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Abstract: This paper concerns the robust H, filtering problem for discrete-time singular
systems with norm-bounded uncertainties in all system matrices of state equations. On the
basis of the admissibility assumption of the uncertain singular systems, a set of necessary and
sufficient conditions for the existence of the desired filters is established, and a normal filter
design method under the linear matrix inequality framework is proposed. A numerical example
is given to illustrate the application of the proposed method.

1. INTRODUCTION

In the past decades, the H., filtering problem for singular
systems has been an important research topic. This is
due not only to the theoretical interests but also to the
relevance of the topic in various engineering applications.
Many works, such as Xu et al. [2003], Yue and Han [2004],
Sun and Packard [2005], Zhang et al. [2006], Xu and Lam
[2007], consider the filters for continuous-time singular
systems, in which the filter design criteria are mainly based
on the generalized Lyapunov theorem for singular sys-
tems Takaba et al. [1995], and the formulations are under
the linear matrix inequality (LMI) framework for easier
applications. Unlike in the discrete-time singular system
stabilization problem Xu and Yang [2000], Xu and Lam
[2004], in the filtering problem for discrete-time singular
systems, applications of the approaches parallel to those
for the continuous-time systems are not often adopted.
One possible reason is the difficulty to manage the re-
sultant constraints related to the singular matrix in the
difference term of the state-space model, especially when
the constraints need to be represented as LMIs. In Xu and
Lam [2007], a necessary and sufficient condition for the
solvability of filtering problem for nominal discrete-time
singular systems is contributed, which is difficult to apply
to the problem for singular systems with uncertainties.

In this paper, the robust H filtering problem is discussed
for discrete-time singular systems with norm-bounded un-
certainties. The goal of the filter is to satisfy the H,
performance level requirement on the filtering error dy-
namics. The proposed filter design method is formulated
under the LMI framework. Different from Xu et al. [2003],
Yue and Han [2004], Xu and Lam [2007], which directly
handle singular systems by using the generalized Lyapunov
theorem, here a “normal transformation” to get normal
system models (i.e., those with the system matrix for the
difference term being the identity matrix) Dai [1989] from
singular system models is applied first, and normal filters
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are found directly. Then, instead of using criteria such
those in Xu and Yang [2000], Xu and Lam [2004], the
easier-to-use criterion which is based on the direct Lya-
punov theorem for normal systems is applied. It is believed
that the consideration of normal filters is beneficial, since
sometimes the physical realizations of singular filters are
not easy Dai [1988, 1989].

In practical applications, the structure and behavior of
a singular system are also directly related to the system
matrix for the difference term. More flexibility will be
gained if all system matrices in state equations of dynami-
cal models are allowed to contain uncertainties. To handle
systems with uncertainties in the system matrix for the
difference term, it is assumed that the uncertain systems
are admissible, and the concept of the restricted system
equivalence (r.s.e.) Dai [1989] is applied. In addition, some
preliminary results in Lin et al. [2000], which considers
the stabilization problem for singular systems using the
algebraic Riccati equation method, provide the further
assumptions for the theoretical development of this paper.

Some notations to be used subsequently are introduced
here. The inequality X >0 means that the matrix X is
symmetric and positive semi-definite, and X > Y means
X —Y > 0. Similar definitions apply to symmetric posi-
tive/negative definite matrices. A(X) represents the eigen-
values of a square matrix X. For a matrix M, ||M]|| denotes
its spectral norm, and for a stable discrete-time transfer
function matrix G(2), [|Gllee = SUDLe[02r) [G(e?)]| is
its Hyo norm. I, is the identity matrix with dimension
r, the superscript T represents the transpose of a matrix,
and diag(X, Y,...,Z) is the block diagonal matrix with
diagonal elements X, Y, ..., Z. Finally, % is used to
simplify the presentation of symmetric matrices.

2. PRELIMINARIES AND PROBLEM
FORMULATION

2.1 Preliminaries

Consider the following nominal singular system,
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s Eox(k+ 1) = Aox(k) + Bou(k) (1)
0- Z(]i)) = L()X(k),

where x(k) € R™ and rankEy = r < n. The unforced
singular system pair (Eg, Ag) of (1) with u(k) = 0
is regular, if det(zEq — Agp) is not identically zero. If
deg(det(zEg — Ap)) = rankEg, then (Eg, Ag) is said to
be causal. The pair (Eg, Ag) is stable if all the roots of
det(zEo—Ag) = 0 have magnitudes less than unity. Finally
(Eo, Ag) is admissible if it is regular, causal and stable.
For Y, its transfer function matrix from u(k) to z(k) is
G(2) = Lo(2Eo — Ag) 'Bo.
Definition 1. Dai [1989] Suppose X in (1) is regular. Let
Py and Qg be two n x n nonsingular matrices, and Eg, =
PoEoQo, Aor = PgAgQo, Bor = PoBy, Lo, = LoQo.
The system

Toot { B L ) P

with x,(k) = Qp'x(k) is restricted system equivalent
(r.s.e.) to Xo.

For any given regular ¥, there exist nonsingular matrices
Py and Qg such that

I, 0 A A
EOr: |:0 0:|; AOr: |:A; Ai:| (3)

Lemma 2. Suppose Yo, in (2) is regular and has the system
matrices in (3). Then the pair (Eq,, Ag,) is causal and
stable if and only if Ay € R(»=7)*(=7) is invertible, and
all the roots of det(zEq, — Ag,) = 0 have magnitudes less
than unity.

Lemma 2 is the discrete-time version of the corresponding
Lemma in Xu and Yang [1999], and can be proved simi-
larly.

Lemma 3. Lee and Fong [2006] Suppose X, in (2) is r.s.e.
to Lo in (1). The pair (Eg, Ag) in (1) is admissible if and
only if the pair (Eo,, Ao,) in (2) is admissible.

The next three lemmas are useful for formulating the
filtering problem stated in the next Section within the LMI
framework.

Lemma /. Xie [1996] Let I—©T® > 0, and define the set

T={AI-0A)"! ATA <T}.
Then, T = {®@T(1-007) '+IIT(1-007) /2, TITII <
I-0eTe) 1}
Lemma 5. Suppose I—0TO© > 0. Let I- (I-0TO®)! +
I-0TO > 0, and define the set

T={1-m"e)'n", amn<I-e'e)'}.
Then,
1-e'e)'e'1-ea-e'e)'eh)!

+I%1-6(1-0%e) 'e%)1/2
n'nm<Ia-oe'e-e'e)!

T:

In Lemma 5, I—(I-070)"'+I-0"0@ > 0 not only
implies I-©T® —O®TO > 0, but also guarantees that the

term (I-II'®)~' in T is well defined Xie [1996] with

I < (I - ©Te)~!. It is not difficult to verify that
Lemma 5 is an extension to Lemma 4.

Lemma 6. Luo et al. [2004] Let 2, Hy, Fy, and Ry > 0 be
real matrices with appropriate dimensions, and the matrix
II satisfy IITII < Ry. Then for all IITII < Ry the matrix
inequality

Q + HyIIF, + FIIITHT <0
holds if and only if there exists a scalar € > 0 such that

Q Hp FiRoFy, 0
|:HEJF O:|Jr€|: 0 1 < 0.

2.2 System Transformation

The uncertain singular system to be discussed is

E+0E)x(k+1) = (A +JA)x(k) + (B + dB)u(k)
P { y(k) = Cx(k) + Du(k) (4)
z(k) = Fx(k) + Hu(k),

where x(k) € R™ is the state vector, y(k) € RP is the
measured output vector, z(k) € R? is the vector to be
estimated, and u(k) € R™ is the disturbance input vector.
The matrices E, A, B,C,D, F, and H are known real con-
stant matrices with appropriate dimensions. The constant
uncertainty matrices satisfy

[6E 6A 6B] = M,A [N N, N, | (5)

where ATA < T and A € R4*2 We shall restrict our
attention to all A in (5) for which the pair (E+ AE, A +
AA) is admissible and rank(E + AE) = rank(E). Let P
and Q be two n X n nonsingular matrices and be such that

I.0 M
PEQ:[O 0], PMZ:[M;

By Lin et al. [2000], it can be assumed without loss of gen-
erality that No = 0 in (6), which is not difficult to prove
similarly. Here, it is further assumed that ||[N;M;| < 1.

Under the assumption that the pair (E+0E, A+JA) is
admissible, there exist nonsingular matrices P, Q, Pa, and
QA Lin et al. [2000] such that the system ¥ in (4) is r.s.e.
to the system

Ex(k + 1) = A%(k) + Bu(k)
px y(k) = Cx(k) + Du(k) (7)
z(k) = Fx(k) + Hu(k),

I
w

]? A(Er + MzTANT)QAa _

é = PA(A-’I" + Ma:rANwT)QA; g = CT‘QA) (8)
B= PA(BT + MmrANu)a F= FT‘QA?

and

E, =PEQ, A, =PAQ, B, =PB, C, =CQ, (9
F, = FQa sz": PMI? Nr = NQa Nl’l“ = NzQ )

For Ny=0 in (6), Pa =1,—M.,, AN, and Qa =1,,, where
A=AI-JA) ! and J = —IN; My, result in
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n (8) with N, = N, — N, A, and N, = N, — N, B,..

By Lemma 4, A and B in (10) may be more explicitly
written as

A=Ay +M,I'N,,

o= 2 11
B =B + M, II"'N,, 1D
with TITTIT < (I - JTJ)7L, and
Ag=A, +M,I"(1-JT")'N,,
By =B, + M,J"(1-JJ")"'N,, (12)

N, = (I-JJ")"'/°N,,
N, =(1-JJ1)" 1/2N

Note that C,, F,. in (9) and Ag, By, and N, in (12) can
be partitioned as

C, =[C; Cy, F, = [F F,

O = 13)
i TAuAn] 5 _[Bi] & o fl

Ay = |12 By=| = N, =[N,1 N

0 |:A2]_ A22:| ) 0 |:B2:| ) p [ pl p2];
respectively, in accordance with the partition of the state

vector %(k). The system ¥ in (7) may be more explicitly
written as

x1(k+1)= (An + M I"N,, )% (k)
(At MTTTR,)% () + (B -+ M TR, Juk)
0 :~(A21 + MQI—];, Npl)xl( ) _ (15)
+(Agy + MoIT Ny )Ro (k) + (Bo+ MoIT N, Ju(k)
y(k) = Ci1x1(k) + C2x2(k) + Du(k)

By Lemma 3, the pair (E,., A) of ¥, with parameter matri-
ces in (11) and (12) is admissible. In addition, by Lemma
2 the term (A22 + MQHTNPQ) in (15) is nonsingular for
all TITIT < (I — J*J)~!, including IT = 0, which implies
that Aoy is nonsingular. Let the nonsingular matrices
P = dzag(Ir,Am) and Q = I,,. Then ¥ in (14)-(17) is
via P and Q, r.s.e. to

. X(k + 1) = PA%(k) + PBu(k)
X y(k) = C,x(k) + Du(k) (18)
z(k) = F,.x(k) + Hu(k),
which can be represented more explicitly by (14), (16),
(17), and
O = <A21 +M2HTNP1)X1(]€) _ _ 5 (19)
+ (L +MoTI N o) %o(k) + (Bo+MoIT'N,, ) u(k)
with A21 = A52 A21, BQ = A;;BQ, and 1\_/[2 = A;;Mg.

By Lemma 2, the term (In,r—i—l\_/Igl—ITsz) in (19) is also
nonsingular, because of the admissibility of ¥, maintained
by Lemma 3. Using the identity

(I+M,N,) ' =1-M,I+N,M,)'N, (20)

for any real matrices M, and N, with appropriate dimen-
sions, one has

(In—r + MQHTNpQ)il = In—r - MQﬂNp% (21)

where IT = (I —IITT)'II7T is well defined, and J =
—N,3M,. Therefore, (19) may be re-arranged as

%o (k)= (B2 +M,IIN,, Ju(k),(22)

where Npl = Npl — NpgAzl and Nup = Nup — NPQBQ.

By substituting (22) into (14), (16), and (1
Y, is reduced to

—(An+ MIIN )%y (k) —

7), the system

%1 (k +1) = A% (k) + Bu(k)
£ y(k) = €4 (k) + Du(k) (23)
z(k) = Fx, (k) + Hu(k),
where
A B A, B, LY O
CD = Cl D1 + My II [Npl Nup] (24)
FH Fi H, M.
and
A1 = A11 - A12‘&21, E1 = E1 - 13112]_32,

C; =C; - CyA,, D;=D-CyBy,

F, = F1 - F2~A217 H, =H - F,B,, (25)
Ml —ApMy, My = —CyM,,

M, = *F2M2

Note that ¥, in (23) is a normal system, and its stability
is guaranteed by Lemma 3 with the r.s.e. relationship.

The transformation from singular to normal system mod-
els enables one to handle the robust filtering problem for
uncertain singular systems more easily, since many existing
filter design methods for normal systems can be applied.
Besides, filters designed this way have less number of states
than singular filters designed directly from the singular
system models.

2.8 Problem Statement

Consider the normal stable system 3, in (23) subject to
M= (I; — O"7)'I" and I < (I - JTI)~L To
estimate z(k), the following filter

 xp(k+1) =
zf.{ ! 27(k) =

is adopted, where x(k) € R" and z (k) € R4. The matrices

A, By, Cf, and Dy are to be determined. From ¥, in (23)
and X in (26), the filtering error dynamics may be written
as

Arxy(k) +Byry(k)

Cyx(k) + Dyy(k)  (20)

(27)

X (k+1) = +

where e(k) = z(k) —z(k), x
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The purpose here is to design a stable filter ¥¢ such that

sup || Ce (212, —A) ' Be + Deloo < e (29)
0

for a prescribed H,-norm bound g, > 0.

At this point an extra assumption I-(I-JTJ)~'4+1-JTT >0
is added, which is solely for enabling the LMI formulation
in Theorem 9 to be developed in the next Section.

The following is a well-known lemma extended from the
Bounded Real Lemma in Gahinet and Apkarian [1994] for
characterizing the H.,-norm constraint. See Grigoriadis
and Waston [1997] and Yang and Hung [2002].

Lemma 7. The error dynamic system Y. in (27) is
quadratically stable Amato et al. [1998] and satisfies (29)
for a given p. > 0, if and only if there exists a P, > 0
such that

-P, o A'p, C!
0 -’21 B'p, DT
P.A, PB. P, o |<° (30)
C. D. 0 -1

In Amato et al. [1998], it is known that the quadratic
stability of a system implies its asymptotic stability. Since
¥, in (23) is stable, the quadratic stability of X in (27)
implies that the filter X in (26) is asymptotically stable.

3. ROBUST FILTER DESIGN

In the literatures, many authors have discussed the nor-
mal robust filtering problems with various specifications,
mainly based on the Lemma 7. See Geromel et al. [2000],
Palhares and Peres [2001], and Yang and Hung [2002] etc..
Here the method for proving Theorem 1 of Palhares and
Peres [2001] is modified to treat a different kind of uncer-
tainty, and to derive the following preliminary theorem,
which is the first step toward developing an LMI solution
to problem stated in the previous Section.

Theorem 8. The filtering error dynamics Y. in (27) is
quadratically stable and satisfies (29) for all admissible
uncertainties, if and only if there exist ® € R™*", X €
R Y e R, ZeR™, WeR™, and Dy € RI¥P
such that

[—&® * * * * *
- -X * * * *
0 0 —,ugI * * *
®A ®A oB -& « « | <% GU
‘1’51 ‘1’52 \1153 - X *
L We1 Wer We3 0 0o -I
(P ®
& X >0, (32)

where

U, =XA+ZC+W, U5, = XA + ZC,
Uy = XB + ZD, U, =F-D;C-Y, (33)
U =F -D;C, U =H - DD,
A, B, C, D, F, and H are defined in (24). When the above
inequalities hold, the filter X¢ in (26) with filter gains

A;=-U'WU ' B;=U"'%,
C;=-YU T, D;

is a solution to the considered robust filtering problem,
where U is nonsingular and satisfies UUT = X — &.

(34)

Proof. The proof is similar to the one in Palhares and
Peres [2001] and is omitted for brevity.

Note that in addition to the filter gain matrices shown in
(34), the following filter gains

A;=(®-X)"'W,B; = (X-®)'Z,
Cy=-Y, Dy
are also usable, because the transfer function matrix Gy (z)
of the filter from y(k) to z;(k) satisfies

(35)

G;(z)=-YU T:1+U'WU )"'U'Z + D;
=-Y[I+ (UUuhH)w]{(uut) "'z + Dy
=-Y[I-(®&-X)"'W] H(X~-®) 'Z+Dy.(36)

Next, in order to put the results of Theorem 8 under

the LMI framework, by Lemma 5 the uncertainty II is
reformulated by the equivalent description

(37)
where
31 = (o = 37T (L — 3Ly - 373) 7))
j = - (38)
Jo = (Tgy — I(Xyy — ITI)1IT)71/2,

and T < (I —JTJ —JTJ)~!. Correspondingly, the
matrices in (24) may be represented as

AB AyB,] [Mi]_
CD|=|CD |+ |M, O [N, N,], (39
FHa F; H, M,

where
A, B, A, B, M
C; Dy | = (;1 ]?1 + My Jl[Npl Nup]v
F, H, P, M, (40)

[er Nup] 232[Np1 Nup] :

Then Theorem 9 below is an LMI version of Theorem 8.

Theorem 9. Under the assumption of I— (I—JTJ)~!+
I-J%J > 0, the filtering error dynamics L. in (27) is
quadratically stable and satisfies (29) for a given p. > 0
with all considered uncertainties, if and only if there exist
PR, XeR™" Y € RI*", Z € R"™*1, W € R"™™",
D; € R??, and e~! > 0 such that the LMIs in (32) and
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(M1 * * * * * *
M11 M22 * * * * *
M31 M31 M33 * * * *
M51 M52 M53 - -X * *
M61 M62 M63 0 0 —Iq *

0 0 0 M ® My My My |

are satisfied, where

M11 = 7@ + 671N51Nm1
M31 :E_lN;NIl

Ms; =XA; +ZC; + W
M;3=XB,; + ZD,,

Mg =F; — D;Cq,

M5 =MTX + M, Z7,
My =— Y(I4, —3"T-J7T).

My, =-X +571N31Nm1
Mggz—uilm—i—g_lNg‘pNW
Ms, =XA,; + ZC,,

Mg =F,—D;C;-Y,
Megs=H; — D;Dy,
Myzg=M] — M, D¥,

(42)

When the above inequalities hold, the filter ¢ in (26) with
filter gains (34) or (35) is a solution to the considered
robust filtering problem.

Proof. It is enough to establish the equivalence of (31)
and (41) with an e~!>0. By (37), (31) may be re-written
as

Q + HyIIF, + F{IITH] <o, (43)
with TITII < (I5, —JTJ—JTJ)~!, where
—P * * * * *
- X * * * *
G| 0 0 L, x = o«
B @At @At @Bt —@ * * ’
Ms; Msz Msz —® —X
Mg Mg2 Mgz 0 0 -1, (44)

f‘OZ[OOOM?‘I’ M5 M?G]v

Hf =[Ny N; N,000].

By Lemma 6 and the Schur complement, it is seen that
(43) is equivalent to (41) with an e~ > 0.

Remark 10. Based on Theorem 9, the following convex

optimization problem may be formulated with respect to a

chosen pair {P,Q} in (9) to find the Ho, optimal filter of

the form (26) such that (29) is satisfied with the minimal

He:

: 2

, 45

W2 e 1@ WX, Y, 2,0, (45)

subject to the LMIs (32), (41), e~ > 0 and p2 > 0.

4. A NUMERICAL EXAMPLE

In this section, an example is worked out to illustrate the
proposed filter design method. Suppose that the system
matrices of the system X in (4) are as follows:

121 —0.102 —0.030 —0.046
E=|021|, A=]-0104 —0.168 —0.104 |,
100 —0.090 0.114 0.424
(46)
BT=[1102],C=[0.1005],
D= 0.5, F=[-103-05], H=0.
The uncertainty matrices in (5) are assumed to be
27 N=[0.0300],
M, = l4] , N,=[0.1020.1], (47)
2] N,=1,

and |A| < 1. The prescribed Hoo-norm bound g, in (29) is
3. It is easy to verify that (E4+JdE, A+JA) is an admissible
pair, and rank(E+JdE) = rankE=2. By applying singular
value decomposition to E, one may choose

[ 0.2283 0.2045 0.0238
P= 0.2850 —0.3977 0.6827] ,
L —0.5774 0.5774 0.5774
(48)
0.2521 0.9677 0
Q= 0.8655 —0.2255 0.44721 .
1 0.4328 —0.1128 —0.8944

Since ||J|| = 0.02 < 1 and A(, — (L, —J"J)"'+L -JT]) =
0.9938 > 0, the assumption of Theorem 9 is satisfied. The
filter X¢ in (26) is designed by solving the LMIs of Theorem
9, and the filter gains (35) are found to be

A, — | 700116 0.0195] 5 [ 0.2667

= 0.1430 —0.1175 | ° ©F T | —0.4196 | °
(49)

C;=[-0.1832 1.3640], Dj = 1.2646,

which is a second-order normal stable filter as desired.
With respect to the chosen {P,Q} in (48), the corre-
sponding H., optimal filter is also designed by solving
the convex optimization problem mentioned in Remark
10, which is implemented by the MATLAB LMI Control
Toolbox Gahinet et al. [1995]. The resulting optimal . is
2.6116, and the filter gains (35) are found to be

A, — | 700272 0.0190] 5 [ 0.2640

F= 1 01319 —0.1191 | °F T | —0.4236 | °
(50)

C;=[-0.0612 1.4202], D; = 1.2788.

5. CONCLUSION

The H,, filter design problem has been considered for
uncertain discrete-time singular systems, in which norm-
bounded uncertainties appear in all system matrices of the
state equations. The algebraic equations in the singular
system model are eliminated, and a normal dynamic sys-
tem model is constructed with uncertainties in the linear
fractional transformation form. For the H., filter design
problem, the normal system model allows one to utilize
many existing methods to design normal filters directly,
but how to utilize the degrees of freedom in the choices of
normal system models is worthy of further investigations.
In this paper a set of necessary and sufficient conditions is
provided in terms of LMIs for the normal filter design.
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