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Abstract: The development of control approaches for systems preceded with hysteresis
nonlinearities has received great attentions in recent decades. The most common approach is
the construction of an inverse model as the compensator to mitigate hysteresis effects. However,
most of the developed schemes are state-based, requiring the availability of states of systems,
which may not be the case for some practical systems. In this paper, output control with inverse
compensation will be addressed. By using the inverse as a feedforward compensator for the
model described by the modified generalized Prandtl-Ishlinskii (MGPI) model, an corresponding
analytical expression of the inverse compensation error is first obtained. Then, an observer-based
robust adaptive output feedback controller is developed. It is shown that the proposed output
feedback control scheme can not only guarantee the stability of the control systems, but also

can achieve the desired tracking accuracy.

1. INTRODUCTION

The hysteresis effects widely exist in smart material based
actuators, such as piezoelectric actuators and magne-
tostrictive actuators. Such non-smooth nonlinearities usu-
ally confine the performance of the control systems with
smart material based actuators Tao et al. [1995]. Control
the systems preceded with the hysteresis effects becomes to
an important topic and attractive challenge in the control
system area. The most common approach is the construc-
tion of an inverse model as the compensator, which is
pioneered by Tao and Kokotovic in Tao et al. [1995]. In
order to construct the hysteresis inverse so as to facil-
itate the compensation, several mathematical hysteresis
models have been proposed in the literature Mayergoyz
[1991], Krasnoselskii et al. [1989]. The most accepted hys-
teresis models perhaps are the Preisach model, Prandtl-
Ishlinskii (PI) model, and Bouc-Wen model. Among the
above mentioned models, the PI model has a feature of
its unique invertibility, which can be used as a feedfor-
ward compensator to mitigate the hysteresis effect in the
control systems. In Al Janaideh et al. [2009], a generalized
Prandtl-Ishilinskii model has been proposed to enlarge the
application of the PI model, and a modified generalized
Prandtl-Ishlinskii (MGPI) model has been introduced in
Liu et al. [2013] to obtain the analytical inverse.

Using the inverses as feedforward compensators for the
controller designs, the representative works can be found
in, see, for example, Krejci et al. [2001], Tan et al. [2004],
Chen et al. [2010]. In particular, in Liu et al. [2012] an
adaptive variable structure controller has been developed
along with the inverse construction for the MGPI model.
The hysteresis nonlinearities and the tracking error of the
dynamic system have been remedied successfully. However,
most of the developed control methods in the literature are
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valid when the system states are measured. However, for
a given particular dynamical system, in most of the case
that the exactly knowledge of all the states is unavailable
and the only accessible state is the output of the system.
Therefore, it is significant to develop control schemes
with observers to estimate the unavailable states from the
measurements of a single outputZhou et al. [2012].

In this paper, an output control scheme still using inverse
compensation will be addressed. First of all, the MGPI
model is adopted for describing hysteresis nonlinearity
and its corresponding inverse model is used as the feed-
forward compensator. Then, the analytical expression of
the inverse compensation error is obtained to facilitate
the controller design. Finally, an observer-based robust
adaptive output feedback controller is developed for a class
of uncertain systems preceded by a smart material based
actuators. the proposed output control scheme guarantees
the global stability of the close-loop control system as
well as achieves the tracking accuracy. The effectiveness
of the developed controller is illustrated by the simulation
studies.

2. PROBLEM STATEMENT

2.1 System Model

Consider a controlled system consisting of a plant preceded
by a hysteresis actuator (Su et al. [2005])

k
M)+ aYi(x(t),i(t), ..., 2" () = bu(t),y ==
=1

(1)
u(t) = T[] (?) (2)

where Y; are known continuous, linear or nonlinear func-
tions. The parameters a; and the control gain b are un-
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known constants. It is a common assumption that the sign
of b is known. Without losing generality, we assume that
b > 0. II is a hysteresis operator, which will be described
in the later development. The function u(t) is the output
of hysteresis actuator (2), serving as the input signal of
the nonlinear plant (1), and v(t) is the input signal to the
actuator.

When the states of the plant are unavailable except the
system output y(t), the control objective is to design
a control law for v(¢) with unknown parameters of the
system (1) and hysteresis (2), to drive the system output
y(t) to track a predefined desired trajectory, ya(t), i.e.,
y(t) = ya(t) as t — oo.

Before proceeding, a basic assumption for y4(t) is required,
which is standard and generally satisfied.

-1
ey y((i" )]T
is continuous. Furthermore, [yg, y{(jn)}T € Q4 C R™! with
Qg being a compact set.

Assumption: The desired trajectory yq = [ya, Yd,

In this paper, focusing on the above control objective, an
output control scheme with using inverse hysteresis cance-
lation will be developed. The proposed control scheme can
be depicted in Fig.1
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Fig. 1. Controller scheme

2.2 Modified Generalized Prandtl-1shlinskii Hysteresis Model

To describe a general class of hysteresis shapes compar-
ing to Prandtl-Ishilinskii (PI) model and to construct a
corresponding analytical inverse, a modified generalized
Prandtl-Ishlinskii (MGPI) model Liu et al. [2013] is adopt-
ed in this paper. The MGPI model is defined based on
the weighted superposition of modified generalized play
operators which are defined as follows. For any piecewise
monotone input function v (t) € C,, [0,tg] such that v(¢)
is monotone on each of the subintervals [t;,t;+1] where
i=0,1,---, N —1, the modified generalized play operator
wpr(t) = G [v](t) with threshold r > 0 and initial value
Wy, _, is defined by

war(0) = G [V](0) = gy (v(0), win_, ), (3)
Wy (t) = Gr[V](E) = gmr (v(t), war (£:))

where

Imr (v, wpr) = max{y(v —r),min{y(v +r),wrp}} (4)
for t; < t < tj41, 0 <4 < N, where vy(v) is an envelope
function satisfying that v(0) = 0 and strictly increasing.

Based on the definition (3), an MGPI model can be defined
as

R
H[v](t):pmov(v(t))Jr/o Pm(r) G [v]()dr (5)

where p,, is a positive constant and p,, (r) is an integrable
density function. This density function satisfies p,,,(r) > 0

with fooo rpm(r)dr < oo. It represents the distribution of
the weights for the modified generalized play operators
with distinct thresholds r and vanishes when r is sufficient
large. When we say the hysteresis is unknown, it implies
the unknown pp,o and pp, (r).

Following the similar procedure as shown in Liu et al.
[2011], it can be verified that the proposed MGPI model
I1(¢) fulfills the wiping out and the congruency properties
as illustrated for the PI model.

3. THE INVERSE COMPENSATION

In Liu et al. [2013], the inverse of the MGPI model has
also been constructed. In this section, the result of inverse
MGPI model from Liu et al. [2013] will be briefly reviewed
as follows.

8.1 The Inverse MGPI Model

Similar as in Liu et al. [2013], the MGPI model (5) with
linear envelope function y(v) = mov, mg > 0 will be
selected as an illustration.

The inverse MGPI model II7![v.]() can be constructed as

I [ve] (t) = £ gmove(t) + /OO qm (8)Fulvcl(t)ds — (6)
0

where s, gmo, and ¢, (s) can be calculated as follows for
the purpose of numerical implementation

i

Si = PmomoTi + mejmo(ri —rj)

j=1
¢mo = 1/Pmomo
Qm(si) =
Pmio

(memO + Z;ﬁl pmij)(memO + Z;;ll ijmo)

fort=1,2,---,N.

3.2 The Inverse Compensation Error

In this paper, an expression of the inverse compensation
error will also be provided. As will be clear in late develop-
ment, the benefit for such a design is that the inverse based
controller with the inverse compensation error expression
can achieve the tracking without necessarily adapting the
uncertain parameters (the number could be large) in the
hysteresis model, which achieves gain in computational
efficiency.

Generally, the parameters of the MGPI model are not
exactly available and their estimations are usually used.
For the estimated MGPI model, the corresponding inverse
1! [v.)(t) is expressed by

F 0] (1) = Gmove(t) + / T i@ Ed(ds (1)

where ©~! is the estimation of ©~! and S, gmo and ¢, are
calculated numerically through

(11)

i
Si = Pmomor; + E DPrmjmo(r; —15)
=1
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Gmo = 1/15m0m0
Gmi =
Pmimo
(Pmomo + 2221 Pmjmo)(Pmomo + Z;;ll Pmjmo)
fori=1,---,N.

By using the result in Liu et al. [2012], the analytical form
of the inverse compensation error can be first expressed as

e =(1— 7/ (0))uelt) — / () Fr o] (1)

where 7)(r) is the composition of the initial loading curves
of the MGPI model and it estimated inverse. Since the
term [ n"(r)F,[vc](t)dr in (14) is unbounded, which
makes it difficult to directly apply the control approaches,
an alternative expression of the inverse compensation error
will be given to facilitate the controller design. Note that
the play operator F.[v.](t) in (14) can be rewritten in
terms of the stop operator E[v.](t) (Brokate et al. [1006]).

(14)

Therefore, the inverse compensation error (14) can be
further expressed as

e =(1—/(0) - / o r)dryue(t) + / () B e ()

2(1 — xo0)ve(t) + dve)(t).

(15)
The boundness of d[v.](t) can be guaranteed by Wang
et al. [2006], i.e., |d[v.](t)] < D where D is a bounded
constant. Hence, d[v.](t) can be treated as a bounded
disturbance. Based on this result, an adaptive output
feedback controller v(t) can then be designed to remedy
the inverse compensation error as well as achieve the
precise tracking.

4. STATE OBSERVER

Based on the result of (15) and available results Zhou
et al. [2012] in the literature, design of an output feedback
controller will be focused in the following development. As
a first step, an state observer is required to construct.

To construct such an observer, the system (1) can be
rewrite as

= Az +alYe, + bu(t)e,, Yy =cx (16)
where
0
A=|:p la=l-a—a]" Y=[ViY]",
0.--0
c=[1---0],e,=10---1]"
(17)

where Y; are known continuous, linear or nonlinear func-
tions. The parameters a; and the control gain b are un-
known constants. From (15), the output of the hysteresis
actuator u(t) with the inverse compensation (10) can be
obtained by

u(t) = ve(t) — e(t) = xove(t) — dlve](t).

To construct an observer for (16), we choose ¢ =
[q1,- -+ ,qn])T such that all eigenvalues of Ag = A — gc are

(18)

at some desired stable locations. The estimate of x(t) can
be obtained by

k
B(t) =& — Y ai& +bo

i=1

(19)

where
0= Ago+ enu
§o = Aolo + qy

é-'L:AOé-'L"_}/;envZ:]-v ak

It can be shown that the state estimation error € = x(¢t) —
Z(t) satisfies € = Age.

(20)

Note that the signal w(t) is the output of the actuator,
which usually can not be measured in the control systems
in practice. Therefore, the signals g in (20) is not available
for controller design and need to be reparameterized. Let
§ denote (d)/(dt). With A(§) £ det(61 — Ag), we express
o(t) as

oul” = (P8, Pal®)T (i)

for some known polynomials P;(d),7 = 1,--- ,n. Note that
u(t) = xovc(t) — d(t) from (18), we obtain that
0i = Xowi — d; (22)
where P(6) Pi(6)
o ot )
Wi A(9) ve(t), d; A(9) d(t) (23)
for ¢ = 1,2,---,n. Based on (22), w; is available for

controller design in place of u(t).

In particular, denoting the second component of &; as &2,

1=0,1,--- ,k, we have
k
By =602 — Y @ibia + bxows — bda
i=1 (24)
]
wo 'l ve(t).

T @ T+t g,

5. ADAPTIVE OUTPUT FEEDBACK CONTROLLER
DESIGN

With the inverse compensation error expressed in the form
of (15) and the designed state observer (20), we are now
ready to develop an adaptive output feedback controller
to remedy the inverse compensation error as well as
achieve the tracking accuracy. Note that in this section the
adaptive control law will be designed for v.(t). The control
signal v(t) can then be calculated by v(t) = I~ [v](t) as
described in (10).

First, some necessary definitions are given as follows

a=a—a,
Dy = Dy — Dy, Xo = Xp — Xb> X0 = X0 — X0

(25)

where ¢ = 1/b, x; = bxo and Dy = bD. &, b, ¢, Xo, Kb,
and D, are the estimations of a, b, ¢, xo, X», and Dy,
respectively.

To design the output feedback controller through the back-
stepping approach, the following alternative coordinates
are defined,
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(26)
(27)

1=Y—Yd =21 —Yd

(7-2)

XOWQ _aj—laj:2a37"'7n

where a1 is the virtual control at the jth step and will
be determined in the later development.

Step 1: From (26) and (27), we can obtain that

5 = i1 — g = Eop+al Ein+bza+bay +bXows —bds + €3 (—yc)l
28
The first virtual control law «; is then selected as

a = ¢y, — €02 —a"E2) +4a (29)
where c¢; and I; are positive constants and &) =

(12, €22, , Ewa)

The Lyapunov function candidate V; is chosen as

1 L2 1 |b| e |b] ~2 1 7
‘/ ¢ P
1= 2 & 2l€a 2K XO 0 2l ¢ ¢ (30)

Y= —c121 — Lz

where kg, k¢ and ko are posmve constants, and Py =
PT > 0 satisfies the equation PyAg + af Py = —2I.
Substituting (29) into (28), the time derivative of V; is
obtained by

. 1 . X
Vi < —c12} + b2z + ;aT(KaZIE(Q) —a)

bl . 2
+ "f|x|0 Xo(kx02189n(b)w2 — Xo) (31)
10| 3 1
— — (kpz15gn (b)Y + ¢) — 21dpy — €' €
K¢ 4l

where dy; 2 bdy and sgn(-) represents the sign function.
The adaptive laws for ¢ and x are chosen as

¢ = —rpz15gn(b)y (32)

Xo = Kyoz159n(b)wa. (33)

Step 2: From (27), we can obtain that

. X @
Zg =23 + g + Xowz — 71(502 +a’ () + bxowz — d2

%ﬂ-_éﬂf s do
ayd Yd 8€ 0~ ’L 1 8571

9ai 4
04
(34)

+e2) — éi_

Let KT5 contain all the known terms in (34). The virtual

controller as is selected as

(90[1 8 AT
—KT), + —

a9 )%z b+ a £2)

aa . Oa 8a
8 1wa2 — bzl + — ER Ka(z1 — 87;2’2)5(2)

Qg = — C222 — l2(

where ¢, and [y are positive constants.

The Lyapunov function candidate V5 in this step is selected
as

1
i 4 =€l Pye

1
Vo=V, + = —b2
2 1+222+ 212

36
2K Rp QIQX{) ( )

where k; and k.4 are positive constants. Substituting (35)
into (34), we can obtain that

. 1. 0
Vo < — 127 — co2f + a2 + — & (Ka(21 — Ar20)Ea)
Kq dy
x 1 ~ 60[1 5
—a)— aXb(“xbaiy22w2 + Xo)
+ %O: 22(Ka(21 — %22)5(2) —a)—(n
8041 3 3
— d — —b — b
ay ) b2 — (411 + 4l2)6 €+ (/{bzle )
(37)
The adaptive law for b is selected as
[; = RpR1292. (38)

Step j, j=3,4,--- ,n—1: Based on Step 2, Step j can
be similarly obtained. The detail is omitted here due to
the space limitation.

Step mn: in this step, we have

= $owd" ™ + %owd ™Y — s (39)
Note that
e ) 671 + 6n—1 .
Ko™ =0T e lt) = Xove(t) + w(t) - (40)
where )
L R )
t) = — c(t). 41
Eq. (39) can be rewritten as
. ooy, Oay,—
Zn =Xove(t) + KT, ;aTg(g) — 2y 1wa2
+ aan—ld _ 6an—1€ _ 8an—1é _ aan—l X
ay T oy P oa e
(42)
where KT,, denotes the known terms in Z,,.
Therefore, the controller v.(t) is designed as
1
ve(t) = —wvs() (43)
X0
vs(t) = —KT,, — cpzn — 2z l (%)22
s - n n<n n—1 n (9y n
aanfl ~T —1 .
+ By §2) + g 2
aan, — 8&2
+ aé 1 [{a(Zl — 22*11@z1+1)€(2)
6an_1 1 80&1'
_ o1zt
5'5(1; Xb( i=1 ay Z+1)W2
aan—l n— 804
— Rgqg ay 5(2)(21 12 04 Zz-i—l)
Oty —1 o 00; -
Fxb an wa (372 228“ Zit1) — 2ss D
where ¢,, and [,, are positive constants, zss = |25|/2n and
Zs = 21 — E? 11 %O;; Zit1-
The adaptive laws for &, \, and D, are chosen as
X n— 18
a=ke(z1 — X1 By ——zi11)§2) (44)
Db:HDbl'ZSL (45)
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;(b = —Fxp (] 71 dy Zz+1)w2 (46)

where k4, Ky and kp, are positive constants.

Theorem 1. For the plant given in (1) with the hysteresis
II(t) in (5), the inverse MGPI model I17*(¢) in (10) and
the inverse compensation error described as (15), the
designed state observer (20), the adaptive output feedback
controller specified by (43) and the adaptive laws (32),
(33), (38), (44), (46), and (45) ensures that all the closed-
loop signals are bounded and y(t) — yq(t) as t — oo.

Proof. From (42)-(44), it can be obtained that
O0n—1 9 Oay,

én = —CpZn — Zn—-1— ln( 5’y ) Zn — 3y71 éTé-(Q)
6an 1~ aanfl aanfl
dro —
By Xowsz + 2y b2 oy 2
8an_1 _ 8 3
+ =g (Falz1 iy 3y S 2ig1)€(2) — A)
8()4n_1 n 8
" o (o (S0 oy L 2ir1)w2 + Xb)
8& Oay;
— Ra - 152( i= 128A Zz+1)
aav — 304 A
- KbeLylw2( = 228A7,21+1) 2ssDy.
(47)
The Lyapunov function candidate V., is selected as
1
V=V 1+ = D2+ 'R
1+2Z"+2 PP TR (48)
The V,, is then obtained as
. 3
< _ Zn Zn T
Vo < 1cz — (T 14l )e'e
1. 100
+ H—aa(ma(zl P oy zl+1)£(2) —a)
1 . 10w
- gXb(be(Zz ' Dy 21wz + Xb)
n—100; n—100;
+ (O % “ziv1)(Ka(z — D0 3y Lzit1)E) — &)

n 180{7;

— n— aa
- (Ei:Q %ZHl)(nXb(Eile oy “2ir1)w2 + Xb)

Db(Db + Ky |2s])-
Dy,

(49)
V., is nonincreasing, it implies that z;, for i = 1,2,--- |n,
a, b, ¢, X0, X» and D, are bounded. Furthermore, by
applying the Lasalle-Yoshizawa theorem, it can be shown
that z;, > 0 (i =1,2,--+ ,n) as t — oo, which implies that
y(t) — ya(t) as t — oo.

Based on the output feedback control developed in (43),
the control signal v(t), as shown in Fig. 1, for the plant
given in (1) with the hysteresis TI(¢) in (5) is obtained by

v(t) =TT [ue] (¢) (50)

where 17! is given by (10).

6. SIMULATION RESULTS

In this section, the effectiveness of the proposed controller
is verified by two simulation examples.

E 10
t(sec) tsec)

Fig. 2. The tracking error.
6.1 Example 1:

Fig. 3. The controller signal.

In the first example, a linear system with unknown param-
eters is considered, which can be described by

& = ax + bu(t), y=ua (51)

where u(t) stands for the output of the compensated
hysteresis output (18). The parameter a and b are selected
as a = 1 and b = 1 and assumed to be unknown in
the simulation. The desired trajectory is given as y,(t) =
5sin(1.5t). The initial state of the system is z(0) = 0
and the sample time is 0.0001. p,,0 and p,,0 are chosen
as 0.5 and 0.52. The thresholds of the MGPI model is
selected as r; = 0.3%1, for i = 1,2,---,10. The actual and
estimated density function of the MGPI model II(¢) and
I1(£) are py(r) = 0.5e= %0014 and p () = 0.52¢0-002"
respectively, and the envelope function parameter is chosen
as mg = 1.7. For the state observer, the parameter q is
selected as ¢ = [q1, g2]7 = [1,3]7. The control parameters
are summarized in Table 1.

Table 1. Controller Parameters in Example 1

c1 125508 cz 189.475] 1; 0.0003] Iz 0.0003
a(0) 0.6 | ke 0.0008 | 5(0) 075 | x5 0.028
R0(0) 14 |ryo 0.0005 | X5(0) 0.3 | myp 0.001
$(0) 13 |ws 0457 [Dy(0) 0.01 |kp, 0.0001

Fig. 2 and 3 show the tracking error and the control
signal, respectively. The comparison between the desired
trajectory yq(t) and the actual system output y(t) can be
found in Fig. 4. The simulation results demonstrate that
the developed control algorithm can effectively compen-
sate the effect of hysteresis as well as achieve admirable
tracking accuracy.

0 5 10 15 20
t(sec)

AVAVAVAVA\

) 5 10 15 20
t(sec)

y(t)
o

Fig. 4. The desired output y,(¢) and the actual output

y(2).
6.2 Example 2:

An second order nonlinear plant preceded by a hysteresis
actuator is considered in the second example. The nonlin-
ear system is described as
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king
°
(1)
b o

Fig. 5. The tracking error. Fig. 6. The controller signal.

1 — e_m(t)
“Tr e
where u(t) stands for the output of the compensated
hysteresis output (18). The parameter a and b are selected
as a = 1 and b = 1 and assumed to be unknown in
the simulation. The desired trajectory is given as yq(t) =
4sin(t). The initial state of the system, sampling time, the
parameters of MGPI model, and the observer parameters

are the same as in example 1. The control parameters are
summarized in Table 2.

I = + bu(t), y=ux (52)

Table 2. Controller Parameters in Example 2

c1 120961] c; 992 | 1; 0.0003] I 0.0003
a(0)  0.02 | ke 0.0045| b(0) 0.75 | sy 0.032
R0(0) 14 |ryo 0.005 | X5(0) 0.3 | ryp 0.0125
$0) 13 | ks 0452 [Dy(0) 0.01 [kp, 0.004

The simulation results presented in Fig. 5, 6 and 7 are the
tracking error, the control signal v(¢) and the comparison
of the desired output y4(t) and the actual system output
y(t), respectively. It can be seen that the proposed output
feedback controller by considering the inverse compensa-
tion error demonstrates excellent tracking performance.

AVAVAVAYA

) 5 10 20 25 30

20
B

15
t(sec)

0 5 10 20 25 30

15
t(sec)

Fig. 7. The desired output y4(¢) and the actual output
y(t).

7. CONCLUSION

In this paper, an output feedback control scheme has been
proposed with the inverse compensation for a class of
uncertain systems preceded by smart material base actu-
ators with hysteresis effects. For doing so, an analytical
expression of the inverse compensation error has been
derived and an observer has been designed for the state
estimation. The proposed control method not only guar-
antee the stability of the close-loop control system, but also
ensure the desired tracking accuracy. The effectiveness of
the developed controller is illustrated by the simulation
studies.
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