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Abstract: In this paper, a class of hybrid impulsive systems with time delays and stochastic
effects are considered. We obtain some criteria on the global exponential stability in mean square
for the impulsive stochastic delayed systems. To do this, differential inequalities and L-operator
inequalities are developed. An example is given to illustrate the effectiveness of our results.

1. INTRODUCTION

In many evolutionary systems, there exist two common
phenomena, that is, time delays and stochastic effects. For
example, delay effects are inevitable in the implementation
of electronic networks due to the finite switching speed
of the hardware (see Baldi et al. [1994] for example).
Moreover, stochastic effects can also be found widely in
many dynamical systems in various fields such as medicine
and biology, economics, electrical engineering, telecommu-
nications. They can be observed from the phenomena in-
cluding stochastic failures and repairs of the components,
changes in the interconnections of subsystems, and sudden
environment changes. These complexities, sometimes, can
be described by time delay systems and/or stochastic
systems. With such background, the theoretical studies
and the applications of delayed stochastic systems have
attracted much attention (see, e.g., Richard [2003], Mo-
hammed [2006]).

On the other hand, some state variables of systems are
often subject to instantaneous perturbations and experi-
ence critical changes at certain instants, which may be
caused by switching mechanism, abrupt frequency change
or other sudden disturbance, and exhibit impulsive effects
(see Lakshmikantham et al. [1989], Bainov et al. [1993]).
From the mathematical view, impulsive systems belongs
to a new category of dynamical systems, which is neither
continuous-time nor discrete-time ones in the traditional
sense. Instead, it displays a combination of the characteris-
tics of both the continuous-time and discrete-time systems,
and therefore, it is regarded as a class of hybrid dynamical
systems (see Michel [1999]). Hybrid impulsive systems
with time delays and stochastic effects are certainly with
more accuracy in the modeling of the evolutionary process
in practical systems, but they are harder to be studied
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than the traditional dynamics. In some cases, these com-
plex factors cannot be neglected since they may directly
affect the dynamical behaviors of the system by leading to
oscillatory and instability. Thus, it may become necessary
to investigate such hybrid impulsive systems with delays
and stochastic factors for some practical problems.

In recent years, the stability of stochastic systems with
delays has been an interesting problem, and some stability
conditions have been reported for such systems (referring
to Richard [2003], Mohammed [2006], Nair et al. [2004],
Kolmanovskii [1986], Mao [1995]). Moreover, the stability
and attractivity of impulsive differential equations have
been deeply investigated in the works including Laksh-
mikantham et al. [1989], Bainov et al. [1993], Samoilenko
et al. [1995], and Obolenskii et al. [1988], and a full
discussion of this subject for impulsive delay differential
equations has been further carried out (see, e.g., Yan et al.
[1999], Liu et al. [2001], Yu [2001], Guan et al. [2002])).
However, to the best of our knowledge, there are few re-
sults about the stability for hybrid impulsive systems with
delays and stochastic effects (Hespanha [2005], Boukas
[2006]). Therefore, techniques and methods to study the
stability and dynamic behaviors of impulsive stochastic
differential equations with delays should be developed and
explored.

In this paper, we consider a class of hybrid impulsive
systems with delays and stochastic terms. The paper
is organized as follows. In Section 2, we present the
problem formulation and related preliminary knowledge.
Then in Section 3, by developing differential inequalities
and L-operator inequalities, we obtain the stability in
mean square of the origin for the hybrid systems. A
simple example is shown to illustrate the feasibility and
effectiveness of our results. Finally, concluding remarks are
given in Section 4.

2. PRELIMINARIES

In this section, we will give our model description and
preliminary knowledge for the following analysis.

10.3182/20080706-5-KR-1001.2446
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As usual, let N = {1,2,3,...}, Ry = [0,00), and T be
an identity matrix. R™ is the space of n-dimensional real
column vectors and R™*™ is the set of m x n real matrices.
If A is a vector or a matrix, AT stands for the transpose of
A, trace(A) is the sum of the diagonal elements of A. If A
is a real symmetric matrix Ay (A) and A, (A4) denotes the
largest eigenvalue and the smallest of A. Additionally, F
represents the expectation of a stochastic process, and L
is a Kolmogorov’s backup differential operator generated
by the corresponding stochastic systems. Also, §(t) is the
Dirac impulsive function.

Furthermore, C[X,Y] denotes the space of continuous
mappings from the topological space X to the topological
space Y. Especially, C[ [—7, 0], R"] denotes the family of
all continuous R"-valued functions ¢ on [—7, 0] with norm

[[9]] = sup_; <p<0 [¢(0)]. Moreover,

PC[I,R] := {¢ : I — R™ | ¢(tT) = (t) for t € I,
Y(t7) exists for t € I, (t™) = t(t) for all but points
tx € I}, where the domain I C R, 1(t*) and (¢~) denote
the left-hand and right-hand limits of scalar function ¥ (¢),
respectively.

Consider a class of hybrid impulsive stochastic systems
with time delays:

dai(t) = fi(t, zi(t))dt + gi(t, 2(t), x(t — p))dt

+Ji(t x(t), z(t — v))dw;(t)
+lek (t,z(t), z(t — <))8(t — tgp)dt, (1)

where t > 0, z; € R™,1 = 1,..
(¥, ..., 2T)T € R™, x, is the state of the ith subsystem,
which is described by &; = f; (¢, z;), g; : RxR"XR"™ — R™
is the deterministic interconnected function, and o; : R X
R" x R* — R™>™i and I; : R X R™ x R* — RM>™Mi
represent the strength of the stochastic interconnection
and the impulsive one, respectively. The time delays u, v, ¢
may be unknown (constant or time-varying), but are
bounded by a known constant, i.e., 0 < p,v,¢ < 7, and
w; = (Wit, - Wi, )T with w(t) = (wi(t),...,wk (t))
as an y . m;—dimensional Brownian motion defined on a
complete probability space (9, {F;}1>0, P) with a natural
filtration {F;}i>0 (i.e. {F} = of{w(s),0 < s < t}).
Moreover, t are the impulsive moments satisfying

LMy > ng =n, T =

to=0<t1 <... <ty < k1 <...,klim tr = 00.
If I;(t,-) = 0, the hybrid system (1) becomes a stochastic
delayed system
dai(t) = fi(t, zi(t))dt + gi(t, x(t), x(t — p))dt
+oi(t, 2(t), z(t — v))dw;(t). (2)

In this paper, we assume that f;(¢,0) = 0,g;(¢,0) =
0,0(t,0) = 0, and there exists a solution for any given
initial values.

Let C%1(J x R"; R;) denote the family of all nonnegative
functions V' (z,t), which are twice continuously differen-
tiable in  and once int, t € J C R,x = (x1,22,...,Zm) €

R"™. For each V(x,t) € C*1(R" x Ry;R,), define an
operator LV; along the trajectory of system (2) by

OVi(t,
LVi(t,a) = % + Valt, @) [filt i) + gilt, @, 2(t — 7))

-i-%trace[a;-r(t7 x,2(t — 8))Vauoi(t, z, 2(t — 5))]
where

OV (z,1) OV (z,t)
Vf(xﬂt) - ( 8I1 9 9 axn )a
OV (x,t) OV (x,t)
Vt(%t) = T? me(%t) = (W)nxn

For a right-hand continuous function v : R — R, define its
upper Dini derivative as follows
t —v(t
DT v(t) = limsup vt +s) —v®) )
S

s—0t

The following lemma is a modification of the continuous
delay differential inequality (see Xu [1988]) and the proof
is given in Appendix.

Let u;(t) € C[[o,b), R4] satisfy

+Zqz—j<t>a}<t
j=1
ui(o+8) = ¢Z( ), ¢ € PC, 86[ 7, 0],

where 7 > 0, 0 < b < +o00, p;;(t) > 0 for i # j, ¢;;(t) >0,

w;(t) = sup w;(t+80),i=1,2,...,n. Suppose that there
0€(0,7]

exists an integrable function r(t),t € [0 — 7,b) such that

for t € [0,b)

Lemma 1.

), t € [o,b),

M:

sup {j:rer(s)ds} n

me erelmo gis (1) < —r(t). (3)
j=1
If the initial condition satisfies
u;(t) < ke Je s >0, te [0 —T,0], (4)
then fori=1,...,n
wi(t) < we do TOF b e (g.h), (5)

3. STABILITY ANALYSIS

In this section, we will give our main results on stability
conditions.

In order to obtain the exponential stability of (1), we first
show the following L-operator inequalities.

Theorem 1. Let Vi(t,z) € C*([ty—1,tx) X R";Ry)
satisfy

t T +(hg( ) j(tvm)Lt # th,

m
Vi(t, z) SZ

V(tka$z+llk tka Zb(k)v t £L' +d( )V(tka )]7
j=1
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where V; = sup Vi(t,z(t+0)),i=1,2,...,m,k € N.If
0€(0,7]
there exist v > 1 and a(t) € PC[R, R*] satisfying
Zpij(t)+'72%j(t)<_ i=1,...,m,
j=1 j=1
then for ¢ > tg
[ Bls)ds S
C II me Ly sup EVi(0),
to<tr<t O€[=7.01 ;=1
where §(t) := min{a(t), 22, B, = ), D), = (d),
ftk7 B(s)ds
Mk = max{1, | Bg[lx + | Dk[lre”* }-
Proof. Let h > 0, z(t) = (x1(t),z2(t),...,zm(t)) be

the solution process of (1). Then x(t) satisfies (2) when
[t,t 4+ h] C [tk—1,tr). Employing It6 formula, we have

t+h

Via(t, 2(1))) + / LVi(s, 2(s))ds (6)

t

Vit, z(t + h)) =

t+h
+/WJ(s,x(s)ax(s—m)dw(s)' (7)

Hence

EVi(t,x(t+ h)) = EV;(t,x(t /ELV s,x(s))ds,

which implies
DY (EVi(t,x(t))) =
<> i BVj(t, 2(t) + ai; BV;(t, 2(1))).

j=1
On the other hand,

ELV;(t,z(t))

zi(tk) — ity — h)
= [ itssmis) + gl ). s = )i
ty—h
+ / oi(s,2(8), (s — v))dw;(s)
ti—h
+ / Lik(s,z(s), (s —<))0(s — tr)ds.
th—h

Let h — 0T, we have

xi(tr) = xi(ty) + Lin( x(ty ), x((te, —<))).

Then,

EVi(tg, x(ty)) = EVi(t, , zi(t),)
+Li(ty, 2 (ty), o((tx — <))
< BVt x(ty)) + IDullV (8 x(t;))- (8)

Since B(t) = min{«(t), —V} > 0, we have

t

t
sup { | B(s)ds} < / ln%ds:lnfy.

oc[—,0]
t+0 tor
Thus,
m m sup {ft B(s)ds}
D _opig(0) + ) ay(t)ersmo T
j=1 j=1
<2 i)+ Z a5 ¢
J:
< —a(t) < B(), t>tg,i=1,...,m. (9)
Let no = 1, u;(t) = EV;(t,z(t)),and up = sup . V;(0).
0c[—7,0] i=1
Next, we shall prove that for any k € N
- t 3 d.
ui(t) < nomy - - Me—1uoe fto o) 6, tp—1 <t < tg.

Since u;(t) < uge fto PO for to—7 <t <ty by (8), (9)
and Lemma 1, we can get

t
_ d
ui(t) < uge f”o o St <t <ty

Suppose that for k =1,...,1

t
— d
wi(t) < mom -+ k- Ji PO 4 <t <t (10)

Then, from (8),

1Uo€

wi(tr) < [|Bgllui(t;) + |1 Dxllwi(t;)

t
<||Bglno - --m-1upe fto B(s)ds
ty—7 "
+||DkHT]O M- 1'Uz06ff‘l B(s) 56 ‘/;0 B(s)ds
" B(s)ds
S o - .- nl*lnlqu to 7
and so
~ [ B(s)ds
Ui(t)gnou.’m,lnluoe to ; tl—Tétgtl'
Using Lemma 1 again, we obtain
t
- B(s)ds
wit) < o m-1mitioe fm St <t <t

By the induction, the conclusion holds. Q.E.D.

With the L-operator inequalities, we then discuss the
stability of hybrid systems (1).

Theorem 2. Let sup{t; —tx—1} < co. Assume that for
kEN

€
te Rz;,y; € R, z,ye R",i=1,...,m,
(Hy) there exist bounded functions a;(t) such that

al fi(t, ;) < ai(t)w] i

(H,) there exist bounded functions b;;(t), b;

m
ZCCC] E

(Hs) there exist bounded functions ¢;;(¢),

;(t) such that
m
gl (tz,y)gi(t,z,y) < Z Oy s

Ci;(t) such that
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trace o) (t,z,y)o;(t, z,y) m x; + Zéij(t)yfyj;

=1

<2t

(Hy) there exist bounded functions d;;(t), d;;(t) such that

m

*2 s

m
17tz y) Lt 2, y) < Z t)ala; )y ;s

(Hs) there are constants €;,0; > 0,7 > 1 and function
a € PC[R,R.],i=1,2,...,m such that

ZGZ SOREHO)

+vi1[eibij<t> ey (1)) < —alt); (11)
(Hg) let

sup {In 0 + ] B(s)ds} < 0, (12)
where f(t) := min{a(t), "2} and

=T s)ds
0 = max{1, py + gkeftk pe) 1,

j:l

or = max {(1+6:) Y dis
j=1

=g ity

Then the origin of the hybrid impulsive systems (1) is
globally exponentially stable in mean square.

Proof. Let z(t) = (z1(t),...,7m(t))T be a solution
through (o, ¢), where z; € R™. Define V;(t) = Vi(t,z) =
xF (#)z;(t),i = 1,2,...,m. From (Hy)-(H3), for t # ty, k €
N, we calculate the derivative LV; along the solution x(t)

of (2)

LV;(t) =2z (1) filt, wi(t)) + 227 (t)gi(t x(t), x(t — p))
+trace (o] (t,z,2(t — v))oy(t, z, z(t — v)))
<2a;(t)xTz; + ;xfxz

+6igfp(t (t), 2(t — u))gi(t (1),

—&—ch x T; +ZC”

z(t — p))

Tt —v)zi(t —v)

< (ai(?) += t) + Z[Q‘bij(t) + i (D)]V;(t)
+ Z[eigij(t) + G ()] V; ().

Fort =ty , k€N,

V(t, xi + Lig(tr, )

= (@i(ty, ) + L (t),, x(ty
x(zi(ty ) + Lik(ty,  z(t

=uz; xz+2x Li(ty, , x(t
FL () T (ty, )

(1—}—51)1 i+ (146 Z xx]
j=1

k)t —<))"
2tk —<)))

ya(ty = <))

)
k)

i (8] (8 — (1) (t = <s(1))]

<O+ +6i>idzj<t>vj

+(1+6) Z i (

J=1

By Theorem 1, we have, for t > t,

* B(s)ds
BVitta) < ( [ On)e oy By
to<ty<t
where Vo = sup,e(_, 0 > j=; EVi(s), i =1,2,...,m.

From the strict inequality (12), there must be a r > 0 such
that for k € N

In 0y + / B(s)ds < —r < 0.

tr—1

Let 0 < T := sup{ty —tx—1} < oo. Then, for k € N
kEN

K B(s)ds—r

O, <e - L?H[B(S)Jrr/T]ds

Since the functions a;, bsj, ¢ij, d”,b”, Cij» Jij are bounded,
there is a constant b > |3(¢)|. For t;_1 <t < ), we have

EVi(t) < s .. o SOy,

k— t
- -];0 1 B(S)-‘rr/T]dseftOB(s)ds

LO,_q1e’t

Vo

IN N

¢ e~ (r/D)=to)

¢ B(s)+r/T]ds
in which eftk @/l < ¢ := eT*". Thus, the origin
of (1) is globally exponentlally stable in mean square.

Q.E.D.

Then, we consider a linear hybrid impulsive system in the
following form:

du;(t) = Agw;(t)dt + Y [Bija;(t)dt + By (t — p))dt
j=1

+ ) Cija(t)dwi; (t)

m

)+ 20

i (t — v)dw;;(t)

<.
I
—

+ Y [Digzi(t) + Digzi(t — )]0 (t — tr),

K

(13)

S
I
-

with matrices A;, B;j, Cij, Dij,
1 m.

R ~ » My Xn; 5
Bij,Cij,Dij c R™ 7,1 =

geeey
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Applying the above results to system (13), we have the
following theorem.

Theorem 3. Let sup{ty — tx—1} < 0o. Suppose that
kEN
there are positive constants €;, d;, (;, A and positive definite

matrices P;,i = 1,2,...,m such that

M (AT P, + P A)

[e; 4 0; + (B ]
Z /\M BLP;Bij) + A (CLPCij)]
j:l

Z /\M B PB”) —|-/\M(C£P,C_'”)] <=\

If
Inv

sup{L} <A, (14)
keN tk —tk—1

where
Y = max{1, px + gke/\T},

_ Mi((I+ Dig)"Pi(I + Dix))
Pk = 12112%%{(1*»(1) )\m(Pz) }7
M (DL P D)

o= max A )

then the origin of the stochastic systems (13) is globally
exponentially stable in mean square.

Proof. Define V;(t) = V;(t,x) = xT (t)P,z;(t). Firstly, we
calculate the derivative LV; along the solution x(t) of (13),
fort #ty, ke N

LV;(t) = 2T [AT P, 4+ P Aj]x;

+2 Z ] Pi|Bijx; + Bijaj(t — p)]
j=1

+.’L‘T(t — V)C_’g;PiC_'ijxj(t — l/)]

J
< (AT P + PA)aT =+ 2T P
<Mu(AT P+ P ATz +;[(m+ )z} P
m o7
+—a ' BLPBj; + 2T CLPCija;]
3

+X L5

J

1) B PiBija;(t — p)

-
+a} (t —v)C PiCija;(t — v)]
M (AT P+ P A;)

< [e. .
<lei+d; + o (P)

[Vi(t)

@AM(BTBBM)

le

+Ar (CHRCy)V;(1)

Also,
Vi(ty) = [(I + Di)zi(t) + Digs(t — )" P,
X[(I 4 Dig)ai(t) + Digai(t — <)]
< (1 gyl B BT D)y
A (DL PDyy) =
() )

By a similar process of Theorem 2, we can complete the
remainder of the proof. Q.E.D.

Before the end of this section, we introduce an illustrative
example.

Example 1. Consider the hybrid impulsive systems (13)
where z; = (v;1,2:0)7,i = 1,2, 2 = (2T, 22T and

—6 0 -5 0
A1:<0 5),142:(0 6)7

Bij =Ci; = D;; =0,i,j = 1,2,
Bu= (1% ) Be=(603):
= (1) 3= (4 0),
on=("03) ce= (" s
eu= () en=(T20).

01 0 —0.2 0.05
le‘( 0 —0.1)’ D2k< 0 0.3)'

Take ¢, = 1, P, = I, A = 0.39 in Theorem 3. By a direct
calculation, we have ¥y, ~ 4.32.

[\V]

If the impulsive moments satisfying t; — tx_1 > 4.0, then

In 19k

sup{ } <0.3658 < A = 0.39.

keN tk —th—1
It follows from Theorem 3 that the origin of (13) is globally
exponentially stable in mean square.

Figure 1 shows the stability when taking ¢, = 4k, u =¢ =
v=1.

4. CONCLUSION

In this paper, we discussed a class of hybrid stochastic
systems with impulses and time delays. The conditions
on the stability and global exponential stability in mean
square of the impulsive stochastic delayed systems were
obtained. An example was also given for illustration. In
fact, there are many unsolved problems for such systems.
The stabilization and other control issues of these systems
are under investigation.
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Appendix A. PROOF OF LEMMA 1

Proof. We first prove that for any number ¢ > 0,t €
[o,)

wi(t) < (k4 e LA gy i e (A)

Let

J = {i|u;(t) > y(¢t) for some t € [0,b)},
0; = inf{t € [0,b)|u;(t) > y(t),i € I}.

If the inequality (A.1) is not true, then J is a nonempty

set and there must exist some integer m € J such that

Om = mi}q{ﬂi} € [o,b). Employing the continuity of
1€

functions w;(¢) and y;(¢) for t € [0,b),i = 1,...,n, from
(4), we can get

ui(t) <yt), o—7<t<6bp,i=1,...,n, (A.2)
U (Orm) = y(Om), D+Um(9m) > 9(0m)- (A.3)
Combining with
O +6
WOl = (st e) sup {e= )Ty
0e[—T,0]
Om Om
=(k+e€)e fa r(s)ds sup {€f97n+9 T(S)ds},
oe[—T,0]

we have

NE

DJFUm(GM) < : [pmj (Hm)uj (Om) + Amj (em)[uj (em)]T]

<
Il
—

[P (0m )y (0m) + G (0m) [y(0m)]-]

<.
Il
—

[pmj (em) + qmj (om)

I

Il
-

J

m

0
sup { r(s)ds}
w E0€[=7.0] Om+0

Om
](Kl—f— 6)67 fo r(s)ds
Om
< _T(am)(’{ + 6)67 f“ rle)ds

=9(0m),
which contradicts the inequality in (A.3). Then, (A.1) is
true for any € > 0. Letting ¢ — 0T, we obtain the estimate
(5). The proof is complete.
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