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Abstract: This paper is concerned with the problem of stabilization and Ls-gain analysis for
a class of switched nonlinear systems with norm-bounded time-varying uncertainties. A system
in this class is composed of two parts: a uncertain linear switched part and a nonlinear part,
which are also switched systems. When all the subsystem are stabilizable and have a Ls-gain,
the switched feedback control law and the switching law are designed respectively using average
dwell-time method such that the corresponding closed-loop switched system is exponentially
stable and achieves a weighted Lo-gain. We construct the Piecewise Lyapunov functions and
design the switching law based on the structural characteristics of the switched system.

1. INTRODUCTION

In recent years, there has been increasing interest in the
stability analysis and design methodology of switched
systems due to their significance both in theory and
applications. Such control systems appear in the modeling
of chemical processes, transportation systems, computer
controlled systems and power systems, ect. Because of
the intricate intersection between continuous and discrete
dynamics, switched systems may have very complicated
behaviors. This motivated a large and growing body of
research work on a diverse array of issues, including the
modeling, optimization, stability analysis, and control,
among which the stability issues have been a major focus
in studying switched systems (Liberzon and Morse (1999),
Liberzon et al. (1999), Branicky (1998) and the references
therein). Among the stability properties, the uniform
asymptotic stability is a desirable property which can be
guaranteed by a common Lyapunov function (Zhao and
Dimirovski (2004), Cheng (2004), Cheng et al. (2003)).
But a common Lyapunov function may not exist or is too
difficult to find. In this case, the switched system may be
still asymptotically stabilized under some properly chosen
switching law. The multiple Lyapunov function method
(Branicky (1998), Peleties and Decarlo (1999), Wicks et al
(1998)), the single Lyapunov function method (Pettersson
and Lennartson (2001), Zhai (2001)), and the average
dwell-time method (Hespanha and Morse (1999), Hu et al.
(1999), Zhai et al. (2000)) are generally effective tools
when studying asymptotic stability problem of switched
systems under a certain switching law. All these methods
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and several other methods such as programming method,
convex combination method and so on are summarized in
the recent books (Liberzon (2003), Pettersson (1999)).
Among these methods, the average dwell-time method is
relatively more important, as the switching law designed
by using this method only depends on the time.

The Lo-gain property analysis of switched systems is a
valuable issue deserving us pay more attention to among
the growing body of research works that focus on switched
systems. To date, the research works analyzing the Lo-
gain property about switched systems are mainly about
switched linear systems. Zhai et al. (2001) investigated the
disturbance attenuation properties for a class of switched
linear systems by using the average dwell-time method
incorporated with a piecewise Lyapunov function, and a
weighted Lo-gain property is achieved. Sun et al. (2006)
analyzed the stability and Ls-gain for switched linear delay
systems. Zhao and Hill (accepted) addressed the Lo-
gain analysis for switched systems via multiple Lyapunov
functions method. In these papers mentioned above, the
switched system studied has no uncertainties and no con-
trol input. Due to the uncertainties is a common phe-
nomenon in practice, the stabilization and Ls-gain syn-
thesis problem for non-autonomous switched systems with
uncertainties is obviously more preferable and challenging.

In this paper, we discuss the stabilization and Ls-gain
analysis problem for a class of cascade nonlinear switched
systems by using the average dwell-time approach incor-
porated with a piecewise Lyapunov function. The switched
system under consideration is composed of a nonlinear
part and a uncertain linear part. Sufficient conditions for
globally exponentially stability and e~ *-weighted Lo-gain
are developed for all admissible uncertainties when all the
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subsystems are stabilizable and have an Ls-gain from the
disturbance input to the controlled output. The piecewise
Lyapunov function and the switched feedback controller
are constructed based on the characteristic of the switched
nonlinear cascade system.

The outline of the paper is as follows: Section 2 gives
the description of the switched system we study and
the preparative knowledge. Section 3 presents the main
result. An example is shown in section 4 to illustrate the
feasibility of our results. Some conclusions end the paper.

2. PROBLEM STATEMENT AND PRELIMINARIES
2.1 Awverage Dwell-time Method

Consider linear switched systems described by equations
of the form

i(t) = Asyz(t). (1)
where z(t) € R"™ is the state, o(t) : [tp,00] — Iy =
{1,..., N} is the switching signal, which is a piecewise

constant function of time. A;(i € Iy) are constant matri-
ces of appropriate dimension describing the subsystems,
and N > 1 is the number of subsystems.

Definition 1. The switched system (1) is said to be globally
exponentially stable with stability degree A > 0 if ||z(t)]] <
e@=Mt=t0) holds for all ¢ > to and a constant a.

We now briefly review the average dwell-time method
proposed by Hespanha and Morse (1999).

For any switching signal o(t) and any ¢ > 7 > 0, let
N,(7,t) denote the number of switchings of o(t) on the
interval (7,t). For given Ny, 7, > 0, let Sy[7a, No] denote
the set of all switching signal satisfying
-7

N (7,8) < No+ - (2)
where the constant 7, is called the “average dwell time”
and Ny the “chatting bounded”. The idea is that there may
exist consecutive switchings separated by less than 7, but
the average time interval between consecutive switchings
is not less than 7,. Inequality (2) also indicates that if
we ignore the first Ny switchings, then the average time
interval between consecutive switchings is at least 7,. As
commonly used in the literature, we choose Ny = 0. It
has been proven in Hespanha and Morse (1999) that
when all subsystems matrices A4; in (1) are Hurwitz, and
if 7, is sufficiently large, then the switched system (1)
is exponentially stable for any switching signal o(t) €
Sa[Ta,No].

a

2.2 System Description

In this paper, we consider the uncertain switched nonlinear
system described by

d1(t) = Ay 21(t) + Ago(y@2(t) +
+ Gg(t w(t),
B2(t) = faor)(22(t)),
y(t) = Coyza (),
where z1(t) € R"™%, x5(t) € R? are the states, u(;)(t) €
R™ is the control input, w(t) € RY is the external

B tyUq()(t)
(3)

disturbance input and w(¢) € Lo[0,00), y(t) € RP is the
controlled output. o(t) : [0,00] — Iy = {1,...,N} is the
switching signal, which is a piecewise constant function of
time and will be determined later. And o(t) = i means that
the ith switched subsystem is activated. AM = A +AAy;,
Bi = B, + ABZ(t), AU, Agi, B;, G; and Cz(l S [N) are
constant matrices of appropriate dimensions that describe
the nominal systems. fa;(22(t)) are smooth vector fields,
and we have fy;(0) = 0. AAy;(t) and AB;(t) are uncertain
time-varying matrices denoting the uncertainties in the
system matrices and having the following form

[AAL(1), ABi(8)] = E;L()[Fus, Fal, ieln. (4)

where E; € R=DxI [ e RFX(=4) and Fy; € RF*™ are
given constant matrices which characterize the structure
of uncertainty, and Fb; is of full column rank. I' is the
norm-bounded time-varying uncertainty, i.e.

L =T() e {Tt): T()TT(t) = Tpxr, T(t) € R,
the elements of T'(t) are Lebesgue measurable}.

There are several reasons for assuming that the system
uncertainties have the structures given in (4), which can
been found in Khargonekar et al. (2001).

Definition 2. System (3) is said to be globally exponen-
tially stabilizable via switching if there exist a switch-
ing signal o(t) and an associate switched state feedback
Uy (t)(t) = Kyyz1(t) such that the corresponding closed-
loop system (3) with w(t) = 0 is globally exponentially
stable for all admissible uncertainties.

Consider the switched system
{ E(t) = fo)(@(t)) + gor) (2(1)w(?),
(t) = ho () (2(1)),

y(t), o(t) are the same as stated
hi(z(t)) (1 <1i < N) are smooth

(5)

where z(t) € R", w(t),
n (3), fi(z(t)), gi(z(t)),

vector fields.

Definition 3. System (5) is said to have a e~*-weighted

Ly-gain over o(t), from the disturbance input w(t) to the
controlled output y(t), if the following inequality holds for
each o(t) and some real-valued function §(t) with 5(0) = 0

/ e T (Oy(td < 42 / "Wt (5 0), (6)
0 0

along the solutions to (5). Where x(0) # 0 is the initial
state, and w(t) € Ly[0, +00).

The aim of the paper is to find a switched state feedback
controller and a class of average dwell-time based switching
laws, such that the corresponding closed-loop system (3)
is globally exponentially stable with w(¢) = 0 and has a

M_weighted Lo-gain under the designed switching law.

The following lemma will be used in the development of
the main results.

Lemma 1. (Petersen (1987)) Given any constant A > 0
and any matrices M, I, N of compatible dimensions, then

1
20T MT' Nz < X:CTMMTa; + M NTNz.

for all x € R™, where I' is an uncertain matrix satisfying
r'r<1I.
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3. MAIN RESULTS

This section presents the sufficient condition for the stabi-
lization and e~ *-weighted Ly-gain of switched system (3).
The switching law satisfying one average dwell time and
the switched state feedback controller are also designed.
Theorem 1. Given any constant v > 0, suppose that the
switched system(3) satisfies the following conditions

(i) if there exist constants ; > 0, A\g > 0, u > 1, such that
the following inequalities
ALP; + PiAy; + ¢, *PE;E] Py + v °P,G;G] P;
+e?FLFy 4+ CFCy + NP + T — (' PiB; (7)
e FL Fo ) (FY Foy) M (e ' PiB; + &, Foy) T < 0,
have positive definite solutions P;.

(ii) there exists a proper, positive definite, and radially
unbounded function W (xs) such that

oW (x
I fosan) < ol )
ay||lz2||* < [[W(x2)| < agl|za|®. (10)
for some constants 3 > 0, a; > 0, ag > 0.

Then, the closed-loop system (3) with w(t) = 0 is globally
exponentially stable and has a e *-weighted Lo-gain
under arbitrary switching law satisfying the average dwell
time )
%7 A€ [0, M) (11)
and the corresponding switched state feedback controller
is given by

= —(Fg Fai) 7

TaZT;:

Proof. For switched system (3), define the following
piecewise Lyapunov function candidate

Viz) = o) Z1 + W (22). (13)
where P; are the solutions of (7) and (8), and it switches

in accordance with the piecewise constant switching law
o(t), constant [ > 0 will be defined later.

Vo (x1,22) = 21 P

Then, based on Lemma 1, when the ith subsystem is acti-
vated, the time derivative of V' (x1,x5) along the trajectory
of the switched system (3) is

V=2l (ALP, + APy + 20T PAAx1 + 227 P By,

—|—2331 P,AB;u; + 2x1 P Agixo + laW(xQ) fai(2)

+2x1 P,Gw

<zl (AT Py + APz, + 22T PET (Frizy + Fosuy)
—1—2951 P;B;u; + 2:51 P Ay — 10| 22|]? + 2x1 P,Gw

<al(AT,Pi + AP + e, > P,E,E] P))xy + €2 (Fyzy
+Foui) " (Frimy + Faug) + 23] PiBiu; — 16|z
—|—2m1TPiA2i:r2 + Qx{PiGiw

<al(AL,P; + AP+ ¢, > P,E,E] P, + 2FL Fy;)xy
—|—252x1TF17;F2iui + 52 TFQZ;FQiUi + 21:1TPZ-Biui
+22T P Agizy — 16| 22))? + 22T PiGw

<aT(AT.P, + AP, + 2 PE;E] P, + 2 FL Fyy)ay
+221 P Aizs — 1B 22||* + 221 P,Giw + [e5u;
H(FLEFo) (e, B Piry +51F2iF1,;x1)} (FLFy)
[eiws + (F Foy) "M e; 'BY Pizy + e, FY Fyjan)]
—a{ [(e; 'PiBi + & F{; Foi ) (Fy; Foi) ™' (e; ' PiB;
e P Foy) ]y,
From (12), we obtain
V< mlT{AlTiPi + AviPi+ & ?PE,E] P + €] F; Fi;
—[(e7"PiB; + & F{ Fo; ) (Fas Foy) "' (e7
te B Foy) T }$1 + 221 PiAsiza — 18] 22|
+2x{PiGiw.

It is easy to see that there exist constants [; > 0, m; > 0,
1 € In such that

[Agiza| < lif|z2], 2 Pil| < mifjza]-
Let p = max{l;m;,: € In}, we have

P, B;

V< xlT{AlTiPi AP+ e 2P EET P + 2FT
—[(e7 ' PB; + & F{; o) (Fgy Foy) ' (e7 ' PyBy + &, FY;
F)'] }xl + 2p|za [[[|z2]| — 18] z2|* + 221 P,Giw,

It is easy to calculate that

1%4 + yTy - WQwTw

<ol { AP, + AP, + e *PEEL Py + €2 F L Py
—[(e7"PiB; + e F ;) (Fa Foy) ™' (e ' P, B;
+ei i Fa)] by + 2plaa 2] — 18|z
+221 PiGyw + 21 CF Cizy — v*wmw

< 7 {A P, + APy + 7 2P EET P, + 2 FL
+y *PGGI P+ ClCi -
(FS o) (7 PB4+ i i) ] s + 2plan | s
—1B)|zs|* — (v G Piwy —yw)" (v G Piwy — yw)

< JclT{AlTiPi + AP, + e *PE,E] P, + €] F{ i
7 2P,GiGT P+ CF Oy — (71 PiB; + &, FiL F,)
(FEFy) (7 'P.B; + &, F5 Fyy) ") }ml + 2pl|2 |[]|z2
~1Bz2?

[(SZ_IF)ZBZ + 81F17;F21)

From (7), we know
V+yy—yww
< ozt Pixy — INW (22) + INW (22) — 2T 2y
+2p|a |[[|z2]| — 18|22
=XV + lagXol|z2||* — 2 21 + 2plz1 [|||z2 | — 18]|22 |

<
< =AoV = (llzall = pllwal)? + p*[lo2]* + lazAo| 22
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—10|z2?
< =XV = (18 = lazho — p?)| s .
Choose [ > %’ we have
a2 Ao

vV + yly — y2wlw < =\ V.
When w(t) = 0, from the above inequality, we obtain

(14)

Moreover, from (8) and (13), it is easy to get
Vi(t) < pV;(t), 4,5 € In. (16)

For arbitrary ¢ > 0, denote tg < t; <ty < ... <tg... <

tn,(0,t) as the switching instants of o(t) over the interval
(0,¢), then
V(t) < e—Ao(t—tNg(O,t))V(tN o) < ue—Ao(t—tNU(OY”)
. V(tEa(O,t)) < ue—)\o(t—tNU(O,t)—l)V(tNd(07t)71)

<...< MNU(O,t)e—AOtV(O) _ eNU(O,t) lnﬂ—)\gtv(o).
If 7, satisfies (11), i.e. for arbitrary 7 > 0

T In p
No’ 07 S PR : - 5 17
On< L, = a7)
then, we have N,(0,7)Inp < Ar. Thus
V(t) < e MoV (0). (18)

Based on (10) and (13), we know that there exist constants
A1 > 0, Ay > 0 such that

Al ]? + lag [z ]|* < V(#) < Aallwa||® + lasl|22f?,
where Ay = min{Anin(P)|i € In}, A2 = max{Anax(F;)]i €
In}.

Let by = min{A1,la; }, bo = max{Aq,las}, we have
bu(llzalf® + llz2l*) < V(t) < ba(ll2al® + [|l22]?).  (19)

The following inequality follows from (16), (18) and (19),

1 1

—V(t) < —e PNy ()

by b1

< 22 000 2,
by

lz(®)]* <

Thus,

b2 (Ao

— —N)y
5¢ =l (20)

Hence, the globally exponential stability of the closed-loop
system (3) with w(t) = 0 follows.

()] <

Integrating both sides of (14), and taking (16) into con-
sideration, we can get

t
)eiAO(tith(O,t)) o / 67)\0(7577’)

tNa((J,t)

[y" (T)y(r) = P! (T)w(r))dr

tN
—Xo(tNg (0,6) —tN, 1) a(0.t)
< M[V(tNam‘z)*l)e ©. -

tNa(o,t)*l

e o0 T T (r)y(7) — w (7)w(r)]dr]

eIy T (r)y(r)

t
e Nt 0 ) /
t

Neg(o,t)

. t
< N (0.0 g=dot () — Na(0.0) / "o holt-m)

" (N)y(r) = y*w’ (w(r))dr — pN= 07

eI ) — A ()

t1

B / e~ MU=y T (7)y(r)

thf(D,t)

=y w’ (r)w(r))dr
t
— pNe0.0) ot (0 — / Vo (7:8) = Do (=)
0

[y (N)y(r) = y*w” (T)w(7)ldr

t
:ef)\otJrNU(O,t) lnpv(o) 7/ 67)\0(t7'r)+N5(‘r,t)ln,u,
0

' ()y(r) = y*w” (T)w(r)]dr,
Multiplying both sides of the above inequality by
e Ne (O Inp yegults in
t
efNa(O,t) lnMV(t) < e*/\otv(o) _/ eon(tf-r)fNa(O,T) In
0
[T (T)y(r) = P (r)w(T)]dr.
(21)

Moreover, in view of V(t) > 0, the following inequality
follows from (17)

t
[ eyt yryar
0

t
< e_)‘OtV(O) —1—72/ e_’\O(t_T)wT(T)w(T)dT. (22)
0

Integrating both sides of (22) from ¢ = 0 to oo and
rearranging the double-integral area, we obtain

/ e_’\TyT(T)y(T) (/ e_’\o(t_T)dt) dr < / e~ Mot
0 T 0
V(0)dt 4 2 / w? (T)w(r) ( / e’\O(tT)dt) dr,
0 T
i.e.

/OO e_’\TyT(T)y(T)dT <V(0)+ 72 /00 wT(T)w(T)dT.
0 0

(23)
From Definition 3 we know that the closed-loop switched
system achieves a e~ *-weighted Lo-gain.

Remark 2. Applying Shur complement formula, the first
matrix inequality of condition (i) can be easily transformed
into the LIMs form. The second inequality of condition (i)
Amasx (Ps)

)\min(PJ) ’

Remark 1. When p = 1, 77 = 0, and (13) becomes a
common Lyapunov function for switched system (3). In

is trivial, as long as we let © = sup; jer,
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this case, the stabilization and Ly-gain analysis problem
can be solved under arbitrary switching law.

Remark 3. Condition 2 implies that the second part of
the switched system (3) is uniformly exponentially stable.
Since the second part of the switched system (3) has a
lower dimension, its Lyapunov function is relatively easier
to find than that of the whole switched system. A number
of methods available for finding the common Lyapunov
function for such switched systems are provided by Cheng
et al. (2003) and Zhao and Dimirovski (2004).

When the switched system (3) is in the following linear
form
d1(t) = Ao 21(t) + Ar2o()22(t) + By to ) (t)
+ Go’(t (t)
To(t) = Aggp(ryTa(t),
y(t) = Coyz(2),

(24)
where .'171(t)7 $2(t)7 U}(t), y(t)7 Uq (t) (t)u 0(t>7 A11i7 Bi7 A12i7
G, C; (i € Iy) are the same as stated in (3). Agg; (i € Iy)
are d x d real matrix. We have the following Corollary.

Corollary 1. Given any constant v > 0, suppose that the
switched system(24) satisfies the following conditions

(1) if there exist constants €; > 0, § > 0, u > 1, such that
the following inequalities

ATy P+ PiAw + e °PEE] P+ P,GiG] P,

+elFLFy + CFCi+ AP + 1 — (6] ' P, B;
+€ZF17;F21)(F27;F21)71(6;113187 + €iF17;F21')T < 0,
(25)
P<,LLP ,7=1,...,N. (26)

have positive definite solutions P;.

(ii) All the matrix Agg;, i € Iy are Hurwitz and share a
common Quadratical Lyapunou function

Then, the closed-loop system (24) with w(t) = 0 is
globally exponentially stable and has a e~ *-weighted Lo-
gain under arbitrary switching law satisfying the average
dwell time

Inp

Ta 2 T; = N
and the corresponding switched state feedback controller
is given by

= —(Fg; Fai)~

A€ [0, \o). (27)

Ye®BI' P, + FLFy)x(b). (28)
Proof. The proof process is similar to that of Theorem 1.

4. EXAMPLE

Consider the switched system (3) with Iy = {1,2}, n —
d=2,d=1 and

—4 0 1 0.5 30
A11|:2 1:|7A21|:0:|3B1|: :| Cl |:01:|7
0.1 0 20 0 0.
B = |: 0 0.1:|7F11: |:0 1:|7F21: |:1:|;G1: |:O :|7
1
0

4

5

5 -2 0 1 0
A12={3 ]A22 [1}7322[0}7022{ 2]7

state

) 05 1 1.5 2 25 3 35 4 45
time (s)

Fig. 1. The state response of the switched system

2.2

N

N -
o =]

The ith subsystem
kS

0 0.5 1 15 2 25 3 3.5 4 4.5
time (s)

Fig. 2. The switching signal

0.5 0 50 0.5
E2|:O 0.3:|,F12|:03:|,F22|: 0 :|a
0.1 sint 0
Gy = [0.3} , T(t) = [ 0 cost}7
foa(ws) = —w3 — wzcos?wy,  for(ws) = —w3 — wzsin’ xs,
Choose W (z3) = %ng Let y=1,e1 =9 =1, a; = 0.3,
as=1, B = 1,1 = 14.9. It can be verified that all the
conditions in Theorem 1 are satisfied. Using Theorem 1, we
design the switched state feedback and the average dwell-
time based switching law such that the the closed-loop

switched system (3) is globally exponentially stable with
w(t) = 0. Solving (7), we obtain

P 2.6179 0.3342 P _ 2.9598 0.1577
~ 10.3342 2.3329 27 10.1577 2.0921

Let o =1.4175, Ao = 0.8, A = 0.7, we can get 7, = 0.5, let
7o < 74 = 0.8. Design the switching law as

1, k=0, 2,4, ) _
o(t) = { 9 k=135, t, = 0.8k. (29)
and the switched state feedback is given as:
—1.6432x(1) — 3.5000x(2), i=1,
w; = . (30)
—21.8392x(1) — 0.6308z(2), i=2.
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Let the initial state z(0) = (2,2,—5). Figure 1 shows
the state response of the switched system, which indicates
that with the switched state feedback (30) and under
the designed switching law (29) the closed-loop system is
globally exponentially stable. Figure 2 gives the switching
signal.

The estimate of state decay can be obtained from (20) as:

|z(£)]] < 15.4¢—005¢,
5. CONCLUSION

In this paper, we have studied the stabilization and Lo-
gain analysis problem for a class of uncertain switched
nonlinear cascade systems with external disturbances in-
put. The sufficient condition guaranteeing the existence
of the switched state feedback controller are presented,
the corresponding average-dwell time based switching law
has been simultaneously designed. With the switched state
feedback controller under the designed switching law the
closed-loop switched system is globally exponentially sta-
ble and achieves a e~ *-weighted Ly gain. The problem
stabilization and Lo-gain analysis for the same class of
switched nonlinear cascade systems when both parts are
respectively stabilizable under two different average-dwell
time deserves further study.
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