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Abstract: In this paper, the problem of stability and stabilization is studied for wireless net-
worked control system (WiNCS) with data quantization. Considering the mobile characteristics
of wireless network environment, it is assumed in this paper that the network-induced delay
is random and its probability distribution is known in advance. In terms of the probability
distribution of the delay, a new type of system model with stochastic parameter matrices
is proposed. The purpose of this paper is to design the state feedback controller which can
guarantee the system is exponentially mean-square stable when considering the effect of both
network conditions and data quantizations. By using linear matrix inequality (LMI) technology,
sufficient conditions for the solvability of the addressed problem are obtained. It should be
noted that, different from the traditional methods in the existing references, the solvability of
the derived conditions depends on not only the size of the delay, but also the probability of the
delay taking values in some intervals. Finally, a numerical example is provided to demonstrate

the effectiveness and applicability of the proposed approach.

1. INTRODUCTION

System communicating through wireless links in the for-
ward and backward loops is called wireless networked
control system (WiNCS) Akyildiz et al. [2002], Drew et al.
[2005]. In recent years, the investigation of WiNCS has
received considerable attention since the employment of
wireless network in the control systems has many advan-
tages, such as fully mobile operation, flexible installation,
rapid deployment and low maintenance costs, see Akyildiz
et al. [2002], Colandairaj et al. [2007], Drew et al. [2005],
Kawka and Alleyne [June, 2005] and the references therein.
However, since the usage of wireless network in the system,
new problems shown below will be inevitably faced in a
practical WiNCS.

(1) Random delays and high rate packet losses. Because
of the mobility of a wireless network, a high rate
of packet losses is often encountered in WiNCS.
Moreover, the transmission delay is often of a random
characteristic Drew et al. [2005], Liu et al. [2005]. As
pointed out in Wang et al. [2004a], for a given wireless
network, it can be measured that there exists a small
number ¢ such that Prob{r(k) > d} < e, where 7(k)
denotes the transmission delay and d is a constant.
For this case, what we need to investigate is, for a
given €, to find the upper bound for d, or, for a
given d, to find the upper bound for €. Obviously, the
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stochastic characteristic of the time delay will affect
the size of the allowable variation range of the delay.

(2) Data quantization. In the WiNCS, data quantization
is required from the following aspects. Firstly, since
the controller in WiNCS is implemented digitally, the
signals that take values in a continuous set need to
be represented with finite precision. Secondly, the use
of A/D and D/A converters also determines that the
data transmissions can not be performed with infinite
precision. Thirdly, the wireless communication band-
width between the plant and controller is limited due
to the capacity or security constraints. In order to
save the limited bandwidth, data quantization is nec-
essary before it is sent through the wireless network
to the next node. From the existing references on the
study of WiNCS Colandairaj et al. [2007], Wang et al.
[2004a], Ploplys et al. [2004], Subramanian and Sayed
[2005], it can be seen that little attention has been
paid to the study of WiNCS considering the effect of
the randomness of the transmission delay and data
quantization.

In this paper we consider the design problem of state
feedback controller for the WiNCS with data quantization.
The network-induced delay considered in this paper is as-
sumed to vary randomly in an interval with its probability
distribution known in advance. In terms of the probability
distribution of the delay, a new type of system model with
stochastic parameter matrices is proposed. In addition,
the effect of the data quantization is also considered in
this paper, where a time-varying quantizer is designed to
quantize the sensor data. Considering the effect of both
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wireless network conditions and data quantization, delay-
distribution-dependent stability and stabilization condi-
tions are derived for the WiNCS. It should be noted that
the solvability of the obtained criteria depends on not only
the size of the delay, but also its probability distribution.
At last, a numerical example is proposed to illustrate the
applicability of the method.

2. SYSTEM DESCRIPTION AND PRELIMINARIES

Consider the linear system
(t) = Ax(t) + Bu(t) (1)

where x(t) € R™ and u(t) € R™ are the state and control
input respectively, A and B are system matrices with
compatible dimensions and (A B) is a controllable pair.
Therefore, there exists a constant matrix K such that
A+ BK is a stable matrix. In this paper, the designed
controller is of the following linear form

u(t) = Ku(t) (2)

Assumption 1. In this paper, it is assumed that the system
(1) and the controller (2) are connected over a wireless
network and the data is quantized before it is transmitted
through the network.

Firstly, we consider the modelling problem when only the
effect of the network-induced delay and packet losses on
the system is concerned. In this case, the practical control
signal reaching the system can be represented as

’U,(t) = Kl‘(ikh),t € [ikh+Tik, ik+1h+7-ik+1 ) (3)

where K is the feedback gain to be determined later, h is
the sampling period of the sensor, 7;, (k = 1,2,---) is the
transmission delay from sensor to controller. Substituting
the controller (3) into (1), we obtain the closed-loop system

#(t) = A(t) + BKx(ixh), t € [igh + i, iks1h + 7, XA)

Remark 1. {iy,i2,13, -} is subset of {1,2,3,---}, which
contains the information of packet losses and wrong packet
sequence. If {iy,ia,i3,- -} = {1,2,3,---}, ig41 = @ +
1, which means no packet losses and wrong packet se-
quence happen. If ix1q1 — i = n(> 2), it means n — 1
continuous packets are lost. It can be easily seen that
U, [ikh + 7iy, dkp1h + 73, ) = [0, 00 ).

Remark 2. As pointed out in Remark 3 in Yue et al.
[2004], when i1 < ig, that is, the new packet reaches
the destination before the old one, discarding the old
packet may result in a less conservative result. Therefore
we assume i1 > i in the following discussion.

Since the sensor data will be quantized before being sent
to the controller, except for the impact of the network
conditions, we should also consider the impact of data
quantization on the performance of the system. Defin-
ing a function ¢(z) : R — D as a piecewise constant
function, where z is the variable to be quantized and D
is a finite subset of R!. This leads to a partition of R!
into a finite number of quantization regions of the form
{z €R': q(z) =i,i € D} . It is assumed that ¢(z) satisfies
the following conditions Liberzon and Nesié [2007]:

<a> if ||z]] < A, then ||q(z) — z|| < A,
<b>if ||z|| > A, then ||q(2)|| > A4 — A,

where .# and A are the quantization range and quantiza-
tion error of ¢(+).

In this paper, we will use quantized measurements of the
form
z

q(Z)=uq(M),/~L>0 (5)

Then the conditions (a) and (b) can be rewritten as

if ||z|| < pd ,then ) —z|| < pA (6)

’MQ(

T

if ||z|| > pt , then > u (A —A) (7)

z
ng(=)
’ H
where p can be viewed as a zoom variable: for the same z
and ¢(z), large p will lead to large quantization range and

quantization error, little p will lead to little quantization
range and quantization error.

If we also consider the effect of quantization of the sensor
data z(ixh), the practical signal receiving at the controller
.’K(ikh)

is prqg | ==~ ). Therefore, the controller signal can be
Hi
written as

ult) = Kpuig ("”("’“h)

) ,t € [Zkh + Tip.» ik—i—lh + Tip41 )(8)

The closed-loop system of (1) with controller (8) is

#(t) = Ax(t) + BK prq (x(;kh)) , 9)
k
te [’Lkh + Tiys ik+1h + Tip1 )

x(t) = (t),t € [—n2, 0] (10)
Define n(t) = t — izh and 0(t) = pug (W) -
z (t—mn(t)), (9) can be written as

&(t) = Ax(t) + BKx (t — n(t)) + Bo(¢) (11)
From the definition of n(t), n(t) changes from 7;, to
(k41 — k) h + Tij41 for t € [ikh—l- Tiny k1P + Tifet1 ).
Since the delay =, (k = 1,2,3,---) is random, for any
t € RT, the value of n(t) is also random. In this paper, we
assume 7)(t) satisfies the following conditions.

Assumption 2. There exist three constants 71,72 and Gy €
[0, 1], where i1 < 72, such that

i> 0 <n(t) <mn,
ii> the probability of n(t) taking values in [0, 71 ) is By
and in [771, 772] is1— ﬂo.

Define two sets

O =A{t:n(t) €0, m)}, Qe =A{t:n(t) € [m, n2]} (12)
Obviously, Q1 U Qs = RT and Oy N Qy = P(empty set).
From the definitions of €2y and €25, it can be seen that
t € 3 means the event 7(t) € [0, 11 ) occurs and ¢ € Qo
means the event 7(t) € [ni, n2] occurs. Based on the
above two sets, the following two functions are defined
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| n(t),fort e

m(t)= { 0,for t € Qo (13)
[ n@t),for t € Oy

mio={ " o (14

Furthermore, we can define a stochastic variable 5(¢) as

N 1, te 0y

ﬁ(t)—{o, e

Assumption 3. B(t) is a Bernoulli distributed sequence
with

(15)

Prob {3(t) = 1} = £ {B(t)} = o, (16)

Prob{f(t) =0} =1-E{8(t)} =1—0Fo,  (17)
Remark 3. The introduction of 5(¢) is motivated by Wang
et al. [2004b, 2006], where the Bernoulli distributed se-
quence 3(t) is used to model the missing message of the
system. Different from Wang et al. [2004b, 2006], 5(¢)
is used in this paper to describe the probability of the
random delays appearing in different intervals.

By using the new functions 7;(¢) (i = 1,2) and 3(t), the
system (11) can be rewritten as
i(t) = Ax(t) + () BKx (t — mi(t))

+(1 = B(t))BKx (t — na(t)) + B6(t)
which can further be expressed as

AG(t) + Bo(t) + (B(t) — fo) BE(t) = 0 (18)

where

A=[A ByBK 0 (1—f3)BK 0 —I

B:[O BK 0 —BK 0 0]
C"(t)=[2"(t) 2" (t —m(t) =" (t —m)
(t—nz(t)) o’ (t —n2) &7 (1) ]

Since the stochastic variable 3(¢) is introduced, the trans-
formed system (18) is a stochastic differential equation. To
analyze the dynamic property of the system (18), we need
the following definitions.

Definition 1. For a given function V' : C%, ([ =72, 0], R™)x

S, its infinitesimal operator LMao [2002] is defined as

. 1
LV (z¢) = lim —[E(V(zerale)) = Viw)]  (19)
Definition 2. System (18) is said to be exponentially sta-
ble in the mean square sense(ESMSS) if there exist con-

stants a > 0 and 6 > 0 such that for ¢t > 0

e{le@®)I} <ac™® sup & {jju(s)}

—212<s<0

The following two lemmas are necessary in the proof of the
main results.

Lemma 1. ©Qq, Qo and € are constant matrices of ap-
propriate dimensions, 7(t) is function of ¢ and satisfies

0 <7(t) < 7y, then
T + (tyr = 7(¢)) Q2 + 2 <0 (20)

if and only if

T + Q<0
T + Q2 <0

The proof of Lemma 1 can be seen in Appendix A.

Lemma 2. Qq;, Qo; and € are constant matrices of ap-
propriate dimensions, 7;(t) are functions of ¢ and satisfy
0<7(t) <7 <m(t) <7a,i=1,2, then

[11(£)Q11 + (10 — 71(¢)) Q21]
+[(2(t) — 70) Q12 + (Tar — 72(t)) Q2] + 2 <0 (23)
if and only if the following 4 inequalities hold

108211 + (Tar — 70) Q12 + 2 <0 (24)
7011 + (Tar — 70) 22 + 2 <0 (25)
7082021 + (Tar — 70) 12 + 2 <0 (26)
108221 + (Tar — 70) Q22 + 2 <0 (27)

The proof of Lemma 2 can be seen in Appendix B.

3. MAIN RESULTS

Theorem 1. For given scalars 71, 1o and matrices K, W,
the system (18) is ESMSS if there exist matrices P > 0,
Q1 >0, Q>0 R >0, R, >0, R3 >0, N, M, V, T
and S;(i = 1,2) of appropriate dimensions such that the
following LMIs hold

= =) =
Ei+W Ey E31

2() = % Hyy 0 | <O (28)
* * 533
1=1,2,3,4

where

En=T+TIT 4 diag(Q1+ Q20 —Q1 0 —Q2 1)
=[S -N+M -M+V -V+T -T A"S]]
Y1 =mRi+ (N2 — 1) Ro, Xy = N + ATST 4+ IsP
I7=1000001],2Y =[ymN Vi —mV],

=50 =[ViN i = mT ]2 = [ViM Vi —mV],

= = [/mM iz — T, Eas = diag( —Ry —Ry),

Bo (1 — Bo)RsB™ |,

—R3),S5L=[5T 0000 ST]

where the wireless network conditions and the correspond-
ing quantizer parameters satisfy

E31 = [512

533 = diag( *Rg

(ik+1 —ik)h+7ik+1 <2 (29)

4
1

Proof. Choose the Lyapunov-Krasovskii functional can-
didate as

V(xs) =2t (t)Px(t) + / 27 (5)Q12(s)ds

t
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t—m

o

t ot
T(5)Qqx(s) +//xT YRy (v)dvds

t—mn2 t—m s

t—m1 ¢

/ / v) Ry (v)dvds (31)
t—m2 s

Using the infinitesimal operator (19) and employing the
free matrix method He et al. [2004], we obtain

LV (z¢) =227 (1) Pa(t) + 27 () (Q1 + Q2) z(t)
—aT(t —m)Qra(t —m) — 2 (t — n2)Qax(t — n2)

+&T(t) (mR1 + (n2 — m) Rz) &(t)
t t—m1

- / &7 (s) Ry (s)ds — / T (s)Raii(s)ds

t—m t—m2

t
+2CT(t)N [x(t) —z(t—m(t)) — / x'(s)ds]

t—n1(t)
t—n1(t)
/ z(s)ds

+2¢7 ()M lﬂﬁ(t —m(t) —z(t—m) —

t—mn1
_ m -
+2¢T OV |2t —m) —x(t —n2(t) — @(s)ds
L t—n2(t)
r t—n2(t) ]
+2TOT ot —m(®) —a(t—m) — [ a(s)ds
L t—mn2 _

+2¢7(t)S12 [AS(t) + BS(t) + (B(t) — Bo) BE(t)] (32)

It can be shown from (32) that there exist scalars R; >

0(i = 1,2,3) such that

t t
—2¢T(t)N / @(s)ds < Ty + / 2T (s)Ry@(s)ds (33)
t—mn1(t) t—mn1(t)
t—mn1(t) t—m1(t)
2T ()M &(s)ds < Iy + 2T (s)Ryi(s)ds (34)
t—n1 t—mn1
t—mn1 t—my
—2¢T @)V / #(s)ds < T3 + / T (s)Rei(s)ds (35)
t—m2(t) t—m2(t)
t—mna(t) t—mn2(t)
2T )T &(s)ds < Ty + 2T (s)Rai(s)ds  (36)
t—mn2 t—mn2

207 (£)512 (B(¢) — o) BL(H)

< ¢T(#) (S12R5 ' ST+ (B(t) — Bo)” BTRsB) () (37)
where ITy = 1 (8)¢T ()N Ry I NT((t), Ty = (1 — mi (1)) -
CP(&MRTMTC(t), 15 = (ma(t) — m) ¢ ()V Ry VTC(),
Iy = (n2—n2(t)) T (t)TRy ' TT¢(t). Substituting (33)-
(37) into (32) and taking expectation on it, we have

ELLV ()} <E{CT(t) [E11 + S12R5 ' Sh,
+(8(t) = 50)” BT RyB| ¢(t) +
+10 + I3 + Iy + 2¢7 (1) S12 B8 (t) } (38)

Using Lemma 2 and Schur complements, we can conclude
from (28) that

E11 + S12R3 'S + Bo (1 — Bo) BPR3B +m1 () NRy ' N™

(= i (8) MRTUMT + (na(t) — ) VR 'V
+ (2 — () TRZ'TT < —W (39)
Combining (38) and (39), we have
ELLV (@)} < M {ICOI + 2T (151283 |
~2€ {1} (40)

where A1 = Apin [W], A2 = Amin [E11] - Recalling (30), for
arbitrary x (¢t — n1(¢)) and x (t — 72(t)) , we can always find
positive g such that

4M [S12Bll < = (¢ = m @) + [lz (¢ = n2(O)| < pw-tt (41)

Furthermore, from the relationship of x (¢t —n(t)) with
x(t—mn(t)) and z (t — 12(¢)) , we have

[l (¢ = m @) + llz (¢ = n2()) ]

> 1Bz (& —=m @)+ (1= B@®) 2 ( - na2(8))]

> 8@z (E —m () + (1= B() = —n2(t))]]
=l (t =n(®)ll (42)
Combining (41) with (42) and recalling (6), we have
6@ < A (43)

From (40) and (43) we can show that
ELLV (@)} + 2 {Jic(t)I |
<=xu o€ el - - 5B A}
<o {3 e ¢~ mO)] + 3 e ¢ m(O)]

2
A |51 A}

Define a new function as

W (z¢) = 'V (y) (44)
Its infinitesimal operator L is given by
LW (z¢) = eV (1) + e LV (1) (45)

By the generalized It6 formula Mao [2002], we can obtain
from (45) that

€ {W(wt)} E{W (o)}

t
/EeEGS{V s }ds—l—/ eE [LV (za) b ds  (46)
0 0
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Then, using the similar method of Yue and Han [2005], we
can see that there exists a positive number « such that for

t>0
eVt <a s e{lw@)Pfe (D)

—213<s<0

Since V (z¢) > {Amin (P)} 2T (t)x(t), it can be shown from
(47) that for t >0
E{a"(Wa®)} <ae™ s E{J)IP}  (48)
—2m2<s<0
where a = )\mi(z( Py This completes the proof.

Remark 4. Removing W from (28) and the condition (30)
from Theorem 1, Theorem 1 reduces to the stability
conditions for the wireless networked control system (18)
without considering the effect of data quantization.

The design criterion for the feedback control gain K is
derived based on Theorem 1.

Theorem 2. For given scalars 11, 12, p and matrix W, the
system (18) is ESMSS if there exist matrices P > 0,

Q1>0 Q2>O R1>O R2>O R3>O N M V T X
and Y of appropriate dimensions such that the followmg
LMIs hold

2 20 sy

11 —21 —31

sy =| * 22 0 0 1 g1=1234 (49)
* * 533 0
x o« x —W!

é11:f‘Jrf‘TJraliag(éh+Q2 0 —Ql 0 —Qz 231),
D=[S -N+M -M+V -V+T -T pAT],
Si=mRi+ (g —m) R, 30 = N+ AT + [;P
50 =[N Vi =mV 1,55 = (VN Vi =mnl],
250 = [Vl Vg =mV 155 = [V vz =m T,
Z90 =diag(—Ry —Ry),Z31 = [F \/Bo (1 — Bo)B” ],
Sg3 =diag( —Ry —Rs),FT =[R3 0000 pRs],
=[AXT 3yBY 0 (1—(,)BY 0 —XT],
B=[0BY 0 -BY 00],X =diag(X, X, X, X, X, X)
SHL=[Xx"T0000px" "]
where the wireless network conditions and the correspond-

ing quantizer parameters satisfy

(ik+1 - Zk) h+ Tig41 <12 (50)

Ail HSIQB A<t (51)

Proof. Defining S; = X! and Sy = pX !, where p # 0
and X is a nonsingular matrix, pre and post-multiplying
(28) with diag (X X X X X X X X R;"' I) and its
transpose, and defining N =XNXT M=XMXT V=
XVXT T = XTXT P = XPXT Q1 = X1 X7 Q2 =
XQ.XT R, = XRlXT Ry = XRoXT R3 = R;*' and

Y = KXT, (49) can be obtained from (28) by using Schur
complements.

4. NUMERICAL EXAMPLES

Ezample 1. Consider the system (1) with parameter ma-

trices
0 1 0
A= [0 —0.1] , B= {0.1}

Under the assumption that the effect of the data quan-
tization can be neglected, the stability of system (52)
with a networked controller u(t) = [ —3.75 —11.5] z(t) was
investigated in Kim et al. [2003], Yue et al. [2004, 2005],
Zhang et al. [2001]. The maximum allowable 72 obtained
in the existing references that guarantees the stability of
system (52) is given in Table 1.

(52)

Table 1. Maximum allowable 72 obtained in the
existing references

2
Zhang et al. [2001] 4.5 x 10~%
Kim et al. [2003 0.7805
Yue et al. [2004 0.8695
Yue et al. [2005 0.8871

When the transmission delay is random and its probabil-
ity distribution is known a prior, using Theorem 1 and
Remark 4, we can obtain Table 2.

Table 2. Maximum allowable 7, for different

mand By
m 0.1 0.3 0.5 0.7
Bo =07 140 130 1.17 1.02
Bo =0.9 3.60 2.95 2.24 1.46

From Table 1 and Table 2, it can be found that when
the information of probability distribution of the delay
is known, the maximum allowable value of 72 and the
corresponding feedback gain as well as the quantization
parameters can be greatly improved.

Given values W = I and p = 0.8 as well as a probability
distribution Gy = 0.9, the maximum allowable 75 can be
solved by using Theorem 2 when considering the effect of
both wireless network conditions and data quantization,
which are shown in Table 3.

The maximum allowable continuous packet losses can
also be computed when the maximum 7, is obtained.
For example, for n; = 15, we derive that 7, = 89,
that is (ipy1 — k) h 4+ 7, < 89, if we set h = 1 and
{r, <10lk=1,2,---}, we have ipp1 — i < 79, that
means system (52) still remains stable when 78 continuous
packets are lost.

5. CONCLUSION

This paper has investigated the problem of state feedback
controller design for wireless networked control system
(WINCS) with data quantization. Considering the effect
of both wireless network conditions and data quantization,
a new type of system model with stochastic parameter

12568



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

Table 3. Maximum allowable 75 for Gy = 0.9

n1 0.1 0.5 1.0 15 50
Maximum allowable 72 124 116 105 89 64
T T T T T
Controller sain K —0.0008 —0.0009 —0.0011 —0.0012 —0.0012
& —0.0089 —0.0105 —0.0125 —0.0129 —0.0143

Quantizationparameters

M > 11.2048A M > 8.9293A M > 8.1262A M > 6.1178A M > 5.8363A

matrices has been proposed. In terms of linear matrix in-
equality technique, delay-distributed conditions have been
obtained to guarantee the exponentially mean-square sta-
ble of the WiNCS. A numerical example has been given to
show the applicability of the proposed method.
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Appendix A. PROOF OF LEMMA 1

Proof. 1. Sufficiency
For n(t) = 0 and 7,/ in (20), we can obtain (21) and (22).
2. Necessity
Define a function as

() =n(t)E1 + (nv — n(t)) E2 + Q
which can be further rewritten as

Fon) =19 gz o) 0 G20y
nmr Ny

(A1)

From (21) and (22) we can conclude that f (n(t)) < 0 for
all n(t) € [0, nar], that is

N1+ (e —n(t)) E2 +2 <0
This completes the proof.
Appendix B. PROOF OF LEMMA 2

Proof. Set
[ (ma2(t) = [(m2(t) — m0) Exz + (nar — 12(t)) Exa] + Q2 (B.1)

then (23) can be rewritten as

M (£)Z11 + (no —m () 2] + f (n2(t)) <0 (B.2)
Using Lemma 1, (B.2) is equivalent to
noE1 + f (n2(t)) <0 (B.3)

noZ21 + f (n2(t)) <0 (B.4)
Then (B.3) can be rewritten as

[(n2(t) —10) E12 + (ar — 12(t)) Zaz] + MZ11 + Q < 0(B.5)

Denote ) = no=11 + 2 and use lemma 1 again, we can
show that (23) holds if and only if (24) and (25) hold.
Similarly, (B.4) holds if and only if (26) and (27) hold.
This completes the proof.
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