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Abstract: The optimal input design problem has been discussed for efficient order determination
of autoregressive models under the input power constraint. By solving a mathematical programming
problem, auto-caovariance sequence of an optimal input is derived , which maximizes the time-average
of the Kullback divergence to make difference of the models bigger without making much effect on the
original system behavior. The proposed approach is based on the sequential comparison of the AIC, and
it can be applied to find the model structure of general linear time-invariant discrete-time systems.

1. INTRODUCTION

System identification deals with constructing mathematical
models of dynamical systems from observed input/output data.
In order to obtain the maximal information from the observa-
tion data, the idea of optimal experimental design originally
developed for static regression analysis (Fedorov [1972], Sil-
vey [1980], Pukelsheim [1993]) has been extensively ap-
plied (Mehra [1974], Goodwin and Payne [1977], Zarrop
[1979], Forsell and Ljung [2000], Hildebrand and Gevers
[2003]). Most studies on this aspect were for optimal input de-
sign for accurate parameter estimation within a specified model
structure under some constraints on input or output, assuming
the precise knowledge of the underlying model structure of the
data generating processes. However, in many cases such knowl-
edge is not available and hence the analysis of the data should
be performed in two steps: identification of an appropriate
model structure from a given class of competing models; and
parameter estimation in the specified model structure. Despite
the universal recognition of the importance of the first step in
system identification, the studies on the optimal input design
for this step is quite few, see Kabaila (Goodwin and Payne
[1977]), Uosaki et al. [1984] and Uosaki et al. [1987]. These
considerations are related to the hypothesis testing approach
(Atkinson and Cox [1974], Dette [1995]) and the informa-
tion criterion approach (Akaike [1974]). See also Uosaki and
Hatanaka [2005].

Here, the optimal input design problem for structure determina-
tion of autoregressive model is considered. An optimal input is
derived, which enlarges the distance of the two rival models,
and does not deviate from the original model without input,
where the distance of models are measured by the Kullback
divergence.
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2. PROBLEM STATEMENT

Consider the following stable autoregressive (AR) model,
P
=Y ary(t—k)+e() (1)
k=1

where ¢(t) is independently normally distributed with mean
zero and variance 2. Model structure determination problem
here is to determine the order of the AR model (1). An useful
criterion for selection of such nesting models is Akaike’s Infor-
mation Criterion (AIC) (Akaike [1974]), which is an estimate of
the Kullback discrimination information measure (KDI) (Kull-
back [1994]) and offers a relative measure of the information
loss when a given model is used to describe reality. The cri-
terion may be minimized over choices of p to form a tradeoff
between the fit of the model measured by the sum of squared
residuals, and the model’s complexity measured by p, and the
model minimizing the criterion is chosen as the suitable model.
Thus the following two AR models based on the observation

sequence y' = (y(t),y(t —1),...,y(1))T can be compared.
Z ay ) +eM(t)
(2)
Moy :y(t Z a(2) )+ 5(2)( t)

with independently normally distributed random variables
€ (t)} with mean zero and variance 0/)? (j = 1,2).

It is assumed that a controllable input u(¢t — 1) can be added
to the model in order to determine the order efficiently and
the problem how to design a suitable input u(t — 1) will be
considered. By introducing the input {u(t — 1)}, the models
corresponding to the AR models with order n and n—1 changes
to the autoregressive models with exogenous input (ARX mod-
els),
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My Zag)y k) +u(t —1) +eW(t)
" 3)
M,y Z alPy(t — k) +ult —1) + (1)
or
M Ay () =t - 1) + D) @
M Ay (27 y(t) = u(t — 1) + P (¢)
with
Az =1- Za,&l)z*k
k=
- ®)
Ay(z7H) =1~ Z a,(f)z_k
k=1
where 2! is a delay operator. Model discrimination can be

accelerated by enlarging the distance between the two models
(3). However, the system behaviors such as the output process
{y(t)} may change due to the added input {u(¢)}. The large
deviations of the behaviors from the original model (1) are not
suitable, and hence, the input should be chosen not to affect
the model so much. This implies that the distance between the
original AR models M, and the ARX models M, (k = 1,2)
should be small as possible. Further more, the following input
power constraint

El?(t)| < C (6)
with a given constant C' is imposed from a practical point of
view.
Thus the optimal input design for model discrimination can be
summarized as follows:

(P0) “Find a input {u(¢)} such that it maximizes the distance
between models Mj (autoregressive model of order n with
a controllable input) and M) (autoregressive model of order
n — 1 with a controllable input) under the restrictions on the
distance between models M; (autoregressive model) and M
(autoregressive model with a controllable input) (j = 1,2) and
the input power constraint (6)."

Since the AIC closely relates to the Kullback discrimination
information measure (KDI), the following Kullback divergence
J[My = My; yt,ut~1] is employed as a measure of distance
between the models Mj, and M, !

T My, : My; yt,ut™]
= L[My : My; y', u' =+ LMy« My y',u™]

where I;[M, : My; y*,ut~1] is the Kullback discrimination
information measure,

It[Mk : My; ytyut_l] :/

—00

)

= Py |u'™t)
Pk(yt|u )logm yt
(®)
where py(yt|ut~!) is the probability density function of 7
given u'~1 = (u(t — 1),...,u(1))T under the model M, (¢ =
1,2), respectively.

1 The Kullback divergence employed here as a distance measure might be a
better measure, though it is not a true metric as it does not satisfy the triangle
inequality, compared to the Kullback discrimination information (KDI), which
does not satisfy the symmetrical property nor the triangle inequality.

It is known that the Kullback divergence has the following
properties:

[Properties]

(1) The Kullback divergence is non-negative,
Je[My : Mg; yt,ut=1] >0
(i) The Kullback divergence equals to zero if and only if the
models are identical, i.e., pr, (y*|u’~!) = pe(yt|ul~1).
(iii) The Kullback divergence is symmetric,
T M.+ M; yt,ut 1] = J[My : My; o', u' ™

These facts suggest that it becomes easier to discriminate the
models as the divergence J;[M] : M4; y', u'~1] is larger since
the distance between the models is larger. Therefore, it is nat-
ural to find an input which maximizes J,[M] : Mb; vt ut=1].
The following theorem shows that the Kullback divergence can
be decomposed shown as in Hatanaka and Uosaki [1995].

[Theorem]
The Kullback divergence can be decomposed as

J[M7 2 Mgyt u' 1)

= 7O My My; y(0)]) + VM MYyt 9)

+ I M MYyt ) IV (M My gttt
where
(1)2 (2)2
(1) . rooot o t—11 t (o g
']t [Ml.MQ,y,u ]—2(0_(2)2+0_(1)2—2>

te®? 1
T 5002 27 ]{
Here, Jt(l) [M{ indicates the difference in noise
components, and J O [M] : M}, yt,ut~!] and J[M]
Mb; y',u'~1] indicate the differences in input and output
relations between two models, respectively.

My ytut

Since they are all non-negative and equals to zero if and only
if the models are identical as J;[M] : M}; y* u'~1], only
the input-dependent term J\2 [M] : M}; yt,ut=], or its time
average

JOM] - My, u]

can be considered for efficient model discrimination. Thus the
problem can be restated as

1
= lim —JP[M] - My; o, ut"Y] (11)
t—oo t

(P1) “Find a input {u(t)} such that it maximizes the time-
average of the input-dependent term of the Kullback diver-
gence, J (2 [M; : My; vy, u] under the constraints

JA My - M{; yu] < L

g (12)
JO (Mo« My y,u] < L
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with a given constant L, and input power constraint given by

(6)."
3. OPTIMAL INPUT DESIGN

An optimal input is derived, which maximizes J[M]
M; y,u] defined by (11) under the constraints (12). Suppose
that the input sequence {u(¢)} is a zero-mean stationary ergodic
Gaussian process. Then, the output sequence {y(t)} is also a
zero-mean stationary ergodic Gaussian process by the stable
linear system assumption. By the ergodic property assumption,
the time average in (11) can be replaced by the ensemble
average,

JO[M] : My; y,ul

= lim ST Myt
)

:Euﬁ My Myt u

-2 [ (55
)
)

1 1(2 1 2
+ FE 5512 (( Ay 1) u(t — 1))
Define
1
i) = 14
u(t) 0'(1)0‘(2)141(2_1)142(2_1)u(t) (14)
Then the ensemble average of J\2 [M] : M}; yt, u!=1] can be
expressed by
JEM] MY,y
1
= 5 (BlOW(Aa(z™) = A1 (7)) A2zl — 1))?)
+E[(0® (A1(z7) = Az(=7)) Au (= alt — 1))2])
15)
Let
Hi(z7") = oW ((As(z71) = Ar(=71)) As(z71)
2n—1
— Z hél)sz
b : Dy 19
Hy(z7') = o ((A1(z71) = Ao(=7 1)) A1z
2n
— Zhl(cQ)z_k
k=1
where
hit = oM (ai” —ai?)
k-1
D = o (o) - 2 - Sl )
=1
(k=2,...,n—1)
n—1
B — 5O <a(1) _ Zaf)( ( )z a® )> 17)
=1
n—1
1 2), (1 2
= 5 ), - 2
l=k—n

4 = ol ol
k—1

2 2 1 1 2 1

2 o0 (o o) - Sl 2 )
(=1

k=2,...,

n—1
(o= S -2
{=1

n—1)

h? = —ol

2 1), (2 1
Y =0 3 s, -
{=k—n
(k=n+1,...,2n)
ag) =0
Thus,
7arr oAl
J U [M7 2 My; y,ul

on—1 . 2
MVat—1—k
(Z )> (18)
2n 2
+E (Z hPat—1— k))

k=1

and this can be evaluated by using the following auto-
covariance of the filtered input @(t).

pr =Elu(t)u(t—k)] (k=0,1,...,2n—1) (19)
that is,
B 2n—1
T My yu) = > awp
k=0
1 2n—1 ) 2n @)
1)2 2)2
ap = 5 (Z hk + Z hk >
k=1 k=1 (20)
2n—k—1 1), @) 2n—k @), @)
Ok = Z by hyly + Z hy hyy,
=1 =1
(k=1,2,...,2n—2)
azn1 = WP h)

Since the input u(t) is expressed by using the filtered input ()
as

u(t) = e W@ A (27 Az (2" Ha(t)

2n—1
21
—o6® S aga(t - k) @D
k=0
with
ap =1
ak = —ag) — a,(f) + Za(l af)é
(k=1,...,n—=1)
n (22)
an = —al + Z aia?,
Z aPal®, (k=n+1,...,2n-1)

l=k—n
the input power constraint (6) can be expressed by
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0 < E[u?(t)]

2n—1 2
=F <U(1)0(2) Z apu(t — k))
k=0
2n—12n—1
=o(t

o2 33 i

k=0 k=0 (23)
<C

2n—1
2 —2
ﬂo =1 —+ ae
=1
2n—k

Bre=2 aar (k=1,2,...,2n—1)
£=0
and the conditions (12) can be rewritten as

j(2)[M1 : M7; y,ul
—Ay(z71)2 7t 2
) ]

1
=F [20(1)2 (

= LE[uQ(t -] <L

20(1)2
T My : My; y,u] =

(24)

1 2

with E[u?(t — 1)] that equals to E[u?(t)] given by (23).
Furthermore, the following conditions are required by the na-
ture of auto-covariances {py, }.

po >0

Ry, _1 is nonnegative definite

where
Po 1 © Pan—1
_ ﬁl 160 : /62n—2
Rop—1 = . )
Pan—1 P2n—2 *** PO

Summarizing the above, the optimal input design problem for
discriminating two autoregressive models (1) can be reduced to
the following mathematical programming problem.

(P1)

2n—1

Maximize Qg Pk
{Pr} kzl

subject to
2n—1
0 < Bopo + 2 Z Brpr < C'
k=1
C 2L 2L )

oc(125(2)27 5(1)27 5(2)2

Rop_1 is nonnegative definite

(25)

c’ :min<

(Remark)

For the case of autoregressive model of order 1, this mathe-
matical programming can be reduced to a linear programming
problem, as in Section 4, since the positive definiteness of Ry
leads to the linear constraint.

Once the auto-covariances {py} (k = 0,1,...,2n — 1),
which the optimal filtered input @°(¢) should possesses, can
be obtained, the optimal filtered input u°(¢) with this auto-
covariances can be realized, for example, by the following

Chebyshev system approach (Zarrop [1979],Ng and Qureshi
[1981]). The optimal input u°(¢) is chosen as

.
= Z my, cos(wpt)
p=1

where r = n/2, or (n+1)/2, w; € [0,27], wp # we(p # q),
and m; > 0. The amplitudes {m,} and frequencies {w,}
satisfy the following system of equations.
1 1 o 1
cos(w) cos(ws) cos(wy)

(26)

cos((n — 1)wy) cos((n - 1Dws) . cos((n - Dw,)

71
fé%l) Po — go
X f(WQ) — ! _ !
’7;7’ ﬁnfl - Cnfl
f(wr)
and
Yo = m;%
fw > A<eﬂwP>A<e den) p=1,..,r

e k=0
/A(W b ko

A()—l ) -1 _ (1) 2
Then the optlmal input u ( ) is easily obtained by
2n—1
w(t) = oMo > apuc(t — k)
k=0
In practice, the optimal input derived here cannot be employed
since the true parameter values are not known before identi-
fication experiments, and then the sequential approach can be
applied (Gerencsér, et al. [2007]). In the approach, the autore-
gressive parameters are estimated based on the observation data
of input and output, and their estimates are used in the optimal
input.

27)

4. NUMERICAL EXAMPLE

Consider the problem to determine the order of the following
autoregressive model of order 1,

y(t) = ary(t —1) +(t) (28)
based on its observation sequence {y(¢)} by introducing the
controllable input {u(¢)} with power constraint

E[2(t)] < C (29)
where ¢(t) is independently normally distributed with zero
mean and variance 0.

In this case, an optimal input will be found such that it discrim-
inates the following two rival models.

M = y(t) = ay )yt —
My y(t) = e(t)
The following linear programming problem should be solved.

M (¢
D +e0() 0

Maximize a1
J* = a%(a(l)2 o2 (1+ a(1)2))p0 2a(11)30(2)2,51
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Fig. 1. Object function and feasible region

subject to
po >0
R, = {go gl] is non-negative definite
1 Po
(32)
0 < (1+aM?)5 - 2a{"
C 2L 2L
;.
S C" = min (0_(1)20_(2)27 0_(1)2? 0(2)2)
The solution is
_ c’
Po = (1—@1)2 - €
B c’ (1+a1)?
pl - (1 — a1)2 B 40,1 ¢ (33)
. 2o (D2
T =370 - (1-a)’e
1

with very small e > 0 to satisfy the inequality condition.

For o\ = 05, C = 1, L = 0.2, dashed lines in Fig.1
are corresponding to the restrictions and the feasible region is
the enclosed area by head lines. The objective function shown
by solid line in Fig. 1 gives the optimal auto-covariances as
(Po,p1) = (3 — €, 2 — 2¢) and the maximum J* = 32 — {}e.
The optimal input sequence {°(¢)}, and then {u°(¢)} with
these auto-covariances can be constructed by the Chebyshev
system approach.

5. CONCLUSIONS

The optimal input design problem has been discussed for ef-
ficient order determination of autoregressive models under the
input power constraint. By solving a mathematical program-
ming problem, auto-caovariance sequence of the optimal input
is derived, which maximizes the time-average of the Kullback
divergence and makes difference of two rival models bigger
without making much effect on the original system behavior.
The proposed approach is based on the sequential comparison
of the AIC, and it can be applied to find the structure of general
linear time-invariant discrete-time systems. Since it sometimes

takes much time to reach the final decision, optimal input de-
sign for accelerated determination of model structure might be
pursued such as multi-model discrimination (Nikoukhah et al.
[2002]).
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