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Abstract: In this paper we consider the existence of the maximal and mean square stabilizing
solutions for a set of generalized coupled algebraic Riccati equations (GCARE for short)
associated to the infinite-horizon stochastic quadratic optimal control problem of discrete-time
Markov jump with multiplicative noise linear systems. The weighting matrices of the state and
control for the quadratic part are allowed to be indefinite. We present a sufficient condition
under which there exists the maximal solution and a necessary and sufficient condition under
which there exists the mean square stabilizing solution for the GCARE.

1. INTRODUCTION

The indefinite stochastic linear control with multiplica-
tive noise has been intensively studied lately (see, for
instance, Ait Rami and Zhou (2000), Chen et al. (1998),
Lim and Zhou (1999), Wu and Zhou (2002)). In Costa
and de Paulo (2007) the finite-horizon stochastic optimal
control problem of discrete-time Markov jump with mul-
tiplicative noise linear systems, with the performance cri-
terion formed by a quadratic part and a linear part in the
state and control variables is considered, with the weight-
ing matrices of the state and control for the quadratic
part allowed to be indefinite. The optimal control law is
written in terms of a set of coupled generalized Riccati
difference equations interconnected with a set of coupled
linear recursive equations. In this paper we analyze the
generalized coupled algebraic Riccati equations (GCARE
for short) associated to this problem. Our main results
are to derive sufficient conditions for the existence of the
maximal solution, and necessary and sufficient conditions
for the existence of the mean square stabilizing solution
for the GCARE. To the best of our knowledge there is no
other work handling this kind of problem in the literature.
Indeed previous works on the coupled algebraic Riccati
equation for the discrete-time case, as in Abou-Kandil
et al. (1995), Ait Rami et al. (2001), Costa and Marques
(1999), Czornik and Swierniak (2001), Ji et al. (1991),
Morozan (1995), Morozan (1998), considered only positive
semi-definite weighting matrices of the state and control
and/or didn’t consider the multiplicative noise.

This paper is organized in the following way. Section 2
presents the notation and some definitions that will be
used throughout the work, and the formulation of the
problem. Section 3 presents some auxiliary results which
are crucial for the development of our results. Section 4

* The first author received financial support from CNPq (Brazilian
National Research Council), grant 304866/03-2, FAPESP (Research
Council of the State of Sdo Paulo), grant 03/06736-7 and IM-
AGIMB.

978-1-1234-7890-2/08/$20.00 © 2008 IFAC

13480

presents the main results regarding the GCARE, which
consist of providing a sufficient condition for the existence
of the maximal solution and a necessary and sufficient
condition for the existence of the mean square stabilizing
solution. Section 5 presents a numerical example. The
paper is concluded with some final remarks.

2. PRELIMINARIES

For X and Y complex Banach spaces we set B(X,Y) the
Banach space of all bounded linear operators of X into
Y, with the uniform induced norm represented by |.]|.
For simplicity we shall set B(X) := B(X,X). The spectral
radius of an operator 7 € B(X) will be denoted by
ro(7T). If X is a Hilbert space then the inner product
will be denoted by <.;.>, and for 7 € B(X), 7* will
denote the adjoint operator of 7. As usual, 7 > 0
(T > 0 respectively) will denote that the operator 7 €
B(X) will be positive semi-definite (positive definite).
In particular we shall denote by C™ the n dimensional
complex Euclidean spaces and by B(C"™,C™) the normed
bounded linear space of all m x n complex matrices, with
B(C") := B(C",C").

Set H™™ the linear space made up of all N-sequences of
complex matrices V = (V4,..., V) with V; € B(C™,C™),
i = 1,...,N and, for simplicity, set H" := H™". For
V=MW,..,Vn) € H*™ we consider the following norms

1

2
in 1 [V = S VL IV = (S e (vva))
It is easy to verify that H™"™ equipped with any of the
above norms is a Banach space and, in fact, (|.[,,H™™)
is a Hilbert space, with the inner product given, for V =
(Vl,...,VN) and S = (Sl,...,SN) in Hn,m, by <V,S> =
SN #r(V*S;). We shall say that V = (Vi,..., V) € H”
is hermitian if V; = V;* for i = 1,..., N,and denote this
set by H™*. We shall write H"* := {V = (V4,...,V§) €
H"™;V; >0,i = 1,...,N} and for V € H", S € H", we
write that V> Sif V-85 = (Vl —Sl, ceny VN—SN) € Hn+,
and that V> SifV; - S; >0 foreachi=1,..., N.

10.3182/20080706-5-KR-1001.0319
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On a probabilistic space (2, P, F) we consider the follow-
ing Markov Jump Linear System with multiplicative noise:

w(k+1) = (Ao + 3 Aggry st (k) )2(k)
s=1

+ (Be(k) + Z Eﬁ(k),swg(k))u(k)
s=1

LL‘(O) =XZo, 9(0) = 90, (1)

where (k) denotes a time-invariant Markov chain tak-
ing values in {1,..., N} with transition probability ma-
trix P = [pi;], {w¥(k);s = 1,...v°k = 0,1,...} and
{wt(k);s =1,...v" k =0,1,...} are zero-mean random
variables with variance equal to 1, E(wf (k)w§(k)) = 0,
E(wi (k)wj(k)) = 0, for all k and i # j, and independent
of the Markov chain {6(k)}. The initial conditions 6y and
xo are assumed to be independent of {w*(k)}, {w¥(k)},
with zg an n-dimensional random vector with finite second
moments. The mutual correlation between w{ (k) and
wy, (k) is denoted by E(w?, (k)ws, (k:)) = Psy,s,- Without

S S2

loss of generality, we assume that v = v® = v*. We also
have A = (Al,.. AN) e H", AV (Al S,...,AVN)S) S
H", s = 1,. = (By,. ,N)eHm-”,ES:
(Bls,.. BNS) € Hm” s = 1,...,v. We set F, the
o-field generated by {(0(t),z(t )) t = 0,.

., T}, and the
set of admissible controllers U is deﬁned as U = {u =
(u(0),...);u(k) is an m-dimensional random vector with
finite second moments, Fi-measurable for each &k = 0, ...
and yields in (1) E(]|lz(T)|?||) — 0 as k — oo}. Consider
Q_ ( 7QN) eHn*vL: (Lla"'aLN) eHnﬁla

(Ml,...,MN) e H™*, H = (Hl,...,HN) € H™1,
The infinite-horizon indefinite quadratic optimal control
problems associated to (1) is defined as

J(xo,00) = 1nf ZE(

Qé)(k)x( )+
(2)

Notice that the quadratic cost matrices @); and M; are just
assumed to be hermitian. We define next the following
operators £ € B(H"), A € B(H"), § € B(H",H™™),
R € B(H",H™),

N
(X) =Y pi; X,
j=1

Ai(X) = Qi + A;E(X) A+ A7 E(X) Ay s, (3)
s=1

JBit 33 porsnAi E(X) B )

S1 =1 82:1
(4)

X)BZ + Z E:SEz(X)El,s + M;. (5)

G:(x) = (4e(x

Ri(X) =

Set L := {X € H™;R;(X) ! exists for each i = 1,..., N}
and define § € B(L,H") and K € B(L,H™") as follows.
For XelLandi=1,...,N,

Si(X) = =Xi + Ai(X) — Gi(X)*Ri(X)'Gi(X),  (6)
Ki(X) = -Ri(X)'Gi(X). (7)

u(k) Myyu(F))-

We will study the following set of generalized coupled al-
gebraic Riccati equations (GCARE) associated to problem
(2) (see Costa and de Paulo (2007)):

S(X) =0. (8
{X €

~—

We introduce the following notation: N :=

L;R(X) > 0}, M := {X € N;§(X) > 0}, M := {X €
N;S(X) = 0}. For K = (Kq,..., Ky) € H™™ we define
the following operators Lx(.) = (Lx1(.),..-,Lr n(.)) €

B(H") and Tx(.) = (Txc1 (), .. Tre.n () € BH):

Lri(V)=(Ai+ B»K»)*g( )(A; + B-K»)
Zgz,s A’L S + Z Z p51 52 z Sl (V)EZ,S2K1+
s=1 s1= 182 1
K} B}, E(V)Ais,) ZK B &(V)Bis K, 9)
N - — — —
Ticj(V) = pij [(Ai + Biki)Vi(4; + BiK;)*
=1

+ZA15V;A* Z p81752(A1 SIVK B:52
s1=1s2=1

+ B, KiViAL) Z B K,V;K;B;,]. (10)
where V = (V1,...,Vn) € ]HI" It is easy to verify that w1th
the inner product deﬁned above we have that Tx = L.

is also easy to check that the operators Lg, and Tx map

H™ into H™*.
Consider model (1) with u(k) = Kgyz(k), where K =
(K1,...,Ky) € H», and w(k) = 0. Using the same

arguments as in Proposition 3.1 of Costa et al. (2005),
page 32, it follows that, for U;(k) = E(x(k)z(k)* 1{g(k)=i} ),

U(k) = (Uy(k),...,Un(k)) € H*" | we have that
Uk +1) = T (U(K)), k=0,1,... (11)
where T is as in (10). Similarly, for P = (Pi,...,Pn) €
H"*, we have that
E(z(k + 1) Pyeqyz(k + 1)[0(F), z(k)) =
z(k) Lo (P)z(k).  (12)

(From (11) and (12) it follows that Tx and Lx map H"*
into H™*. We define next the stability and stabilizability
concepts that we shall consider in the following sections.
Definition 1. We say that K = (Ki,..,Ky) € H™™
stabilizes (1) in the mean square sense if, when we make
u(k) = Kyyr(k) in system (1) with w(k) = 0, we have
that E(||lz(k)||*) — 0 as k — oo for any initial condition
z(0) and 6(0). We say that (1) is mean square stabilizable
if for some K = (K1,...,Ky) € H™ we have that K
stabilizes (1) in the mean square sense.

Definition 2. We say that X = (X1,...,Xy) € H™ is a
hermitian solution for the GCARE if X € L and satisfies
(8). We say that X is a maximal solution if it is an
hermitian solution for the GCARE and X > Y for any
Y € M. We say that X is a mean square stabilizing
solution if it is an hermitian solution for the GCARE and
K(X) stabilizes (1) in the mean square sense.

Using the same arguments as in Proposition 3.25 of
Costa et al. (2005), page 44, or in Dragan and Morozan
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(2006), we have the following result showing that K =
(K1, ..., Kn) stabilizes system (1) in the mean square sense
if and only if the expectral radius of the operator (10) is
less than one.

Lemma 1. K = (Ky,..., Kn) € H™™ stabilizes (1) in the
mean square sense if and only if 7,(7x) < 1, where Tk is
as in (10).

3. AUXILIARY RESULTS

The next lemmas will be crucial for the development of
the main results of this paper.

Lemma 2. Suppose that r,(Lp) < 1 for some F =

(Fy,...,Fy) € H™™  where Lp is defined as in (9) and
consider G = (Gy,...,Gn) € H™™. If for some P =
(Pl,...,PN) € H™t and 0 > 0,

P, —Lgi(P)>6G;, — F) (Gi—F;), i=1,...,N, (13)
then 7, (L) < 1.

Proof. Note that for arbitrary ¢ > 0, V = (V4,...,Vy) €
H*", and any k >0andi=1,...,N,
s=1 s=1

- 1(Bz‘(Gi - F)+ i Bis(G; — E)w?(k)) }Vix

s=1 s=1
- %(Bi(Gi - F)+ XU:EZS(GZ - Fl)wg(k)) }*} (14)
s=1

Defining Q(V') € H"* as

N
V)= Zpij {Bi(Gi — F)

Vi(G; — F,)" By

+ " BiJ(Gi — F)Vi(Gs — Fy)* By, (15)
s=1
we have that (14) yields
1
0<76;(V) <1+ Tr (V) + (1 + =)<(V)  (16)

where we recall that 7¢ = L, and 7p = L}. We choose
now € > 0 such that (1 +e€ )TU(TF) < 1. Th1s is possible
since by assumption 7(Lr) < 1 and 74(7r) = 7+(LF)

since Tp = L},. Set T = (1+ €2)7F. Define for t = 0,1, ...
the sequences
X(t+1)=T5(X(t), X(0)eH", (17)
Y(t+1) =T(Y (1) +Q(X(t), Y(0)=X(0) (18)
with Q(X(t)) =(1+ i)Q() Then fort_0,1,2,...
Y(t) = X(t) = (19)
Indeed, (19) is immediate from (17)7 (18), for t = 0.

Suppose (19) holds for ¢. Then from (16) and recalling
that 7¢ and 7 map H"" into H"*, we have that

Y(t+1) =TV () + QX () > X(t+1) >0,
showing the result for ¢ + 1. From (18) it follows that

t—1
V(1) =THX(0)+ > T 10X (s))
s=0

and taking the 1-norm of the above expression, we have
that

Iy@ll, < |7

t—1
lx @, + Y ||7
s=0

Since r(7) < 1, it is possible to find a > 0, 0 < b < 1,
such that ”fs < ab®, s = 0,1,...
Kubrusly (1985)), and thus,

ecxen]

(see, for instance,

IY @)l < ab' | X(0) ||1+a2bt o] -
Suppose for the moment that Y =, HQ(X(S))Hl < 0.
Then from (17) and (19), for any X(0) = (X1(0),...,

X (0)) € H

0< Y 7)), =Y Ix®l, < S IV, < .
t=0 t=0 t=0

and thus (see Proposition 2.5 in Costa et al. (2005))

re(7e) < 1, and since Tg = L§, 7o(Le) < 1. Remains

to prove that Y o, H@(X(s))” < oc. Indeed, from (13)
1

we obtain, for an appropriate positive constant cg, that

H@(X )|, < co{<X(s);P> - <X(s+ 1);P>}.

Taking the sum for s = 0 to r, we get that
>_[ex], < a(x©:p)
s=0

since that P € H"* and X (r+ 1) € H"". Taking the limit
as r — 00, we obtain the desired result. m

Lemma 3. For some K = (Ky,...,Ky) € H»™ let Lk
be as defined in (9). If r,(Lg) < 1 then for any S =
(S,,...,Sn) € H" there exists a unique solution ¥ =
(Y,,...,Yn) € H* which satisfies

Y, - Lri(Y)=S;,i=1,...,N. (20)

Moreover if S is hermitian (> 0, > 0 respectively) then ¥’
is hermitian (> 0, > 0). Conversely if for some S > 0 there
exists Y > 0 satisfying equation (20) then r,(Lx) < 1.

Proof. If ro(Lx) < 1, we have that (see Weidmann
(1980), page 102), (T —Lx) () = > im0 L3 (1) where
T represents the identity operator. Therefore the unique
solution Y of (20) is given by Y = 3772 £7(S) and if
S e H™ (S € H"", S > 0 respectively) then Y € H"™
(Y € H**, Y > 0). For the remaining of the proof, see
Theorem 3.19 of Costa et al. (2005), page 41. m

Finally we conclude this section with the following lemma
(see Oostveen and Zwart (1996) for similar results).

Lemma 4. Suppose that X € L and for some F e H»™
we have that X € H™* satisfies fori =1,..., NV

Xi = L (X) = Qi+ Fy MF,. (21)
Then, fori=1,..., N,
(Xi—Xi) = L5 (X - X) =
Si(X) + (F; — Ki(X))"Ri(X)(F; — Ki(X)).  (22)

Moreover, if X e L, then fori =1,..., N
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Si(X) + (Ki(X ) /C£ )R (X)(/Ci()?) - Ki(X))
+ (Fy = Ki(X) " Ra(X)(F; = Ki(X), (23)
Furthermore, if Y € H™ and satisfies, fori =1,..., N
V= Loz, (V) = Qi+ K(X) MK(X).  (24)
then fori=1,..., N,
(Xz _i}z) ‘CIC(X) (X Y)
(Fi = Ki(X))"Ri(X)(F; — Ki(X)).  (25)
Proof. After some algebraic manipulations, we have for
i=1,...,N that
Xi—Lg (X)) = Qi+ F} M;F,
—(Ki(X) = F)*Ri(X)(Ki(X) - F) = Si(X),  (26)
Xi = Ly z),(X) = Qi + Ki(X)" MiKi(X) = 8,(X)
— (Ki(X) = Ki(X) " Ra(X) (K (X) = Ko(X)), (27)
X — Lg,(X X) = Qi+ Fy MFy—
(F; = Ki(X) " Ri(X)(F; - Ki(X) = Si(X). (28)
(From (21) and (28) it follows that
X — LK(;{M(X) = Qi+ Ki(X) MiKi(X)
+ (Fy = Ki(X) Ri(X)(Fy - (X)), (29)

Thus, (22) follows by taking (21) minus (26), (23) follows
by subtracting (27) from (29) and (25) follows subtracting
(24) from (29). m

4. MAXIMAL AND STABILIZING SOLUTIONS

The following theorem provides a sufficient condition for
the existence of the maximal hermitian solution of (8).

Theorem 1. Suppose that (1) is mean square stabilizable
and M # (. Then for ¢ = 0,1,2, ..., there exists X* € N
and F* € H™™ satisfying the following properties:

a) XO>X'>...> X*> X, for arbitrary X € M;
b) T'O-(EFZ) < 1,
c) Fori=1,..., N,

X} = Lpe (X)) =

Moreover there exists X+ € M such that X+ > X for any
X e M, TG’(£’C(X+)) <1, and Xt 5 Xt as f — oo.

Qi+ F*M;Ff.  (30)

Proof. Let us apply induction on ¢ to show the result.
Consider an arbitrary X € M (thus S(X) > 0) and
F = K(X). Since that (1) is mean square stabilizable we
can find F° € H™™ such that r,(Lpo) < 1 (see Definition
1 and Lemma 1). Thus, from Lemma 3, there exists a
unique X° € H™* satisfying (30) for £ = 0. We have from
(22) that fori=1,...,N
(XY = Xi) = Lo (X° = X) =
Si(X) + (F = F)"Ri(X)(F} = Fy)

and since S;(X) + (F? — F;)*R;(X)(F? — F;) > 0 and
ro(Lpo) < 1 we have from Lemma 3 again that X° —

X > 0. This also shows that X° € N, since that for each
i=1,...,N, Ri(X° > Ri(X) > 0 and thus the result

is proved for £ = 0. Suppose now that the result holds for

¢ —1. Set F* = K(X*1). From equation (23) we get that
(X = Xi) = Lpe f(XTH = X) = 8(X) + (F — Fy)"x
Ri(X)(F = Fy) + (Ff = F{ )" Ry(X (= F)

> 8(F — F7) (R = F)

for some 6 > 0 since by the induction hypothesis,
Ri(X*1) > 0 for i = 1,...,N. Thus from Lemma 2,
To(Lpe) < 1. Let X* € H™ be the unique solution
satisfying (30) (see Lemma 3). Equation (22) yields, for
1=1,.

3

(Xf— X;) = Lpe g (Xf X) =

Si(X) + (Ff = Fi)"Ri(X)(F — F})
and since r,(Lpe) < 1, we get from Lemma 3 that

X% > X. Thus R(X*) > R(X) > 0, which shows that
X* € N. Equation (25) yields for i = 1,...,N
(X' = X)) = Lpe (X = X5 =
(Ff — FE) Ry(X (B = FEY)

which shows, from the fact that 7,(Lpe) < 1, (Ff —
EFY Ry (XY, — Ff7Y) > 0 for each i = 1,..., N,
and Lemma 3, that X! > X% > X. This completes
the induction argument. Since {Xf }Zo is a decreasing

sequence with X¢ > X for all £ = 0,1,..., we get that
there exists X hermitian such that (see Sontag (1990),
page 79) X* | XT as ¢ — oo. Clearly, X+ > X, and thus
R(X*) > R(X) > 0, showing that X+ € N. Moreover,
substituting Ff = K;(X*1) into (30) and taking the
limit as ¢ — oo, we get, after rearranging the terms,
that S(X*) = 0, showing the desired result. Since X is
arbitrary in M, it follows that XT > X for all X € M.
Finally notice that since 7,(L¥) < 1 we get that (see
Sontag (1990), p. 328 for continuity of the eigenvalues on
finite dimensional linear operator entries) ro(Lp+) < 1,
where FT =K(XT). =

7

We show next that there exists at most one mean square
stabilizing solution for (8).

Lemma 5. If M # () then there exists at most one mean
square stabilizing solution for the GCARE (8), which will
coincide with the maximal solution.

Proof. Suppose that X is a mean square stabilizing so-
lution for the GCARE (8). Clearly (1) is mean square
stabilizable and since M # () we get from Theorem 1 that

there exists the maximal solution X € M. We have that

Ri— Lz, (X) = Qi+ Ki(X) Miku(X)
so that (22) yields
(Xz - Xz+) - ‘C;C(jf)n,()? - XJr) =
(Ki(X) = Ks (X)) Ri(XH)(Ki(X) = Ki(XF)) >0 (31)

since R;(X*) > 0. Recalling that X is mean square
stabilizing, we have from (31) and Lemma 3 that X -
XT > 0. But this also implies that R(X) > R(XT) > 0
and consequently X € M. From Theorem 1 it follows that
X — X+ <0, completing the proof. m

Our next result provides necessary and sufficient con-
ditions for the existence of the mean square stabilizing
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solution. We need to define, for K € H™™ and I" € H",
the following operator Vr x € B(H"): for V € H",

Vr ki(V) = (T; + B;K;)*&(V)(T; + B K;)+

STALEWV)Aia+ YD parsa (A5 E(V) By o K
s=1 s1=1s9=1

+ KB}

1,82

E(V)Ais) + Y K} B} E(V)Bi K.
s=1

Clearly we have that L = Vj -

Theorem 2. Suppose that M # (). The following assertions
are equivalent:

i) system (1) is mean square stabilizable and for
some X € M there exists 7' € H" such that

TU(VF(X)JC(X)) < 1 where Fi(X) = A; + TlSl(X)%
fori=1,...,N.

ii) there exists the mean square stabilizing solution to
the GCARE (8).

Moreover if X € M is the mean square stabilizing solution
to the GCARE (8) then an optimal control law for problem
(2) is given by

(k) = Kor)(X)z(k). (32)

Proof. Let us show first that i) implies ii). From Theorem
1 and the hypothesis that system (1) is mean square
stabilizable and M # () we conclude that there exists the

maximal solution X+ € M. Consider X € M and T € H"
satisfying i). Set F* = K(X 1) and F = K(X). Since
X = Lp+ o(XT) = Qi+ F"MF}F
we have that (22) yields for i =1,..., N,
(X} —X)) = Lp+s(XT—X) =

Si(X) + (Fif — F)*Ri(X)(F;" — F).
Since §;(X) > 0and R;(X) >0,i=1,..., N, we get that
we can find § > 0 such that fori=1,..., N,

(X = Xi)—Lp+ (X - X) >
8(Si(X) + (FF — Fy)* (K" = F)).

2

(33)

Define ﬁJr € IHIn’"er7 ﬁ c anner, B € H*™" and

~

B € H*™™ a5 follows: B; = (E Bi), B, = (() El) and
~ ~ /
Fr=(0F, = (s(x)! F) -

Consider the operator Eg as in (9) replacing B, B by

respectively ﬁ, B, and K by K € H™"+™_ Then it is easy
to verify that £, = Lp+ and L5 = Vp,p. Thus (33) can
be re-written as

(X3 = Xi) = Lp, (XT = X) > 0(F} = By (Ff - F)

~

and recalling that X* — X > 0 and r, (Ef) =r,(Vr,r) <
1 we can conclude from Lemma 2 that TU(EI’:,\+) =
ro(Lp+) < 1, showing the first part. Let us show now that

ii) implies i). Suppose that X € M is the mean square
stabilizing solution for the GCARE (8). Then clearly (1)
will be mean square stabilizable and T';(X) = A; (since
Si(X) = 0) so that V x(x) = Lx(x) and the result follows
since 74 (Lx(x)) < 1.

Consider now that X € M is the mean square stabilizing
solution to the GCARE (8) and set A(z,i) = 2* X;z. From
Proposition 2 in Costa and de Paulo (2007) we have that

z(k)" Qoryz(k) + u(k)” Moryu(k)
+ Bk + 1) Xopnyz(k + DIFy ) = 2(k)* Xy (k)+

(k) = Koy (X)) “Raao (X) () = Kogey (X))

and since R(X) > 0, we get for any u = (u(0),...) € U
that
E(A(2(T),0(T))) — E(A(x(0),6(0)))
T-1
> —B( 3 (k) Quay (k) + ulk) Mygou(k))) - (34)
k=0

with equality when v = @ as in (32). From (34) and
recalling that E(||z(T)||?) — 0 as T — oo we have that
E(A(x(0),0(0))) <

B3 (k) Qoqey(h) + ulk) Mogryu(k)))
k=0
with equality when u = @ as in (32), showing the result.

We conclude this section establishing a link between a LMI
(linear matrix inequality) optimization problem and the
maximal solution X+ in M. Suppose that all matrices
involved below are real. Consider the following convex
optimization programming problem:

N
max tr (Z XZ-)

i=1
subject, for i =1,..., N, to
|:_Xi + Ai(X) Gi(X)*
Gi(X) Ri(X)
R:(X)>0,X, =X/ (35)
Lemma 6. Suppose that (1) is mean square stabilizable.

Then there exists X+ € M such that Xt > X for all
X € M if and only if there exists a solution X forAthe above
convex programming problem (35). Moreover, X = X .

E

Proof. First of all notice that, from Schur’s complement,
X = (Xy,...,Xy) satisfies the restrictions (35) if and
Ri(X)>0,X; =X fori=1,...,N, that is, if and only
if X € M. Thus if Xt € M is such that Xt > X for all
X e M, clearly tr(X;F + ...+ X35) > tr(X1 + - + Xn)
for all X € M and since X+ € M C M, it follows that X+
is the solution of the convex programming problem (35).
On the other hand, suppose that X is a solution of the
convex programming problem (35). Thus X € M # ) and
from Theorem 1, there exists X T € M such that X > X.
But from the optimality of X and the fact that M C M,
tr(X; — X1) + ...+ tr(X}; — Xn) <0. Since X} — X; >

0,..., X = Xy >0, we have X;" = X1,..., X} = Xn.
]

5. NUMERICAL EXAMPLE
Consider a system with three operation modes, i = 1,

1t = 2, ¢ = 3, where the transition probability matrix is
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given by
0.67 0.17 0.16
P={ 03 047 0.23].
0.26 0.1 0.64
The Table 1 presents the parameters of the system (1)

and of the cost function in (2). From (35), the maximal
solution for each mode i = 1,2, 3, is given by

. _ (189992 —19.2374
1= 1-19.2374 28.6941
x, _ (330131 —23.2143
2= | —23.2143 38.0363
36.4552 —39.8795
Xa = (—39.8795 51.5007)- (36)

Considering K; = K;(X;), with IC;(X;) as in (7), we have
that r,(7) = 0.6970. Thus, the system (1) is mean square
stabilizable and (36) are mean square stabilizing solutions.
The optimal control law (7), for each ¢ = 1,2, 3, is given
by

Ky = (2.3186 —2.3342)

Ko = (4.1608 —3.7034)

K3 = (—5.1661 5.7921) .

Table 1. Parameters of the system and of the
cost function for each operation mode.

operation modes
Parameters 1=1 | =2 | i =3
. (3,6 —3,8] (10 —3] 5  —4,5]
Qi 13,8 4,87 -3 8| |—4,5 4,5 |
M; [2, 6} [1, 165] [1, 111]
1 0 1] o0 1] ro 1 ]
g |-2,5 3,2] |—4,3 4,5] 15,3 —5,2]
B; [01] [0 1] [o1]
T 0.042 0 ] | [0.065 0 ] | [0.021 0 |
g | 00 0065] | | 0o 0085 | | 0 0.042]
— 7 7 7
B; [0.042 0.065] [0.064 0.086] [0.021 0.042}
Pz [0.58] [0.58] [0.58]

6. FINAL REMARKS

In this paper we have considered the infinite hori-
zon stochastic optimal control problems of discrete-time
Markov jump with multiplicative noise linear systems,
with indefinite quadratic matrices on the state and con-
trol variables. We presented a sufficient condition for the
existence of a maximal solution for the set of generalized
coupled algebraic Riccati equations (GCARE) that arise
from these problems, as well as a necessary and sufficient
condition for the existence of the mean square stabilizing
solution, and derived an optimal control law whenever this
solution exists.
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