which illustrate and
verify our theoretical results in Theorem 1.

Ao (2,29, u,t) = sin(

05 4

state x_ 4

. . . . . . . . .
0o 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
t(sec)

Fig. 1. State z1(t)

o 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
t(sec)

Fig. 2. State x5(t)
5. CONCLUSION

In this paper, we develop a new robust adaptive control
scheme based on backstepping approach for uncertain
second-order systems with modeling errors in each state
equation. With our scheme, it is not necessary for the sys-
tem to meet the triangular structure required by existing
backstepping approaches. It is shown that the proposed
controller can ensure that all the signals of the closed-
loop system are bounded. Simulation studies also verify
the effectiveness of our theoretical results.

REFERENCES

Krstic, M., Kanellakopoulos, 1., & Kokotovic, P. V. Non-
linear and adaptive control design. Wiley, New York,
1995.

J. Zhou, C. Wen. Adaptive Backstepping Control of
Uncertain Systems. Springer, Verlag Berlin Heidelberg,
2007.

J. Zhou, C. Wen, Y. Zhang. Adaptive output feedback
control of linear systems preceded by unknown backlash-
like hysteresis. Proceedings of the 2004 IEEE Conference
on Cybernetics and Intelligent Systems, pp.12-17, 2004.

Z. P. Jang, L. Praly. Design of robust adaptive controllers
for nonlinear systems with dynamic uncertainties. Au-
tomatica, vol. 34, no. 7, pp. 825-840, 1998.

10818



19th IFAC World Congress
Cape Town, South Africa. August 24-29, 2014

B. Yao, M. Tomizukai. Adaptive robust control of SISO
nonlinear systems in a semi-strict feedback form. Auto-
matica, vol. 33, no. 5, pp. 893-900, 1997.

B. Yao, M. Tomizukai. Adaptive robust control of MIMO
nonlinear systems in semi-strict feedback forms. Auto-
matica, vol. 37, no. 9, pp. 1305-1321, 2001.

J.P. Cai, C. Wen, H.Y. Su, etal. Adaptive failure com-
pensation of hysteric actuators in controlling uncertain
nonlinear systems. Proceedings of the 2011 American
Control Conference, pp.2320-2325, 2011.

J.P. Cai, C. Wen, H.Y. Su, etal. Robust adaptive failure
compensation of hysteretic actuators for a class of un-
certain nonlinear systems. IEEFE Trans. Autom. Control,
vol. 58, no. 9, pp. 2388-2394, 2013.

L. Xu and B. Yao. Output feedback adaptive robust
precision motion control of linear motors. Automatica,
vol. 37, pp. 1029-1039, 2001.

L. Xu and B. Yao. Adaptive robust control of mechanical
systems with non-linear dynamic friction compensation.
International Journal of Control, vol. 81, no. 2, pp. 167-
176, 2007.

K.M. Zang, X.J. Ma and C.B. Li. Modern Tank Gun Con-
trol System. National Defence Industry Press, Beijing
2007, (in Chinese).

Kim S H, Kim Y S and Song C A. Robust adaptive
nonlinear control approach to missile autopilot design.
Control Engineering Practice, vol. 12, no. 2, pp. 149-154,
2004.

C. Y. Wen, Y. Zhang and Y. C. Soh. Robustness of an
adaptive backstepping controller without modication.
Systems & Control Letters, vol. 36, pp. 87-100, 1999.

10819



