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Abstract: In eigenvalue analysis, transformation from real systems to complex systems is very
important. First, we clarify a necessary and sufficient condition that solutions of real nonlinear
systems coincide with solutions of transformed complex nonlinear systems in the real subspace.
Moreover, we propose a complex transformation such that a) real homogeneous systems of degree
¢ with respect to r are transformed to complex homogeneous systems of degree (¢, 0) with respect
to r and b) solutions of real systems coincide with solutions of transformed complex systems in

the real subspace. Then, we show examples.

1. INTRODUCTION
1.1 Eigenvalue Analysis for Linear Systems
For linear systems, eigenvalue analysis is a very useful

technique to determine the characteristics. First, a real
linear system

&= Az (x € R"™) (1)
is transformed to a complex linear system
Z= Az (z € C™). (2)

Notice that

1) System (1) is real homogeneous of degree 0 with respect
tor=(1,...,1)7. And system (2) is complex homoge-
neous of degree (0,0) with respect to r = (1,... ,1)7T.

2) w(t) is a solution of system (1) if and only if z(¢)e*? i
a solution of system (2).

3) System (1) is (asymptotically) stable if and only if
system (2) is (asymptotically) stable.

4) Both systems (1) and (2) are analytic.

S

System (2) has n eigenvalues and n linearly independent
eigenvectors. Moreover, solutions on eigenvectors can be
written by using corresponding eigenvalues and eigenvec-
tors. Since system (2) satisfies the superposition principle,
general solutions can be written by using eigenvalues and
eigenvectors. Furthermore, the stability of (2) can be iden-
tified by eigenvalues. Hence, the stability of (1) also can
be identified by eigenvalues.
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1.2 FEigenvalue Analysis for Homogeneous Systems

Our ultimate purpose is to extend eigenvalue analysis for
homogeneous systems.

In [1], homogeneous eigenvalues and homogeneous eigen-
vectors are defined for real homogeneous systems. While
the number of homogeneous eigenvalues is only partly elu-
cidated [2], solutions on homogeneous eigenvectors can be
written by using corresponding homogeneous eigenvalues
and homogeneous eigenvectors [1].

In [4], complex homogeneous systems are defined. More-
over, homogeneous eigenvalues and homogeneous eigenvec-
tors are defined for complex homogeneous systems of de-
gree (¢,0) or degree (¢, £) [4] [5]. For these complex homo-
geneous systems, solutions on homogeneous eigenvectors
also can be written by using corresponding homogeneous
eigenvalues and homogeneous eigenvectors [4] [5].

In [5], we have shown a transformation from a real nonlin-
ear system

&= f(x) (zeR") (3)
to a complex nonlinear systems
Z=F(z) (z € C™). (4)

This complex transformation holds the following condi-
tions:

1) System (3) is real homogeneous of degree ¢ with
respect to r. And system (4) is complex homogeneous
of degree (¢, ¢) with respect to r.

2’) z(t) is a solution of system (3) if and only if z(t)e
a solution of system (4).

i-0 is
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3’) System (4) may not be (asymptotically) stable even if
system (3) is (asymptotically) stable.

4’) Both systems (3) and (4) are analytic.

For general homogeneous systems, a transformation satis-

fying 2’), 4’) and

3”7) System (3) is (asymptotically) stable if and only if
system (4) is (asymptotically) stable

does not exist because a transformation satisfying condi-

tions 2’) and 4’) exists uniquely [5].

Ezample 1. The real analytic homogeneous system of de-

gree 2 with respect to r =1

(x € R) (5)

is transformed to the complex analytic homogeneous sys-

tem of degree (2,2) with respect to r =1

& =—a°

=23 (z €C). (6)
While system (5) is asymptotically stable, system (6) is
unstable. Both systems (5) and (6) are analytic. O

Example 2. The real analytic homogeneous system of de-
gree 1 with respect to r = (1,2)

d r1\ T2

i () - ()
is transformed to the complex analytic homogeneous sys-
tem of degree (1,1) with respect to r = (1,2)

i(3) = (3)

While system (7) is stable, system (8) is unstable. Both
systems (7) and (8) are analytic. |

(z1,22 € R) (7)

(21,22 € C). (8)

1.8 The Purpose of This Paper

In this paper, we propose another complex transformation
for homogeneous systems. In Section 2, we introduce some
definitions and results as a preliminary. In Section 3.1, we
clarify a necessary and sufficient condition for condition
2). In Section 3.2, we propose a complex transformation
satisfying 2’) and

17) System (3) is real homogeneous of degree ¢ with
respect to r. And system (4) is complex homogeneous
of degree (¢,0) with respect to .

In Section 4, we show examples and in Section 5 conclude
this paper.

2. PRELIMINARY

Let R, Ry, and C denote the set of all real numbers, the
set of all positive real numbers, and the set of all complex
numbers, respectively.

2.1 Category and Functor

Definition 1. (Category). A category C consists of
C1) a set O of objects
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C2) aset A of arrows
3) domain dom: A — O : f — dom f
4) codomain cod: A — O : f — cod f
5) identity id: O — A : ¢ id,
6) composition o : A xp A — A : {g, f) — go f where
AxoA={g,f)l g f €A N domg = cod f}

such that

QOOO

dom(id.) = ¢ = cod(id;), Vce O

dom(g o )*domf, Vg, f) € Axp A

cod(go f) =codg, Vg, f)e Axp A

ho(gof)=(hog)of,
V(h,g), (9, f) € Axo A

lyof=f, Vf:a—b

goly=g9, Vg:b—c.

O

Definition 2. (Functor). For categories C' and B, a functor
T : C — B with domain C and codomain B consists of

F1) a object function T which assigns to each object ¢ of
C an object T'c of B

F2) an arrow function 7' which assigns to each arrow
f:ecr—  of Can arrow Tf : Tc— Tc of B such
that

T(1.)=1p., T(gof)=TgoT}f.

2.2 Real Homogeneous Systems

We consider the following nonlinear system:
i = f(x), (9)
where x € R" is a state vector and t € R.

Definition 3. (dilation). A mapping

ATz = (exy,... e x,)T, Ve >0 (10)
is said to be a dilation on R™, where r = (r1,...,7s),
0<rj<oo(j=1,...,n)and z € R™ ]
Definition 4. (Euler vector field). A vector field

v(z) = (rwy, ... et (11)
is said to be a Euler vector field with respect to the dilation
exponent r = (ry,... ,my). o
Definition 5. (homogeneous ray). Solution curves of & =
v(z) (t € R) are said to be homogeneous rays. O

For fixed € R", a dilation ALz
homogeneous ray by definitions.

(e > 0) coincides with an

Definition 6. (homogeneous function). A function V : R™
— R is said to be homogeneous of degree £ € R with
respect to the dilation Alx if

V(ATz) = "V (). (12)

O
Definition 7. (homogeneous vector field). A vector field
f :R™ — R™ is said to be homogeneous of degree £ € R
with respect to the dilation ALz if
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f(ALz) = e'ALf(x). (13)

O

Definition 8. (homogeneous system). Nonlinear

system (9) satisfying (13) is said to be homogeneous of
degree ¢ € R with respect to the dilation Alz. O
Lemma 1. A C! function V : R™ — R satisfies (12) if and
only if

é;—‘;z/(x) =kV(x) (14)
O
Lemma 2. If a C* function V : R — R satisfies (12),
ov ov
Alz) =" —(z). 15
(A = 471 2 () (15)
O

Lemma 3. A C* vector field f : R™ — R" satisfies (13) if
and only if
of

9z tf (). (16)

O

W)~ 2 f(a) =

Lemma 4. We consider homogeneous system (9) of degree
¢ with respect to a dilation Alz. If x(¢) is the solution for
an initial state z(0), AZz (¢“t) is the solution for an initial
state Alz(0). O

2.3 Complex Homogeneous Systems

In this paper, we consider complex functions defined
on a Riemmann surface for avoiding discontinuity and
multi-value problems of complex functions [9]. Namely, we
consider complex functions defined on

_ T
z= (Zhligl,- ) Zn) - (17)
Z; =re"’ (’I"j,ejER,j:L...,n).
We define the complex conjugate of z = re?? by z := re=%.
Definition 9. (complex dilation). A mapping
A= Mgy = (e, e

Ve = &e" € C\{0} (V€ € Rsg, V¥ €R)
is said to be a complex dilation on C”, where r =
(ri,...,mn), 0 <7 < oo (j=1,...,n) and z € C".
O

Definition 10. (complex Euler vector field). A vector field

v(z) = (19)
is said to be a complex Euler vector field with respect to
the dilation exponent r = (r1,... 7). m]

Definition 11. (complex homogeneous ray). Solution curves
of 2 =v(z) (t € C) are said to be complex homogeneous
rays. O

For fixed z € C", a complex dilation ALz (¢ € C\{0})
coincides with a complex homogeneous ray by definitions.

(riz1,... ,rnzn)T

Definition 12. (complex homogeneous function). A func-
tion V : C* — C is said to be complex homogeneous of
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degree (ki, ko) € R? with respect to the complex dilation
Af{“gm}z if

V(A y2) = ghieih2y(2), (20)

O

Definition 13. (complex homogeneous vector field). A vec-
tor field F': C" — C” is said to be complex homogeneous
of degree (¢1, () € R? with respect to the complex dilation

A?&m}z if

F(Afe y2) = e AT F(2). (21)

O

Definition 14. (complex homogeneous system). A nonlin-
ear system

Z2=F(z) (22)
satisfying (21) is said to be complex homogeneous of degree

(¢1,03) € R? with respect to the complex dilation A{E n}z
where t € R.

Lemma 5. An analytic function V : C* — C satisfies (20)
if and only if

kV(2) = kaV (2). (23)

O

Lemma 6. If an analytic function V : C* — C satisfies
(20),
ov

. oV
9z, Biemy?) =

é‘kl i in(k2—r;)
0z;
J

(). (24

O

Lemma 7. An analytic vector field F' : C* — C" satisfies
(21) if and only if

OF v

—_— —_ —F =

5, %) — 5. F2)
Lemma 8. We consider complex homogeneous system (22)
of degree (£1,0) with respect to a complex dilation Af, 2
If z(t) is the solution for an initial state z(0), A e ? z (& t)
is the solution for an initial state Aj, =z z(0).

2.4 FEigenvalue Analysis for Complex Homogeneous Sys-
tem of Degree (¢,0)

Definition 15. (complex homogeneous norm). The follow-
ing complex homogeneous function of degree (1,0) with
respect to a complex dilation A7z is said to be a complex

homogeneous p-norm:
1

HZ”{r,p} = (26)

O

Definition 16. (Homogeneous eigenvalue). We consider
complex homogeneous system (22) of degree (¢,0) with
respect to a complex dilation ALz. If there exist A € C
and z) € C" such that

’
F(zy) = )\HZAH{’!‘,Q}I/(ZA)? (27)
A and z) are said to be an homogeneous eigenvalue and
an homogeneous eigenvector, respectively. O
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Lemma 9. We consider complex homogeneous system (22)
of degree (¢,0) with respect to a complex dilation Alz. If
there exist A € C and zy € C™ with (27),

exp (Alzallf, )

(1= RO 2l 2yt)

((R() = 0)

RN

Q) = &
iS(A) ¢
exp {@R(A) In (1 - £§)%(A)|ZA|{T,2}t)}
(R(N) # 0)
(28)
is the solution for an initial state z(0) = zx. ad

Theorem 1. For complex homogeneous system (22) of de-
gree (£,0), the followings are true:

1) If an homogeneous eigenvalue with positive real part
exists, the system is unstable.

2) If an homogeneous eigenvalue with zero real part exists,
the system is not asymptotically stable.

3) If an homogeneous eigenvalue with negative real part
exists, the system has a solution that converges to the
origin.

O

Lemma 10. We consider complex nonlinear system (22)
with F(z) = F(2). If z(t) is the solution for an initial
state z(0), z(¢) is the solution for an initial state z(0). O
Lemma 11. We consider complex homogeneous system
(22) with F(z) = F(Z). If 2z is an homogeneous eigen-
vector corresponding to an homogeneous eigenvalue A,
Zp is an homogeneous eigenvector corresponding to an

homogeneous eigenvalue \. O

3. COMPLEX TRANSFORMATION
3.1 Necessary and Sufficient Condition

We obtain a necessary and sufficient condition that solu-
tions of real nonlinear system (9) coincide with solutions
of transformed complex nonlinear system (9) in the real
subspace as follows:

Lemma 12. Let T, be a functor that assigns ze*® € C™ to
ze€R"and F : C* — C” to f : R® — R". Then, the
followings are equivalent:

1) The following diagram

r —I f(a)

T{ ch (29)

» —E F(2)
is commutative.

2) xz(t) is a solution of real nonlinear system (9) if and
only if z(¢)e*? is a solution of complex nonlinear system
(22).

Proof 1. First, we show 1)=2).

506

{'t - f(w)}’elo = Tc(i) - Tc(f(x))
d

(30)
E(xei'o) — F(ze") = T.(2) — F(T.(2)). (31)

If condition 1) is satisfied, the right-hand side of (30)
coincides with the right-hand side of (31). Hence, condition
2) is held.

Then, we show 2)=-1). If condition 2) is satisfied, the left-
hand side of (30) and the left-hand side of (31) becomes
0. Hence, condition 1) is held. O

3.2 Complex Transformation Functor for Homogeneous
Systems

We consider real homogeneosu system (9) of degree £ with
respect to ALz and assume that

H1) fis a C! mapping.
H2) (471, 0 (j=1,...,n).

We propose a functor that transforms this system (9) to
complex homogeneous system (22) of degree (¢,0) with
respect to ALz as follows:

Theorem 2. We consider real homogeneosu system (9) of
degree ¢ with respect to AZz. We assume that H1) and H2)
are satisfied. Let T, be a functor that assigns ze’? € C»
to x € R™ and

acleiyl i=1
F
ol n o (32)
Znel " 1 fn ity
T Z 6—%(1)779%6 ;
J=1
(xjayj € R)

to f : @ — f(x). Then, T, transforms from real homo-
geneous system (9) to complex homogeneous system (22)
of degree (¢,0) with respect to AZz. Moreover, z(t) is a
solution of real homogeneous system (9) if and only if
x(t)e’? is a solution of complex homogeneous system (22).
Furthermore, F(z) = F(Z). O
Proof 2. By the homogeneity of f and Lemma 2, we obtain

1 0fi, i (yitrm)
=—(Afx)r;&xje i
£+ 71 = al‘j 13 J

F(Alz) =
L os
L+, = O0x;
= feAgF(Z),

i (yit+rin)

(Afx)ri€izse

where z; = z;e™i (j = 1,...,n) and € = &' (£ > 0).
Since (21) with (£, £2) = (£,0) is satisfied, F' is a complex
homogeneous vector field of degree (¢,0) with respect to
Alz.

By the homogeneity of f and Lemma 1, we get
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Lo,
{+1r Ox

()¢

1 9fn
C+ry, e
By the equation and Lemma 12, z(t) is a solution of
real homogeneous system (9) if and only if z(t)e'? is a
solution of complex homogeneous system (22). By (32),
F(z) = F(%) is clearly satisfied. O

()e™®

4. EXAMPLE

Ezample 3. By Theorem 2, real homogeneous system (5)
of degree 2 with respect to r = 1 is transformed to the
following complex homogeneous system of degree (2,0)
with respect to r = 1:

t=—2]>2 (2€C). (33)
Both systems (5) and (33) are asymptotically stable. While
system (5) is analytic, system (33) is not analytic. 0

Ezample 4. By Theorem 2, real homogeneous system (7)
of degree 1 with respect to r = (1,2) is transformed to
the follwoing complex homogeneous system of degree (1, 0)
with respect to r = (1, 2):

d [ x,eY Toct T
E (x;eiyg) = (_;36i2y1 (x17x27y15y2 S R) (34)
1
While system (7) is stable and analytic, system (34) is
unstable and nonanalytic. |

5. CONCLUSION

We have clarified a necessary and sufficient condition
that solutions of real nonlinear systems coincide with
solutions of transformed complex nonlinear systems in
the real subspace. Moreover, we have proposed a complex
transformation such that a) real homogeneous systems of
degree ¢ with respect to r are transformed to complex
homogeneous systems of degree (¢,0) with respect to r
and b) solutions of real systems coincide with solutions of
transformed complex systems in the real subspace. Then,
we have shown examples.
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