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Abstract: The paper addresses the LQ control problem for systems with countable Markov
jump parameters, and the associated coupled algebraic Riccati equations. The problem is
considered in a general optimization setting in which the solution is not required to be
stabilizing in any sense. We show that a necessary and sufficient condition for a solution
to the control problem to exist is that the Riccati equations have a nonempty set of
solutions, which generalizes previous known results requiring stabilizability as a sufficient
condition. We clarify the connection between the minimal solution of the Riccati equation
and the control problem, showing that the minimal solution provides the synthesis of the
optimal control. The derived results strengthen the relations of the theory of Markov jump
systems with the one of linear deterministic systems. An illustrative example is included.
Copyright(©2005 IFAC
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1. INTRODUCTION subject to abrupt changes in their structure, see e.g.
(Athanset al,, 1977) and (Sworder and Rogers, 1983),
In this paper we consider the linear quadratic prob- |MJLS present numerous results that parallel the lin-
lem for infinite Markov jump linear systems (IMJLS) ear deterministic theory (Costa and do Val, 2602
and the associated infinite countable set of coupledin the simpler context of finite Markov state space,
algebraic Riccati equations (ICARE), which constitute \we mention that the linear quadratic problem was
solid grounds in the theory of dynamical systems. studied in (Ji and Chizeck, 1990), or in (Costa

The IMJILS form a special class of systems which &l 1997) and (Costa and Fragoso, 1995) in a convex
can be described by a switching of countable many Programming perspective; methods of solutions for
linear forms, in which the switching is driven by an the associated Riccati equations were considered in
underlying Markov chain with infinite state space. (40 Val and Costa, 2002), (do Vat al, 1999) and
Apart from providing meaningful models for systems (Rami and Ghaoui, 1996) and some basic concepts
such as detectability were taken into account in (Costa
and do Val, 2008). In the infinite context considered
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the derivation of the optimal control for the finite hori-
zon linear quadratic problem and the stationary opti-
mal control (among the stabilizing controls) for the
infinite horizon problem; the concept of detectability
and the role that it plays as a condition for stabilizabil-
ity of solutions was devised in (Costaal., n.db) and
(Costaet al, n.da) in a general framework.

A common requirement in the field is that the control
should belong to a class of stabilizing controls, and

almost all the research effort in the area was devoted
to this setup, including (Costa and Fragoso, 1995) and
(Fragoso and Baczynski, 2001); this observation also

holds true for previous works dedicated to IMJLS.

On the other hand, in the purely deterministic setting,
the LQ problem without stability constraints has long

been dealt with, e.g. (Kucera, 1972), (Martensson,
1971) or (Molinari, 1977, Section 6).

The present paper deals with the general jump lin-

ear quadratic problem (GJLQ) that does not require

stabilizability of controllers in any sense. Apart from

the theoretical and practical interests of the results,

ForH,W ¢ H", H > W indicates thaH; > W for each

i € 8. The notation is similar for basic mathematical
relations involving elements of}"; e.g.,H =W
means thatl; =W for eachi € 8. In the sequel, capital
letters denote elements &' and capital letters with
an index denote elements &f".

The IMJILS that we deal with in this paper are defined
by the following stochastic differential equation, in a
probabilistic spac€Q, §,P),

@ X(t) = AgyX(t) + Bgryu(t),
t >0, x(0) = xo, 8(0) =69

wherex(-) € R", u(:) e R", A, i € 8, belong to a
given sequence of matricéds= {A;,i € 8} € Hy, and
similarly for B € H7". The jump variabléd(t) is the
state of an underlying continuous-time homogeneous
Markov chain® = {6(t);t > 0} having the countable
state space and a stationary transition rate matrix
N=[\j]i,j€8.

The state of systerd is the compound variablg, 6).
The controlu is assumed to belong to the class of

@

we remark that they strengthen the relations of the admissible control&™, T < [0,0), which is defined as

IMJLS theory with that one of linear deterministic

in (Fragoso and Baczynski, 2001)T is the class of

systems. The main results of the paper are summarized|| Borel measurable functions {R".8,[0,T]} — R"
as follows. We show that the optimal cost reads as asuch that, for eack,ze R", i € $ andt ¢ [0, T],

guadratic form and that the optimal control is a sta-

tionary state feedback control, see Theorem 1. We also (i) u

show that the set of solution of the ICARE captures the
solution for the GJLQ, see Corollary 1, and the fact
that the ICARE have a nonempty set of solutions if

(x,i,t) —u(zi,t)|| < £|jx—Z|| for somel € R
(Lipschitz);

(i) there existsc € R such that||u(x,i,t)|| < c(1+
[IX|]) (growth condition).

and only if C1 holds, see Theorem 2. The connection The next basic concepts of stochastic stability and sta-

between the minimal solution to the ICARE and the

bilizability are useful for the discussion that follows.

GJLQ problem is then addressed and we show that

the limit M is identified with the minimal solution to
the ICARE, allowing us show in Theorem 3 that the
solution to the GJLQ problem is synthesizedMy

2. NOTATION, BASIC CONCEPTS AND
PROBLEM FORMULATION

Let R" represent the usual linear space of all
dimensional vectors. Assume th&t" (respectively,

R") represents the normed linear space formed by all

r x nreal matrices (respectively,x n). ForU € R"',

U’ denotes the transpose df ForU,V € R", U >

V (U >V) indicates that —V is positive definite
(semidefinite) R"° (R™+) represents the closed convex
cone{U € R":U =U’ > 0} (the open congU € R":
U=uU’>0}).

Consider the se$ = {1,2,...}. Let H}" denote the
linear space formed by sequences of matritles-
{Hi € R"™i € 8} such thatsup.g||Hi|| < o; also,
let 7" = {H € 3" : Sics |[Hi|| < }. We denote
HD = K", and KO (H.."") represents the closed
cone{H € H7 : H; € R i € 8} (the open coné¢H ¢
K H € R™ i € 8}), and similarly forH;, }CQO and
HIT.

Definition 1.(S-stability). We say thgA, A) is stochas-
tically (S) stable wheng’ E{||x(t)||?dt} < o, for each
X0 € R"and6g € 8, wtih x(t) given by (1) withu = 0.

Definition 2.(S-stabilizability). We say thafA, B,A\)
is S-stabilizable when there exi& e H" such that
(A+BG,A) is S-stable.

We shall deal with the cost functionals

Wlsx ) = E{ | x(1) Qa0
’ 0

+ U(1)' Ragu() dr -+ X(T) Sy X(T) }

whereT € [0,) is the horizon length, matriceg;, S
andR; belong to the sequences of matri@Se H°
andR e H3 ™ respectively, and the expected value is
with respect to the initial conditiorg = x and6y = i.
For ease of notation, we define

)

®3)
(4)

WL (%, 1) i= .#@wWJ%O(X) i),

WY (x,i) == inf W]g(x,i).
ucu™
Problem Formulation. The general infinite jump lin-

ear quadratic (GJLQ) problem is the infinite-horizon
control problem that consists of minimizing over



the cost functional\;(x, i), i.e., for each initial condi- 3. PRELIMINARY RESULTS

tion xg € R" andfg € 8, to find

. Next we present some useful inequalities concernin
W(%0,80) = inf Wi(xo. ) P d g

the finite and infinite horizon optimal costs. The proof

and the associate optimal contrabpt € U”. We is ommited.
say that a solution exists when the optimal cost is
bounded. Lemma 1.The following assertions hold:

i) W] (-) > W (-) wheneveV >
Remark 1.In this paper, the GJLQ problem is a strict W () 2Ws () 25

optimization problem in the sense that we do not (i)) Wiy (-) >W(-) whenevel > §,
require that thg solution stabilizes the syst(_am in any (i) W(-) ZWSTEo(')-

sense. Accordingly, the class of contrdlsis not
necessarily stabilizing.

The next result concerning the finite-horizon jump lin-
ear quadratic control problem follows from (Fragoso

The following condition on the boundedness of the and Baczynski, 2001, Proposition 5.6 and 5.8).

optimal cost is connected to the idea of existence of

solutions, a key issue in the paper. Proposition 2. Consider PT (t) the solution for the

C1. (Existence of Solution to the GJLQ Problem) Riccati differential equation (7) with terminal condi-
There existy € R such that, for eack e R" and tion L = S Then, the optimal control for the finite-
ie8,W(xi)<vy|x|2 horizon control problem is given by

Remark 2.1t can be shown following the arguments Uopi(t) = RS(%) Bél(UPGT(t)(t)X(t)’ te[0.T],

of (Fragoso and Baczynski, 2001, Proof of Proposition and the optimal cost reads as follows

6.9) that S-stabilizability implies C1. This is surpris- T ] _ -

ingly in the sense that C1 requires an uniform bound WL (%,1) = minyey Wy (%,1) = X B (0)x.

for W whereas stabilizability requires only finiteness

of W, with u(t) = Gg)X(t) andG given in the defini- . N

tion. The converse assertion does not hold true, even ifN&xt we present a sufficient condition for convergence

the purely deterministic case (e.g. whie=1,B=0 of PT(Q) asT — o to a solution of the ICARE. The
andQ = 0, leading to\ = 0). result is adapted from the proof of Proposition 6.9 of

(Fragoso and Baczynski, 2001), which is of particular
_ ) ) interest here; the proof is omitted.
In connection to the GJLQ problem, in this paper
we address thiofollowmg ICARE. Considéf = prgposition 3. Consider the Riccati differential equa-
(H1,Hz,...) Engfl arn1d we introduce the nonlinear tjon (7). Assume that = 0 and there existg> 0 such
operatorl : HY~ — HY, L(H)=(L1(H),La2(H),...), thatPiT(O) <\1,Vi,T. Then,
Li(H) = AHi + HiA — HiBinlBi/Hi +Qi+ Z AijH;. PT(0)—M asT — o,
jeS
(5)  whereM € K} is a solution for the ICARE.
The ICARE are a set of countable interconnected
Riccati equation in the variabl® = (P, P,,...) €
J{TO, which reads as follows 4. MAIN RESULTS
L(P)=0. (6) ) ) ) o

The first goal in this section is to show how the
Definition 3.(Minimal solution to the ICARE). We say Solution to the GJLQ problem is connected to the
that a solutiorM € H1° of the ICARE in (6) is mini- solution of the Riccati differential equation (7) and the

mal if M < P for any solutionP € 1 of the ICARE.  fact that the optimal solution is in the stationary state
feedback form. The next result will be needed.

We finish the section by introducingé for a fixdde | emma 2.Consider the Riccati differential equation
[0,0) and forL = (Ly,Lz,...) € H", the Riccati 7y assume that = 0 and that C1 holds. Then,

differential equation
PT(0)—»M asT — o, (8)

PT()+L(PT(t)=0, PT(T)=L,0<t<T.
(7)  whereM € H? is a solution for the ICARE.
The following result is presented for ease of reference,

see (Fragoso and Baczynski, 2001, Proposition 4.9). Proof. Employing Proposition 2 and item (iii) of
Lemma 1, respectively, we have for eack R" and

Proposition 1. There exists a unique soluti® (t) € I € 8 that
HP, te[0,T], T € [0,00), for (7). XPT (0)x = WT_g(x,i) < W(x,1)



Now, from assumption C1 we have thaéf(x,i) <
y[X[|2 = X (yl)x, thus leading to

XBT(0)x < X (Y1)
for eachx € R" andi € 8, thus attending the condition
in Proposition 3, which provides the result. [

The optimal control is derived in the next theorem.
The control is synthesized visl the limit of PT(0)
asT — o, asin Lemma 2.

Theorem 1.Assume that condition C1 holds and let
M be the limit in (8). Then, the optimal control to the
GJLQ problem is the stationary feedback policy

—R~1B'M, and the optimal cost reads as
W(X,i) = XMix.

whereG =

Proof. From Proposition 2 we have thet_(x,i) =
X'PT (0)x and taking limits and employing Lemma 2
we obtain:
W(x.i) = lim WLo(x,i) = Jim XPT(0)x = XMix.
9)

Notice that, in principle, the optimal control obtained

T .
above, via Proposition 2, is not stationary. Next we Weo (X, 1) <Wep(x,i)

define the stationary control

u(t) = _Ra(%) Bo(t) e X(t)
and we show that it is optimal. Let = S= M,
recalling thatS is the terminal data in (2) and is
the terminal condition in (7). Let— X (t) represent
the solution to the Riccati differential equations (7)
with XT(T) = L = M. Since Lemma 2 provides that
L(M) =0, one can easily check from (7) that

XT({t)=M, VT >0,te[0,T],

In this context, Proposition 2 ensures thais the
optimal control for the finite horizon control problem
with S=M and

Wi (Xi) =XXT (0)x=xXMjx, VT >0. (10)
M go(x,) <

i), VT > 0. This inequality, (9) and (10) lead

Now, from Lemma 1 (ii) we have tha\/
W%SEM( )
to
Wa(x,1) = lim Wis_o(X,i)
T—o (11)

< lim Wisom (X 1) = XMix = W(x,i).

The opposite relatiokVg(x,i) > W(x,i), comes from
definition of the probleni, completing the proof. m

Now we turn our attention to the relationship between
the GJLQ problem and the ICARE. We start showing

Proof. We omit the details. The fact th&V/(x,i) =
XMix andM € H{° implies that C1 holds witly :=
Supcs |[Mi||. Theorem 1 provides that the optimal cost
reads asV(x,i) = X'X;x whereX = limt_, PT(0) €
H1O, thus leading taVl = X. Lemma 2 provides that
L(M) = 0. .

The fact that a solution to the GJLQ problem exists
(i.e., C1 holds) if and only if a solution to the ICARE
exists is presented in what follows. We shall need the
next result.

Lemma 3.Let P be a solution for the ICARE, i.e.,
P € 1% is such tha (P) = 0. Then,

W(x,i) < XPx.
Proof. The arguments are similar to the ones in the
proof of Theorem 1 and we omit the details. llet
S= P and letX' (t) represent the solution to the Ric-

cati differential equations (7) with = P. Employing
Lemma 2 one can check that

XT(t)=P, ¥T>0,te[0,T],

and employing Lemma 1 (ii) and Proposition 2 respec-
tively we get that

=XXT (0)x=XPx,
Taking limits, we finally obtaitW(x,i) < xXBx.

VT > 0.

Theorem 2.A solution to the GJLQ problem exists if
and only if there exists a solution to the ICARE, i.e.,
there existd € H}° such thatl (P) = 0.

Proof. SufficiencylLet
y:=sup||R].
ies
Notice thaty is well defined sinceP € H[° c HW.
Then, from Lemma 3 we evaluate
W(x.i) < XPx < y|x|?
and C1 holds.

NecessityAssuming that C1 holds, Lemma 2 ensures
that M = lim7_.,PT(0) € 3(}° is a solution to the
ICARE. (]

Remark 3.In the general context of IMILS, both S-
stabilizability and solvability of the ICARE are com-
plex to check. The conditions are testable in the finite
state space case with= {1,...,N}, see (Costa and
Marques, 2000) and (Costa and do Val, n.d.).

In the sequel we clarify the connection between the

that the ICARE serve as a necessary condition for minimal solution of the ICARE and the solution to the

optimality in the GJLQ problem, as follows.

Corollary 1. Assume thall € 30 is such thawV(x,i) =
XM;x, for eachx € R" andi € 8. Then,M is a solution
to the ICARE, i.e.L(M) =0

GJLQ problem. We need the next interesting result.

Lemma 4.Assume that C1 holds and I&1 € 3(}°.
M is the limit in (8) if and only ifM is the minimal
solution to the ICARE.



Proof. SufficiencySinceM is a solution to the ICARE,
Theorem 2 provides that C1 holds and Lemma 2
ensures that the limit in (8) exists. Now we assume
that the limit isM and we show tha¥l = M. Theorem

1 and Lemma 3 allow us to write

XMix=W(x,i) <XMx, ¥YxeR"ies,

which leads to 3
M < M.

On the other hand, Lemma 2 provides thatis a
solution for the ICARE, and from Definition 3,

M > M.

NecessitySinceM is the limit in (8), from Lemma 2
we get thaMM is a solution for the ICARE. Let us deny
the assertion in the theorem and assumelthat not
the minimal solution, i.e., that there exists a solution
P to the ICARE and some € R" andi € § for which
XMix > X'Px. This and Lemma 3 lead to

XMix > XPx >W(x,i). 12)
However, Theorem 1 provides that
W(x,i) = X'Mix
thus contradicting (12). [

The fact that the minimal solution to the ICARE
provides the strictly optimal control for the GJLQ
problem is now easy to show.

Theorem 3.Let M be the minimal solution to the
ICARE. Then, the optimal control for the GJLQ prob-
lem is the stationary feedback control

Uopt(t) = Ge(t)x(t)
whereG = —R1B'M, and the optimal cost reads as
W(x,i) = XMix.

Proof. The proof follows immediately from Theorems
1 and 2, and Lemma 4. (]

Remark 4.1t is a well known fact that the solution to
the LQ problem restricted to stabilizing controllers is
given by a stationary feedback law, in parallel with
Theorem 3. However, it is associated with the stabiliz-
ing solution of the ICARE, see (Fragoso and Baczyn-
ski, 2001, Proposition 6.11), which in general is not
equal toM (even in the linear deterministic case, see
(Molinari, 1977, Theorem 8)).

5. EXAMPLE

In this section we present an illustrative example em-
ploying a IMJLS with finite Markov state space. This
class of systems is simpler to deal with and still ex-
hibits the desired properties in the examples.

Example 1. (The minimal solution of the ICARE pro-
vides the synthesis of the optimal controonsider
the systemb with

e o 4 a3
By — [142} B, [3£2] ;

Q=Q= [8 1?4} s Ri=Rp=1.
(13)
Next, in the quest for the optimal control, we consider
the Riccati differential equations in (7); one can check
that their (unique) solution is of the form

0 O .
PT(t) = , i=12,
O {0 p?(t)}
and (7) leads to the set of differential equations
. 1
pr(t) = —pT (1) — P3O +4(pL (V)" - 3,
. 1
P2 (t) = =5p1 (1) + P2 (1) +4(p2 (1))* - 3,

p1(T)=0,p3(T)=0.

Now one can solve the above equations Tor— o

or equivalently, check that they have a unique positive
stationary solutiorp; = 0.6580> 0, p, = 0.8240> 0,
thus obtainindimt ... PT (0) = M where

o o], [0 o
Ml:[o 0.6580}"\/'2_[0 0.8240}

Theorem 1 provides that
[0 —1.3161x(t),

Uopt(t) = {[o —1.6481x(t),
W(X, |) = X’MiX.

(14)

o(t)
o(t)

)

1
2;

On the other hand, it is presented in (Costa and do
Val, n.d.) a method for solving the ICARE, which
reaches the minimal solution if and only if it exists.
Employing the method, one can check this indeed

the minimal solution to the ICARE, thus verifying the
result of Lemma 4 and Theorem 3.

It is interesting to mention that the ICARE have mul-
tiple solutions in this example; e.g., employing the
method presented in (Costaal., 1999) we find that

w _ | 5335 —8977) . [2273 —10.00
1= 18977 2685|' "2~ |-1000 6820

is a (stabilizing) solution to the ICARE. Notice that
X > M, in accordance with Theorem 3.

6. CONCLUSION

In this paper we examine the GJLQ problem, a linear
guadratic problem involving IMJLS that does not re-
quire stabilizability of solutions in any sense, and its
relationship with the associated Riccati equations.



In connection to the GJLQ problem, we assume that aCosta, E. F., J. B. R. do Val and M. D. Fragoso (b).d.

solution exists when the optimal cost is bounded (i.e.,
C1 holds), a condition that can be relaxed to finiteness

of the cost in the scenario of IMJLS with finite Markov

On a detectability concept of discrete-time infi-
nite Markov jump linear systemdJo appear in
the Stochastic Analysis and Applications

state space. An important feature is that condition Costa, O. L. V. and M.D. Fragoso (1995). Discrete-

C1l is weaker than the stabilizability condition that

usually serves as a sufficient condition for existence

of solutions to the ICARE, see Remark 2.

Assuming that C1 holds, the paper shows that the
solution to the related Riccati differential equations (7)

converges to a certaM € H'° satisfying the ICARE,
as in (8). The paper also shows tivdisynthesizes the
optimal control, see Theorem 1.

As regards to the ICARE, in Theorem 3 we clarify
that if X is the minimal solution to the ICARE, thefa

time LQ-optimal control problems for infinite
Markov jump parameter systemEEE Transac-
tions on Automatic ControAC-40, 2076—2088.

Costa, O. L. V. and R.P. Marques (2000). Robust

H,-control for discrete-time Markovian jump lin-
ear systemslinternational Journal of Control
73(1), 11-21.

Costa, O. L. V,, J. B. R. do Val and J. C. Geromel

(1997). A convex programming approachHhig
control of discrete-time Markovian jump linear
systemsint. J. Control66(4), 557-579.

provides the optimal, stationary, linear state feedbackCosta, O. L. V., J. B. R. do Val and J. C.

control, and the optimal cost, as follows:
Uopt(t) = —R(;(%) Bo ) Xt X()
W(x,i) = XXX,

and we show in Lemma 4 thtis identical to the limit

M. We also show that the ICARE have a nonempty set

of solutions if and only if C1 holds, see Theorem 2, in
a generalization of previous results.

The results obtained in the paper parallel exist-
ing results for linear deterministic systems, see e.g.
(Molinari, 1977) and (Kucera, 1972), thus strengthen-

Geromel (1999). Continuous-time state-feedback
H,-control of Markovian jump linear systems via
convex analysisAutomatica3b, 259-268.

do Val, J.B.R. and E. F. Costa (2002). Numerical so-

lution for the linear-quadratic control problem
of Markov jump linear systems and a weak de-
tectability conceptJournal of Optimization The-
ory and Applicationd 14(1), 69-96.

do Val, J.B.R., J.C. Geromel and O.L.V. Costa (1999).

Solutions for the linear quadratic control problem
of Markov jump linear systemsournal of Opti-
mization Theory and Applicatiori®3 283-311.

ing the relations among the theory of IMILS and that Fragoso, M. and J. Baczynski (2001). Optimal con-

of linear deterministic systems.
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