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Abstract: Recently, we introduced an adaptive control design for linearly parameterized multi-
input nonlinear systems admitting a known Control Lyapunov Function (CLF) that depends
on the unknown system parameters. The main advantage of that design is that it overcomes
the problem where the estimation model becomes uncontrollable although the actual system is
controllable. However, the resulted adaptive control design is quite complicated and, moreover, it
exhibited poor transient behaviour in various applications. In this paper, we propose and analyze
a new computationally efficient adaptive control design that overcomes the aforementioned
shortcomings. The proposed design is based on an adaptive optimization algorithm proposed
recently by the author, which makes sure that the parameters to be optimized (which correspond
to the controller parameters in this paper) are modified so as to both lead to a decrease of the
function to be minimized and satisfy a persistence of excitation condition. The main advantage
of the proposed adaptive control design is that it can produce arbitrarily good transient
performance outside the regions of the state space where the system becomes uncontrollable. It
is also worth noticing that the class of systems where the proposed algorithm is applicable is

more general than that of our previous work.
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1. INTRODUCTION

Despite the recent advances in the theory of adaptive
control of nonlinear systems, the problem of designing an
efficient adaptive controller for general nonlinear systems
remains an open issue. Probably the main problem in
adaptive control design of nonlinear systems and espe-
cially in the case of multi-input systems, is the problem
where the estimation of the input vector-field (or of a
transformation of it) becomes non-invertible (in which case
the estimation model becomes uncontrollable) although
the inverse of the input-vector field or its transformation
does exist. For this reason, most adaptive control designs
impose strict assumptions on the controlled system such as
that the sign of the input-vector field (which corresponds
to the sign of the high-frequency gain in the case of linear
systems) is known [7, 9, 3]; we note that the extension
of such an assumption to multi-input systems even in the
case where the system is linear is a very complicated issue
(see e.g. [13] and section 9.7 of [2] for a discussion on the
extension of the assumption on knowledge of the sign of
the high-frequency gain of SISO linear systems to MIMO
linear systems). Moreover, even in the case of single-input
linear or nonlinear systems the removal of the assumption
on the knowledge of the sign of the input vector-field leads
in most cases to the deployment of Nussbaum-type adap-
tive controllers which may produce very poor transient
performance (see e.g. [15]).
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In [4] we proposed an adaptive control design that removed
the assumption on the knowledge of the sign of the input
vector-field. The approach of [4] was applicable to systems
satisfying

t=9f(z) +Jg(x)u
- oV’
(2)9g(x) =0 = 5 (2)9f(x) <0,V #0

V(z) = a(d) v(z) (1)
where z € %", u € RN denote the vectors of system
states and control inputs, respectively, 7 € R"*F is a
matrix of unknown constant parameters and f : R"* —
RL, g : R 1 REXu denote known, at-least O functions;
the function V' denotes a smooth, positive definite, radially
unbounded, Control Lyapunov Function (CLF) for the sys-
tem that is calculated as the vector product of the known
smooth vector function v(x) and the vector function a(49)
that depends on the vector ¥ of unknown parameters. It
is worth noticing that multi-input linearly parameterized
feedback linearizable systems belong to the family (1) as
shown in [4]. Moreover, as shown in [11], the family (1)
also includes stabilizable systems with polynomial vector
fields, in which case the CLF function V(x) = a(¥) v(x)

can be constructed by using Sums-of-Squares optimization
methods.

ov-
ox

It is worth noticing that no assumption about the sign(s)
of the input-vector field 9g(x) was made in [4]. However,
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the adaptive control design of [4] results even in the
case where it is applied to linear MIMO systems into a
very complicated controller; moreover, the controller of [4]
exhibited poor transient behavior in various applications
tested in our lab, which was mainly due to the rapid
switching of the controller.

In this paper we present a computationally efficient adap-
tive control design that overcomes the above mentioned
shortcomings of the control design of [4]. The proposed
design is applicable to — the more general than (2) — class
of systems, described as follows:

&= 07(x) + Og(a)u (2)

(2)0g(x) =0 = 6—VT(x)1§f(ac) <0, Vzx#0 (3)

Oz
V(z)=v(V,z)

where V' denotes a smooth, positive definite, radially
unbounded CLF for the system and v denotes a smooth
known function that depends nonlinearly on the unknown
parameters ©. The proposed design is based on an adaptive
optimization algorithm proposed recently by the author
(see [6, 5]) which makes sure that the parameters to be
optimized (which correspond to the controller parameters
in this paper) are modified so as to both lead to a decrease
of the function to be minimized (which corresponds to
the CLF V in this paper) and satisfy a persistence of
excitation condition. The main advantage of the proposed
adaptive control design is that it can produce arbitrarily
good transient performance outside the regions of the state
space where the system becomes uncontrollable.

ov:
ox

1.1 Notation

Z, R denote the sets of nonnegative integers and real
numbers, respectively. For a vector € R, |z| denotes the

Euclidean norm of z (i.e., |z| = va7z), while for a matrix

Ae R, |A| denotes the induced matrix norm of A. A
function f is said to be C™, where m is a positive integer,
if it is uniformly continuous and its first m derivatives
are uniformly continuous. I,, denotes the n-dimensional
identity matrix.

2. THE PROPOSED ALGORITHM

Since — by (3) — system (2) is stabilizable it makes sense
to assume that there exists a known controller — param-
eterized by a vector of unknown controller parameters —
that solves the stabilization problem. More precisely, we
will assume the following;:

(A1) For any positive constant 7 and any compact subset
X C R"=, there exists an, at-least C!, bounded for
bounded x, known vector function 7w : R"= — RuX7e
satisfying the following: there exists a vector 8* €
R such that the closed-loop system (2) solutions
with 4 = m(x)0* and initial state x(0) = xo satisfy
SUPe(0,00) [2(t)] < 00 and limsup, . [(t)| <7 for any
xg € X.

It is not difficult for someone to see that (3) implies (Al).
To see this note that from (3) we have that there exists
a — probably discontinuous at a set of zero Lebesque

measure — controller u = k(z) such that the closed-loop
system (2) with u = k(z) is stable for any bounded initial
condition z(0) = z¢ and, moreover, its solutions converge
to zero asymptotically. Then, if the function 7 is chosen
so that it belongs to a Universal Approximation (UA)
family (e.g. 7 can be a polynomial function of ), standard
results based on approximation theory (see e.g. [8] and
the references therein) can be used to establish that, for
any positive constant ¢, there exists a vector 6* such that
sup,ex |k(z) — m(2)0*| < ¢, for any compact subset X C
"= . Control Lyapunov function arguments [12, 10] can be
then applied to establish that, if ¢, is sufficiently small, the
controller u = 7(x)8* satisfies (A1) for n depending on the
approximation constant ¢,, provided that X C X and the
distance between the boundaries of X and X is sufficiently
large, so that the closed-loop solutions under u = m(x)0*
satisfy x(t) € X, Vt. Note also that (Al) reduces the
problem of finding a controller stabilizing system (2) into
the problem of finding a vector 6 or a vector sequence
0(t) such that the controller u(t) = 7(z(t))0(¢) guarantees
SUPye0,00) [Z(t)| < 00 and limsup,_, . [z(t)] < n.

Note that contrary to the controller v = k(z) mentioned
above which provides with globally stable closed-loop
solutions, the controller u = w(x)0* of (Al) provides
with semi-global closed-loop stability. In the sequel we
will assume that all initial conditions 2(0) = z¢ belong to
the compact subset X'. Moreover, we will assume that the
subset X over which condition sup, ¢ 3 |k(z) —7(2)0*| < ¢,
holds, is sufficiently large so that it contains not only the
solutions x(t) under the controller u = m(x)6* but also the
the solutions z(t) under the proposed adaptive controller.

Since V is smooth and f, g are at-least C, it can be seen
that following lemma holds:

Lemma 1. Assumption (A1) implies the existence of pos-

itive constants €;, ¢ = 1,2,3 such that the following
condition holds, for all z € X,
ov’T,
5 ()Vg(z)| < €1 and |z] > €3 >n =
x
1
8VT ( )

ox (I)ng(f) < —€

where g(z) = g(x)n(x).

Proof. The proof is a directly corollary of Lemma 1 of
[4].

Let us define the uncontrollable region of (2) to be the
subset U defined according to
< 61}

ovT -
U= {:c € R™ : |x| > €3 and ‘% (z)dg(x)
From condition (1) we have that that as long as z(t) € U,
the choice 0(t) = 0 (or §(¢) being small enough) guarantees
that V' (¢) is decreasing.

We will also need the following assumption regarding
system (2).

(A2) f,g are bounded for bounded z.

2.1 Input vector-field preprocessing

It is no loss of generality to assume that the constant €; in
(1) is as large as desired. If this is not the case we can

5066



17th IFAC World Congress (IFAC'08)
Seoul, Korea, July 6-11, 2008

always employ a precompensator of the form v = Ku
where K is a user-defined large positive constant and
% is the “new” control input; then the proposed design
can be applied to the transformed — after applying the
precompensator u = K@ — system (2) with g — gK,u+— @
and €1 — Kej.

Also, for reasons that will be made clear later on, we
wish the entries g;;(z) of the matrix function g(z) to be
bounded away from zero. Since this will not be always
the case, we transform the system (2) under the controller
u = 7(z)0 into the equivalent system

t=09f(z) +Vg(x)0 + e(z,0)
= 19¢)(l‘, 9) + E(l‘, 9)

where the entries g;;(z) of g(z) satisty |g;;(z)| > € Vz,
the function f(z) is defined according to 9¥f(z) = Jf(x)
and |e(z,0)] < c1€]0|, where € is a user-defined positive
constant and ¢; is a finite positive constant independent
of x,0 and €. The above transformation can be easily
performed as follows: for all entries g,;(z) that satisfy
9:;(x)| > &V, we set g;j(x) = g;;(z), while for those
entries ﬁij (x) that cross zero, we correspond two entries
gij(x) and g;j(x) such that g;;(z) = g,;(x) if g;;(z) > €
and g;;(x) = € otherwise, and similarly, g;;j(z) = g,; (=)
if g;;(z) < —€ and g;;(z) = —¢& otherwise. Obviously
the new parameter matrix o satisfies 9 € R"*L, where
L < 2L and, moreover, we can easily construct ng
matrices II; € {0,1}2%F (note that the matrices II; are
not uniquely defined) such that ¢* = IT;9* and, moreover,

9t — 9 < b then, we have

(2)

for any vector U satisfying

that |I[;0" — J¢| < &5 for some finite positive constant ¢

independent of §; here 9,9 denote the column vectors
that correspond to the i-th row of ¥ and ¥, respectively.

2.2 Adaptive estimator

The proposed adaptive control scheme updates the control
vector 0 every At time-units; in other words, if ¢, =
tk_1 + At,tg = 0, k € Z denote the time-instances
at which the controller vector is updated, then we have
that 0(¢) remains constant in the intervals t € [t |, t0).
In order to calculate the updates of the control vector
6(t) the proposed adaptive control design makes use of
an adaptive estimator described as follows: Let 6,1 =
0(t),t € [t,_,,te) denote the updates of 0(t) at t =t} |
and 9%, ¢} be defined as follows:

vi= | fa(s)ds, ¢ = / gi(e(s))ds

where f;(z),g:(x) denote the i-th column of f(x),g(z),
respectively. Then, at each time-instant t; an estimate
V(t)) = Jy is calculated so as to satisfy fori € {1,...,n,},

k
iy = argmin > (%‘(te) —@i(te—1) — 0" (¢ + C§94—1)>2(3)

L=l

where 1% denotes the column vector that corresponds to
the i-th row of ¥ and

L, =min{l,k— L — Ty}
with T} being a nonnegative user-defined constant. The

next lemma establishes convergence of ¥ — 9 under a
persistence of excitation condition.

Lemma 2. If the matrix \112 defined as

b= ko T GOk, 0L+ GO (4)

satisfies

rank (V}) =L, Vk > L, Vi € {1,...,n,} (5)

and, moreover, Supycqs, 1.} |2(t)] < oo and
SUPge ¢, —1,...,.k—1} |0¢| then, the parameter estimation error
I =1 — ng satisfies

(6)

sup

‘ﬂk‘ < c9€
Le{lr—1,....k—1

|0
}

for some finite positive constant co that depends on
SUPgefo—1,....k} [T ()]

Proof. Let @, = S¢_, (v} +¢i0e) (i + Ci0r)". Tt can
be easily seen that since W% is full rank for k¥ > L then

®, ! exists for k > L and, moreover, the solution of (3)
satisfies

k
i = o @+ @1 D el (i + o)
=Ly,

k
=9+ O Y& (v + o)
=t
te

gi(x(s),00—1)ds

t=ty—1

& =

from which we readily obtain (6), by using |e(z,0)] <
Cl€ |9|

2.3 The proposed controller

The proposed controller update scheme is as follows:

2 (£5)
O(tf)=arg  min Vi (7)
01 je{1,...,ne}
A (ij) a'UT o A .
Vi = e (Ok, 2x)0F plan, 26y

where zj, = z(ty), the rows ¥, of 9, are obtained by using

a1 ~. .
9, = 119}, and 9,(5 ) are ng zero-mean random vectors in
{—ag, ap}™ satislying

-1
oo <

—
—

(8)

Ak

where ay, is user-defined positive sequence and = is a finite
positive number independent of «. It can be seen [1, 14, 6]

that a choice 9,(5) = akA,(j), where Ag) are Bernoulli
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random or Bernoulli-like vectors in {—1,+1}"™ satisfies
(8)-

To understand the rationale behind the proposed algo-
rithm note that
. ovT
V==
ox
v
- Oz

(@)(0f(z) + Ig(z)0 + &(x,0))

(z) (V9(x,0) + (x,0)) (9)

2 (£5)
Apparently, the variables V', denote the estimates —

produced using the adaptive estimator (3) — of V(t])

under the choice 0(t)) = iH,(Cj). In other words, the
choice for 0(t}) according to (7) corresponds to the one,

among all j:@,(g), that leads to the maximum estimated
decrease of V. As it will be seen in the proof of the main
result of this paper, condition (8) is crucial to make sure
that this aforementioned maximum estimated decrease is
non-negligible; moreover, as it will be seen in the next
Lemma, the random choice for 9,(5 ), in combination with
the fact that by design g¢;;(z) are bounded away from zero,
guarantee that the regressor matrix ¢(z,u) is persistently
exciting.

Lemma 3. If a, > 0,Vk € Z then condition (5) of Lemma
2 holds with probability 1.

Proof. For the sake of contradiction let us assume that
the matrix ¥} is not full-rank for £ > L. Then there exists
a non-zero vector b such that

b (vh +(i0e) =0, Ve e {k—L+1,....k}
It is not difficult for someone to see that since 8, are ran-
dom vectors in {—ay, as}™ and by design (see subsection
IL.A) the entries of the vector (; are bounded away from
zero, the term ¢y | +(; 101 # Oforall £ € {k—L+1,...,k}
with probability 1; then the above equality implies that,
Vee{k—L+1,...,k},
1
wé,l + 43,192,1

Since 6y are random vectors the probability of by to satisfy
all k& above equations is zero, which concludes the proof.

neg
by = ij (Vi + G j0e) w.p. 1

i=2

We are ready to establish the main result of this paper.

Theorem 4. Let (Al), (A2) hold and assume that the
design constant € as well as the sampling interval At
are sufficiently small and €; is sufficiently large. Then,
for arbitrary @ > 0, there exist finite positive constants

Bo, 01, B2 with By, B2 satisfying

1
—€101 > A + Ao€Bs + )\3Eﬁ§ +a
4719

for some finite positive constants A1, A2, A3 independent of
€, such that if oy, satisfies

(10)

0<ar <f ifk<L
B < aip < P if p Ok, 21)0rg ()| > &
and k> L (11)
0<ap<22E2 i |27 G on)brglan)| < &
AN R DLCE 1
and k > L

where & is a positive design constant satisfying a < ea,
and ¢é; is a positive design constant satisfying

161 § €1 § 561 (12)
then, the proposed adaptive control scheme (3), (7), (8)
guarantees that the closed-loop solutions are bounded and,
moreover,

limsup |z(t)| < e3, with probability 1 (13)
t—oo
and, moreover,
ot —a if Tk g u
vt <{ S ey (1)

Proof. Note that the solutions of the closed-loop system
are continuous in the intervals [t;ﬁ", tr+1) and thus — since
these intervals have non-negligible length — it can be
established (similar to e.g. theorem 2 of [4]) that there
exists a time-interval [0,w) of maximal length on which
the closed-loop system possesses a unique Caratheodory
solution. Note also that since the functions f(z), g(z), m(x)
are at least C' and — from (A1), (A2) — bounded for
bounded z, it is not difficult for someone to see that there
exists a positive constant By such that if ar < Go,k < L
then z(t) € X,t € [0,f1) and, moreover, the distance
between x(¢1,) and the boundary of X is sufficiently large.

We now concentrate on the case where £ > L. We consider
the following cases for all |z| > e3,x € X:

(Cl) = ¢ U and

%T(ﬁkvxk)ékg(-fk)‘ > ¢y. Let

(k) OVT - . j

VD = 2= (o) [07(on) £ 95(1)0) |

By using (8) and zy, € U, it is not difficult for someone
to see that

(e)05(wn) [0, 60|

min
je{l,...ne} O

1
< ——€10
neg
Therefore,
(i ov’ — 1
in V) < 25 (@)0f (ar) — — 15
jelin VT < 5 (k)0 f (1) g 10 (15)
Note also that
i E=)) ov’ —
=+
VED v, =5 (D)

(ﬂfﬁ(fﬂk, £0,) + (., ie’(@j)))
o s ‘
78_:; (ﬂk.,l'k)ﬂk;d)(xk‘aiel(gj))
ov’ - " = /
~ (5 o) = 5 )| voon. £02)
ov

tor

v’ = = ;
o (ﬁk,fk)ﬁk¢($k7i91(f))

T

(0, z1)e (g, £07))

Using lemmas 2 and 3 and |e(x,0)] < c1€]0] we
directly obtain that the above inequality may be
rewritten as
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s 2 (£39)
VED) v, <cese

sup

|92|a1(fﬂ[t,;k,1,tk))
Ze{fkfl,“‘,k‘fl}

+ca€az (:E[ttzk—lvtk)) (16)
X sup |9€| }Hl(c])}
ee{ti—1,..k—1}

where ai(x[ték—lytk))’ 1 = 1,2 are nonnegative terms

satisfying ai(m[tlk—latk)) < SUDsefr, ) |ki(z(t))|
with k;, ¢ = 1,2 being radially unbounded functions
wrt their arguments and ¢;,7 = 3,4 are finite positive
constants independent of z(¢) and 6(t).

Combining (15) and (16) and using the fact that
0, € {—ay,aq} = [04] = \/ngay, we readily obtain

that
1 ov’ S
n—eelOLk > % (l’k)’&f(l’k) (17)
+03€a1($[t[k71,tk))\/n9 sup oy
Ze{fkfl,“‘,kfl}
+C4Ea2($[tgk,1,tk))n9ak sup o

+a =
L : (£9)
: (£5) — :
ar min V, =ar min V
8 jefimey k 8 jeftmmey ¥
and V() < —a (18)

where & is a positive constant.
(C2) z € U and ‘%T(ﬁk,xk)zékg(xk) < €. By using
Lemma 1 we obtain
V(ti) < —€9 + /ngerag
from which we have that

—a+ e
0 — 19
<ap < N (19)
—e<V(tf)<-a<0 (20)

(C3) z, ¢ U and ‘%T(gk,xk)zékg(xk)‘ < €. By using
lemmas 2 and 3 it can be seen that,

W ) T5an) — 20 (G an) g )

ox ox
<cs€ sup 6]
Le{lr—1,....,k—1}

(21)

where c¢5 is a positive constant that depends on
SUPgef,—1,...,k} |Te|. Therefore, if (12) holds and
€ is sufficiently small we have that (C3) never
takes place as long as and Supyegy, 1. 1} lze| <
00, SUDye () —1,....k—1} 0] < o0.
(C4) x € U and ‘%T(ﬁk,xk)ékg(ack)‘ > €. By using (21)
it can be readily seen that if € is sufficiently small and
(12) holds, then
ovrT

B (zx)9g(z1)

Then, by replacing in (C1) the constant e; by 1/4¢;
and using the same arguments as in (C1), we obtain

! ABPRET

— €1 > —
+C3Ea1(x[tekf17tk)) VALl

>1
—€
161

(22)

4dng or

sup Qy
Le{ly—1,....,k—1}

+C4Ea2($[tgk,1,tk))”9ak sup oy
0e{le—1,...k—1}

+a = (23)

V(th) < —a (24)

In conclusion, from the analysis in (C1)-(C4) above we
have that, if (23) and (19) hold for finite o, (note that (23)
implies that the weaker condition (17) also holds) and € is
sufficiently small, then either V(t}) < —a or V(t{) < —a
for all ¢ € [0,w), |z(tk)| > e€3; therefore if (23) and (19)
hold for finite oy, and At is sufficiently small (wrt &, &) we
have — since V is smooth and f, g, 7 are at least C' — that
V (t) is negative for all t € [0,w), |z(tx)| > €3. On the other
hand, as long as z(t),t € [0, tx) is bounded, it is easy to see
that there exist a sequence of finite oy, satisfying conditions
(23) and (19) (provided that € is sufficiently small wrt
€1). Therefore, we can establish there exists a sequence of
finite oy such that all closed-loop signals are bounded and
(13) holds by using a standard cyclic argument, i.e., the
fact that x(¢}) is bounded leads to V() being negative
for a time-interval [t],T1) of non-negligible length (unless
|z(t)| < €3 in [tf,T1)) which in turns implies that z(7}")
is bounded and, so on. The proof is concluded by noticing
that (14) implies (23) and (19) provided that 81, 2 satisfy
the following:

1 ov’T

4—m€1ﬁ1 > 5 ()0 f (x1) + czéar(zyr,, 1)) v/M0 2

+C4Ea2(ac[t[k7htk))ngﬁ§ +a,Vke Z

which, in turn, is satisfied! if (10) is satisfied for appro-
priately defined A1, A2, As.

Some remarks are in order:

e The condition “with probability 1”7 in (13) can be
removed if a rank test is performed at each tj to the
matrices W% (defined in (4)); in the zero-probability
case where one of this matrices has rank less than
min{k, L} a different choice of random vectors 9,2]
should be generated until rank(V%) = min(k, L) for
all 7. However, it has to be emphasized that a rank test
is computationally expensive since it requires O(L?3)
computations.

e The proposed scheme guarantees arbitrarily good
transient performance outside the regions of the state
space where the system becomes uncontrollable (i.e.
for xx & U). To see this, notice that the larger are

%T(@mxk)@w(%)} >
¢ and k > L, the larger is the constant & in (14),

and thus the “more negative” is the time-derivative
V(#5). On the other hand, the terms ay for t4 :

%T(ék,xk)ﬁkg(ack)‘ > é and k > L can be made

arbitrarily large, since from (10) we have that the

the design terms ay for ¢y :

L Tt is not difficult for someone to see that an upper bound of
the terms al(x[ték—latk) and a2(x[t£k—1atk)) can be found that it

is independent of € to see this, notice that V(t:) < 0 for all
k > L : z(ty) # 0 and therefore we have that V(t) < V,Vt > t;
where V denotes a finite positive constant that depends on B, L
and At and thus z(t) < X,Vt > t, where, similarly to V, X is a
finite positive constant that depends on Bo, L and At.
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bounds (1, B2 — and thus aj — can be made arbitrarily
large by choosing € sufficiently small.

3. CONCLUSIONS

In this note a computationally efficient adaptive control
design for a general class of nonlinear multi-input systems
has been proposed and analyzed. Among the advantages
of the proposed design is that it can guarantee arbitrarily
good transient performance outside the regions of the
state space where the system becomes uncontrollable, by
increasing the magnitude of the constant & defined in the
proof of Theorem 4.

It is worth noticing that the analysis concentrates in
the ideal case of parametric uncertainties. Our current
research involves the extension of the results of this paper
to the case of non-parametric uncertainties such as unmod-
eled nonlinearities/dynamics and exogenous disturbances,
as well as the on-line calculation of the constants g; of
Theorem 4.
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